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Chapter 1

Introduction

This thesis is a study of a rather new logic called dependence logic. In this
chapter I will briefly review dependence logic in a historical context and then
proceed to the goals and outline of the thesis.

1.1 History

Dependence logic is best introduced in context of its history; it is the latest
entry in the following historical timeline of logics that relate to partially
ordered quantification.

1959, Henkin quantifiers [10] Also known as partially ordered quan-
tifers, Henkin quantifiers allow partial ordering of first order quantifiers. The
classical example is

3
( :ﬁ Eli ) o(z,y, z,w). (1.1)

Its semantics is defined by resorting to second order quantifiers:

31,3 f5aV26(x, fy, 2, fu?):

In a sense, each row of quantifiers in (1.1) is read like in first order logic, and
different rows of quantifiers work independently of each other.

1987, Independence friendly logic with game theoretic semantics
[13, 12] The syntax of independence friendly logic differs from Henkin
quantifiers so that first order quantifiers are always written linearly on one
line. The partial order of quantifiers is specified with optional slashes after

1



2 CHAPTER 1. INTRODUCTION

quantifiers. After the slash one lists the quantifiers that in Henkin’s syntax
would appear on different rows. An equivalent formula to (1.1) is

VaeIyVzTw /Vep(z, y, z, w). (1.2)

Its semantics is defined by resorting to game theoretic semantics such that
when choosing a value for w, a player does not know the value of x. The
semantics is defined only for sentences.

1997, Independence friendly logic with trump semantics [14, 15]
Trump semantics expresses game theoretic semantics in an algebraic way.
It is the return back to the Tarskian definition of satisfaction from which
game theoretic semantics originally stepped away. Satisfaction of a formula
is defined with respect to a model and a set of assignments, as opposed to a
model and a single assignment as is the case in all conventional logics. It was
later shown by a counting argument that it is not possible to define Tarskian
semantics for independence friendly logic using only single assignments [5].
Trump semantics applied to the first quantifier in (1.2) simulates the semantic
game by extending each assignment in the set by all possible values for x.
This imitates the way truth is defined in game theoretic semantics—the other
player who chooses values for the existential quantifiers must have a winning
strategy and thus we must check that strategy against all possible moves of
the opponent. Trump semantics applied to the fourth, slashed quantifier in
(1.2) extends each assignment in the set by one value for w. This value is
thought to be given by the winning strategy we are testing. Furthermore, to
simulate the requirement of not knowing the value of x, the way the values
are chosen must be uniform, i.e. the choices must be describable as a function
on the set of assignments that does not use the values of . Trump semantics
is defined for all formulas.

2007, Dependence logic and team logic [19] Dependence logic derives
from trump semantics by changing two things. Firstly, it replaces “inde-
pendence” by “dependence”, that is, it moves from a negative expression to
a positive expression. Secondly, it introduces a new form of atomic formu-
las that is dedicated to expressing dependence. Consequently, the need of
adding slashes to quantifiers disappears. Henkin’s example formula (1.1) can
be equivalently expressed in dependence logic as

VeIyVzIw (=(z,w) A ¢(z,y, z,w)). (1.3)

The semantics are based on sets of assignments, as in trump semantics. Such
sets are now called teams. As with trump semantics, the first quantifier in
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(1.3) is interpreted by extending all assignments in the team by all possible
values for x. The fourth quantifier is interpreted by extending each assign-
ment by some value for w, without demands for uniformity. The check for
uniformity happens not until the new atomic formula, =(z,w), which holds
for a team only if the team “contains” a function from the values of z to the
values of w.

Team logic is obtained from dependence logic as its closure under classical
negation.

All the logics in this timeline are in a way very similar. Each of them is
able to express the existence of a function, be it either as a winning strategy
of a player of the semantic game, or as dressed in a uniformity condition, or
as isolated to a new kind of atomic formula. Furthermore, all the logics are
able to express that the function has a restricted arity in a sense; the function
is allowed to use the values of only certain previously quantified variables.
This is what one can do in existential second order logic. Indeed, given a
sentence in any of the logics, one can translate it into an equivalent sentence
in any other of the logics.

Despite circling around the same key notion, the logics are also very
different. Each logic in the above timeline can be seen as an improvement
to the previous logic in ease of notation, in ease of technical definition, or in
addition of desirable logical properties. For these reasons, the focus of study
in this thesis is dependence logic. Furthermore, most things I state about
dependence logic can be formulated in the other logics as well.

1.2 Goals of the Thesis

This thesis revolves around two goals. The first is to find out basic properties
of dependence logic. One has to learn the basics in order to gain intuition,
routine and general understanding which in turn are needed for finding and
proving deeper statements about the logic. I hope to shed some light for
others who might then be able to reach further in this process.

Dependence logic is still new and thus it is missing much of this necessary
groundwork. Much of the research of logics related to dependence logic seems
to concentrate on independence friendly logic and its game theoretic seman-
tics. There are indeed interesting philosophical concerns related to what is
independence, how semantics games can and should be interpreted, and how
should one classify these logics. It is the more concrete and technical side of
logic that seems to have been left with less attention.

The second goal of this thesis is to understand where dependence logic
comes from in mathematical terms. The answer is not the historical roots
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that lead to trump semantics. However, the question itself leads there.

On the one hand, trump semantics contains the novel idea of expressing
semantics in terms of sets of assignments. This I take as a solid concept. On
the other hand, trump semantics contains operations on sets of assignments,
one operation for each logical connective and quantifier. My question is,
why exactly these operations? The answer seems to be that, at the time of
conception of trump semantics, there was no clear view as to what alternative
operations there are or how to compare these alternatives. After all, trump
semantics does achieve the most important goal it was created for; it is
a compositional semantics for independence friendly logic. But now that
research in independence friendly logic has reached that goal, it is possible
to look around for alternatives and compare them.

When starting from a simple concept, there may be many equivalent ways
to define things. When generalising the simple concept to a more complex
one, these definitions that were equivalent in the simple case may prove to
generalise into definitions that are not equivalent anymore. In fact, some of
these generalised definitions may prove to be impractical or lack properties
that some of the other generalised definitions may hold. The step from first
order logic to independence friendly logic may contain many such cases, and
my humble advice to researchers in this area is to keep their eyes open for
alternative definitions for the sake of finding better tools to work with.

1.3 Outline of the Thesis

Chapter 2 contains definitions of the logics and notational conventions used
in this thesis and reviews some relevant facts.

Chapters 3 to 6 are in the field of the first goal of the thesis, to un-
derstand the basics of dependence logic and to gain intuition and general
understanding.

Chapter 3 investigates the question under which conditions can the places
of two consequtive quantifiers be swapped while preserving the meaning of
the formula.

Chapter 4 studies the concept of logical equivalence of two models in
both first order logic and dependence logic. I present an Ehrenfeucht-Fraissé
game for logical equivalence in first order logic where the depth or strength
of equivalence is described in terms of dependence logic.

Chapter 5 is about translating formulas from one logic to another. I
formulate in a general setting what is a translation between two logics that
have incompatible definitions for the meaning of a formula. I present several
new translations as well as a detailed transcription of the well-known but
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never precisely stated Enderton-Walkoe translation in dependence logic.

Chapter 6 enters proof theory in dependence logic. The goal is to find
a nontrivial fragment of dependence logic such that there is an effectively
axiomatisable deductive system for the fragment. A sound proof system is
presented for a modest fragment and I conjecture the system to be complete
for the fragment.

Chapter 7 presents a new semantics for the syntax of dependence logic.
Several key properties of the new semantics are shown as well as a translation
to the logic from existential second order formulas. This chapter is the result
of research into the second goal of the thesis.
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Chapter 2

Preliminaries

In this chapter the reader can familiarise himself with the conventions this
thesis has adopted. 1 also revise the well-known definitions of first order
logic and second order logic for the sake of being precise and complete. I also
reproduce the basics of dependence logic and team logic with some changes
to how they were originally presented by Vadnénen [19].

I present each of the four logics separately, with references to the other
logics only for concepts that are exactly the same. This is meant to make
each logic stand on its own, to minimise induced preference to any particular
logic, and also to make it easier to compare the logics in precise terms.

2.1 General Definitions

I use common abbreviations of mathematical expressions. For example, s.t.
is short for such that, and iff is short for if and only if. When defining a
mathematical symbol by an equality, I use := in place of =. The set of
natural numbers I denote by w := {0,1,2,...}. By n < w [ mean that n is a
natural number. When I state something “for all ¢ < n”, it either means for
alli € {0,1,...,n} or for all i € {1,...,n}, depending on the context. This
should not cause confusion. Powerset, the set of all subsets of some set A, is
denoted PA.

A language L is a set of relation symbols and function symbols of various
arities. A nullary function symbol is called a constant. Language is usually
left implicit in this thesis but it is assumed to always contain at least the
binary relation symbol of identity, =.

A model is a tuple M = (M, RM, f™)g ;o1 that satisfies the following
conditions. M is any nonempty set, called the universe of the model. For
each relation symbol R € L with arity n, R is a relation RM C M™, called
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the interpretation of R in M. The interpretation of the binary relation
symbol = is always taken to be the usual identity relation on M, =M is
{(a,a) : a € M}. Similarly, for each function symbol f € L with arity n, f™
is a function fM: M™ — M, called the interpretation of f in M.

A logic consists of a set of formulas and a semantics that assigns an
interpretation to each pair of formula and model. A formula is a string of
symbols, more precisely defined separately for each logic. An interpretation
of a formula is a set of semantic objects. The definition of a semantic object is
done separately for each logic. I often identify a logic with its set of formulas.
However, in cases where more than one semantics is defined for the same set
of formulas, we must pay attention to which semantics to use.

If L is a logic and ¢ € L, then a subformula of ¢ is an occurrence of a
substring v in ¢ such that ¢ € L. In other words, a subformula is a triple
consisting of the formula v, the greater formula ¢, and the location of v in
¢. For example, there are two different instances of ¢ in the formula ¢ A ¢
even though both instances are the same when considered as mere formulas.
Most often there is no need to refer explicitly to the location of a subformula
in a greater formula. When I say that v is a subformula of ¢, I think of
1 both as a formula and as a triple defining the substring occurrence. Let
1 < ¢ denote that ¢ is a subformula of ¢. Being a subformula is a partial
order, given my notational abuse. When ¢ and 1 are the same as formulas,
I write ¢ = 1. Please note that ¢ = ¢ and ¢ < 8 do not imply ¢ < 6.

In logical formulas, I will use these symbols as connectives: — (negation),
V (disjunction), A (conjunction), ~ (strong negation), ® (tensor), and @
(sum), and I will use these symbols as quantifiers: 3 (existential quantifier),
V (universal quantifier), and ! (shriek quantifier).

All instances of a variable z in a formula ¢ are said to be free except
if the instance lies in a subformula that is of the form Qxv, where @) is a
quantifier. These instances of x are bound by the outermost quantifier in the
deepest such subformula. The free variables of formula ¢, denoted FV(¢),
is the set of variables that have free instances in ¢. If FV(¢) = 0, then ¢ is
called a sentence.

As general convention over all logics considered in this thesis, by ¢(a — 3)
I denote the formula obtained from formula ¢ by replacing a by 3. I use
this notation rather freely; o and 3 may be terms or subformulas. If « is
an instance of one of these, the replacement is done only on that instance.
Otherwise the replacement is performed on all instances of a in ¢. This
should be clear from context in each case. The point of such a convention
is to provide lightweight notation for things that easily become cumbersome
both in written English and in exact formulation.

We say that 1 is an immediate subformula of ¢ if 1 is not ¢ and the only
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subformulas of ¢ of which % is a subformula are ¢ and .

We will be dealing with assignments and teams which I call by the com-
mon name semantic objects. A semantic object is an object (function or set)
is in a sense a generalisation of truth value. The satisfaction of a formula of
some logic is defined relative to a model and a semantic object. In proposi-
tional logic, a semantic object is a truth value. Thus, given a model and a
truth value, we say that a formula either has or has not the truth value in
the model. Generalising this, given a model and an assignment of values to
free variables, we say that a formula of predicate logic either is or is not sat-
isfied by the assignment in the model. The interpretation of a formula ¢ in
a model M and semantics S is the collection of semantic objects that satisty
the formula in the model, denoted [[gb]]i/l I may leave out the superscript and
the subscript if they are clear from the context.

For formulas ¢ and v, we say that ¢ is a logical consequence of ¢, or
that ¢ entails 1, denoted ¢ = o, if [¢],, C [¢],, for all models M. We
say that formulas ¢ and v are logically equivalent, denoted ¢ = 1), if the
formulas have the same interpretation for all models, or equivalently, if they
are logical consequences of each other.

A fragment of a logic L consists of a subset of the formulas of L with the
semantics of L.

2.2  First Order Logic (FO)

We define first order logic as follows. There is a countably infinite set of
variable symbols, or variables, {vo,v1,v,...}. Instead of speaking directly
of variables v,, I use expessions like x and ¥, as meta-variables that stand
for some actual variables v,,. A term (in an implicit language L) is a string
of symbols built according to the following rules.

1. A variable z is a term.

2. For an n-ary function symbol f € L and terms tq,...,t,, also ft;...t,
is a term.

The set of first order formulas in language L, denoted FO (with the
choice of L left implicit), is the set of strings of symbols built according to
the following rules.

1. The symbols T and L are first order formulas.
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M,sk= L1 never

M;sET always

M, s Rty ... t, <= (s(t1),...,s(t,)) € RM

M,s =9 = M,s ¢

M,s =V < M,skEdor M,skE=1

M,s =N < M,sk¢and M,s

M, s = 3Jxo <= thereis a € M st. M,s(z+ a) = ¢
M, s = Vxo < forallae M, M,s(x+—a) = ¢

Figure 2.1: Semantics of first order logic

2. For a relation symbol R € L with arity n and terms tq,...,%,, the
string Rty ...t, is a first order formula. For binary relation symbols we
may use the shorthand xRy for the formula Rzy.

3. If ¢ and ¥ are first order formulas and z is a variable, then the following
strings are first order formulas: —¢, ¢ V 1, ¢ A, dxd, Vro.

We call formulas built according to rules 1 and 2 atomic formulas. A
formula built according to rule 3 is a compound formula. We use ¢ — ¢ as
shorthand notation for —¢ V ¢ for ¢, € FO.

An assignment for a model M is a function that maps some variables to
the model, s: V' — M for some V' C {vg, vy, v9,...}. We denote the domain
of s by Dom(s) := V. In this thesis it is often left to the reader to determine
from the context which model an assignment maps to. By s(x — a) for some
a € M we mean the assignment that maps the variable x to the element a and
all other variables like s does. By writing (z +— a) we mean the assignment
O(z — a).

The interpretation of a term t by an assignment s mapping to a model
M 1 denote with slight abuse of notation by s(t). If ¢ is a variable, the
expression s(t) is defined above. In other cases, s(t) is to be read as

s(ftr...tn) = fM(s(tr), ..., s(tn)).

Definition 2.2.1. Let ¢ € FO, let M be a model in the same language as
¢, and let s: V' — M be an assignment for some V' O FV(¢). We define
satisfaction of ¢ in M by s, denoted M,s = ¢, or simply s | ¢, as in
Figure 2.1.
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A first order sentence ¢ is true in a model M, denoted M = ¢, if ¢ is
satisfied in M by the empty assignment. Otherwise ¢ is false in M.

A first order formula is propositional if it is quantifier-free and all its
relation symbols are nullary. Thus, all propositional formulas are sentences.

Two important normal forms for first order formulas are the negation
normal form and the conjunctive normal form (or equivalently the disjunctive
normal form).

Theorem 2.2.2 (Negation normal form). For a formula ¢ € FO there is a
logically equivalent formula v € FO such that negation appears only in front
of atomic formulas. This formula is said to be in negation normal form.

Sketch of proof. We obtain 1 from ¢ by pressing negation down to atomic
formulas using the following logical equivalences: ——¢ = ¢, (¢ V V) =

O N, (P AY) =0V, 2Txd = Vg, Vep = Jzo. ]

Theorem 2.2.3 (Conjunctive normal form). For a quantifier-free formula
¢ € FO there is a logically equivalent quantifier-free first order formula of
the form A, \/j w; where each w;- is either an atomic formula or the negation
of one. This formula is said to be in conjunctive normal form.

Sketch of proof. Assuming ¢ is in negation normal form, we obtain a formula
in conjunctive normal form from ¢ by pressing disjunction below conjunction
using the following logical equivalence: ¢V (W AN O) = (¢ V) A (pV ). O

2.3 Second Order Logic (SO)

Second order logic extends first order logic by allowing quantification over
relations and functions. Formally we define it as follows. The set of variable
symbols, or variables, is {v, : n <w}U{V% : k,n <w}U{VW:kn <w}
We may distinguish between the variables by calling v,, element variables,
Vk“;l relation variables of arity k, and V,f};l“ function variables of arity k.
Instead of speaking directly of variables v,,, we use expressions like x and
as meta-variables that stand for some actual variables v,,. Similarly, we use
expressions like R; and S; as meta-variables for variables V,jfjll, and expressions
like f; and g]i- as meta-variables for variables V}Cﬁ;ﬂ The arity of such meta-
variables is left implicit and can usually be inferred from the formula in which
they are used.

A term (in an implicit language L) is a string of symbols built according

to the following rules.

1. An element variable z is a term.
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2. For an n-ary function symbol f € L and terms t¢4,...,%,, also ft;...1,
is a term.

3. For an n-ary function variable f and terms ty,...,t,, also ft;...t, is
a term.

In particular, all terms of first order logic are terms of second order logic.

The set of second order formulas in language L, denoted SO (with the
choice of L left implicit), is the set of strings of symbols built according to
the following rules.

1. The symbols T and L are second order formulas.

2. For a relation symbol R € L with arity n and terms ¢4,...,%,, the
string Rty ...t, is a second order formula. For binary relation symbols
we may use the shorthand xRy for the formula Rxy.

3. For a relation variable R with arity n and terms ¢4,...,t,, the string
Rty ...1t, is a second order formula.

4. If ¢ and ¢ are second order formulas, x is an element variable, R is a
relation variable, and f is a function variable, then the following strings
are second order formulas: —¢, ¢V, pAY, Jxp, Vre, ARG, VR, Af ¢,

VFo.

In particular, all first order formulas are also second order formulas. We
call formulas built according to rules 1, 2 and 3 atomic formulas. A formula
built according to rule 4 is a compound formula. We use ¢ — 1 as shorthand
notation for —¢ V ¢ for ¢, € FO.

An assignment for a model M is a function s: V— M U{R: R C M"
for some n < w}UA{f : f: M* — M} for some V C {v, : n < w} U
{vie s kon < wPUA{VM - k,n < w} osuch that if © € V then s(z) € M,
if R € V then s(R) C M", where n is the arity of R, and if f € V then
s(f): M™ — M, where n is the arity of f. In this thesis it is often left to
the reader to determine from the context which model an assignment maps
to. For variables x, R, f, where R and f are n-ary, and a € M, S C M"
and g: M™ — M, we denote by s(z — a), s(R — S) and s(f — g¢) the
assignments that map the variable x to a, R to S, and f to g, respectively,
and all other variables as s does. This is a simple generalisation of assignment
in first order logic. Unsurprisingly, a first order assignment is also a second
order assignment.

The interpretation of a term ¢ by an assignment s mapping to a model M
we denote with slight abuse of notation by s(¢). If ¢ is an element variable,
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M,sk= L1 never

M;sET always

M,sERt <— (s(tl), U S(tn)) € RM, for relation symbols R
M,sERt < (s(t1),...,s(ts)) € s(R), for relation variables R
M,sE-¢p < M,slo

M,sEoVY <= M,sE=dpor M,s =1

M,sEONY <= M,skE=¢and M,s ¢

M,sE3Jrp <= thereisa e M st. M,s(x—a) = ¢

M,s=Vrp <= forallae M, M,s(x+ a) = ¢

M,sE3JRp <= thereis S C M" s.t. M,s(R~— S) | ¢, for n-ary R
M,s EVR¢p <= forall S C M", M,s(R— S) | ¢, for n-ary R
M,sE3Ifp <= thereis g: M" — M s.t. M,s(f — g) | ¢, for n-ary f
M,s EVfp <= forall g: M" — M, M,s(f — g) = ¢, for n-ary f

Figure 2.2: Semantics of second order logic

the expression s(t) is defined above. In other cases, s(t) is to be read either
as s(fty...t,) = fM(s(t1),...,s(tn)), where f € L is a function symbol, or
as s(ft1...t,) == s(f)(s(t1),...,s(t,)), where f is a function variable.

Definition 2.3.1. Let ¢ € SO, let M be a model in the same language
as ¢, and let s be an assignment for M, defined on some set V' such that
V D FV(¢). We define satisfaction of ¢ in M by s, denoted M, s = ¢ or
simply s = ¢, as in Figure 2.2, where ¢ stands for t; ... ¢,.

In particular, first order formulas are satisfied in the first order sense if
and only if they are satisfied in the second order sense.

A second order sentence ¢ is true in a model M, denoted M = ¢, if ¢ is
satisfied in M by the empty assignment. Otherwise ¢ is false in M.

The abilities to quantify both over relations and over functions is luxury.
We can manage with only one.

Theorem 2.3.2. For a formula ¢ € SO there is a logically equivalent formula
¥ € SO such that and i does not contain subformulas of the forms IR0 and
VRE.

Sketch of proof. We obtain v by repeatedly replacing subformulas in ¢. As-
sume that 3RO appears as a subformula in ¢ and R is n-ary. Then we replace
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JRO by 3fdcl’, where the n-ary f and nullary ¢ are function variables that
do not appear in ¢, and €' is obtained from 6 by replacing the subformulas
Rty ...t,, where R is bound by the quantifier in question, by ft;...t, = c.
In effect, f and ¢ encode the characteristic function of R. Similarly, we can
replace VRO with V fVc#', where 6 is obtained from 6 as above. This needs
at least two elements in the universe of the model. For the cases of singleton
models, we can add an additional subformula. O

Theorem 2.3.3. For a formula ¢ € SO there is a logically equivalent formula
1 € SO such that v does not contain subformulas of the forms 30 and V0.

Sketch of proof. We obtain 1 by repeatedly replacing subformulas in ¢. As-
sume that 3f60 appears as a subformula in ¢ and f is n-ary. Then we replace
quantification over functions by quantification over relations with the addi-
tional assertion that the relation acts like a function, namely we replace 316
by

EIR(‘V’xl NV, d Yy (R - zpyn A (R . Ty — Y1 = Ya)) A 9’),

where ¢’ is obtained from 6 by the following replacements. If ft;...t, a term
occurrence in ¢, where f is bound by the quantifier in question, and y is the
least subformula of ¢ that contains this term occurrence, then replace x by

J2(Rty ... toz AX(fty.. .ty — 2)). O

An important normal form for second order formulas is the (generalised)
Skolem normal form.

Theorem 2.3.4 (Skolem normal form). For a formula ¢ € SO there is a
logically equivalent formula v € SO such that

V=4V Y b,

i<nyp 1<ng i<np  1<m

where 0 is a quantifier-free second order formula. We say that i is in Skolem
normal form.

Sketch of proof. We can obtain v from ¢ by repeatedly replacing subformulas
by logically equivalent ones. O]

We define existential second order logic as the fragment of second or-
der logic where universal quantification over relations and sets is disallowed.
Formally, the set of formulas of existential second order logic, ESO, contains
formulas built according to the following rules.
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1. The symbols T and L are existential second order formulas.

2. For arelation symbol R € L with arity n and terms 4, .. ., t,, the string
Rty ...t, is an existential second order formula. For binary relation
symbols we may use the shorthand xRy for the formula Rxy.

3. For a relation variable R with arity n and terms t4,...,t,, the string
Rty ...t, is an existential second order formula.

4. If ¢ and ¢ are existential second order formulas, z is an element vari-
able, R is a relation variable, and f is a function variable, then the
following strings are existential second order formulas built from con-
nectives: —¢, ¢ V 1, ¢ A1, and the following strings are existential
second order formulas built from quantifiers: Jz¢, Vro, AR@, If .

Theorems 2.3.2, 2.3.3 and 2.3.4 are also true about existential second
order formulas in the sense that we can replace SO by ESO everywhere in
the claims and the theorems will still hold. In particular, the Skolem normal
form for existential second order logic is

3f, .. 32 Ve,

where 6 is a quantifier-free second order formula.

There is a semantic game for second order logic, denoted O5°(M, ¢),
where M is a model and ¢ € SO is a sentence. The game is played by
two players called player I (male) and player II (female). The game is a
straightforward generalisation of the semantic game for first order logic; at
an existential second order quantifier player II chooses how the quantified
variable should be interpreted; at a universal second order quantifier the
same choice is made by player I. A position of the game is a tuple (¢, s, ),
where 9 is a subformula of ¢, s is a second order assignment, and « € {I,II'}
denotes a player. FEach play of the game ends up in one of the players winning.
A strategy for a player in some game 05°(M, ¢) is a function that tells the
player exactly how to move, based on the current position of play. If the
player wins every play where he or she plays by a certain strategy, then that
strategy is called a winning strategy. The semantic game characterises truth:
for all models M and sentences ¢ € SO, M |= ¢ if and only if player IT has
a winning strategy in 059 (M, ¢).

2.4 Dependence Logic (FOD)

I define dependence logic as follows. The concept of a term is as in first order
logic. The set of dependence formulas in language L, denoted FOD (with
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the choice of L left implicit), is the set of strings of symbols built according
to the following rules.

1. The symbols T and L are dependence formulas.

2. For a relation symbol R € L with arity n and terms tq,...,%,, the
string Rty ...t, is a dependence formula. For binary relation symbols
we may use the shorthand xRy for the formula Rxy.

3. For terms tq,. .., t,,u, the string (¢; . .. ¢, r~u is a dependence formula.

4. If ¢ and 1) are dependence formulas and x is a variable, then the fol-
lowing strings are dependence formulas: —¢, ¢ V 1, ¢ A, dxp, Vae.

In particular, a first order formula is a dependence formula. We call
formulas built according to rules 1, 2 and 3 atomic formulas. A formula
built according to rule 4 is a compound formula. A formula of the form 3
is called a D-formula. D stands for either dependence, as in “u depends on
each t;”, or determination, as in “¢; together determine u”.

A formula ¢ € FOD is said to be in strict negation normal form if negation
appears only in front of atomic formulas of the form Rt;...t,. For example,
the formulas —(Rzy V Pz) and —(z,yr—z are not in strict negation normal
form but the formula =Pz A (z,y)y—z is.

Véaaninen denotes D-formulas by =(ti,...,t,,u). I chose the notation
(t1...t,r~u instead to make D-formulas stick out in formulas more promi-
nently and to help the reader not to confuse them with the identity relation.
The wiggly arrow symbol in D-formulas is an arrow because it represents
the direction of functional dependence—given the values on the left we can
compute the value on the right. The arrow is wiggly so that the reader would
not mistake it for implication (even though we do not use the implication
arrow in FOD). This idea is borrowed from early logic books where the sym-
bol of equivalence relation in logical formulas was chosen to be &~ instead
of = in an attempt to emphasise that it is a symbol, not the relation itself.
My choice of notation for D-formulas also rules out the degenerate case =()
which Vaananen puts to the role where I have the symbol T.

The most important concept is that of a team. We define it as a set of
assignments that have the same domain and map to the same model. For
a nonempty team X, we define its domain, Dom(X), as the domain of any
of the assignments in the team. We leave the domain of the empty team
undefined; by Dom()) we mean any set of variables, interpreted in a suitable
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way in each context separately.! For a model M and a set of variables V|
let X{** denote the full team on V, i.e. the set of all assignments that have
domain V' and map to the model M. Given ¢ € FOD and a model M, the
full team for these two is Xlé\{’,( 8"

Teams and relations have a close relationship. If X is a team such that
Dom(X) = {v;,,...,v; }, where i; < --- < i), we define the corresponding
relation as

Rel(X) = {(s(vi,),...,s(vi,)) : s € X}.

Note that the order of the values of variables in the tuples in the resulting
relation is always the one induced by the natural order of the indices of the
variables. Conversely, for a n-ary relation R, we define the corresponding
team with variable order (z1,...,z,) as

Rizy.ozn) = {(ml = Ay, e, Ty Gy) (A, ay) GR}.

.....

For a team X and a set of variables V', we define the restriction of X to
V as
X[V i={slV:se X},

where sV is the restriction of s to the domain V', i.e. the assignment that
has domain Dom(s) NV and that maps like s does. Similarly, we define the
co-restriction of X from V as

XV := X [(Dom(X)\ V).

If V= {z}, we denote X[V = X[z and X |V = X|zx.

Let X be a team for some model M, let a € M, let F: X[V — M
for some V' C Dom(X), and let x be a variable. We define the following
operations for extending a team.

X(z—a)={s(x—a):se X}
X(xw— F):={s(x— F(s]V)):s€ X}
X(x— M):={s(xr—b):s€ X and be M}

It might help one’s intuition to note that the two first operations will not
increase the cardinality of the team, whereas the third operation can poten-
tially blow the team’s cardinality skyhigh. By writing (x — M) we mean
{0} (z — M), etc.

'For example, Dom(X) = Dom(Y) is true also if one or both of the teams X and Y
are empty.
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I shall now define the semantics for dependence logic. There is a key
difference to the way Véiandnen defines the semantics [19, Definition 3.5],
namely the treatment of negation. Asis known and thoroughly demonstrated
by Burgess [3], negation in dependence logic is not a semantic operation
on formula interpretations.” Because of this, I define semantics only for
dependence formulas in strict negation normal form. This way we avoid
mixing the syntactic formula manipulation that negation represents into the
semantics which is otherwise not about syntactic manipulation of formulas.
I will then allow the free use of negation as shorthand notation only. This
will in effect have the same result as Vidninen’s semantics.”

Definition 2.4.1. Let ¢ € FOD be in strict negation normal form, let M
be a model in the same language as ¢, and let X be a team with Dom(X) D
FV(¢). We define satisfaction of ¢ in M by X, denoted M, X EFOP ¢, or
M, X E ¢, or simply X | ¢, as in Figure 2.3. A dependence sentence ¢ is
true in a model M, denoted M |= ¢, if ¢ is satisfied in M by the full team.
Otherwise ¢ is false in M.* There are no other truth values.

Definition 2.4.2. We allow the use of dependence formulas ¢ that are not
in strict negation normal form in satisfaction statements M, X E=FOP ¢ by
reading negation as shorthand that is unravelled by the rules in Figure 2.4.
The rule =(t; ... t, r>u — L is to be applied only when no other rule can be
applied.

The requirement of applying the shorthand rule of negated D-formula last
resolves an ambiguity caused by nested negations in front of D-formulas. For
example, =—(z )~y is shorthand for (xy»y and not for T. The other rules
can be applied in any order without ambiguity.

Another kind of ambiguity emerges from the use of negation in a formula
denoted by a symbol. For example, consider the formula —¢, where ¢ =
—(z)ywy. If we think of ¢ as a formula with the replacement rules applied,
then —¢ reads T. If we think of ¢ as meta-notation and not as a concrete
formula, we may read —¢ as (z)y. I do not provide a means to resolve this
kind of ambiguities. As with all mathematical shorthand notation, the use
of = in dependence formulas must be done with consideration. The one who
writes down the formula carries the responsibility of avoiding and resolving
possible ambiguities caused by free use of negation.

2Burgess’ paper concerns Henkin quantifiers, but the same treatment applies to inde-
pendence friendly logic and dependence logic as well. See Theorem 2.4.6.

3In Chapter 7 I take another approach and define a semantics for dependence formulas
where negation ¢s a semantic operation.

1t is equivalent to define that ¢ is true in M if M, {0} |= ¢.
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MXEL
MXET

M, X = Rty...t,
M, X &= -Rty...t,
M, X E(t1... thyrou

!

[

M, X =V

=
MXEoNY —
M, X | Jzo =

M, X = Vo =

X=0

always

X C {SEXSf)m(X):M,s):Rtl...tn}
X C{seXlyx): M,s =Rt .t}
there is f: M"™ — M s.t.

for all s € X: s(u) = f(s(t1),...,s(t))
thereis Y, Z C X s.t. YU Z = X and
MY Eo¢and M, Z

M, X E¢and M, X =1

there is F': X — M s.t.

M, X(x— F)E¢

M, X (@ M) = 6

Figure 2.3: Semantics of dependence logic

OV Y) = 2Ny LT
—(GAY) = ¢V =y Tl
—~32¢ = Vog 9= ¢
V¢ — Iz “(ty ..ty )rour— L

Figure 2.4: Syntactic unravelling of negation
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Note that —¢ for formulas ¢ not of the form Rt; ...t, is mere shorthand
notation. Such formulas —¢ have no part in the actual semantics of depen-
dence logic, as I define it, and thus there is no ambiguity in Definition 2.4.1,
the semantics. The ambiguity comes only from the additional syntactic tool
that I give in Definition 2.4.2, the unrestricted use of negation which is pro-
vided as a convenience that should be used responsibly. Vaananen’s seman-
tics resolves this ambiguity. His solution is to define satisfaction, M, X |= ¢,
by referring to the fundamental predicate of M, Ty, which consists of triples
(¢, X,d), where ¢ € FOD, X is a team that satisfies ¢, and d € {0,1} we
could call the mode of satisfaction. Intuitively speaking, the mode of satis-
faction keeps count of multiple negations. Because negation flips the mode
of satisfaction instead of modifying the subformula, Vaananen’s semantics
never loses information stored in the syntax of the subformula. I have chosen
to present the semantics without the fundamental predicate firstly to make
the definition of semantics more direct and clear and secondly to explicitly
state that negation is a purely syntactic operation except in front of relation
symbols.

The semantics for FOD, as presented above, is equivalent to Vaananen’s
semantics in the sense that both semantics give the same interpretation to
all dependence formulas.

Theorem 2.4.3. For all ¢ € FOD, [[¢]]/F\/?D = [[gzﬁ]]x/l, where V stands for
Vadananen’s semantics for dependence logic for which we do not read negation
as shorthand.’

Proof. We prove the theorem by proving the stronger claim that

[0]h" = [¢ly, and [-¢]h." = [~¢] - (2.1)

The proof is by induction on formulas ¢ € FOD in strict negation normal
form. We can easily see that (2.1) holds for the cases where ¢ is of the form
T, Lor Rty...t,.

Case (t;...t,r»u. We have M, X EFOD (t; ... t,rou iff there is f: M"™ —
M such that for all s € X: s(u) = f(s(t1),...,s(t,)). This is equiv-
alent with the condition that for all s,s' € X: if s(t;) = §'(¢;) for
all i < n, then s(u) = s'(u), which is the definition for M, X Y
=(t1,...,tp,u).

Reading negation as shorthand, we get —(t;...t,»u = L. We have
M, X EFOP L iff X =0 iff M, X Y ==(t1,...,tn,u).

SFurthermore, we implicitly translate between the two syntaxes of D-formulas,
(t1...tnyreu and =(ty,...,t,,u), as necessary.
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Case —¢. We have [[—m;ﬁ]]i/?D = ﬂ—@zﬁ]]x/[ because (2.1) holds for ¢ by the in-
ductive hypothesis.

Reading negation as shorthand, we get ~—¢ = ¢. We have M, X |=FOP
¢ iff M, X =Y ¢ iff M, X =¥ ==¢. Thus [-=¢] ;" = [-—6] -

Case ¢ V). We have M, X EFOP ¢ v 1) iff there is Y, Z C X such that
YUZ =X and M,Y E'OP ¢ and M, Z EFOP o iff there is Y, Z C X
such that YU Z = X and M,Y Y ¢ and M, Z Y o iff M, X Y
PV Y.
Reading negation as shorthand, we get —(¢ V 1)) = =¢ A =p. We have
M, X EFOD —p A =) iff M, X EFOP —¢ and M, X EFOP -y iff
M, X EY =¢pand M, X Y ~w iff M, X EY = A= iff M, X Y
—(o V).

Case ¢ A 9. We have M, X EFOP g A iff M, X EFOP ¢ and M, X |FOP
G M, X =Y ¢ and M, X Y o iff M, X £V 6 A o),

Reading negation as shorthand, we get —(¢ A ) = =¢ V —p. We have
M, X EFOD —¢ v =) iff there is Y, Z C X such that Y UZ = X and
M,Y EFOP ¢ and M, Z EFOP ) iff there is Y, Z C X such that
YUZ=Xand M,Y Y =¢pand M, Z =V = iff M, X Y =¢pV ¢
M, X Y (6 A D).

Case Jw¢g. We have M, X [EFOP Jz¢ iff there is FF: X — M such that
M, X(x +— F) EFOP ¢ iff there is F: X — M such that M, X(x
F)EY ¢iff M, X £V J¢.

Reading negation as shorthand, we get —dx¢ = Vr—¢. We have
M, X EFOP vo—¢ iff M, X (2 +— M) EFOP ¢ iff M, X(z +— M) EV
¢ iff M, X YV Va—¢ iff M, X Y —3zé.

Case Vrp. M, X EFOP Vg iff M, X(z — M) E'OP ¢ if M, X(x —
M) EY ¢ iff M, X =Y Vao.

Reading negation as shorthand, we get —Vx¢ = dx—¢. We have
M, X EFOP Jz-¢ iff there is F: X — M such that M, X(z —
F) EFOP ¢ iff there is F': X — M such that M, X(z — F) Y —¢
iff ./\/l, X IZV Elxﬂgb iff ./\/l, X ):V —|V[E¢. 0]

Here are a few important properties of dependence logic.

Theorem 2.4.4. Interpretations of dependence formulas are closed down-
ward; for all formulas ¢ € FOD, models M and teams X,Y it holds that if
M, X E¢andY C X then M,Y | ¢.
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Interpretations of dependence formulas are nonempty; for all formulas

¢ € FOD and models M it holds that M, 0 = ¢.
Proof. Elementary, see Véénanen [19, Lemma 3.9 and Proposition 3.10]. O

Theorem 2.4.5 (Separation Theorem). Let ¢,1p € FOD be sentences such
that for all models M either M = ¢ or M [~ 1. Then there is a first order
sentence x such that if M = ¢ then M = x, and if M = x then M [~ .

Proof. See Vadnénen [19, Theorem 6.7]. O

For the purposes of the next theorem, let Mod" (¢), for dependence sen-
tences ¢, denote the class of models M such that the universe M has at least
two elements and ¢ is true in M in Vaananen’s semantics.

Theorem 2.4.6 (Burgess [3]). Assume that ¢, € FOD are sentences such
that Mod" (¢) N Mod" () = 0. Then there is a sentence € FOD such that
Mod" (0) = Mod" (¢) and Mod" (=6) = Mod" (¢).

Proof. The proof is divided into three cases.
Firstly, if Mod" (¢) = 0 and Mod" () = @, then let § := 6, where

6y := Vo=(x).
Then only singleton models satisfy 6, whence Mod" (4) = ), and no models
satisfy =0, whence Mod" (=6) = 0.
If Mod" (¢) # 0 and Mod" (¢)) = 0, then let
0:=¢Vb,.
Then
Mod" () = Mod" (¢) UMod" (6y) = Mod" (¢),
and
ModY (=6) = Mod" (¢ A =) = Mod" (—=¢) N Mod" (—f,) = 0.

If ModY(¢) # ) and Mod" (¢)) # 0, by the above case we can assume
that ModY(—¢) = 0 and Mod" (=) = (). Then by Theorem 2.4.5 there
is a sentence y € FO such that Mod"(¢) € Mod"(x) and Mod"(¢)) C
Mod" (—y). Let

0:=¢N (=Y Vx).
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Then
Mod" (6) = Mod" (¢) N (Mod" (=) U Mod" (x))
= ModY (¢) N ModV ()
= Mod" (¢),
and

Mod" (=6) = Mod" (—¢ V (¢ A —1x))
= Mod" (=¢) U (Mod" (¢) N Mod" (—x))
= () u Mod" (¢))
= Mod" (¢). O

Burgess’ theorem shows how utterly impossible it is to define negation
in dependence logic as a semantic operation on formula interpretations. To
see this, assume f is such an operation, i.e. that f([[¢]]>\/4) = [[wb]]xl for all
¢ € FOD and all models M. Let ¢ be any dependence sentence that is false in
some nonempty model class C. Let ¢; and 15 be dependence sentences that
define two different subclasses of C'. Then, without loss of generality, there is
a model M € C such that M = 1 and M £ 1/)2. Theorem 2.4.6 gives us ¢
and ¢, such that Mod" (¢;) = Mod" (¢) = Mod" (¢>2) and Mod" (—¢y) = ¢,
and Mod" (—¢s) = 5. Now, {0} € [=o1]y, = f([¢]\,) and {0} & [~¢2] ), =
f ([[QS]]VM), which is a contradiction. The notable thing is that this is not
only a single counterexample to the definability of negation in dependence
logic as a semantic operation—this is a procedure that, by letting us choose
the formulas v;, lets us choose the interpretation of —¢; in models in class
C. This is in strong contrast to the supposed operation f determining the
interpretation of =¢; from the interpretation of ¢; which is the interpretation
of ¢.

Note that Theorem 2.4.6 relies on dependence formulas that are not in
strict negation normal form. In its proof, negation is used as a switch that
leaves one part of the formulas 6 active in the positive case 6 while activating
the other part in the negative case —f. It is an open question if a similar
construction is possible when formulas are required to be in strict negation
normal form, as in Definition 2.4.1.

Sometimes it is said that dependence logic, like independence friendly
logic, has three truth values and thus fails the law of excluded middle; a
sentence can be true, it can be false, or it can be neither. In this thesis
I have only defined two truth values for dependence sentences; truth and
falsehood. One can recover the “third truth value” by considering pairs of
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sentences (¢, ~¢) instead of single sentences ¢ € FOD. Then we can define
truth as the case where ¢ is true and —¢ is false, falsehood as the case where
¢ is false and —¢ is true, and the third truth value as the case where ¢
is false and —¢ is false. As Theorem 2.4.6 shows, there is no way to tell
apart falsehood and the third truth value knowing only if ¢ is true. In other
words, given the interpretation of a dependence sentence in some model, we
can easily determine if the sentence is false but we have no way of telling if
its negation is true or false, unless we know the exact syntax of the sentence.
Because of this, the third truth value is artificial and is no more justified
than taking any other kinds of tuples of formulas such as (¢, Yoo,z = y A @)
and define more truth values in a similar way.

The reader may study Vaadndnen’s book for other properties of depen-
dence logic. One more property we present here with a proof, however, to
point out the need of the axiom of choice. The following theorem states that
satisfaction of a formula by a team does not depend on the values the team
gives to variables that are not free in the formula [19, Lemma 3.27].

Theorem 2.4.7. Satisfaction of a formula depends on the values of only
those variables that occur free in the formula; for all ¢ € FOD and V D
FV(¢) it holds that M, X |= ¢ if and only if M, X[V = ¢.

Proof. Proof by induction on ¢.

Case atomic. The claim is clear for formulas T and 1. The claim for
Rty ...t, follows easily from the fact that s = Rt;...t, if and only if
s|V = Rty ...t,. Similarly for =Rt; ...t,. The case for (t;...t,r>uis
just as straightforward because s(t) = (s[V')(t) for all the terms ¢ that
appear in the formula.

Case 11 V 1y. First note that (Y U Z)[V =Y [V U Z|V for any teams Y, Z
with the same domain. Now, X = ¢ iff there are Y7, Yo C X such that
YiuY; = X and Y; = ¢; for both ¢ = 1,2. Then by the induction
hypothesis Y; [V = 1; for both i = 1,2. Because X[V = (Y UY,)[V =
YiIVUY, [V, we get X[V | ¢.

For the other direction, if X [V |= ¢, then there are Z;, Zo C X[V such
that Z; U Zy = X and Z; = 4; for both i = 1,2. Let V; := {s € X :
sV € Z;} for both i = 1,2. Then Y; UY, = X. By the induction
hypothesis and the fact that Z; = Y;[V we get Y; = ¢ for both ¢ =1, 2.

Case Yy Ay, X | ¢ iff X | 9 for both ¢ = 1,2 iff (by the induction
hypothesis) X[V | 4; for both i = 1,2 iff X[V | ¢.
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Case Jxtp. X | ¢ iff there is F: X — M such that X (z — F) 1. Then
by the induction hypothesis X (z — F)[(V U{z}) E . Assuming the
axiom of choice, we can pick a function G: X[V — M such that

G(s') € {F(s): s € X and s extends s’}

forall s € X[V. Now (X[V)(z — G) C X(z — F)[(VU{z}), whence
(X[V)(x — G) = ¢ and further X[V = ¢.

For the other direction, if X[V | ¢, then there is G: X[V — M such
that (X[V)(xz — G) | 9. Define F': X — M by mapping

forall s € X. Now X(z — F)[(VU{z}) = (X[|V)(z — G), whence
by the induction hypothesis X (z — F) = ¢ and further X = ¢.

Case Vzt. First note that X (z — M)[(V U{z}) = (X[V)(x — M). Now,
X E ¢ iff X(z — M) | 9 iff (by the induction hypothesis) X (z +—
M)IV U {a}) o iff (X IV)(@ = M) o iff XV = 6, 0

The axiom of choice really is necessary for the previous theorem, as the
following theorem shows.

Theorem 2.4.8. Assuming the negation of the axiom of choice, there is
some formula ¢ € FOD, model M and team X such that M, X = ¢ but
M, X[EV(9) £~ ¢.

Proof. Assuming the negation of the axiom of choice, there are some non-
empty sets A; for i € I for some index set I such that there is no function
fi{Ai:1el} — U, Aisuch that f(A;) € A; forall i € I.

Let ¢ := JyRxy, let M := (M, RM), where M := I U,

el

Ai and
RM:={(i,a):i el and a € A},

and let X := RM . Then we have M, X = ¢ because the function F': X —
M, F(s) = s(y ) for all s € X, trivially satisfies M, X(y — F) | Ruxy.
However, if M, Xz |= ¢ then there would be a function G: X [z — M such
that G(s') € Ay (y) for all s € X [x. Then we could define f: {A4;:i €I} —
Uier Ai, f(Ai) = G(s)) for all i € I, where s; = (z +— 1), contradicting our
assumption. O]
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2.5 Team Logic (TL)

We define team logic as follows. The concept of a term is as in first order
logic. The set of team formulas in language L, denoted TL (with the choice
of L left implicit), is the set of strings of symbols built according to the
following rules.

1. The symbols T, 1, 0 and 1 are team formulas.

2. For a relation symbol R € L with arity n and terms t; ...t,, the string
Rty ..., is a team formula. For binary relation symbols we may use
the shorthand xRy for the formula Rxy.

3. For terms tq,...,t,,u, the string (¢ ...t,r~u is a team formula.

4. If ¢ and 1 are dependence formulas and x is a variable, then the fol-
lowing strings are team formulas: —¢, ~@, ¢V Y, ¢ AN, p R, ¢ B Y,
dx¢, Vao, lxo.

In particular, a dependence formula is a team formula. Note, however,
that the semantics of team logic give different meaning to dependence for-
mulas than the semantics of dependence logic. In order to preserve their
meaning in the semantics of team logic, dependence formulas must undergo
a simple translation. We will return to this in Chapter 5.

We call formulas built according to rules 1, 2 and 3 atomic formulas.
A formula built according to rule 4 is a compound formula. A formula of
the form 3 is called a D-formula. D stands for either dependence, as in “u
depends on each ¢;”, or determination, as in “¢; together determine u”.

A formula ¢ € TL is said to be in strict negation normal form if negation
(=) appears only in front of atomic formulas of the form Rt;...t¢,. Strict
negation normal form poses no restrictions for strong negation (~).

The concept of team is as in dependence logic.

Definition 2.5.1. Let ¢ € TL be in strict negation normal form, let M be
a model in the same language as ¢, and let X be a team with Dom(X) D
FV(¢). We define satisfaction of ¢ in M by X, denoted M, X ™ ¢, or
simply M, X | ¢ or X |= ¢, as in Figure 2.5.

We do not define satisfaction for formulas that are not in strict negation
normal form. It is not clear how this should be done for all the cases, in
particular for formulas of the form —~¢.
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never

always

X =0

X #0

X C{seX{lyx): M,s =Rty ...t}
XC{se X[/)‘glm(x) : M, s = —Rty .. .t}
there is f: M" — M s.t.

for all s € X: s(u) = f(s(t1),...,s(t))
M, X o

MXEdpor M, X =0

M, X E¢and M, X =1
thereis Y, Z C X s.t. YUZ = X and
MY E¢and M, Z E
forall Y, Z C X, if Y UZ = X then
MY Edpor M, Z =1

there is F': X[FV(¢) — M s.t.

M, X(x— F)E¢

for all F': X[FV(¢) — M,

M, X(x— F)E¢

M, X (2 M) = 6

Semantics of team logic
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A team sentence ¢ is true in a model M, denoted M = ¢, if ¢ is satisfied
in M by the full team. Otherwise ¢ is false in M.° There are no other truth
values.

Readers who are more familiar with independence friendly logic and Hin-
tikka’s game theoretic semantics than team logic should note that the symbol
that is commonly used as game negation in independence friendly logic, ~,
is used as classical, contradictory negation in team logic, and I call it by the
name strong negation. Similarly, the symbol that is commonly used as clas-
sical negation in independence friendly logic, —, is used to denote the weaker
kind of negation in team logic, and I simply call it negation.

The semantic game for team logic, O™(M, ¢), for a model M and sen-
tence ¢ € TL is a game played by two players, I and II. Every play ends in
one of the players winning and the other losing. A position in OTV(M, ¢) is
a triple (¢, X, ), where % is a subformula of ¢, X is a team, and « € {I, I}
denotes a player. We write I* := II and II" := I for the opponent of a player.
The initial position in O™ (M, @) is (¢, {0},II). The rules of the game we
define based on what 1 is in the current position (¢, X, «), as follows.

Case T. Player o wins.

Case L. Player o* wins.

Case 0. Player a wins if X = ().

Case 1. Player « wins if X # ().

Case Rl ...t,. Player a wins if M, s =1 for all s € X.
Case — Rty ...t,. Player a wins if M, s =1 for all s € X.

Case (t;...t,r~u. Player a wins if there is a function f: M"™ — M such
that s(u) = f(s(t1),...,s(t,)) for all s € X.

Case ~f. Nobody chooses anything. The game continues from position
(0, X, a").

Case 0, V 0,. Player a chooses i € {1,2}. The game continues from position
(92‘, X, Oé).

Case 0; A 0,. Player o* chooses i € {1,2}. The game continues from posi-
tion (6;, X, a).

6Tt is equivalent to define that ¢ is true in M if M, {0} |= ¢.
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Case 0; ® 6,. Player a chooses a pair of teams (Y7, Y3) such that X = Y UY5.
The game proceeds to position (1, (Y1, Ys), ). Then player o chooses
i € {1,2}, and the game continues from position (6;,Y;, a).

Case 0; @ 6,. Player o* chooses a pair of teams (Y7,Y5) such that X =
Y1 UYs. The game proceeds to position (¢, (Y7, Ys),«). Then player «
chooses i € {1,2}, and the game continues from position (6;, Y, ).

Case dzf. Player a chooses a function F': X — M. The game continues
from position (6, X (x — F), ).

Case Vzf. Player a* chooses a function F': X — M. The game continues
from position (0, X (z — F), a).

Case !zfl. Nobody chooses anything. The game continues from position
0, X(x— M), a).

Note that both players make a move in case of formulas of the forms
91 X 92 and 91 S7) 92.

A strategy of player o in 0T¥(M, ¢) is a function 7 defined on game
positions such that the following conditions hold:

L. 7(6, V Oy, X, ) € {1,2};

2. 7(01 N2, X, ") € {1,2};

3. 7(0; ® 65, X, ) = (Y1, Y2) such that X = Y] UYs;
4. 7(6; ® 0y, (Y1, Ys), ") € {1,2};

5. (01 ® 02, X, a*) = (Y1,Y2) such that X = Y] UY5;
6. 7(01 ® 62, (Y1,Y2), ) € {1,2};

7. 7(3x,0, X, «) is a function F': X — M;

8. 7(Vx,0, X, ) is a function F': X — M.

Player a plays by the strategy 7 in a play of the semantic game if his or
her choices are exactly the ones that 7 gives in each position that is reached
during the play. Player a’s strategy 7 is a winning strategy if o wins all the
plays in which he or she plays by 7. If a has a winning strategy in 0T%(M, ¢),
we denote it by a T 0T M, ¢).

Theorem 2.5.2. Let M be a model and let ¢ € TL be a sentence. Then
M = ¢ if and only if L T O™ (M, ¢).
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Proof. Assume M = ¢. We will define a strategy 7 for Il in 0T%(M, ¢) and
show that it is a winning strategy. The strategy 7 is defined by maintaining
the condition

if = I then M, X =, and if & =1 then M, X [~ 9 (2.2)

for positions P = (¢, X, ). In other words, if (2.2) holds and player II is
to choose, then 7(P) is a choice for player II such that in the next resulting
position (2.2) holds again. Notice that this condition deliberately skips the
special half-move position of the tensor and sum moves. We now perform
an induction on subformulas v of ¢ which will show that a 7 with the above
definition really exists. For each 1) we inspect an arbitrary position (¢, X, «).
As the base case we see that the initial position of D™ (M, ¢) satisfies (2.2).
Our induction hypothesis is that (2.2) holds at position (¢, X, «).

Case ~f. The next position is (0, X, o*) and (2.2) still holds.

Case 01V 0y. If @« =10, then M, X | 6, V 05 by the induction hypothesis,
whence M, X = 0; for some ¢ € {1,2}. When player II chooses this i,
(2.2) holds at the resulting position.

If « =1, then M, X }£~ 6; V 0y by the induction hypothesis, whence
M, X |~ 0; for both ¢ € {1,2}. Thus, whatever player I chooses, (2.2)
still holds at the resulting position.

Case 0; N6y If @« = II, then M, X | 601 A 63 by the induction hypothe-
sis, whence M, X |= 6; for both i € {1,2}. Thus, whatever player I
chooses, (2.2) still holds at the resulting position.

If « =1, then M, X [~ 6; A 0y by the induction hypothesis, whence
M, X = 0; for some i € {1,2}. When player II chooses this i, (2.2)
holds at the resulting position.

Case 0; ® 6,. If a = II, then M, X | 0; ® 6, by the induction hypothesis,
whence there are Y7, Y3 such that X = Y; UY5 and M, Y; |= 6; for both
i € {1,2}. When player II chooses (Y1, Y>), whatever player I chooses,
(2.2) still holds at the resulting position.

If « =1, then M, X [~ 0; ® 6 by the induction hypothesis, whence
for all Y1,Ys, if X = Y] UY;, then M,Y; [~ 6; for some i € {1,2}.
Whichever (Y3,Y5) player I chooses, player II can choose the corre-
sponding i, and then (2.2) still holds at the resulting position.

Case 0, @ 0,. If a =10, then M, X = 6, @ 6, by the induction hypothesis,
whence for all Y7,Ys, if X = Y] UY,, then M,Y; | 6; for some i €
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{1,2}. Whichever (Y7,Y3) player I chooses, player II can choose the
corresponding i, and then (2.2) still holds at the resulting position.

If @« =1, then M, X [~ 60; & 0y by the induction hypothesis, whence
there are Y7,Y; such that X = Y] UY; and M,Y; £ 6; for both i €
{1,2}. When player II chooses (Y}, Y2), whatever player I chooses, (2.2)
still holds at the resulting position.

Case dJzf. If o = II, then M, X |= 326 by the induction hypothesis, whence
there is some function F': X — M such that M, X (z — F) = 6. When
player II chooses this F', (2.2) still holds at the resulting position.

If « =1, then M, X [~ 3z6 by the induction hypothesis, whence for
all functions F': X — M we have M, X (z — F) & 6. Thus, whatever
player I chooses, (2.2) still holds at the resulting position.

Case V6. If « = II, then M, X |= Vz0 by the induction hypothesis, whence
M, X(z — F) | 0 for all functions F': X — M. Thus, whatever player
I chooses, (2.2) still holds at the resulting position.

If a =1, then M, X P~ Va6 by the induction hypothesis, whence there
is some function F': X — M such that M, X(z — F) £~ 6. When
player II chooses this F', (2.2) still holds at the resulting position.

Case !z6. The next position is (6, X (z — M), «) and (2.2) still holds.

We have now shown that 7 exists. When player II plays by 7 and the
game ends at an atomic formula, player I wins the play by (2.2). Thus 7 is
a winning strategy.

For the other direction, assume that 7 is a winning strategy for player II
in 0T (M, ¢). We want to show that M = ¢. We prove this by proving by
induction on subformulas v of ¢ the claim that when player II plays by 7 and
the game reaches position P = (¢, X, «), then (2.2) holds for the position.
The induction hypothesis is that the claim holds for positions P’ := (6,Y, /),
where 6 is an immediate subformula of ¢ and P’ can be reached when player
II plays by 7.

Case atomic. The claim holds by definition.

Case ~f. The induction hypothesis applied to (6, X, a*) gives us (2.2) for
positions (~0, X, a).

Case 0, V 0,. If o = II, the induction hypothesis applied to (6,p), X, )
yields M, X = 0.(p), whence M, X |= 9. If a = I instead, we apply
the induction hypothesis to (6;, X,I) and get M, X [~ 6; for both
i € {1,2}, whence M, X F~ 9.
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Case 0; A 6,. If o = II, the induction hypothesis applied to (6;, X, II) yields
M, X | 6; for both i € {1,2}, whence M, X = 9. If a = I instead, we
apply the induction hypothesis to (6,(py, X,I) and get M, X [~ 0. (p),
whence M, X £ 1.

Case 0; ® 6. If « = II, the induction hypothesis applied to (6;, 7(P),II)
yields M,Y; = 6; for both i € {1,2}, where 7(P) = (Y1,Y2). Because
YUY, = X, we get M, X | 9. If a = Iinstead, we apply the induction
hypothesis to (6-(pry, Yz(p1),I) for all (Y1,Y5) with Y3 UY; = X, where
P = (¢, (V1,Y2),a). We get M, Y (pry [~ 0-pry for all (Y7,Y5) with
Y1UY; = X. Thus M, X [~ 9.

Case 0, ® 6,. If a = II, then we apply the induction hypothesis to posi-
tion (0-(pry, Yr(pry, II) for all (Y7,Ys) with Yy UY, = X, where P’ :=
(¥, (V1,Y2), ). We get M, Y. (pry |= Opry for all (Y7,Y3) with Y1 UY, =
X. Thus M, X |E 9. If a = 1 instead, the induction hypothesis
applied to (6;,7(P),I) yields M,Y; (= 6; for both i € {1,2}, where
7(P) = (Y1,Y2). Because Y] UYs = X, we get M, X [~ 1.

Case dzf. If a = II, then the induction hypothesis applied to position
(0, X (x — 7(P)), ) yields M, X (z — 7(P)) | 6, whence M, X = .
If o = I instead, we apply the induction hypothesis to (6, X (x — F),I)
for all functions F': X — M. We get M, X(z — F) [~ 6 for all
F: X — M, whence M, X £ 1.

Case Vzf. If o = II, we apply the induction hypothesis to (0, X (z — F'),II)
for all functions F': X — M. We get M, X(z — F) = 6 for all
F: X — M, whence M, X E ¢. If @ = I instead, the induction
hypothesis applied to (6, X (x +— 7(P)),I) yields M, X (z — 7(P)) F~ 0,
whence M, X £~ 1.

Case lz6. If a = I, the induction hypothesis applied to (6, X(x — M), I)
gives us M, X(z — M) | 0, whence M, X | 9. If a = II, the
induction hypothesis applied to (0, X (z — M), II) gives us M, X (z —
M) W~ 0, whence M, X £ 1.

Now the induction is complete. Applying the shown claim for the initial

position (¢, {0}, ) we get M = ¢. O

We can obtain the semantic game for dependence logic, denoted OFOP,
by limiting the semantic game for team logic to dependence formulas and
changing notation so that formulas of the form 6, V 6, are played like 6; ® 60,
and formulas of the form Vzf are played like !xf. The semantic game for
dependence logic was first presented by Véddnanen [19, Definition 5.5].



Chapter 3

Swapping Quantifiers

In this chapter I study the question under which conditions can the places of
two consequtive quantifiers be swapped while preserving the meaning of the
formula. We will see a natural characterising condition based on D-formulas;
two quantifiers can be swapped when the variables they quantify do not
depend on each other.

Quantifier swapping is well understood in first order logic; swapping
places of two consequtive existential quantifiers or two consequtive universal
quantifiers has no effect on the interpretation of a formula. On the con-
trary, swapping a universal and an existential quantifier changes the formula
essentially. A manifestation of this is that one common measure of formula
complexity in first order logic is to count the number of alternating quantifier
blocks—each step from a sequence of existential quantifiers to a sequence of
universal quantifiers, and vice versa, is a step to the next level of complexity.

In second order logic, quantifier swapping is possible but usually involves
changing the arity of the quantified relation or function in order to preserve
the interpretation of the formula.

Also Caicedo, Dechesne and Janssen investigate interchange of quantifiers
among other quantifier rules [4].

3.1 Definitions

We shall start with a couple of definitions. Let X be a team, let V C
Dom(X), and let F': X — M. The deep restriction of F' to V is the function
FIV: XV — M that maps (F|V)(s[V) = F(s) for all s € X. Of course
deep restriction cannot always be well defined because it has to map elements
like the original function but using less information.

Lemma 3.1.1. The following properties are equivalent.

33
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1. Deep restriction F[V is well defined.
2. If s,s € X and s # s and F(s) # F(s') then s|V # §'[V.
3. If s, € X and s # s and s|V = §'[|V then F(s) = F(5).
Proof. Elementary. O

We write X(zy — MF) as shorthand for X(z — M)(y — F), and
likewise for other similar cases.

I adopt the convention in this chapter that  and y are not the same vari-
able. By swapping quantifiers I mean modifying a team formula QzQ2yo,
where @)1 and @)y are quantifiers (one of 3, V or !), into a logically equivalent
formula Q.yQ x¢. As we set to investigate under which conditions can two
consequtive quantifiers be swapped in a formula of team logic, we first need
to make clear certain technicalities about the operations the semantics of the
quantifiers perform on teams.

Let X be a team and let V' be a set of variables. We say that y is
determined by V in X if X &= (V)ywy. We say that y is independent of x in
X if y is determined by some set V' of variables such that x,y & V.

Lemma 3.1.2. Assume that z,y ¢ Dom(X). Then we have X(xy +—
apay) = X(yr — aiog), where both «; can be the universe, a; = M, or
a function, o XV — M for some V' C Dom(X), including any combina-
tion of these.

3.2 Swapping Quantifiers in Team Logic

Lemma 3.1.2 gives us a few straightforward results.

Lemma 3.2.1. For all ¢ € TL we have Iylzp = lxTye.

Proof. Assuming X = Jylxe we get X(yz — FM) = ¢ for some F: X —

M. Lemma 3.1.2 gives X (zy — MF) = ¢, from which we get X = lz3y¢.
O

Lemma 3.2.2. For all ¢ € TL we have \x¥Vyop = Vylxo.

Proof. By Lemma 3.2.1 and duality we have

leVyp = ~ledy~¢ = ~Fyle~p = Vylzo. O



3.2. SWAPPING QUANTIFIERS IN TEAM LOGIC 35

Note that even when x # y and z,y ¢ Dom(X), we do not have for
example X (zy — FG) = X(yx — GF) for F: X — M and G: X(z —
F) — M. This is so because of technical reasons, namely X(y — G) is
meaningless because G is not defined on any restricted team X [V. However,
in this case we can write X (zy — FG) = X(zy — FG') = X(yz — G'F),
where G’ := G[Dom(X), and get what we want. The deep restriction is well
defined in this case. To see this from Lemma 3.1.1, assume s, 52 € X(x —
F), s1 # so and G(s1) # G(s2). Then we can write s; = z;(x — F(z;)) for
some 21,29 € X. In fact z; = s;[Dom(X). From s; # sy we get that either
21 # 29, as we want, or F'(z1) # F(z3). From the latter we get z; # z5. In
general we have the following lemma.

Lemma 3.2.3. Let X be a team, F: X — M, V C Dom(X) and y ¢
Dom(X) a variable. If F' = FV is well defined then X(y — F) = X(y —
F).

Proof. For each s € X, because F'(s) = F(s), we have X (y — F) > s(y —
F(s)) = s(y — F'(s)) € X(y — F). 0

We can now state a few more straightforward results.
Lemma 3.2.4. For all ¢ € TL,
1. \xlyop = ylag;
2. daxdye = Jydxo,
3. VxVyop = VyVao.
Proof. To see the first equivalence, we use Lemma 3.1.2 and get
X Ellyp = X(ay— MM) = ¢ = X(yx— MM) = ¢ = X | lylzo.

For the second equivalence we use Lemma 3.2.3 that we just proved.
When X | Jx3ye, then X(zy — FG) | ¢ for some F': X — M and
G: X(z— F)— M. Forany s,s' € X(z — F), if s[Dom(X) = s'[Dom(X),
then F(s) = F(s'), so s = s'. By Lemma 3.1.1, G’ := G[[Dom(X) is well
defined, so we get X(zvy — FG) = X(yxr — G'F), from which we get
X(yzr — G'F) = ¢ and finally X = Jy3ze.

The third equivalence follows from the previous by duality:

VaVyp = ~Jrdy~¢ = ~Jyde~o = VyVaé. [
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Here is another example to illustrate that the switch from X (zy — apay)
to X (yz — ayap) cannot always be taken for granted. Assume again = # y
and z,y ¢ Dom(X). We do not have X(zy — MF) = X(yz — FM)
for F': X(x — M) — M. As above, the expression X(y +— F) is not
defined. But worse than above, we cannot save the situation by choosing
F’ := F|Dom(X). The reason is that in general the deep restriction is
not well defined. For a concrete example, consider X = {{x — 0}} and
M = {0,1}. Then X(y — M) = {{z — 0,y — 0},{z — 0,y — 1}}. If
furthermore F': X (z +— M) — M has F(0,0) = 0 and F(0,1) = 1, then we
should but cannot have F'(0) = 0 and F’(0) = 1.

Lemma 3.2.5. Assume x andy are variables, y ¢ Dom(X), and let F': X —
M. Then y is independent of x in X(y — F) if and only if FIV is well
defined for some V' C Dom(X) \ {z}.

Proof. Assume first that y is independent of x in X(y — F'). Then X(y —
F) = (21,..., 2y for some variables z1,. .., z, that do not include x and
y, whence we get a function f: M™ — M such that, for all s € X(y — F),
f(s(z1),...,8(2n)) = s(y) = F(s). Notice that X(y — F)|V = X|V. If
s,s" € X such that s # s and s[{z1,...,2,} = §'[{z1,..., 2.}, then F(s) =
f(s(z1),...,8(zn) = f(s'(21),...,8(z)) = F(s'). Thus F[[{z,...,2,} is
well defined.

Assume then that V' C Dom(X) \ {z} and F’ := F[V is well defined.
Then z,y ¢ V. To see that V' determines y in X(y — F), let 5,5 € X(y —
F) with s[V = §'[V. By Lemma 3.2.3 we get X(y — F) = X(y — F'),
so s(y) = F'(s|V) = F'(s§1V) = §'(y). Thus y is independent of z in
X(y— F). O

Lemma 3.2.6. Let ¢ € TL and let V be a set of variables with x,y € V.
Then 123y ((V oy A ¢) = Fyla((Vioy A g).

Proof. Let M be a model and X be a team. Assume X | lz3y((V oy A o).
Then X(zy — MF) = (Vyoy and X(zy — MF) |= ¢, where F: X(z —
M) — M. Asy is independent of x in X (zy — MF'), we get by Lemma 3.2.5
that F’ := F [V is well defined for some V' C Dom(X (x +— M)) \ {z}. Then
V C Dom(X). Thus X(zy — MF) = X(zy — MF') = X(yx — F'M),
using Lemma 3.1.2. We get X = Jylz((V oy A 9). O

Theorem 3.2.7. For all ¢ € TL,

lzFyd = ylzg  iff laFyd = laTy((Vvy A o)
for some V with x,y ¢ V. (3.1)
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Proof. First assume the right side of (3.1). Then we have by Lemma 3.2.6
that

lzTyd = 123y ((V oy A ¢) = Fylz((Vioy A ¢) = Fylze.

Assume then the left side of (3.1). Let X be a team. We may assume
that z,y ¢ Dom(X) because x and y are not free in the formulas in (3.1).
From X | lz3y¢p we get X | Jyleg, whence X(yzr — FM) E ¢ for
some F': X — M. Let V = Dom(X). Then z,y ¢ V. We want to show
X(yx — FM) = (Vyoy,solet s, s’ € X(yxz +— FM) with s[V = §'[V. Then
there are some z, 2’ € X such that s = z(yx — FM) and ' = 2/'(yz — FM),
and in fact z = s[V = §'|V = 2. Now s(y) = F(z) = F(2') = s'(y). Thus
X(yz — FM) E (Vyoy A ¢, so we get Iylzg = Fyla((Vivy A ¢) =
!xﬂy((V}\»y A gb) O

Note that when we assume !lz3y¢ = dylxep, we do not in general have
¢ = (Vroy A ¢ for any V with z,y ¢ V, which would be a stronger claim
than the one in Theorem 3.2.7. We get an easy counterexample by choosing ¢
to be y = y. Even if we require the quantifiers !z and 3y not to be redundant,
we get a counterexample by choosing ¢ to be x =x Ay = y.

There is an immediate consequence by duality.

Theorem 3.2.8. For all ¢ € TL,

Vyleg = laVyo if and only if !x‘v’y(N(V)f\»y \Y gb) = lzVyo
for some V' with x,y ¢ V.

Proof. By Theorem 3.2.7 we get the following.

Vyleg = laVye
iff ~Ayle~p = ~loedy~o
ift lzdy~o¢ = Jyle~o
iff 123y~¢ = laTy ((V oy A ~¢) for some V with z,y & V.
iff ~1z3y((V oy A ~¢) = ~lzTy~¢ for some V with z,y ¢ V.
iff 12y (~(V oy V ¢) = laVyé for some V with 2,y ¢ V. O

By Lemma 3.2.1 and Lemma 3.2.2 we get the following corollaries of
Theorem 3.2.7 and Theorem 3.2.8.

Corollary 3.2.9. For all ¢ € TL,

1. \x3yop = lao iff \aTyd = !xEIy((V)\»y A ¢) for any x,y &'V
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2. \aVy¢ = Vylag iff laVy(~(V oy V @) = laVy¢ for any z,y ¢ V
Corollary 3.2.10. For all ¢ € TL,

1 a3y (Vioy A ) = Iyla(Vieoy Ag) ifz,y &V

2. 1aVy(~(Vyoy vV @) =Vylz(~(Vivy Vo) ifz,y €V

Example 3.2.11. With Corollary 3.2.9 we can show for example that for
any ¢ € TL we have the following equivalences:

lzo3w1lwo 3w ((zoromt A (z2)oxs A @)
= lzoTa 22 ((woroar A Jas (22 oas A §))
lzolwoTay ((zo )y A s ((z2)ox3 A @)
= !xglnglxlflxg((xo)\»xl A (zayoz3 A gb)
= loylwgIxs I, ((xo)\»azl A (zayozs A gb)
lzolwoTws (22 ) orws A Tz (2o ozt A @)
= lzyTaslzg (22 )roas A aq ((zo oz A D))
= lzyTuslwoTa (o poran A (w2 )oas A ).
We have now investigated all quantifier swaps except the case of dz and
Vz. It turns out that there is no general way to swap these quantifiers.
Let us investigate some team sentence dxVye. If it is true in some model

M with universe, say, M = {0, 1,2}, then ¢ is satisfied in M by the following
teams, where a is some fixed element in M.

Il
N N /N /™

P

m‘y x‘y x‘y
a‘O a‘l a‘Z

On the other hand, if the team sentence Vydz¢ is true in the same model
M, then ¢ is satisfied in M by the following teams.

x ‘ Yy x ‘ Y x ‘ Yy

Qo ‘ 0 aq ‘ 1 (05} ‘ 2
Here ag, a1, as € M but they are not necessarily the same element. Further-
more, we cannot remedy the situation and force these two sets of teams to
be the same by using D-formulas. The effect of D-formulas is limited to each
team separately. In fact we have the following equivalences.

JaVy¢ = FaVy (o A (roz A (roy)
Vydrg = Vydx ((b A (pex A ()\»y)

This shows that there is no hope of swapping 3 and V except in special cases.



Chapter 4

FO vs. FOD in Logical
Equivalence

In this chapter I study the concept of equivalence of two models in first
order logic and dependence logic. In particular, I work with the concept of
semiequivalence of two models, which means that every sentence that is true
in the first model is also true in the other model. I define an Ehrenfeucht-
Fraissé game that characterises semiequivalence of first order logic up to
a given dependence rank. I also give an effective conversion of a winning
strategy in the EF-game for first order logic into a winning strategy in this
new EF-game.

4.1 Definitions

We call atomic and a negated atomic formulas basic formulas.

The first order rank of ¢ € FO, denoted rank™®(¢), is the number
of nested quantifiers in ¢. The dependence rank of ¢p € FOD, denoted
rankFOD(¢), counts the number of nested quantifiers and disjunctions. The
precise definitions are as in Table 4.1.

Denote by FO,, the set of first order formulas up to first order rank n,
denote by FOD,, the set of dependence formulas up to dependence rank n,
and denote by FO°P the set of first order formulas up to dependence rank
n.

Let M and N be models, and let L and R be logics (either first order
logic or dependence logic). We say that M and N are L-semiequivalent up
to R-rank n, denoted M =% N, when M |= ¢ implies N |= ¢ for all L-
sentences ¢ with rank”™(¢) < n. We say that M and A are L-equivalent up to
R-rank n, denoted M =§ N, when M =% N and M & N If L = R,

39
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formula | first order rank dependence rank
atomic |0 0
—¢ rank™© (¢) rank” P (¢)

doV ¢ | max{rank™®(¢;) : i < 2} | max{rank™°P(¢;) :i < 2} +1
do A ¢y | max{rank™®(¢;) : i < 2} | max{rank™°P(¢;) : i < 2}
Jxé rank"(¢) + 1 rank"“P(¢) + 1

Vg rank™©(¢) + 1 rank" P (¢) + 1

Table 4.1: First order and dependence ranks

we can simply write = instead of =% . Similarly for =}. This is normally
the case, but with dependence logic and first order logic we also have the

combination L = FOD, R = FO because dependence rank is also defined for

first order sentences. By =% we mean =%, for all n < w. Similarly for =F.

Lemma 4.1.1. For all ¢ € FO, rank™©(¢) < rank™P(¢).

Proof. Induction on ¢. For basic ¢ we have rankFO(¢>) =0= rankFOD(¢).
The induction hypothesis gives the following inequalities.

rank™ (¢ V ¢1) = max{rank"®(¢;) : i < 2} < max{rank"°P(¢;) :i < 2} <
max{rank"P (¢;) : i < 2} + 1 = rank"™P(¢g V ¢1)
rank™© (¢ A ¢1) = max{rank"°(¢;) : i < 2} < max{rank"P(¢;) :i < 2} =
rank"°P (g A b1)
rank”©(3z¢) = rank"©(¢) + 1 < rank"™°P(¢) + 1 = rank"°P(Iz¢)
rank™© (Vz¢) = rank"™(¢) 4 1 < rank"°P(¢) + 1 = rank"P(va¢) O

I give definitions in my flavour for the known EF-games for first order logic
and dependence logic, along with their known characterisations in terms of
first order equivalence and dependence semiequivalence. The EF-game for
dependence logic was originally presented by Véaénanen [19].

When EF* (M, N) is some EF-game over the models M and A/, and P
is a position in the EF-game, I denote by II | EFL(M,N) @ P the phrase
“player II has a winning strategy in EF*(M, N) at position P”.

Definition 4.1.2. Let M and N be models, and n < w. The n-move EF-
game for FO over M and N, EFE® (M, N), is played by players I and II.
A position in the game is (s, s')*, where s and s are assignments such that
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Dom(s) = Dom(s’), k is the number of moves left in the game, assignment s
maps to model M, and assignment s’ maps to model N.

The initial position in the game is (0, (). If the game is in position
(s,8')¥*1 then player I chooses an element a € M (or an element b € N) and
a variable x, after which player II chooses an element b € N (or an element
a € M). Then the game continues from position (s(z — a), s'(z — b))k

If the game is in position (s, s’)?, then player II wins if it holds for all
basic ¢ € FO with FV(¢) C Dom(s) that M,s | ¢ implies N, s | ¢.
Otherwise player I wins.

Definition 4.1.3. Let M and N be models, and n < w. The n-move EF-
game for FOD over M and N, EFEOP(M, N), is played by players I and
M. A position in the game is (X,Y)*, where k is the number of moves left
in the game, and X and Y are teams such that Dom(X) = Dom(Y), team
X maps to model M and team Y maps to model N.

Initial position in the game is ({0}, {0})". If the game is in position
(X,Y)¥*1 then player I can choose one of the following moves.

V-move. Player I splits X = Xy U X;. Then player II splits ¥ = Yy U
Y;. Finally player I chooses the game to continue either from position
(Xo, Yp)* or from position (X, ;).

JF-move. Player I chooses some function F': X — M and variable . Then
player II chooses some function G: Y — N. The game then continues

from position (X (z — F),Y (z — G))k

V-move. Player I chooses some variable z. The game continues from posi-
tion (X (z — M),Y (z — N))k

If the game is in position (X,Y)? then player I wins if for all ¢ € FOD

such that FV(¢) C Dom(X) it holds that M, X E ¢ implies N,Y E ¢.
Otherwise player I wins.

Theorem 4.1.4. Let M and N be models and n < w. Then player II has a
winning strategy in EFEC (M, N) if and only if M =EO N

Theorem 4.1.5. Let M and N be models and n < w. Then player Il has a
winning strategy in EFEOP (M, N) if and only if M =FOP N/,

Proof. See [19, Theorem 6.44]. O
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4.2 Comparing Semiequivalences
I show some easy results to provide a context for further discussion.
Fact 4.2.1. If M =IO N then M =E° N

Proof. For any ¢ € FO with rank"(¢) < n we have rank"®(—¢) < n, and
therefore

NEOG=>NE-p= ME-¢=MEo. O
Corollary 4.2.2. If M =0 N then M =FO N.
Fact 4.2.3. M =Y°P N does not imply M =P N

Proof. We get (R,N) =P (Q,N) by Lowenheim-Skolem theorem. The
other direction, (R,N) <P (Q,N), does not hold because (Q,N) = ¢,
where ¢ is a dependence sentence expressing that there is a bijection between
the universe and the predicate. Clearly (R, N) = ¢. O

Fact 4.2.4. If M S{5p, N, then M ={3,,, V.

Proof. Clear because first order formulas are dependence formulas. m
Corollary 4.2.5. If M =P N then M =FO N

Fact 4.2.6. M =9 N does not imply M =P N

Proof. We have (Q, <) =0 (R, <). On the other hand, (Q, <) E ¢, where
¢ is a dependence sentence expressing that the order relation is incomplete,
and (R, <) K ¢. O

Corollary 4.2.7. M =3, N does not imply M =135, N for all n.
Corollary 4.2.8. M =3, N does not imply M =138, N for all n.
Fact 4.2.9. If M =18, N, then M =18, N.

Proof. Clear by Lemma 4.1.1. O
Fact 4.2.10. M ={88,, N does not imply M =18, N for all n.

Proof. Let M = ({0,1,2},{0,1},{2}) and N = ({0, 1, 2}, {0}, {2}) be mod-

els of the unary language {P, Q}. We consider rank 1. Clearly M %53, N
because M |= Va(PzV Qx) but N £ Va(PxzVQx). We can show M =138

N by giving player IT a winning strategy in the game EFfOD (M,N).
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To check the end condition of the game we need to know all basic depen-
dence formulas of the considered language with zero or one free variables.
They are the following.

T 1 (rox Px Qx - Px —Qx

If player I chooses a V-move, the game ends in position (X,Y)? where
X ={0}Hz— M)andY = {0}(z — N). The only basic dependence formula
that is satisfied by X is T which is trivially satisfied by any model and any
team.

If player I chooses an 3-move and F': () — a € M, player II can choose
G:(0+—be N sothat a € PMiff be PV, and a € QM iff b € Q. Now the
formulas Px, Qx, - Px, -Qx are satisfied by X iff they are satisfied by Y.
Also (yz holds necessarily for both teams.

It is no good for player I to choose a V-move because he can only split
{0} = 0 U {0}, and player II can imitate this, giving practically the same
initial game position where (h~x holds for both teams.

In all these cases player II wins the game. Thus she has a winning strategy

in EF}°P (M, N). O
Corollary 4.2.11. M =8, N does not imply M =3, N for all n.
To sum up the previous facts, these are the implications between equiv-

alence and semiequivalence of first order logic and dependence logic. All
missing implications are false.

M=FPN — MDY — M=2ON —= M=F0N

We also have the following implications for each n < w. All missing
implications are false.

g
M= N = M8 N

In the light of EF-game characterisations of =F° and =8P by EFF© and
EFSOD , we see that Fact 4.2.10 says that even if player II has a winning
strategy in EFZOD(M,/\/' ), there is not necessarily any way to translate it
into a winning strategy in EFE° (M, N).

4.3 EF-game for FO in FOD-rank

The negative result that M =188, N does not always imply M =gg,, N
raises the question how to define an EF-game EF* such that player II has a
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winning strategy in EF; (M, N) iff M ={8,,, N. As an answer to this, I
propose the following game.

Definition 4.3.1. Let M and N be models, and n < w. The EF-game for
first order logic with dependence rank n, EF; (M, N), is played by players I
and II. A position in the game is (X,Y)*, where k is the number of moves
left in the game, and X and Y are teams such that Dom(X) = Dom(Y"),
team X maps to model M and team Y maps to model N.

Initial position in the game is ({0}, {0})". If the game is in position
(X, YY)k then player I can choose one of the following moves.

V-move. Player I splits X = Xy U X;. Then player II splits ¥ = Yy U
Y1. Finally player I chooses the game to continue either from position
(Xo, Yo)* or from position (X7, Y;)F.

J-move. Player I chooses some function F': X — M and variable x. Then
player II chooses some function G: Y — N. The game then continues
from position (X (z +— F),Y (z — G))k

V-move. Player I chooses some variable z. The game continues from posi-
tion (X(z — M),Y (z — N))k

If the game is in position (X,Y)? then player IT wins if for all basic ¢ € FO
with FV(¢) C Dom(X) it holds that

forallse X: M,;sE¢ = forallseY: N,s[E ¢. (4.1)

Otherwise player I wins.

Note that the game EF* is highly similar to the EF-game of dependence
logic, EF¥°P. The only difference is at the end of the game. In EF* we
inspect only basic first order formulas, whereas in EF'°P we inspect basic
dependence formulas. In other parts the games EF* and EFFOP are identical.

We will now prove that EF* characterises the semiequivalence =1gp, -
The proof will be by induction on dependence rank.

Theorem 4.3.2. Let M and N be models, and n < w. Player I has a
winning strategy in EF, (M, N) if and only if M =58p,, N

Proof. Let n < w. It suffices to prove the more general claim that for all po-
sitions (X, Y)*, k < n, in the game EF} (M, N) the following two conditions
are equivalent.

(i) Player IT has a winning strategy at (X, Y.
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11 ondition (4.1) holds for a IS wit C Dom .
ii) Condj 4.1) holds for all ¢ € FOF°P with FV(¢) C Dom(X

We prove this general claim by induction on k.

Basic case. Let kK = 0. Assume first (i). The game is over, so player II won.
Then (4.1) holds for all basic ¢ € FO with FV(¢) C Dom(X). In order
to get condition (ii) to hold for all formulas ¢ € FOL°P we need to
show (4.1) also for conjunctions of basic formulas. Let ¢y, ..., ¢,, each
be basic. Because (4.1) holds for each of them, we get the following
chain of equivalences.

forall s € X: M,s=d1 A... Ao
< forall s€ X and all i <m: M,s | ¢;
< forall s€Y and all i <m: N, s = ¢;
< forallseY: N,;sE 1 A... Aoy,

Thus (ii) holds.

Assume then (ii). Because all basic ¢ € FO are also in F
tion (i) follows.

OFOP | condi-

For the inductive steps, let 0 < k& < n. Assume first (i). By the same
chain of equivalences as we saw in the proof of (i) = (ii) in case k = 0, we get
condition (ii) when we prove (4.1) for formulas ¢ V¢, Jx¢, Vo in legngk.
Let ¢,¢ € leggka_l and let x be a variable symbol.

Case ¢ V1. Assume FV(¢Ve)) C Dom(X) and, forall s € X, M, s = ¢ V.
Then for each s € X we have either M, s = ¢ or M, s |= 1. Therefore
we can split X = Xy U X; such that M,s | ¢ for all s € X and
M, s =1 for all s € X;. Taking this as player I's split in a V-move at
game position (X,Y)* we get, by (i), a split Y = Y, UY] from player
II’s winning strategy so that player II still has a winning strategy at
both positions (X, Yp)*~! and (X1, Y1)*~!, whichever player I chooses.
By the induction hypothesis we get that AV, s = ¢ for all s € Y, and
N,s = for all s € Yy, This gives N, s = ¢V forall s € Y.

Case Jx¢. Assume FV(3z¢) C Dom(X) and M,s | Jz¢ for all s € X.
Then for each s € X there is an element F(s) € M such that M, s’ |= ¢,
where s’ := s(z — F(s)). That is, M,s |= ¢ for each s € X(z — F).
This function F': X — M and the variable x we can take as player I's
choices in an 3-move at game position (X, Y)*. By (i), from player IT’s
winning strategy we get a function G: Y — N so that player II still
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has a winning strategy at position (X (z — F),Y (z — G))kil. By the
induction hypothesis we get that N, s = ¢ for all s € Y(z — G). This
gives N, s = Jxg for all s € Y.

Case Vx¢. Assume FV(Vzg) C Dom(X) and M,s | Vxo for all s € X.
Then M, s" |= ¢ for all s € X and a € M, where s’ := s(z +— a). In
other words, M, s |= ¢ for all s € X (z — M). By taking the variable
as player I's move in a V-move at game position (X, Y)*, we get, by (i),
from player II's winning strategy that she still has a winning strategy
at position (X(:B — M), Y (z — N))kfl. By the induction hypothesis
we get that N, s = ¢ for all s € Y (x — N). This gives N, s = V¢ for
all s €Y.

Assume then (ii). We prove (i) for every possible move in the game.

Case V-move. Let player I split X = XyU X, in a V-move at game position
(X,Y)*. We know that FO.°7 is a finite set of formulas. Therefore,
letting, for ¢+ = 0, 1,

T;:={¢ € FO;°P : M, s |= ¢ for all s € X},

we get M, s = AToVA T, forall s € X. Because \ ToV A\ Ty € FO°P,
from (ii) we get N, s = ATy V AT for all s € Y. Therefore, for each
s €Y, either N,s = ANTpor N, s = A\ T1, so we get asplit Y = YoUY)
such that N, s = AT for all s € Yy and N,s = AT; for all s € V7.
We take the split Y = Y, U Y] as player II's choice in the V-move.
Assume player I chooses the game to continue from position (X;, Y;)*~1.
To show that player II has a winning strategy from this position, we
prove (ii) for (X, Y;)*~* and then use the induction hypothesis. So, let
RS FOI,:(BP and assume that M, s = ¢ for all s € X;. Then ¢ € T}, so
N, s = ¢ for all s € Y;. This is what we wanted.

Case 3-move. Let player I choose a function F': X — M and a variable x
in an 3-move at game position (X, Y)*. Let

T :={p € FO°P : M,s = ¢ forall s € X(z — F)}.

We get M,s = Jz AT for all s € X. Because 3z AT € FO}°P,
from (ii) we get N,s = Jx AT for all s € Y. Therefore for each
s € Y there is an element G(s) € N such that NV,s' = AT, where
s = s(x — G(s)), so we get the function G: Y — N such that
N,s = AT for all s € Y(x — G). We take this function as player II’s
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choice in the 3-move. To show that player II has a winning strategy
from position (X (z — F),Y (z — G))k_l, we prove (ii) for this position
and then use the induction hypothesis. So, let ¢ € FOE?P and assume

M,s E ¢ foral s € X(z+— F). Then ¢ € T, so N,s E ¢ for all
s € Y(x +— G). This is what we wanted.

Case V-move. Let player I choose a variable x in a V-move at game position
(X,Y)*. Let

T:={pcFO;°P: M,s |= ¢ forall s € X(x — M)}

We get M, s = Vo AT for all s € X. Because Vo AT € FO;°P, from
(i) we get N, s =V AT for all s € Y. Therefore N, s’ = AT for all
s€Y and a € N, where §' := s(x — a), so we get N, s = AT for all
s € Y(x — N). To show that player II has a winning strategy from

position (X (z — M),Y(z — N))kil, we prove (ii) for this position

and use the induction hypothesis. So, let ¢ € FOZ(_)i3 and assume

M,s = ¢ forall s € X(z — M). Then ¢ € T, so N,s | ¢ for all
s € Y(x +— N). This is what we wanted. O

4.4 Converting Winning Strategies

The result that M ={8p ,, N implies M =8, N, together with the EF-
characterisations of these semiequivalences, gives the result that if player II
has a winning strategy in EFSOD(M,N ) then she has a winning strategy
also in EF} (M, N). There is even a stronger link between these games.
Namely, we can effectively convert a winning strategy in EFE°P (M, N) into
one in EF; (M, N). This is, however, trivial because the games have identical
moves.

Because M =8, N implies M ={8, , N, we get also that if player
IT has a winning strategy in EFE®(M, A) then she has one in EF} (M, N).
Also here we have the stronger result that the first strategy can be effectively
converted into the second strategy. This time the conversion is not trivial.

Theorem 4.4.1. Player II’s winning strategy in EFEC (M, N') can be effec-
tively converted into her winning strategy in EF; (M, N).

Proof. Let M and N be models, and let n < w. We prove the theorem by
proving by induction on k the following more general claim. For any teams
X and Y, if

for all ' € Y there is s € X such that I T EFEO(M, N) @ (s,5)", (4.2)
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then

1 EF;(M,N) Q@ (X,Y)~ (4.3)
The general idea in player II's winning strategy in EF (M, N) is that she
plays several games of EFY9 (M, N) at the same time, and reads from those
games her winning strategy in EF* (M, N).

Basic case. Let k = 0. Assume (4.2). Let ¢ € FO be basic with FV(¢) C
Dom(X) and assume M, s = ¢ for all s € X. Let s’ € Y. By (4.2),
there is s € X such that IT wins EFE° (M, A) at position (s, s')°. This
means M, s | ¢ it N, s'" = ¢, so N, s’ = ¢. Hereby N, s = ¢ for all
s € Y. Therefore (4.3) holds.

For the inductive cases, let 0 < k < n. Assume the induction hypothesis
and (4.2). We construct a winning strategy for player II by cases on the
three different moves that player I can choose.

Case V-move. Let player I split X = Xy U X;. Define, for i < 2, teams
Y; := {s’ € Y : there is s € X; such that Il T EFE°(M, N) @ (s, s')*}.

By (4.2), Y = YyUY]. By definition of Y, for all s’ € Y; there is s € X;
such that II T EFYO(M,N) @ (s,5), so also I T EFEO(M,N) @
(s,8')*~1. By the induction hypothesis, Il T EF*(M,N) @ (X;,Y;)*?
for i < 2.

Case 3-move. Let player I choose function F': X — M and variable .
Player II chooses her function G: Y — N as follows. Let s € Y.
By (4.2), there is s € X such that I T EFE9(M, N) @ (s,s)*. By
making player I choose F(s) € M and x in EFE?(M, N), player II’s
winning strategy gives b € N such that II T EFL°(M,N) @ (s(z —
F(s)),s(x +— b))k_l. Let G(s') be this b. Now player II has made her
choice in EF} (M, N), and it holds that for each s € X (x +— F) there is
s € Y(z — G) such that II T EFY9(M, N) @ (s,s')¥~1. Thus, by the
induction hypothesis, I 1 EF}(M,N) @ (X(z — F),Y (z — G))kil.

Case V-move. Let player I choose variable z. To show II T EF} (M, N) @
(X(z — M),Y(z — ]\/))k_1 by using the induction hypothesis, we
must find for each §'(z — b) € Y(x — N) some s(z +— a) € X (z — M)
such that Il T EFY9 (M, N) @ (s,5')*". So, let s € Y and b € N. By
(4.2), there is s € X such that II T EFE9(M, N) @ (s,s')*. By making
player I choose b € N and z in EFY9(M,N), player II's winning
strategy gives a € M such that I T EF,° (M, N) @ (s(z — a),s'(z —

b))k_l. This is what we wanted.
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As we succeeded in all the three cases to give player Il a move that
results in she still having a winning strategy after the move, (4.3) holds.
This completes the proof. O]

4.5 Further Points of Interest

Even though M =F°P A/ does not imply M =£© N for all n, it is reasonable
to ask if there is a limit n from which on the implication holds. Perhaps this
limit is 4 as from there on D-formulas give additional expressive power by
limiting the domain of Skolem functions of existentially quantified variables.

More generally put, we can ask for which functions f: w — w does it hold
that, for all models M, N and all n < w, M =FP A implies M E]P:(% N.
Trivially the constant function f = 0 is one such function but probably not
the only one, and identity f(n) = n is not such a function. For these functions
we have the nontrivial problem of converting any given winning strategy of
player II in EFEOD into player II's winning strategy in EF]FC&).

In spite of the negative result M =3y, N % M =13, N, one could
try to show that if M ={gp,, N then M =g, N, where L is the fragment
of FO that consists of disjunctions of FO-sentences where V does not occur.

It was Ryan Siders who initially pointed out the problem of two differ-
ent ranks for dependence logic. He also gave helpful ideas concerning the
comparison of semiequivalences.
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Chapter 5

Translating between Logics

In this chapter I investigate the question of translating formulas from one
logic to another. I will first define translations in a general setting and revise
some known results in this light. I will then present two detailed translations
from second order logic to team logic, the first for sentences and the second
for all formulas.

5.1 The General Setting

Recall that semantic objects in first order logic are first order assignments,
in second order logic they are second order assignments, and in dependence
logic and team logic they are teams. For a logic L and a model M, define
It to be the powerset of sets of all semantic objects for model M in logic L,

1%, :={S: S is a set of semantic objects for M in L}.

That is, 1%, is the set of all possible interpretations that formulas in L may
have on model M.

Definition 5.1.1. Let L and R be logics. Define a syntactic translation of L
to R to be a function f: L — R that maps L-formulas to R-formulas. Define
a semantic translation of L to R to be a collection {gam: Ik, — I | M
is a model} of injective functions that map interpretations of L-formulas to
interpretations of R-formulas. We define a translation of L to R to be a pair
consisting of a syntactic translation f: L — R and a semantic translation
{gm: Iy — I, | M is a model} such that for all ¢ € L and models M,

LF ()] = gm([8]%0)- (5.1)

A translation of L to R can also be a pair consisting of a syntactic translation
f: L — R and a backward semantic translation {gy: I8 — I%; : M model}

o1



52 CHAPTER 5. TRANSLATING BETWEEN LOGICS
such that for all ¢ € L and models M,

am(LF (D)) = [8]5s (5.2)

In case both logics L and R have the same kind of semantic objects or
consist only of sentences, the role of semantic translation becomes negligible
and the functions gr; can be required to be identity functions. However,
when translating between a logic whose semantic objects are assignments
and a logic whose semantic objects are teams, a mere syntactic translation
is meaningless. In such a case, a semantic translation is essential as it tells
us how the meaning of a formula translates from one logic to another with
the given syntactic translation.

Some semantic translations can be generated by simpler functions that
map semantic objects of logic L to semantic objects of logic R. For example,
let M be a model, let Sy, denote the set of all second order assignments s
on M such that Dom(s) = {R}, let ai(s) = s(R)@,,.. 2, for all s € Sy,
and let ap(X) = (R — Rel(X)) for all teams X on M. Functions a; and
ap represent the natural and close relationship between teams and relations.
They also generate the natural semantic translations

g () = {au(s) : s € S},

for all sets S of second order assignments s on M such that Dom(s) = { R},
and

I X) = {aa(X) 1 X € X},

for all sets X of teams on M.

Translating FO to FOD

Védnédnen proves a translation of first order logic to dependence logic [19,
Proposition 3.31] by the syntactic translation ¢ +— ¢, for all ¢ € FO, and the
semantic translation X +— (J X, for all sets X of teams on M, or the back-
ward semantic translation X — PX for all sets X of first order assignments.
These semantic translations are apparently not generated by any functions
on semantic objects. Equivalently, the translation can be stated as

M, X = ¢ if and only if M,s |= ¢ for all s € X

for all teams X and models M.
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Translating FOD to TL

There is a translation of FOD to TL. Its syntactic translation f is defined
for all ¢ € FOD in strict negation normal form as follows.

(Rt1 ) _Rt1 f(L)=0
f((t - tayou) = n)vu f(T) =T
(¢\/w)=f() ) (3:@):3 f(9)
flond) = f(o) N f(¥) f(Vxg) i= 1 f(¢)
f(=9) = =f(¢)

The semantic translation is the identity function. Alternatively, the transla-
tion can be formulated as

M, X =" f(¢) if and only if M, X =P ¢

for all teams X and models M.

Translating FOD to ESO

A straightforward translation of FOD to ESO is known; given ¢(xy, ..., z,) €
FOD we can write out the definition of satisfaction of ¢ as an ESO-formula
¥(R) where R is an n-ary relation variable standing for the team that is
supposed to satisfy ¢. Vaananen has shown the syntactic translation in detail
[19, Theorem 6.2]. The semantic translation is the natural one, consisting of
functions g\#*. Equivalently, the translation can be stated as

M, X E ¢ if and only if M,sx = f(¢)

for all teams X and models M, where sx := (R — Rel(X)).

Translating TL to SO

The translation of TL to SO can be done with the same idea. It consists
of functions f: TL — SO, whose details VAdnénen has given [19, Theo-
rem 8.12], and gp that are exactly as in the previous case of translating
dependence logic to existential second order logic.!

In both the above translations of FOD to ESO and TL to SO, the func-
tions g are generated by the following simple mappings of semantic objects:
s+ S(R)(zy,...zn) and X +— (R +— Rel(X)). This is natural and based on the
close relatlonshlp of teams and relations.

INote that IE%O = I/SV? and I/FV?D = I}} for all models M.
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Translating ESO-Sentences to FOD

There is a well-known translation of ESO-sentences to FOD-sentences. This
translation, known as the Enderton- Walkoe translation, is more involved and
dates back almost three decades. Although this translation is cited in numer-
ous papers (such as [12, pp. 62-63]), I have not found a detailed description
of it let alone a proof that the translation works as it intuitively would seem
to. The original independently written papers by Enderton [6] and Walkoe
20] settle for giving an example of the translation, each its own. Moreover,
the translations are formulated in first order logic enhanced with Henkin
quantifiers. Because of these reasons, I find it appropriate to give a detailed
description of the translation, along with a detailed proof that it works, for-
mulated in dependence logic. Section 5.2 is dedicated to this.

Translating Downward Closed ESO to FOD

A previous result by Kontinen and Véaaninen shows that existential second
order formulas with a free relation variable can be translated to dependence
formulas if and only if the existential second order formula is closed downward
with respect to the relation variable. [17]

Theorem 5.1.2. Let ¢(R) € ESO, where R is an n-ary relation variable.
Then the following conditions are equivalent:

1. There is Y(x1,...,x,) € FOD such that for all models M and teams
X, M, X =9 if and only if M,Rel(X) = ¢;

2. If M,s = ¢ and $'(R) C s(R), then M,s" = ¢, i.e. ¢ is closed
downward with respect to R.

This translation is based on the natural semantic translation {gh;'} and
a complex syntactic translation, whose details I shall not reproduce here.

The requirement of ¢ being closed downward with respect to R is nec-
essary with the natural semantic translation because dependence formula
interpretations are always closed downward. It is an open question if some
other semantic translation would allow translating all existential second order
formulas to dependence formulas.

5.2 Translating ESO to FOD

In this section I give a detailed description of the well-known translation
of existential second order sentences to dependence sentences. The syntac-
tic translation is shown in the proof below. The semantic translation is



5.2. TRANSLATING ESO TO FOD 95

g IXOP — 1859 such that

gm(X) = { {} if X = {0};

{s: s is a second order assignment on M}, otherwise,

for all models M, where X is a set of teams on model M. The translation
works also with the backward semantic translation gu: I5° — IT9P such

that
g (S) _ {@}, if S = {}a
M {X : X is a team on M}, otherwise,

for all models M, where S is a set of second order assignments on model M.

Theorem 5.2.1. For every sentence ¢ € ESO there is a sentence x € FOD
such that, for all models M, M = ¢ if and only if M = x.

Proof. We can assume that ¢ is in Skolem normal form
dfi.. . 3fuVey . V), (5.3)

where ¢ is a quantifier-free second order formula. We will perform some
reductions on (5.3) to make it more suitable for finding y. Remember that
in general ¢ can contain function variables as well as function symbols from
the language. We repeat step 1 until it cannot be applied, after which we
repeat step 2 until it cannot be applied. The result of each repetition is a
formula in the form (5.3).

Step 1. First we ensure that function variables f occur in ¢ only with
element variables as arguments, and that each element variable occurs at
most once as an argument of each occurrence of f. Assume that in ¢ there
is a term occurrence ft;...t, where t1,...,t; are terms of which ¢; either is
the same element variable as ¢; for some ¢ < j or is not an element variable
at all. We write (5.3) as ¢’ as follows:

(b, = E|f1 Ce Elanxl e V:r;mmeH (l'm+1 = tj — ¢(t] — $m+1>). (54)

When the terms z,,41 and t; have the same interpretation, they are inter-
changeable in 1. Therefore we see that (5.3) and (5.4) are logically equivalent.

Step 2. Now we ensure that for each function variable there is at most
one sequence of arguments with which it occurs. Assume that in 1) there are
occurrences of terms fuq...ug and fv;...v,, where f is a function variable
and all u; and v; are element variables such that at some index i, u; is a
different variable than v;. To replace fvy...vg, we introduce a new func-
tion variable and an exclusive sequence of element variables for it. More
specifically, we write (5.3) as ¢’ as follows:

¢/ = Elfl Ce ElanIanv:icl c. vmeZ'erl o .V$m+k(91 N 92), (55)
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where

0 = /\$m+i =u; — fur.. Uk = fo1Tmgt - Tk
i<k

92 = /\ Tmts = Uy — 1/1<f7]1 < U = fn+1xm+1 S xm+k>-
i<k

To see that (5.3) is equivalent to (5.5), let M be a model such that M =
¢. Then there are functions gy, ..., g, such that for all ay,...,a,, € M,
M, s = ¢, where s := (fi — gi)i<n(®i — @;)i<m. Choose gn41 = s(f) and
let s = s(fns1 = Gnt1)(@Tmsi — Qmti)i<k, Where apmy1, ..., amer € M are
arbitrary. Then clearly M, s" |= 0; A 05, whence M = ¢'.

To see the other direction, let M be a model such that M = ¢’. Then
there are functions gy, ..., gn41 such that for all ay,...,amr € M, M, s |=
01 N\ 02, where s := (f; = Gi)i<n+1(Ti — @i)i<m+k. Varying over all values for
all a; we get from 6; that s(f) and s(f,.1) are the same function. Here it is
essential that all variables uq, ..., u, are distinct, as taken care of in step 1.
Otherwise there might be some specific sequence of arguments ay,...,a; on
which s(f) and s(f,41) would disagree but we would not be able to express
the sequence as s(uq),...,s(ug). Now, looking at 6 we see that M, s = 9
by the fact that s(fui1Tmat - Tmak) = S(fo1...vk).

After these two steps, we have a sentence ¢ € ESO in form (5.3) such
that each function variable f occurs in ¢ only in the term fu! .. u}%, where
each u; is an element variable. Now we are able to express ¢ as the following
sentence y € FOD:

X =YooV, ITmyr - Iman (X A X2), (5.6)

where

1= (e Yo A A (0, Yo

X2 = ¢(fzul1 x U% = $m+i)ign~

It is step 2 that enables us to replace each function quantifer in ¢ with one
element quantifier in x.> To see that (5.3) and (5.6) are equivalent, let M
be a model such that M |= ¢. Then there are functions gy, ..., g, such that
for all ay,...,am € M, M,s = 1, where s := (f; — ¢i)i<n(Ti — a;)i<m.
Now, let X := (x; — M)i<m(Tmti — F})i<n, where each F;: X — M maps

2 Actually, we could skip step 2 and compensate by replacing each function quantifier in
¢ with as many element quantifiers in x as there are occurrences of the function variable

in ¢.
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Fi(s) = gi(s(ud),...,s(ui)). Then M, X k= x; because the values of cach
Tm1i depend only on variables used by Fj, i.e. uj,...,u;.. Also, because
X2 € FO, we have M, X = x2 if M, s |= xo for all s € X, and this holds by
assumption and the fact that s(z,,4;) = s(fl-u’i .. UZ) for all s € X.

To see the other direction, let M be a model such that M = x. Then
there are functions F;: X; — M, where X; 1= (2; —= M)i<pm(Tmyi — Fi)icj
for j < n, such that M, X, = x1 A x2. By M, X,, | x1 there are functions
gi: M* — M such that s(zy4i) = gi(s(ul), ..., s(uj,)) for all s € X; and
all i < n. By M, X,, E x2 and the fact that s(x,,;) = s’(fiuil . uzl) for
all i < n, where ' := s(f; — gi)i<n, we get that M, s = ¢ for all s € X,,.
Therefore M |= ¢. O

5.3 Translating SO-Sentences to TL

In this section, I present an explicit translation of sentences in SO to sentences
in TL. There is a similar result by Harel [9]. In place of Team Logic he used
partially ordered quantifiers, or Henkin quantifiers, with his own semantics
that provide a greater expressive power than Henkin’s original semantics.
Harel also provided a correspondence between the second order fragments
$1 TI! and certain fragments of first order logic with Henkin quantifiers.
Although it seems perfectly possible to formulate a similar correspondence
between certain fragments of team logic and the mentioned fragments of the
second order logic, the correspondence is rather complex to formulate and
therefore I will not go as far as Harel and define it.

Definition 5.3.1. Let X be a team for some model M, let f: M* — M and
F: X — M be functions, and let yi,...,y, € Dom(X) and z ¢ Dom(X).
We say that f is similar to F via (y1,...,yx) in X if M, X(z — F) E
(y1...yproz and F(s) = f(s(y1),...,s(y)) for all s € X.

Loosely speaking, f and F' are similar if they are fundamentally the same
function with the main difference that f maps sequences of elements whereas
F maps sequences whose members are named by variables. Another differ-
ence is that F' is defined only on sequences that appear as assignments in
X whereas f is defined on all sequences. We will only use the concept of
similarity of functions in the context of some team so that the difference in
the domains of the functions will not become an issue. The corresponding
team will usually be apparent from the context, so we will just say that f
and F' are similar via a sequence.

Lemma 5.3.2. If M is a model and X is team on M, then
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1. Given a function f: M* — M and variables yi,...,yx € Dom(X),
there is a function F: X — M that is similar to f via (y1, ..., Yk)-

2. Gwen a function F: X — M and variables yy,. ..,y € Dom(X) and
z ¢ Dom(X) such that M, X(z — F) = (y1...yxroz, there is a
function f: M* — M that is similar to F via (y1,...,ys).

Proof. We can see 1 by letting F(s) = f(s(y1),...,s(yx)) for all s € X. To
see 2, let f(ay,...,a;) = F(s,), where s, := (y; — a;)i<k, when s, € X, and
let f be defined arbitrarily elsewhere. O

Now for the actual theorem.

Theorem 5.3.3. For every sentence ¢ € SO there is x € TL such that, for
all models M, M = ¢ if and only if M |= x.

Proof. Let ¢ € SO be in Skolem normal form,

¢ =3f 333 Ve Vg,

where 1) is quantifier-free and in negation normal form. We may assume that
no variable is quantified twice in ¢.*

Let tq,...,t, enumerate all the occurrences of terms in 1 that start with
instances of the quantified functions in ¢. Each t;, 1 < m, we write as

tii= foOt . th.

Furthermore, we require that the enumeration ¢4, ...,t,, satisfies the condi-
tion that ¢ < j implies that ¢; does not occur as a subterm of ¢;. Given
i < m, we denote by o(i) the least index that satisfies p(i) = p(o(7)) and
n(i) = n(o(¢)). In other words, o() is the first index for which the term ¢,
begins with the symbol f” ((Z)) .

By di<n,x; we mean the quantifier block dz;...3z,. Furthermore, if
< is a linear order on {1,...,n}, by 3, z; we mean the quantifier block
32, ... 3w, where 4, < --+ < 4, and {i1,...,i,} = {1,...,n}. We will use
the following ordering for 7, j < m:

i=j <= p(i) <p(j) or (p(i) = p(j) and n(i) < n(j))
or (p(2) = p(j) and n(i) = n(j) and i < j).

3We can get rid of doubly quantified variables by renaming variables suitably.
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Now we are ready to define the sentence x € TL that is to be equivalent
with ¢:

v tn 1 35 W (A A

i<qg i<m i<m i<m i<m i<m i<m
J<k(i) p(i)=1 p(i)=2 p(i)=p p(i) even p(i) even
( Axi n N\xin <® Xos ® V" (ti = Zi)@é?ﬂ)))a
i<m i<m i<m
p(i)odd p(i)odd  j<k()

where 1* is obtained from 1 with the same syntactic mapping as in the
translation of FOD to TL,* and, for i < m and j < k(i),

Xi =i 'ylic(i))vzi;

X =@y = 4)") © 2 = 2
j<hi

X?J = ﬁ(yj‘ = té‘)(tk = 2k ) k<m.-

All y; and z; are new variable symbols. Note that the variables z; that
correspond to the same function symbol’s different occurrences appear con-
sequtively quantified in xy. The quantifications of the variables z; appear in
the order given by < on the indices 1.

Here is an intuitive explanation of how to read xy. The quantifier block
li<q @; is the team logic equivalent of the first order universal block V;<, x; in
¢. In addition to these ¢ names for arbitrary elements, we are also provided
with names y; that refer to the elements that are the arguments to the

various functions f? ((3 quantified in ¢. Each quantifier block 3z; and V z; in

x corresponds to a function quantifier block 3 f” ((3 in ¢. Whereas f” 8)) is a
name for a function, z; is a name for the value that the function gives for
a sequence of arguments. This is the fundamental difference in how second
order logic and team logic handle second order objects. Each x! specifies
which arguments y;'. are needed for the function value z;. Each x? ensures
that the function value z; is the same as z,;) whenever the arguments for
both are the same. We need this because for each occurrence of function
variable f” EZ)) we have a new function value z; whose value does not a prior:
correlate with the corresponding values for other occurrences of the function

4In fact, ¥* is not necessarily a formula of any logic. It may contain terms from second
order logic and connectives and quantifiers from team logic. This is not a problem because
1* is nothing but an intermediate step in a series of syntactic transformations.
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variable. Each x? ; eliminates one case of wrong values for the arguments y;'-

with respect to what the occurrences of f” 8)) in v expect.

To see why ¢ and y are equivalent, let M be a model such that M |= ¢.
Then player II has a winning strategy in the semantic game 05°(M, ¢). Call
this strategy 0°°. We will describe a strategy o ™" for player II in D% (M, x)
which will turn out to be a winning strategy. The idea in defining o™ is
that player II plays 05°(M, ¢) using her winning strategy ¢°° and uses it
as a source of useful information for her choices in 0T(M, ). We refer to
the play of OTV(M, x) merely as the play and to the play of O5°(M, ¢) as
the shadowplay. Denote X' := (x; — M);<, (y; — M)i<mj<k(i).

In the beginning, while the play concerns quantifiers, i)l_ayer IT maintains
on her behalf that when the position in the play is of the form (Qz;x’, X, II),
where () is either 3 or V, then the following condition holds.

(C1) The shadowplay is at position (fo;((gqb’,s,ﬂ) or (¢/,s, ), and X =
X’(zj — Fj)Hi such that for each j < i, s(ffzg))) is similar to Fj via
(i, .. ,yi(j)).

However, condition (C1) can become false by a move of player I. If this

happens, player I will then have an easy victory ahead, as will be seen

below.

The play of DTH(M, x) starts at the position (y, {#}, ). First there are
several shriek moves where neither player makes choices. After these the play
is at position (Fz;x’, X', ), where p(i) = 1, n(i) = 1, and the shadowplay is
still at the starting position (3f{¢', 0, II). We see that condition (C1) holds.

Assume then that the play is at position P := (Jz;x’, X, ) and condition

(C1) holds. Then there is a subformula 3 f” EZ)) ¢’ of ¢ such that the shadowplay
is at position P; or P, where
Pyi= (37209, 5, 10); Py = (¢, s,10).

If the shadowplay is at Py, then we play one move in it by choosing for player
IT the k(i)-ary function g := 0°°(P;). Otherwise the shadowplay is at P,
and we can define g := s(ff;((g) In either case, let F': X — M be similar to
g via (yi,. .. ,y,i(i)) and let oTV(P) := F. The play proceeds now to position
(X’,X(zi — ), ]I), and the shadowplay is at (qb’, s(fsg)) — g),]I). We can
see that condition (C1) holds.

Assume then that the play is at position P := (Vz;x’, X, II) and condition

(C1) holds. Then there is a subformula V f” 8)) ¢’ of ¢ such that the shadowplay
is at position P; or P, where

Pl = (vff:((g¢/787]:[)a P2 = (¢,757]:[)'
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Let F': X — M be the function chosen by player I in the play. If M, X (z; —
F) ¥ (yi.. .y,i(i))\»zi, then player I has broken condition (C1) and thus
player I can play arbitrarily all the remaining quantifier moves claiming a
victory later at x}, see below. Otherwise, let g: M*® — M be similar to
F via (yi,... ,y};(i)). If the shadowplay is at P, then we play one move

in it by choosing ¢ for player I. The play is then at (X’,X(zi — F),]I),
the shadowplay is at (gb’ ,s( fr 8)) — g),]I), and we can see that condition
(C1) holds. Otherwise the shadowplay is at P. Then s(f” ((3) is defined

and similar to Fy;) via (y‘f(i), e >yZEZ)(i)))' If s( 58) is not similar to F' via
(v, ..., y,i(i)), then player I has broken condition (C1), and thus player II can
play arbitrarily all the remaining quantifier moves claiming a victory later
at x?, see below. Otherwise the play is now at (X’, X(zi— F), ]I) and the
shadowplay is at (gb’ , S, ]]), and we can see that condition (C1) holds.

Finally the play reaches position P := (xo,X,II) and the shadowplay
reaches position

Py = (Vay ... Ve, so, D),

where X = X'(2; — F})i<m and, for each i < m, s (fS((Z))) is similar to F} via

(yi7 s 7y;c(z))7 and

Xo = ~< Axi /\/\X§> Vv (/\Xg VAR ((X)Xij@w*(ti s zi)igm))

i<m i<m i<m i<m i<m

p(i) even p(i) even p(i) odd  p(i) odd 7<k(1)

If player I broke condition (C1) above, there is i < m such that p(i) is
even, and either (5.7) or (5.8) holds.

M X B (yy - 'ylic(i))\’)zi (5.7)
S0 (fgg))) is similar to Fy;) via (y‘f(i), . ,yZE?(Z.))) but (5.8)
not similar to F; via (y’i, e ,y,i(i))

In such a case, let oT%(P) be the left disjunct of Yo, and let player II
move accordingly. After the following complement move the play is at
P = (/\J Xj AN XX, I). If (5.7) holds, let ¢™(P’) be the conjunct x},
whence the play proceeds to position ((yi . ..y,i(i))vzi,X , I) where player
IO wins. If (5.8) holds, let o™ (P’) be the conjunct x?, whence the play
proceeds to position P” := (®J ﬁ(y; = yq(i)) ® 2 = Zo(s), X, I). Player I
chooses some sequence (X;);<k(i)+1. If for some j < k(i) there is s € X such
that s(y!) = s(yjo-(i)), then let o™ (P") be j, whence the play proceeds to



62 CHAPTER 5. TRANSLATING BETWEEN LOGICS

(ﬁ (y; = y](.’(i)),Xj, I), and player I wins. Otherwise, letting s be an assign-
ment that fails the similarity of 50( 58))) to Fj, that is, s(y;) = s(yjo-(i)) for all
J < k(i) and s(2;) # s(2o(1)), we have s € Xy()41. Let oT=(P") be k(i) + 1,
whence the play proceeds to (2; = Zo(:), Xk(i)+1,1), and player IT wins.

If player I did not break condition (C1), let o™%(P) be the right disjunct
of xo. The play is then at (A, x! AN, XZ A (®” X2, @9 (ti = 2)icm), X, II)
and it is for player I to choose a conjunct. If player I chooses y! for some
i < m with p(i) even, the play proceeds to ((y] .. .y,i(i))\»zi, X,II) and player
IT wins because of condition (C1). If player I chooses x? for some i < m with
p(i) even, the play proceeds to

_P:«gﬁ@Zﬁ%®%:%WXﬂ)
J<h(i)

Let then o™ (P') be (X;)j<r@+1, where each X; = {s € X : s(y}) #
s(y;(i))}, for j < k(i), and X1 = X\ (Ujgk(i) X;). Note that because
of condition (C1), every s € Xj()+1 has s(z;) = s(z,)). If player I chooses
some j < k(i), the play proceeds to (ﬂ(y;'» = y;(i)),Xj,]I), and player IT
wins. Otherwise the play proceeds to (zi = zo(i),Xk(,-)H,II), and player II
wins again.

If player I chooses the last remaining conjunct, the play proceeds to

i<m

=0
Let then O-TL(P> be ()(]:_l7 “ .. 7X]1(1)’ X%, .. "7X£(2’)’ ceey Xirn, e 7X;3TET)’L)7 XO),
where each X} = {s € X : M,s = (y; # t})(ti = zi)icm} and Xp =
X\ (Uz‘gm i<k(i) XJ’) If player I chooses any but the last index of the sequence,
the play proceeds to position (—(yi = 2)(t; — 2)i<m, X1, ), for some i < m
and j < k(7), and player I wins. Otherwise the play proceeds to

P = (w*(tz — Zi)igmaX07]I)~

For the rest of the play, player II and her strategy o™ will maintain the
following condition that will guide her to victory. If # is a subformula of
and the play is at position P’ := (9* (t; — 2i)i<m, Y, ]]), then

(C2) Y is the set of assignments s € X such that the shadowplay can reach
position P, := (6, so(x; — $(2;))i<g, ) from Py when II plays by ¢5°.
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At first, the play is at P and the shadowplay is at F,, and we can see
that (C2) holds.

Assume then that the play is at P’ := ((91 N Oo)*(ti — 2i)i<m, Y, ]]) and
(C2) holds. As (01 A 02)*(ti ¥ 2i)i<m 18 017 (i — 2i)i<m N 02 (L ¥ 2i)i<m,
the move is for player I, so assume he chooses j € {1,2}. The play proceeds
to P" = (Q;f(ti = 2i)i<m, Y, ]I). For each s € Y, the shadowplay can reach
P! from Py when II plays by ¢°°, and from P’ player I may choose the j’th
conjunct, making the shadowplay proceed to P. On the other hand, if the
shadowplay can reach position P from Py when II plays by ¢5°, for some
s, then the shadowplay must have previously been in position P!, whence
s € Y. Therefore condition (C2) holds at P”.

Assume then that the play is at P’ := ((61 V 62)*(t; — 2)i<m, Y, II) and
(CQ) holds. As (91 V 92)*<tz — Zi)igm is 01*(t1 = Zi)igm X 02*(tz — Zi)i§m7
the move is for player II. For each s € Y, the shadowplay can reach P!
from Py when II plays by 05°. P! yields a disjunction move for player II.
Then o5°(P!) € {1,2}. Let o™ (P’) be (Y1,Ys), where each Y; := {s € Y :
o59(P!) = j} for j € {1,2}, and let player II move accordingly. Player I
will then choose some j € {1,2} and the play proceeds to P” := (9}‘(1&1' —
Zi)i<m, Yj ]I). We can see that (C2) holds at P”.

Assume finally that the play is at P’ := (9*(151- = 2i)i<ms Y, ]]), 0 is an
atomic or negated atomic formula, and (C2) holds. As 0* is 6, also 0*(t; —
2;)i<m 1 atomic or negated atomic and the play ends. But who is the winner?
For each s € Y, the shadowplay can reach P! from P, when II plays by ¢5°.
Player I wins these shadowplays, which gives M, so(x; — s(z;))i<q = 6 for
all s €Y.

We prove by induction on terms ¢ that occur in ¢ that for all s € Y,
s1(t) = s(t*), where t* 1= t(t; — 2;)i<m and s1 1= so(z; — s(x;))i<q. H t s a
variable, it is some z;. Then also t* = z;, and thus s;(¢) = s(¢*). Function
terms can be based either on a function symbol in the language L or on a

function variable. If f € L and tis fuy ... wuy for some terms uq, ..., u, then
t* = fuj...u; and we can assume that the claim holds for u,,...,u;. Then
we have

Sl(t) = fM (sl(ul), ey sl(uk))
M * *

:f (S(ul)a--~75(uk))

= s(t").
Iftis fuy ... ug, where f is a function variable, then (because we only consider
terms that occur in ¢) t is one of the terms ¢;, i < m, so t* = z;, k = k(7), each
u; is t4, and sy (f) is similar to F; via (yi,..., k). By Y C Xo, s(u}) = s(y?)
for all j < k. We can assume that the claim holds for wuq,...,u,. Then we
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have

s1(t) (f)(sl(ul),...,sl(uk))
() (s(ur), - s(wg)

si(f) (), - s(yr)
= Fi(s)

(2i)-

Thus M, s | 0*(t; — z;)i<m for all s € Y, player II wins the play, and o™*
is a winning strategy.

S1

Il
»

V)

For the other direction, assume M [= x, that is, player II has a winning
strategy in the semantic game OT"(M, y). Call this strategy oT%. We will
describe a strategy o5° for player II in 0°°(M, ¢) which will turn out to
be a winning strategy. The idea behind defining ¢5° is that player II plays
O™ (M, x) by her winning strategy o™ and extracts useful information for
her survival in 05°(M, ¢). We call the play in 05°(M, ¢) the play and the
play in O™(M, x) the shadowplay. As before, let X' := (z; — M);<, (y; —

)igmngk(i). Let o(i,j) be the <-least index that satisfies p(o(i,j)) = i
and n(o(i,5)) = j. In words, 2, is the outermost quantified variable in y
that corresponds to the function variable symbol f; in ¢. Denote k(i,j) :=
k:(o(z',j)), the arity of the function symbol f;f, for i < pand j <nj,.

In the beginning of the game, while the play concerns quantifiers, player
II maintains that when the position in the play is of the form (Q f}gb’ , S, ]:[)7
where () is either 3 or V, then the following condition holds.

(D1) There is a subformula Qz;, ...Qz;x of x, where i; < .-+ < i; are
all the indices ' < m for which p(i') = ¢ and n(i) = j hold, and
the shadowplay is at position (Qz;, ...Qz;,x’, X,II) for some team X
such that X = X'(zy — Fy)i<o(i;), where s(ff;éz:;) is similar to Fy via

(yi,... ,y,’:(i,)) for all " < o(3, j).

The play of O5°(M, ¢) starts at position (3fi¢’, 0, ). The shadowplay
starts at (x, {0}, ), and after the initial shriek moves the shadowplay is at
(3zo(1,1)x’, X', II). We see that condition (D1) holds.

Assume then that the play is at position P := (Elf;gb',s,]l) and the
condition (D1) holds. Then the shadowplay is at P, := (3z;, ... 3z, x’, X, ),
as stated in (D1). Note that i; = o(7,j). Let player II make [ moves in the
shadowplay positions

]Dl/ = (Elzil/ cee Elzilxla X(Zil = E1) U (Zil’—l = Fil/_l)a ]1)7
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for I <1, by choosing F;, := o'"(Py) for each I’ < I. Let g be a k(i, j)-ary
function that is similar to £}, via (yi',... ,y,il(il)). Define o5°(P) to be g.
The play proceeds accordingly to (gb’ , s( f; — g),]]) and the shadowplay is
at (x',X(z, — F;,)v<i, ). Because o™ is a winning strategy, s(f!) is
similar to Fj, via (yi/, e ,y,l;(l,)) for all I’ <1, as we will see below when the

shadowplay reaches formulas x;, and x7,. Thus we can see that condition
(D1) holds,

Assume then that the play is at position P := (V f;qb’ , S, ]]) and condition
(D1) holds. Then the shadowplay is at P := (Vz;, ... Vz;,x’, X, II), as stated
in (D1). Note that iy = o(i, j). Denote by g the function chosen by player I in
the play. For each I’ <1, let F;,: X — M be similar to g via (y\", ... 73/1?(/1',]‘))‘
In the shadowplay, let player I choose F;, at position

ll

Py= (Vzy, .. Yz, X, X (2, = Fy) - (2, — Fi,_ ), 10),

for each I’ < [. The play is then at (¢’, s(f; = g), @,]]), the shadowplay is
at (X', X(z, — F,)v<;, ), and we can see that condition (D1) holds.

Finally the play reaches position (Vz; ... Vz,, s’, II) and the shadowplay
reaches position (xo, X, II), where X = X'(z; — F});<mn and for all i < m,
3’(f58))) is similar to F; via (y’i, e ,y};(i)). After player I has made his ¢
moves in the play, the position becomes

P = (¢, s, )

for some assignment s that extends s’ to variables x1,. .., z,.

In the shadowplay, player II's strategy o' will choose the right side
disjunct. This we see by noting that player I would win at any of the po-
sitions (x}, X, I) or (x?, X,I), when ¢ < m and p(i) is even, due to the fact
that S(fs((Z))) is similar to F; via (yi,...,yj) for all i < m where p(i) is
even. The shadowplay is then at Py := (A, xi A \; XZ A (®” X5 @Y*(t; —
Zz)zgm) , X, [[) and it is for player I to choose a conjunct. If player I chooses x;
for some ¢ < m with p(i) odd, the play proceeds to ((yi, . ,y,i(i))'\»zi, X, ]I),
and player II wins by her winning strategy o1%. Therefore we have M, X =
(vi.. .yz(i)}\»zi. If player I chooses x? for some ¢ < m with p(i) odd, the
shadowplay proceeds to

Pl — (®_|(y; — yj(l)> X 2; = Zo(i)7X7 II)

J<k(3)

Let Y = {s € X : s(yi) = s(y;(i)) for all j < k(i))} and denote by
(X;)j<k@)+1 the move o™ (Py) that player II makes. If player I chooses
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some index j < k(i), the shadowplay proceeds to (=(y! = yj(i)),Xj, IT), and
player I wins by her winning strategy. This gives Y N X; = () and further
Y C Xj@)+1- If player I chooses the index k(i) 4 1, the shadowplay proceeds
to (2i = Zo(i)» Xk(i)+1 IT), and player I wins again. Because Y C Xk(i)+1, We
get M,Y = z; = z,(;). In other words, for all i < m, S(fSEZ))) is similar to Fj
via (y’i, e ,y,i(i)), as we stated above.
If player I chooses the last remaining conjunct at F,, the shadowplay
proceeds to
Py = (® X?,j @ P (ti = 2i)i<m, X, II>~

i<m

J<k(4)
Denote by (X7,. .. ,Xé(l), Xz ... ,le(z), o X Xy X)) the choice
of player Il at P, oT%(P}). If player I chooses the last index of the sequence,
the shadowplay proceeds to

Pg = (@Z)*(tl — Zi)i§m7X07 ]I)

For the rest of the play, player IT and her strategy ¢°° will maintain the
following condition that will guide her to victory. If # is a subformula of
and the play is at position (6, s, II), then the following condition holds.

(D2) The shadowplay is at position (6*(t; — 2;)i<m, Z,II) for some Z such
that s[{z1,...,2,} € Z[{x1,..., 24}

At first, the play is at P and the shadowplay is at P5, and we can see
that (D2) holds.

Assume then that the play is at (61 A 6y, s,II) and (D2) holds. Then the
shadowplay is at ((61 A 62)*(ti — 2i)i<m, Z,I1), and as (61 A 62)*(t; — 2i)i<m
is 01" (t; — 2i)i<m N 02" (t; — zi)i<m, the move is for player I. In the play,
player I chooses some j € {1,2} and the play proceeds to (Gi,s,ﬂ). In
the shadowplay, let player I choose similarly 6,*(t; — 2;)i<m, so that the
shadowplay proceeds to (6;"(t; — 2;)i<m, Z,II). We can see that (D2) still
holds.

Assume then that the play is at P’ := (6; V 05, s,II) and (D2) holds.
Then the shadowplay is at position Py := ((91 V 0)*(t; — 2i)i<m, Z, ]]), and
as (01 V 02)*(t; — 2i)i<m 18 017 (t; — zi)i<m ® 027 (t; — z;)i<m, the move is
for player II. Denote by (Z1, Z,) the choice of player II in the shadowplay,
that is, o™"(Ps), and let player I choose the index j € {1,2} that satisfies
s € Zj. The shadowplay proceeds to (6;"(t; — 2)i<m, Z;,II). Let o (P")
be 6;, and let player II play accordingly. The play proceeds to (6;, s, II). We
can see that (D2) still holds.
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Assume finally that the play is at (6,s,II), 6 is an atomic or negated
atomic formula, and (D2) holds. Then the shadowplay is at some position
(9*(ti = 2)i<my L ]I). As 0% is 6, also 0*(t; — z;)i<m is atomic or negated
atomic, so both the play and the shadowplay end. Who wins the play?
Because player II has played by her winning strategy in the shadowplay,
M, s = 0(t; — zi)i<m for all s € Z. By (D2) there is some particular s’ € Z
such that s[{x1,...,z,} = §'[{x1,...,z,}. Note that 6*(¢; — 2;)i<sm does not
contain occurrences of variables y; Thus we have M, s" |= 6*(t; — 2;)i<m,
where
" =& (vt — St — 2)iem)) i<m -

(yJ ( ]( i< ))jgék(i)

We prove by induction on terms ¢ that occur in ¢ that we have s(t) =
s"(t*), where t* := t(t; — 2;)i<m. If t is a variable, it is some z;. Then also
t* = x;, and thus s(t) = §"(t*). If f is a function symbol in the language of
¢ and t is fuy...u; for some terms uq,...,u, then t* = fuj...u; and we
can assume that the claim holds for uq,...,u;. Then we have

s(t) = fM(s(w), ..., s(w))

= fM(s" (), ..., 8" (up)

— Sll(t*)
Iftis fuy...ug, where f is a function variable, then (because we only consider
terms that occur in ¢) ¢ is one of the terms t;, i < m, so t* = z;, k = k(i),
each u; is t, and s(f) is similar to F; via (yi,...,y;). By the choice of
s, §"(ur) = s"(y}) for all j < k. We can assume that the claim holds for
uy,...,u,. Then we have

s(t) = s(f) (s Up)yenesy S uk))
= s(f)(s" (W), ..., 8" (up))
= s()(s"(v1): -- 78” (v1))
= Fi(s")
= 5"(2).

Therefore M, s = 6. Thus player I wins, and ¢°° is a winning strategy. O

We can simplify the previous theorem by assuming that the second order
sentence is given in a nice form. The assumption on the form is based on
known normal forms and is thus not a limitation of expressive power.

Corollary 5.3.4. Let ¢ € SO be a sentence in Skolem normal form,

¢ :=3f .3 VN33R Ve Vg,
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such that each quantified functwn variable symbol f; occurs i ¢ only as a
unique term t} = fir i ( iy- Then there is a sentence x € TL,

1 34 38 (A e )

1<qg j<ni j<na i<p even i<p odd Jsn
where each x; = ( . xk(” Pzt such that M |= ¢ if and only if M = x

for all models M.

Proof. The proof is similar to the proof of Theorem 5.3.3 with the excep-
tions that subformulas x? are not needed because different occurrences of a
function variable always denote the same element in the universe, and sub-
formulas X?,j are not needed because arguments for different occurrences of
a function variable are uniquely determined by the function variable and are
element variables. O

5.4 Translating SO-Formulas to TL

In this section, I show that team logic equals second order logic in expressive
power over all formulas, generalising the result of the previous section. The
result is joint work with Juha Kontinen [16].

The result of this section also generalises the previous result by Kontinen
and Vééndnen [17].

I present the result in less detail than the previous one in Section 5.3
because the structure of the proof is essentially the same.

The syntactic translation is presented in the proof. The semantic trans-
lation is the natural one.

Theorem 5.4.1. For every ¢(R) € SO with only the r-ary predicate symbol
R free, there is 1(vy,...,v,) € TL such that for all models M and teams X,
M, X = if and only if M, sx = ¢, where sx := (R +— Rel(X)).

Proof. We may assume that ¢ is in Skolem normal form
3ft . 3fEVfEL VR 3P 3P Yy Y, 6 (5.9)

where 6’ is quantifier-free and in conjunctive normal form, the relation vari-
able R occurs in 6’ only in occurrences of the term RZ, where T denotes
the sequence 1, ...,,, and each function variable f; occurs in ¢ only in
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occurrences of the term ¢ := fzu” ooup? ) where each g
J Lo Pk(ig)

We can rewrite ¢ in the logically equivalent form

o= V... FF Va0, (5.10)

jsn j<n j<n j<n

“J is a variable.

where n is possibly increased for the sake of obtaining two new function
variables f? | and f? which we shall simply call f; and f5, and

0 := (RTV ~(fiT = foT)) A (—RTV fiT = foT) A,

where we replace the occurrences of Rz in 6 by fiz = f,x. Note that 6 is in
conjunctive normal form just like 8" and there are only one positive and one
negative occurrence of RZ in 0, either occurrence in its own conjunct.’

Let ¢ be the team logic formula

~ 15 3 Vi - 3 (~(Ax) v (A )

i<n j<n  j<n Jj<n i<p even i<p odd
Jj<n Jj<n
where 0* is obtained from 6 with the same syntactic mapping as in the
translation of FOD to TL and the following replacements of terms and sub-
formulas;

th—y
—R7T — ® —|(U1 = xl)
i<r
BT = Y 2\ MoV~ @ (o = 20) v @) (s = 20).
i<r o i<r i<r isr

where v; and z;, for ¢ < r, are new variables, and X; for i < pand j <n we
define as

X; = ( ' uk(z,g )'\/)yj

We shall call ¢?_, simply y; and y? we call yo, according to the notation of
J1 and fa.

Let X be a team. Assume first that M,sx | ¢, where sy := R +—
Rel(X)). We will show M, X = 1. From M, sx = ¢ we get that alternately

for each odd 7 < p we can pick some particular sequence gi, . . ., g, of functions

5A positive occurrence is one that has an even number of negations in front of it; a
negative occurrence is one that has an odd number of negations in front of it. In this case,
the positive occurrence has no negations and the negative occurrence has one.
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such that whichever sequence we pick for each even i < p, it always results
in M, s’y |= V... Vo,0, where s’ = sx(f} — g})i;. We can translate this
same function picking strategy to the side of team logic; for each i and j, let
F! map assignments like Fi(s) = gi(s(uy’),..., s(u%j))) If we can show
that team Y satisfies the conditional subformula of v, where

Y= X(a = M)ica(y; = F)igp, j<n. (5.11)

we get that M, X |= 1. The team Y satisfies X; for each ¢ and j. Therefore,
in order for X to satisfy ¢, Y should satisfy 6*, i.e. Y should satisfy each
of the conjuncts in 6*. Note that, for each s € Y, s(yi) = ¢'(t}), where
s = s(fl—gi).

Note that in essence we are proving the powerful claim that, for arbitrary
interpretations of the function variables f; for all 7 and j, it holds that

M, sy EVzy.. . Vz,0 if and only if MY 6" (5.12)

There are three kinds of conjuncts in #*. We show that Y satisfies each
kind. This is the implication from left to right in (5.12).

e To see that Y satisfies the formula that replaced Rz V =(f1T = foT),
consider any @ € Y and denote s’ = sy (z; — a;)i<n. From M, s =6
we get either M, s% = RT or M, s% = —(fiz = foT). We can then
split Y = Y, UYs, where Y = {s € Y : (s(z1),...,s(z,)) € Rel(X)}
and Y5 = Y \ Y] such that s(y;) # s(y2) holds for all s € Y5. Thus
M, Y, E =(y1 = y2). We also have that, for all s € Y} and all (a;);<, €
Rel(X) there is some s’ € Y; such that §'(v;) = a; for all i < r and
§'(x;) = s(x;) for all < n.

Consider Z :=Y(z; — F;)i<,, where F; are arbitrary. If any F; is not
a constant function, then M, Z | ~()»z;. Otherwise Z = Yi(z —
a;)i<r for some @ € M. If for all s € Z there is ¢ < r such that s(x;) #
a;, then M, Z = Q),., ~(z; = z;). Otherwise there is s € Z such that
s(z;) = a; for all i < r. Then there is some s’ € Z, where s'(v;) = s(z;)
for all i < r and §'(z;) = s(z;) for all i < r. We have §'(v;) = s(x;) =
a; = §'(z) for all ¢ < r, whence M,Z = ~Q,., ~(v; = z;). This
shows that Y satisfies the conjunct. N

o Tosee MY = .., ~(vi = ;) ® y1 = Yo, consider any s € Y. As
above, we get from M, s% | 0 either M, s% —~RT or M, s’
fiz = for. We can then split Y = Y; UY;, where Y] := {s € YV :
(s(x1),...,8(z,)) € Rel(X)} and Yo := {s € Y : s(y1) = s(y2)}. Then
M.Y1 E Q.., ~(vi = x;) because for each s € Y7, (s(v1),...,s(v,)) €
Rel(X). Clearly M, Y = y1 = v».
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o To see M,Y | @), @, where each a; is an atomic formula where R
does not occur, simply split ¥ = Uigq Y; such that each V; :={s € YV :
M, s% = a;}. Then MY = o for each i < q.

For the other direction, assume M, X |= 1. We will show M, Rel(X)
¢. From M, X =1 we get M,Y = 6% where Y is as in (5.11) for certain
sequences of functions F]Z We translate them into functions g§ by setting
for each sequence of ai,...,aru;) € M, gi(ay, ... aru ) = Fi(s), where
s(u;j) = ay for each k < k(i,7). Then each g;'- is well defined because
MY X; for each ¢ and j. If we can show that M, s’y =V, ...Vz,0, we
get M, sx = ¢. To this end, let @ € M and denote s% = sy (z; — a;)i<n.
Let s € Y such that s(x;) = a; for all i <n. Note that s(y!) = s’ (t}).

We show the implication from right to left in (5.12), i.e. we show it for
the three kinds of conjuncts in € for the arbitrary s.

e To see M, s = RT V —(fiT = foT), assume M, s = fiT = for.
Then note that from M,Y | 0* we get a split Y = Y; U Y, such that
M,Y: E (Rz)* and M, Y, = —(y1 = ya). Because s(y;) = s(ya), we
have s € Y. Now, for all @ € M, if a; = s(x;) for all i < r, then there
is some s’ € Y; such that a; = s'(v;) for all ¢ < r. But we know that
(s'(v1),...,5(v.)) € Rel(X), which is what we wanted.

o To see M, sy = -RT V fiT = foT, assume M, s’ = RZ. Then note
that from M,Y | 0" we get a split Y = Y] U Y, such that M,Y; |=
<, ~(vi = ;) and M, Y5 |= y1 = yo. Consider " := s(vi — s(mi))iq.
Then s’ € Y because s € Y and (s(z1),...,s(z,)) € Rel(X). Because
s'(v;) = s(x;) for all i < r, we have s' € Ya, whence s'(y1) = §'(y2), i.e.
M, % E f1T = foT, as we wanted.

e It is left to show M, s’y = V,., @i, where no «; mentions R. From
MY | 0" we get a split Y = [J,., Yi such that M,Y; |= a; for each
i < q. Because s € Y] for some i, we have M, s’ = «. O

5.5 Applications of Translations

We can use Theorem 5.4.1 and other translations to show the definability
of many interesting classes of predicates in team logic. There are classes for
which it is an open question whether a uniform, systematic definition exists,
or if the definition varies wildly from predicate to another inside the class.



72 CHAPTER 5. TRANSLATING BETWEEN LOGICS

As an example, let us add a new connective <— to team logic. We define

MXEp—1y < forall Y C X:
if Y is maximal w.r.t. M,Y | ¢ then M,Y = 9.

We can express this connective in second order logic. Therefore we can
translate any formula ¢ < 1 into a team logic formula 6 that does not use —.
The question is, is there a systematic way of doing this translation without
resorting to the translation via second order logic? Is there a translation that
leaves the subformulas ¢ and v intact?



Chapter 6

Axiomatising Fragments of FOD

In this chapter I investigate the question of finding a nontrivial fragment
of dependence logic such that there is an effectively axiomatisable deductive
system for the fragment. The basic requirements for such a deductive system
are to be sound and complete with respect to the entailment relation of the
fragment.

Any fragment that does not contain D-formulas is trivial as it can be
axiomatised by any of the well-known proof systems of first order logic. On
the other hand, we know that there is no effectively axiomatisable proof
system for the whole dependence logic as its expressive power equals that of
existential second order logic.

I denote finite conjunctions as A, ., ¢, and similarly for disjunctions.
Conjunction over the empty set denotes T and disjunction over the empty
set denotes L.

For two subformulas in the same greater formula, ¢, ¢ < ¢, their join,
Join(¢1, ¢9) is the least subformula ¢ < ¢ for which ¢, ¢y < ¢'.

6.1 Calculus of Structures

There are many proof system formalisms of which sequent calculus, natural
deduction, and semantic tableaux are best known. There is also a rather new
formalism called the calculus of structures [7, 2]. It is based on a methodol-
ogy called deep inference in which inference rules can be applied anywhere
in a formula, not only at the root of the syntax tree of the formula. Cal-
culus of structures has several advantages over other proof systems: Proof
systems based on calculus of structures tend to have simple sets of inference
rules. Proofs in calculus of structures are linear and short whereas proofs in
other systems tend to be trees and even exponentially longer. Perhaps most

73
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Figure 6.1: Identity rules

importantly, calculus of structures exposes symmetry in proofs on several
levels; not only inference rules have symmetric duals but also proofs them-
selves show symmetry. There are also other interesting properties some of
which I shall use.

As an introduction, I shall present two proof systems for classical propo-
sitional logic based on the calculus of structures. The systems were first
presented by Briinnler and Tiu [2].

For purely syntactic purposes in this chapter, we extend the set of first or-
der formulas by the atomic formula { } called the hole. There is no semantics
for the hole. Holes are used to mark places in formulas where subformulas
can be plugged in. In practice, we only deal with formulas that have one or
no holes. If formula y contains a hole, we write it as x{ }. By x{¢} we
denote the formula obtained from x{ } by replacing the hole by 1. We call
X the context of .

An inference rule is a syntactic scheme of the form

o
x{v}

where p is the name, v is the reder and ¢ is the contractum of the rule. In
all proof systems we allow the use of the identity rules in Figure 6.1

An inference of x5 from x; according to inference rule p means that there
are x{ },¢,¢ € FO such that x; = x{¢} and xo = x{¢}. A derivation is
a sequence of inferences, each applied to the result of the previous inference.
We call the topmost formula in a derivation the premise and the bottommost
formula the conclusion of the derivation. When writing down derivations,
we may skip inference steps based on the identity rules. We may also group
several inference steps into one by writing, for example, s? for two applications
of the rule s. Let ¢ F° ¢ denote that there is a derivation in proof system
S with premise ¢ and conclusion . If the derivation is called A, we write
¢ 3 1. If the derivation is based on inferences only by rules py, ..., p,, we
write ¢ FPLPn ),
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Figure 6.2: Global proof system SKSg
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Figure 6.3: Local proof system SKS; « is an atomic formula.

The first proof system for classical propositional logic has rules of global
nature; there are no restrictions on the redex and contractum of the rules.
The proof system is called SKSg.! Its inference rules, shown in Figure 6.2,
are called switch (s), identity (il), cut (i), weakening (wl), co-weakening
(w1), contraction (c|), and co-contraction (cT). Of these, i], w| and c| are
down rules, and iT, wl and cT are up rules. The corresponding up and down
rules are duals in the sense that one is obtained from the other by flipping
the rule upside down and negating the redex and contractum.? Switch is a
self-dual rule.

The second proof system for classical propositional logic has rules of lo-
cal nature; the up and down rules can only be applied when the redex and
contractum are atomic formulas. The proof system is called SKS and its
inference rules are in Figure 6.3. Apart from switch and the new rule, me-
dial (m), the inference rules of SKS are merely atomic counterparts of the
corresponding rules in SKSg.

Both SKSg and SKS are sound and complete for classical propositional

1SKSg stands for “symmetric klassisch (or classical) proof system in the calculus of
structures, global variant”.

2The negation can be left out in some cases due to the implicit equivalence on relations
in inferences.
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logic [1].

Theorem 6.1.1. If ¢,¢p € FO are propositional sentences then ¢ = 1 if
and only if ¢ 555 o if and only if ¢ F5%S 9.

The rules in SKS are clearly restrictions of the rules in SKSg. The re-
strictedness gives an additional property: the local system admits of a de-
composition of derivations [1, Theorem 7.5.1].

Theorem 6.1.2. If ¢,7 € FO are propositional sentences and ¢ 555
then ¢ 21 @1 FWT ¢y 1L g 5™ by 21T by 2L hy 3¢k 4) for some
P1, P2, P3, V3, 2, Y1 € FO.

For every derivation there is an atomic flow [8]. On the level of intuition,
an atomic flow tracks the position of each atomic formula through the deriva-
tion. I give here only a geometric definition. A formulation in conventional
terms of sets and functions is also possible but more difficult to read and
write.

Given a derivation, we define its atomic flow as a graph drawn on top of
the derivation, connecting certain occurrences of the same atomic subformu-
las. We use a shorthand notation for compound formulas; if ¢,9 € FO are
propositional sentences, ¢ =y V § and ¥ =y A9, then

¢
+ means +—+
¢

and

(G
j; means +—+

The atomic flow for proof system SKSg is created rule by rule as shown
in Figure 6.4. The atomic flow for proof system SKS is created as shown
in Figure 6.5. If there is a derivation ¢ Fa ¥ and subformulas ¢’ < ¢ and
1" < 1), and the atomic flow of derivation A leads from ¢’ to ¢, we say that
@' flows to ' in A.

Atomic flows are usually used as a tool in normalisation of derivations
and in the study of identity of derivations. I shall use them in defining a
proof system for a fragment of dependence logic.
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Figure 6.4: Atomic flow for SKSg
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Figure 6.5: Atomic flow for SKS
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6.2 A Proof System for a Fragment of FOD

I will consider a modest fragment of dependence logic that contains only the
simplest forms of D-formulas, along with limited use of atomic formulas and
connectives. For all k < w, denote

O == Jy((roy A Rezy).

Let I be the fragment of dependence logic that consists of the set of formulas
that contains {T, L} U {6 : kK < w} and that is closed under V and A. In
particular, there is no negation in F. We call the formulas 6 atoms.

In a way, fragment F' resembles classical propositional logic without nega-
tion; it is built by gluing atoms together with disjunction and conjunction.
Therefore it is natural to start from a proof system of classical propositional
logic and see how it works with fragment F'. Choosing SKSg as the proof
system, the first thing to note is that because F' does not contain negation,
the rules of identity and cut are not applicable. This does not pose a real
problem at the moment. We will just leave these rules out of the proof
system.

All applicable rules of SKSg are sound for F' except for contraction. We
can easily show that 6, V 0; % ;. This time we seem to have a problem
because there are instances of entailment in F' that do not seem to be possible
to derive without resorting to contraction. The simplest such example I have
found is

(0ve)A(rva) = ((@no)v (Vv ean) a(rv@ne))),

where ¢,1,7,0 € F. Figure 6.6 shows a derivation for this entailment.
Because of these reasons, we will keep contraction as an inference rule but
we will compensate by setting a condition on the use of contraction that
derivations in fragment F' must satisfy.

Definition 6.2.1. We define SKSgf as the proof system with the inference
rules w|, c|, s, wl, and cT, and the additional requirement that a derivation
in this SKSgf must satisfy the following flow condition;’

The atomic flows of two distinct atom occurrences in the premise
must not connect anywhere in the derivation.

Similarly, we can define SKSf as the proof system with the inference rules
aw|, ac], s, awT, and acT, and the additional requirement that a derivation
in SKSf must satisfy the flow condition.

3SKSgf stands for “symmetric klassisch (or classical) proof system in the calculus of
structures, global variant, with flow condition”.
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Figure 6.6: A derivation and its atomic flow for (¢ V ¥) A (y V §) H5KSef
WAV ((0V @ AD)A((6A7) V)

The example derivation in Figure 6.6 uses the contraction rule, and be-
cause the whole derivation satisfies the flow condition, this is valid use of
contraction. Figure 6.7 shows another example of a derivation in SKSgf.
Figure 6.8 shows a simple example of a sequence of inferences that breaks
the flow condition and thus is not a derivation in SKSgf.

A decomposition result similar to the one for SKS can be obtained for
SKSf.

Theorem 6.2.2. If ¢, € F and ¢ F55 o) then for some ¢1, o, 11,109 € F,

O T g 1T oy 15y 12 gy 2y

(PAY)Vy
(@A) VYA(oAY)VY)
(@AY V) A (V)
@V AWVY)

cl

w]

wT

Figure 6.7: A derivation for (¢ A1)V 8 F5K58E (6 0) A (¢ V 0) and its atomic
flow
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O V O

O

Figure 6.8: Not a derivation in SKSgf or SKSf; the flow condition breaks.

and, for some ¢s3, p4,13, 04 € F,
¢ 2T 3 2T oy o™ 4y B2 4y L 4

such that the flow condition is satisfied in both derivations.

Proof. Kai Briinnler showed how to push all instances of aw] up and all in-
stances of aw] down in an SKS derivation. The same technique applies to
SKSf derivations because the flow condition is not violated in the transfor-
mation of the derivation. We only need to show how ac] can be pushed up
and ac] can be pushed down, utilising the fact that the identity and cut rules
are missing from SKSf.

Firstly, we know that ac| permutes under aw|, s and m [1, Lemma 7.1.2],
i.e. that for a derivation ¢ 2! a -2} ) there is a derivation ¢ F% 3 Fa¢l o),
etc. It remains to push an instance of ac| below an instance of acT and below
an instance of awT, and dually, to push an instance of acT above an instance
of ac| and above an instance of aw].

Let us consider an SKSf derivation with consequtive instances of ac| and
some rule p that is either ac] or aw]. In case the two rule instances operate
in different contexts, they can be permuted with no trouble. Interaction
happens only when the redex of the ac] instance is the contractum of the p
instance. When p is acT, we can double the instances, push them past each
other and patch the middle with an instance of m:

X0k VOt

{0k v Or} act® /
ac) %W N i 9‘({(0(@ A kaék A H‘k)} ‘

ac | G‘k 0 Ok e‘k
oV MG ﬁ/,v )
X?ék/\%f

The atom flows that connect in the resulting derivation come from the same
atom instance in the premise of the whole derivation, because they did so in
the original derivation.
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When p is awT, the ac| instance can be transformed into an aw7 instance:

{6, Vv 6,} 10k V 01}
awT2
i{é,@} ~> {T vVT} .
T _X
x{T {T}

The resulting derivation has one less case of connecting atom flows, so the
flow condition is still satisfied.

Considering the dual cases, pushing acT above ac]| is the same as pushing
ac| below acT, which we already considered. Pushing acT above aw| can be
done as follows:

x{L} x{L}
awi«fi :7;
x{0x} ~ Y{LA L1}

acT 7%&? ale 7‘— ‘
X{0k A Ok} X{0k A Or}

None of the inflicted atom flows starts from the premise, so the flow condition
is satisfied.

Starting from any SKSf derivation, we can now push all (co-)contractions
to the outside, and then in the (co-)contraction-free part of the resulting
derivation, push all (co-)weakenings to the outside. The latter pushing does
not introduce new instances of (co-)contraction, so the first normal form
is achieved. Similarly, we can start from any SKSf derivation, push all
(co-)weakenings to the outside, and then in the (co-)weakening-free part of
the resulting derivation, push all (co-)contractions to the outside. Again, the
latter pushing does not introduce new instances of (co-)weakening, so the
second normal form is achieved. [

6.3 Soundness of the Proof System

In order to prove the soundness of SKSgf for fragment F, we need the fol-
lowing definitions.

Definition 6.3.1. For a model M, a function f is a team collection on M
for ¢ € F if it maps subformulas ¢’ < ¢ to teams on M, satisfying

(1 A d2) = f(e1) N f(2),
f(@1V ¢2) = f(d1) U f(92).

Definition 6.3.2 (X;,). Assume player II has winning strategy 7 in the
semantic game OY°P (M, ¢, X). For each possible position (¢, X', a) in the
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game, define the 7-team of ¢', XJ,, to be X’. Note that this definition is un-
ambiguous because the teams in a play of the semantic game are determined
solely by player I’s strategy [19, Lemma 5.12].

Definition 6.3.3 (X};*). Assume ¢,9 € F, L 1 0¥ (M, ¢, X) by 7, and
o I—iKng . For ¢/ <), define the 7-A-team of v/, X;’,A, by induction on .
If ¢’ is an atom, then

A _ X3, where ¢' < ¢ flows to ¢ in A;
vl 0, if there is no such ¢'.

Note that if there is ¢’ < ¢ that flows to ¢’ in A, it is unique by the flow
condition. For compound formulas, define
T,A o T,A T,A
XTZH/\% - X1/11 N X¢2 ’
7,A o A A
X7/J1V1/)2 - X% U X?/)z :
As a special case we have that X, = X;’A, where A is the empty deriva-
tion.

Definition 6.3.4 (Element game). For a model M, element z € M, formula
¢ € F, and team collection f for ¢, define a two-player game, O(¢, f,x),
called the element game. The positions in a play of the game are subformulas
¢’ < ¢. The starting position is ¢ itself. If the play is in position ¢; A ¢o,
player I chooses the play to continue from ¢; or ¢,. If the play is in position
@1 V @9, player II chooses the play to continue from ¢, or ¢5. The play ends
when the position ¢’ is an atom. Player IT wins if z € Rel(f(¢'))."

Lemma 6.3.5. The following conditions are equivalent;
1. W1 o(g, f, ),

2. x € Rel(f(¢)).

Proof. Assume player II has winning strategy 7 for o(¢, f,z), and x € M.
We prove by induction on ¢’ < ¢ that if player II has played by 7 up to
position ¢, then = € Rel(f(¢)).

Atomic case. The play ends and II wins, thus x € Rel(f(¢')).

Case ¢ V ¢9. Player II follows 7 and chooses the play to continue from
7(¢'). Thus the induction hypothesis gives z € Rel(f(7(¢'))), whence

x € Rel(f(¢)).

4The technically correct expression is (z) € Rel(f(¢')) but I leave the parentheses away
for simplicity.
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Case ¢1 A ¢9. Player I can choose the play to continue from ¢; for either
i € {1,2}. In both cases player II has followed 7, so the induction
hypothesis gives = € Rel(f(¢;)). Thus x € Rel(f(¢)).

Assume then that x € Rel(f(¢)). Define strategy 7 for I by induction
on game position ¢ < ¢ while maintaining that x € Rel(f(¢')).

Case ¢1 V ¢o. From = € Rel(f(¢')) we get that « € Rel(f(¢;)) for some
i € {1,2}. Let player II choose 7(¢') = ¢;.

Case ¢; A ¢9. Player I chooses the play to continue from ¢; for some i €
{1,2}. We have = € Rel(f(¢')) C Rel(f(¢:))-

Atomic case. We have maintained = € Rel(f(¢')), so 7 is a winning strat-
egy. O]

Theorem 6.3.6. SKSgf is sound for FOD and thus ¢ FS5%%f o) implies
¢ = forall p,¢ € F.

Proof. Assume II 1 DFOP (M, ¢, X) by 7, and ¢ F3 8" 4. First we prove by
induction on ¢/ < ¢ that M, X% | /.

Case 0. If X ;’,A = (), then the claim holds trivially. Otherwise X J)’,A = X7,
where ¢ = ). Thus M, X7;> = 0y, and the claim holds again.

Case 91 V 15. Induction hypothesis gives M, X;;A = 1; for both i € {1,2}.
The claim holds by splitting X[ = X% U X]2.

Case Y1 A 1y. Induction hypothesis gives M, X;;A = 1; for both i € {1,2}.
Because X;}A - X;;A for both i € {1, 2}, the claim holds.

This gives M, X ;’A = 1. Next we will prove that X C X;;A, which gives
us M, X 1, ending the proof.
Assume that derivation A is of the form

where xo = ¢ and x,, = 1. For k < n, let f, be the team collection for y
such that fp(y/) = X;}A’“ for each ' < g, where Ay is A limited to the first
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k inference steps. Note that if some a; < x; flows to some oy, < x,, then
Xooe = X;;AP. Let z € Rel(X). Then I T 9(xo, fo, ) by some winning

strategy o2, We will form a sequence of strategies o2 ol ... 0" step by
step, such that at each step we maintain the invariant

This leads to o? being a winning strategy for II in O(v, f,, z), whence = €

Rel(fa (1)) = Rel(X]?).
If we have reached oF in the sequence, let o¥*1 be as follows, depending
on the inference rule pj 1.

xta A (BV7)}

Case s +—\——+F—\—. Define o**! on the redex as
x{lanp) vy
if o3 (BV ) = B;
O_Ic—I—l a A v — { Oé/\ﬁ, 1 T )
@DV =0 k(g va) = o,
k+1

and define o**! to map subformulas of x, «, § and 7 like o*. To get
(6.1) we only need to see that if the choice at position (o A 5) V v is
a A, I is at a winning position because o* is winning both at o and

X
at (3; otherwise the choice is v, in which case 0¥ is winning at ~.

{a
Case w| +———. Define 0% to map subformulas of x like 0% does. We get

X{T}
(6.1) because O(Xkt1, frt1, ) is easier for II than O(xx, fx, ).

o
Case c| 74{}% Here o = a; = ay. Define 0% to map subformulas
x{a1 A as}
of x like 0% does and to map subformulas of a; and «y like o* maps
subformulas of . To get (6.1) we only need to see that both a; and
o are winning positions for II because ¢* is winning at .

x{L
Case w| +——. Define 0% to map subformulas of y like o does and to

x{a}

map subformulas of « arbitrarily. We get (6.1) because the play never
proceeds to a; if it did, then ¢* would allow reaching the position L
which is losing for II.

xta1 Vas}
Case c| >~—>4—. Here a = a; = ay. Define o

x{a}

X like o does, and to map subformulas of « like o* maps subformulas

k+1

»+! to map subformulas of
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of ay. To get (6.1), note that o%*! is winning at o because X4 =

7A .
X ;;Ak = X" and oy = ay = «, and thus the corresponding element
games are the same. O

Corollary 6.3.7. SKSf is sound for FOD.

Proof. Tt suffices to show that derivations in SKSf are translatable to deriva-
tions in SKSgf. This is easy; first note that all atomic rules in SKSf are
special cases of the corresponding rules in SKSgf. Finally, we can translate
an inference by the medial rule into the derivation

. x{(@AY)V (v AS)}

WTX{((¢ AV (WA A(PAY)V (Y AG))}
WTX{(¢ V(A A(dAY)V (b AS))}
WTX{(<Z5 V) A (@A) V(b AD))}
WTX{(fb VY)A(yV (¥ AD))}

x{(@Vy)A(yVi)}

6.4 Discussion on the Problem of Complete-
ness

It is an open question if SKSgf is complete for fragment F. In this section, I
present some ideas and lemmas that might help in showing that the answer
is positive. Some of the claims have incomplete proofs which are marked by
a square in parentheses, (OJ).

Note that if we can show that SKSf is complete for F', then also SKSgf
is complete for F'. Namely, as stated in Corollary 6.3.7, we can translate a
derivation in SKSf into a derivation in SKSgf.

It seems more beneficial to try to prove completeness primarily for SKSf
because it has an advantage over SKSgf, namely the property of decomposi-
tion of derivations, as shown in Theorem 6.2.2.

Conjecture 6.4.1. SKSf is complete for fragment F.

The intended proof of completeness of SKSgf for fragment F', sketched
below, is based on a canonical model construction, similar to what is usually
done in completeness proofs in modal logic. Because F' contains dependence
formulas and not sentences, satisfaction of formulas in F' is defined with
respect to the team in question. Thus it does not seem possible to build a



86 CHAPTER 6. AXIOMATISING FRAGMENTS OF FOD

canonical model where each element consists of a maximally consistent set
of formulas, unlike in propositional modal logic.

The universe of the canonical model represents a set of resources and the
interpretations of relations in the canonical model represent which resources
are suitable for which atoms. In order to denote this suitability, the universe
will also contain strategies for the element game. The resources themselves
are most conveniently chosen to be the atoms themselves. Each atom is
then a suitable resource for each strategy that reaches the atom or any other
instance of the same formula.

Definition 6.4.2. For ¢ € F, define the canonical model, M, to have as
its universe M, the (disjoint) union of all atoms in ¢ and strategies over ¢,
that is,

My :={¢ : ¢’ < ¢isanatom} U {7 : 7 is a strategy for II in O(¢)}.

We say that a strategy 7 € M, reaches a subformula ¢’ < ¢ if the game O(¢)
can reach position ¢’ when II plays by 7, i.e., if player I has a strategy o such
that when I plays by ¢ and II plays by 7, the play of the game eventually
comes to position ¢’. Define the relations Ry, k < w, to be interpreted in
M, as

Rﬁ/ld’ = {(7,¢') : 7 reaches ¢’ and ¢' = 6, }.

For ¢/ < ¢, define the canonical team of ¢’ in ¢ to be

Xy = {1 € My : 7 reaches ¢'} ).

If X C Xy, we have My, X |= 6 if and only if X = ) or there is a
subformula ¢’ < ¢ such that ¢’ = 6, and all 7 € Rel(X) reach ¢'.

The following lemmas state basic facts about the behaviour of the canon-
ical model and the canonical teams.

Lemma 6.4.3. Any formula is satisfied by its canonical model and team,
that is, My, Xy = ¢ for all ¢ € F.

Proof. Let ¢ € F. We prove by induction on subformulas ¢’ < ¢ that
My, Xy = ¢'. The atomic case is clear by definitions. The case that ¢’ is of
the form ¢ A ¢y is also clear because Xy = Xy, = Xy,. If ¢ is of the form
¢o V ¢1, we can split Xy = Xy U Xy and use the induction hypothesis to
complete the proof. n

Lemma 6.4.4. Let ¢1, ¢ < ¢ be two different subformulas. Then
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(i) Xy, N Xy, =0 if and only if Join(¢py, ¢2) is a disjunction;
(ii) Xy, N Xy, # 0 if and only if Join(ér, ¢2) is a conjunction.

Proof. We can see Join(¢q, ¢2) as the last position in O(¢) where the play
can still reach both ¢; and ¢. If this position is a disjunction, it is player
II’s decision to not be able to reach one of the two formulas anymore in the
play. Every strategy of IT has this property, and therefore X, N X,, = 0.

Assume then that the crucial decision is for player I, i.e. that the join
is a conjunction; Join(¢y, ¢2) = @) A ¢, where ¢; < @) and ¢o < ¢),. For
i € {1,2}, let 0; and 7; be strategies for I and II, respectively, such that the
play with o; and 7; reaches ¢;. Let 7 be the strategy that makes choices like
71 everywhere except under ¢/, where it makes choices like 75. Then the game
reaches ¢; when I and II play by o7 and 7, and the game reaches ¢ when I
and II play by o, and 7.

Because we have excluded the case when the two subformulas are the
same subformula, Join(¢y, ¢2) cannot be an atom; it is either a conjunction
or a disjunction. This proves the converse directions of (i) and (ii). O

If My, X4 = 9 for some ¢ € F then player I has one or more winning
strategies in the semantic game O¥OP(My, 1, X;). We assume that 7 is a
winning strategy that chooses maximal teams and minimal covers, that is, if
at position (Mg, ¢ V g, X) strategy 7 chooses to split X = X; U Xy, then
there is no winning strategy that in the same position would choose a split
X =Y, UX, such that X; & Y) and there is no winning strategy that in the
same position would choose a split X = X U () unless 7 itself does so.

Define for each ' < ¢ the game team of ¥ (for 7), denoted X7,, as the
unique team that, when II plays by 7, is the team for 1’ in OFOP (M, 1, Xy),
i.e., the semantic game can reach position (¢', X7, «) for some o € {I,I}.

Define for each ¢/ < 1 the ¢-canonical team of ¢ (for ), denoted Xf;,,
inductively as follows. Let ¢/ < 9 be an atom such that there is some strategy
o for I in the semantic game such that when I follows ¢ and II follows 7, the
final position in the play of OYOP (M, 1, Xy) is (¢, X', 1), where X’ # 0.

Then there is ¢’ < ¢ such that ¢’ =+ and all f € Rel(X’) reach ¢'. Define
X9 =Xy

For all other atoms ¢’ < 1, define the ¢-canonical team of ¢’ to be the empty
set. For compound subformulas in v define

¢ Y9 ¢

X¢1A¢2 T Xllﬂl a X¢2’

¢ — y? ¢
Xy = Xy, UX, .
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The general idea is that game teams are the resources that II's winning
strategy 7 assigns to subformulas of v, and ¢-canonical teams describe the
maximum capacity of subformulas of {)—a ¢-canonical team is a maximal
team that can be assigned to the subformula such that II still wins the se-
mantic game. The next lemma reflects this idea by stating that the resources
assigned to a subformula of 1) are always a subset of the capacity of that sub-
formula.

Lemma 6.4.5. Let ¢, € F' and let T be a winning strategy for IL in the
semantic game OFOP (M y, Xy, ). If ' <, then X7, C Xff,.

Proof. We prove the claim by induction on ¢’ < 1. If ¢’ = 0y, the claim holds
by definitions of X/, and X ff,. If ¢' = 1)y Ay, the induction hypothesis gives
T o _ YT ¢ T _ YT ¢ T ¢ ¢ _ vo
Xzﬁ’ = le - X¢1 and Xw, = Xq/}2 - sz’ whence Xw, - X¢1 ﬂsz = Xzﬁ" If
Y" = 91 V1hy, the induction hypothesis gives X7, = X7 UX] C X;fl UXZ?Q =
X0 0

Lemma 6.4.6. If ¢, € F and My, Xy =1, then

(i) M¢,Xff, E ) for each ' < 1, i.e. all subformulas in v are satisfied

by their ¢-canonical teams and the canonical model of ¢;
(1) X;f = Xy, t.e. the ¢-canonical team of ¢ is the canonical team of ¢.

Proof. We prove (i) by induction on ¢’ < . The claim is true for ¢ if
Xi’, = (), so we need to consider only v’ with nonempty ¢-canonical teams.

If ¢’ is an atom, then Xi, = Xy for some ¢’ < ¢ such that ¢' = 1)’, whence
claim follows. If ¢" is of the form 7 A 19, then the claim follows by the
induction hypothesis and the fact that both Xi’l and X;Z; are subsets of
X0 = XJ NX0. If ¢ is of the form ¢y V 1y, then My, X, = o' by
splitting X = X;zl UX 1‘2’2 and using the induction hypothesis.

Then we prove (ii). We get Xf; C X, trivially because the ¢-canonical
team of 1 is constructed as unions and intersections of some subteams of X.
To show the converse direction, let 7 be the winning strategy of II that the
¢-canonical teams of subformulas of ¢ are based on. It suffices to prove the
more general claim that for all 1/ < 1, if the semantic game 0P (M, 1, X;)
can reach some position (¢', X', II) when II is following 7, then X’ C Xf/f,.
We prove it by induction on ¢’ < @. If the game can reach some position
(¢, X', ), where ¢’ is an atom, II wins by her strategy being winning, so
we know that all f € Rel(X’) reach some ¢’ < ¢ such that ¢’ = ¢’ and X f;, =
Xy. Thus X' C XZ’,. If the game can reach some position (¢ A 1y, X', II),
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the game can also reach both positions (¢, X', II) and (12, X', II) whence by
the induction hypothesis X’ is contained in X;fl ﬂXZ; = X$1/\w2' If the game
can reach some position (¢ V 12, X, II), then 7 provides I with some split
X7 U X5 = X’ such that the game can reach both positions (¢, X1, II) and
(12, X2, II). By the induction hypothesis X; C X and X; C X{ , which

gives us that X’ = X; U X is contained in X;fl U Xf;z = Xfflvwz- O

With these definitions, we can sketch how to prove the completeness of
SKSgf for fragment F'. The sketch is based on lemmas that are presented
below.

Sketch of proof of Conjecture 6.4.1. The plan is to establish a finite sequence
X0, X1, - - - of formulas while maintaining the invariant that M, Xy = x,, and
Xn FS¥5F 95 When we end up with x,, = ¢, the proof is finished. Forming
the sequence consists of phases. The rules in one phase are repeated until
the ending condition of the phase holds. Then we proceed with the rules of
the next phase.

We start by choosing xo = . Then the invariant clearly holds. In
general, assume that we have built the sequence xo, ..., X, and the invariant
holds.

Phase 1. If x, = xn{0} such that X7 =0, then choose xn+1 = xn{Ll}.
We retain the invariant My = xn41 - ¢ by Lemma 6.4.7 and the inference

o Xn{L}
Xn{0k} '

Phase 1 ends when for all atomic 6 < y,, the game team X/ is nonempty.
Then, in fact, the same condition holds also for all non-atomic subformulas
of xn. Namely, if some 9" <y, had X7, = (), all its subformulas—including
at least one atom—would have an empty game team.

Phase 2. If x, = xn{(¥1 A 92) V 93} such that X7 C Xfﬁl, then choose

Xn+1 = Xn{t1 A (2 V 103)}. We retain the invariant My = xn41 F ¢ by
Lemma 6.4.9 and the inference
an{wl A (P2 V3)}
X (V1 Atbe) V 3}

If xn = xn{¥'}, where ¢' = (31 V 1b2) A (¢3 V 14), and there is a split
X1U Xy = X, such that X; C ijl ﬂXffS and X5 C X;fQ HXZ4, then choose
Xnt1 = Xn{ (1 AP3) V (2 A1by)}. We retain the invariant My = xpi1 F ¢
by Lemma 6.4.10 and the inference

XA (A Ys) V (Y2 A )}
Xnd (01 V o) A (3 V 1hg) }
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Phase 2 ends when the above rules cannot be applied anymore. Then
we get from Lemma 6.4.11 that, for all ¢’ := A, ;¢ < ¢ and all i € I,

X;fi =X Z),. Further, from Lemma 6.4.12 we get that for all ¢’ < 1) there is
¢’ < ¢ such that X%, = X,. Finally, Lemma 6.4.13 gives ¢ F<*1 . (0)

The next lemma states that under a certain condition, if the canonical
model and team of ¢ satisfy some formula ), they also satisfy a formula from
which we can infer v by atomic weakening.

Lemma 6.4.7. Let ¢, {6} € F. If My, Xy = {60} and X5 =0, then

M¢7 X¢ ): ¢{J—}
Proof. We need to provide a winning strategy 7’ for II in the semantic game
OFOP (M4, { L}, X,). We can, in fact, choose 7/ to be 7. H

A similar lemma is formulated below for atomic contraction. Alterna-
tively, the below lemma could be replaced by a nondeterministic approach in
the proof of Conjecture 6.4.1; duplicate each atom instance in 1) some num-
ber of times, where this number is whatever suits us later in the construction
of the derivation in Conjecture 6.4.1.

Lemma 6.4.8. Let ¢, {¢'} € F, where ' := 0,V (y AN 0). If My, Xy =
Y{U'Y and X3 = X for some ¢/ < ¢, then My, Xy = {0 vVo'}.  (O)

The following lemma states that under a certain condition, if the canonical
model and team of ¢ satisfy some formula v, they also satisfy a formula from
which we can infer 1) by switch. The idea is that when the condition holds,
the switch is a step closer to ¢ from .

Lemma 6.4.9. Let ¢, v{¢'} € F, where ¢ := (1 Aho) Vabs. If My, Xy |=
W{¢'} and X7, C XG . then My, Xy |= 0{y)"}, where o == by A (2 V ¢3).

Proof. We must give player II a winning strategy 7/ in OF¥OP (Mg, v{¢"}, Xy).
Let 7/ be otherwise like 7 but with slight changes when the play reaches po-
sition (Mg, 9", X7,). At the conjunction, player I can choose the subformula
1, so we need to ensure that 7' is still winning at position (Mg, 1, X7,).
We know that X, = X UX] C Xf;l, so My, X, = 1 as we wanted.
If player I chooses 15 V 13 instead, let 7/ split Xy = X, UX],. The play
proceeds to position (Mg, ¢y, X7 ) for either k € {2,3}. Again, 7’ is winning
at this position because 7 is. O

The following lemma states that under a certain condition, if the canonical
model and team of ¢ satisfy some formula ¢, they also satisfy a formula from
which we can infer v by medial.
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Lemma 6.4.10. Let ¢, v{u'} € F, where ' := (11 Vb)) A (Y3V1)y). If there
15 a split X1 U Xy = Xiz, such that X; C X;fl N X;fs and Xy C Xj; N X$4,
then Mg, Xy | 0{)"}, where " = (1 Ab3) V (g A thy).

Proof. We need to give player II a winning strategy 7’ in the semantic game

OFOD (M, {9)"}, X,). Let 7/ be like 7 except in subformulas of 1”. When
the play reaches position (Mg, ", X7,), let 7" split X7, = X; U Xy, The play
proceeds to position (M, g A gie, Xi) for some k € {1,2}. Choose 7’ to
play the remaining game according to a winning strategy given by the fact

that M¢,,Xk lZ ¢k A ¢k+2' O

The following conjectures tell us when all the necessary inferences by
switch and medial have been done, and what then remains of ¢ can be
derived from ¢ by atomic co-weakening and atomic co-contraction.

Lemma 6.4.11. Let ¢,vp € F. If there is no (Y1 A ) V 1b3 < 1 such that
X7, C X;zl and there is no ¢' == (Y1 V Pa) A (3 V 1hs) and X, U Xy = X,
such that X, C X:fl ﬂX;’fS and X, C XZL HX$4, then for all \;c; v <9 and
1,7 € I we have Xf;i = X;fj. (|)

Lemma 6.4.12. Let ¢,v» € F. If for all ' := N,c;¢s < ¢ and i € 1,

Xffz_ = ij,, then for all ' < there is ¢ < ¢ such that X?, = Xy (0)

Lemma 6.4.13. Let ¢,y € F. If for all ' := N\,.;i <9 and all i € 1,
X;fi = Xff/, and for all ' < 4 there is ¢/ < ¢ such that X%, = Xy, then

¢ FIw g,

Proof. We prove by induction on ¢’ < 1 the claim that if ¢’ < ¢ is maximal
(b/

such that Xff, = X, then H ctwi.
¢/

Atomic case If ¢’ = 0, then ¢' = \,_; ¢ and ¢; = 0, for some i € I. We

can infer
/

WTJ

Case A If ¢/ = 1)1 A1)y, then by X d’i = Xz,, ¢’ is maximal also with respect
to X ffj = Xy for both i € {1,2}. Induction hypothesis gives derivations
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A and A, such that we can derive
¢/
N
{A1}AG" || cTwT
Y AG
PiA{Az} || cTwl

Py Ny

ol

Case V Open question. (O)



Chapter 7

1-Semantics

In this chapter I develop a new semantics for the syntax of dependence logic
and compare it with the previous semantics. The new semantics is called
1-semantics. 1 prove several properties of 1-semantics; it strictly contains
the old semantics, in the sense that the old semantics can be computed
from 1-semantics but the contrary is not possible. I describe a translation
of formulas of existential second order logic into 1-semantics, proving that
1-semantics has expressive power equal to existential second order logic. 1-
semantics contains a semantic definition for negation, and thus 1-semantics is
defined for all ¢ € FOD without resorting to any negation normal form. The
law of excluded middle, formulated suitably, holds for 1-semantics. Finally,
the definition of 1-semantics comes in a natural way as a type shift from the
Tarskian semantics of first order logic. The type shift can be applied to any
connective and quantifier of first order logic. I also consider 1-semantics in
light of game theoretic semantics and present a novel game that I conjecture
to yield 1-semantics.

7.1 Definitions

In order to be clear and precise, we must start by defining 1-semantics for
teams whose domain is the set of all element variables. We can then refine
the definition into teams with finite domains.

7.1.1 1-Semantics in w-Teams

Define an w-team X for a model M to be any relation on M of arity w,
ie. X C M“. We call the elements of an w-team tuples and denote them
a = (ay,ag,...) or similarly. For @ € X, let s; denote the assignment

93
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M, X EL

M, X ET

M, X E'Rt;, .. .t,
M, X E (.. . ty)rou

X=0

X =M~
X:{E:M,sa):Rtl...tn}
there is f s.t. X = {a:

sa(u) = f(saltr) - saltn)) )

111

M, X = —¢ — M,CX !¢
M, X E' oV <= thereis Y, Zs.t. YUZ = X and
MY E' g and M, Z =1 ¢
M, X EY oA < thereis Y, Zst. YNZ =X and
MY ' ¢ and M, Z = o
M, X = Jz,0 <= thereis Y s.t. X =C,Y and M,Y ' ¢
M, X E' Va0 <= thereis Y s.t. (X = C,0Y and M,Y ! ¢

Figure 7.1: 1-semantics in w-teams

that maps s(z;) = a; for all i. Fora € X, a € M and n < w, denote
a(n—a):=(ay,...,ap_1,0,0p41,...). Given an w-team X for a model M,
denote cylindrification of X along the n’th column by C,X := {a(n — a) :
ae Xandae M}.!

Definition 7.1.1. Satisfaction of a formula ¢ € FOD in a model M by an
w-team X in 1-semantics, denoted M, X |=! ¢, or simply X ! ¢ when the
model is clear from context, is defined as in Figure 7.1.%

Theorem 7.1.2 (Only Free Variables Matter). For an w-team X for some
model M and formula ¢ € FOD, if X = ¢ then for alla € X and ¢ € MY
we have a(¢,¢) € X, where a(¢,¢) = a(n — ¢,)z,grv(e) denotes a tuple
where the values of irrelevant (with respect to the syntax of ¢) variables have
been replaced.

Proof. Induction on ¢ € FOD.

Case L. If X ! | then X = (), whence the claim is holds vacuously.

IThe cylindrification operation was introduced with cylindric algebras, see [11].

2With 1-semantics, we need not consider negation as shorthand notation. Thus, Defi-
nition 2.4.2 is to be applied only to FOD formulas that are interpreted with the semantics
in Definition 2.4.1.
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Case T. If X ! T then X = M“, whence a(T,¢) =ce€ X foralla € X
and ¢ € M~.

Case Rt;...t,. f X ' ¢, a € X and ¢ € M¥, then M, S5 = ¢ because
Sa(ee) equals sz in all free variables of ¢ and in FO semantics only the
interpretation of free variables affects satisfaction. Thus a(¢,¢) € X.

Case (t1...t,rou. If X E' ¢, @ € X and ¢ € M¥, then sz and sz agree
on the evaluation of the terms ¢; and u because sg(4z) equals sz in all
free variables of ¢. Thus @(¢,¢) € X.

Case ). If X ! ¢ and @ € X, then (X ! ¢ and @ ¢ CX. If a(v,¢) €
CX for any ¢ € M“, then @ € CX by the induction hypothesis, a
contradiction. Thus @(¢,¢) = a(y,¢) € X for all ¢ € M“.

Case ¢ Vihy. If X ! ¢ and @ € X, then there are w-teams Y; and Y,
such that X = Y, UYs, Y; ! o for both ¢ € {1,2}, and @ € Y}, for
some 7. Let ¢ € M*. Choose € € M“ such that € agrees with @ in
FV(¢) and with ¢ in all other variables. By the induction hypothesis,
a(¢i07€) € Y;O' Then a(¢76) = E(QS?E) = a(,@bioﬁé) € X.

Case ¢ Ay, If X E! ¢ and @ € X, then there are w-teams Y} and Y, such
that X = Y1 NY,, Y; E' ¢; for both ¢ € {1,2}, and @ € Y; for both
i € {1,2}. Let ¢ € M*“. Choose € € M* such that € agrees with @ in
FV(¢) and with ¢ in all other variables. By the induction hypothesis,
a(1;,€) € Y, for both 7 € {1,2}. Then a(¢,¢) = a(¢,€) = a(¢;,€) € Y;
for both ¢ € {1,2}, thus a(¢,¢) € X.

Case Jz,9. If X ' ¢ and @ € X, then there is an w-team Y such that
X=CYandY E'¢. Letc € M*. Froma € C,Y we get a(n +— €) €
Y for some e € M. By the induction hypothesis, a(n +— ¢)(1,¢) € Y,
whence a(¢,¢) € C,Y = X.

Case Vz,v. If X ' ¢ and @ € X, then there is an w-team Y such that
CX = Cly and Y ' . Let ¢ € M¥. From a € 0C,CY we get
a(n — e) € Y for all e € M. Combining this with the induction
hypothesis, we get a(i,¢)(n — e) € Y for all e € M, whence a(¢,¢) €
CC.0y = X. O

Note that we do not need to assume anything about the axiom of choice
in the proof of Theorem 7.1.2. This is in contrast to the similar theorem
of dependence logic, Theorem 2.4.7, where we need to assume the axiom of
choice.
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Theorem 7.1.2 suggests viewing w-teams as having two parts, divided by
the domain; the trivial part of an w-team X is the subset V' C w such that
s(xp — ap)ney € X for all s € X and @ € M¥. The nontrivial part of an
w-team is the complement of its trivial part. Theorem 7.1.2 shows that the
concept of trivial part is coherent with the set of variables in a formula whose
interpretation may affect the satisfaction of the formula; free variables are
always in the nontrivial part of an w-team that satisfies the formula.

7.1.2 Type Shifting

In linguistics, there is a concept called type shifting [18]. A type shift is
a mapping of objects of one type to objects of another type. A type can
be an element, a set of elements, a set of sets of elements, etc. One of the
main differences between first order logic and dependence logic (both P- and
1-semantics) is the type of semantic objects. In first order logic, semantic
objects are assignments, whereas in dependence logic, semantic objects are
sets of assignments. This brings forth the question, is there a type shift that
leads from first order logic to dependence logic. It turns out that there indeed
is one for 1-semantics.

To give a Tarskian definition of formula satisfaction is essentially to give
an operation for each atomic formula and each kind of compound formula
that computes the interpretation of the formula. For example, there must
be an operation such that, given the interpretations of two subformulas, the
operation computes the interpretation of the conjunction of the subformu-
las. In the case of an atomic formula, the operation is constant, not taking
arguments. Thus each atomic formula has its own operation.®

In order to shift first order semantics from assignments to w-teams, it
therefore suffices to shift the operations on formula interpretations. The
operations that correspond to connectives and quantifiers take one or two
formula interpretations as arguments and map them to another formula in-
terpretation. A nullary operation represents a named formula interpretation.

Let us call 1-shift the type shift that maps an operation

(Xla---an) Hf(Xl,...,Xn)

3Tt is conventional that satisfaction of an atomic formula is defined in one step where
parts of the atomic formula are arguments to the operation. For example, the operation
computing the interpretation of atomic formulas of the form Rt; ...t,, the relation symbol
R and terms tq,...,t, are the arguments. This is practical in truth definitions but not
in the present context, as the arguments are not formulas but finer-grained elements that
do not have an interpretation with respect to a model in the form of a set of semantic
objects. Therefore I skip this further level of detail.
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to the operation
(Xl,...,Xn)|—>{f(X1,...,Xn):X1EXl, ...,XnGXn}.

Here, the sets X; intend to be interpretations of first order formulas, i.e.
sets of assignments, and the sets &; stand for interpretations of dependence
formulas, i.e. sets of teams.

Theorem 7.1.3. 1-semantics for FO formulas is the 1-shift of FO semantics.

Proof. We prove by induction on formulas ¢ € FO that applying 1-shift
to FO semantics on assignments leads to the definition of 1-semantics on
w-teams, Definition 7.1.1. In this proof, I consider assignments as infinite
tuples.

The atomic formulas | and T have the constant interpretations f, () = ()
and fr() = MY, where M is the universe of the model in question. 1-
shifting them gives the l-interpretations g () = {0} and g7() = {M*}.
Thus, X € [L]" if and only if X € g,() if and only if X = @. Similarly,
X € [T]" if and only if X € gr() if and only if X = M*.

Each atomic formula of the form Rt ...t, has a constant interpretation
fO ={a: (sa(t),...,sa(ty,)) € RM}. 1-shifting it gives the constant 1-in-
terpretation g() = {f()}. Thus, X € [Rt;...t,]" if and only if X € g() if
and only if X = {a@: (sz(t1),...,sa(ts)) € RM}.

Negation —¢ in FO has the interpretation f(X) = {a:a ¢ X} = (X,
where X is the interpretation of ¢. 1-shifting it gives the l-interpretation
g(X) ={f(X): X € X} = {{X : X € X}, where X is the 1-interpretation
of ¢. Thus, X € [-¢]" if and only if X € g([¢]") if and only if X = CY for
some Y € [¢]".

Disjunction ¢ V ¢ in FO has the interpretation f(X,Y) = {a : @ €
Xora €Y} = XUY, where X and Y are the interpretations of ¢ and
1, respectively. 1-shifting it gives the l-interpretation g(X,)) = {X UY :
X € X and Y € Y}, where & and ) are the l-interpretations of ¢ and 1,
respectively. Thus, X € [¢ V¢]" if and only if X € g([¢]", [¢]") if and only
if X =Y UZ forsome Y € [¢]" and Z € [¢]".

Conjunction ¢ A ¢ in FO has the interpretation f(X,Y) = {a : @ €
Xanda € Y} = XNY, where X and Y are the interpretations of ¢ and
1, respectively. 1-shifting it gives the l-interpretation g(X,)) = {X NY :
X € X and Y € Y}, where X and ) are the l-interpretations of ¢ and 1,
respectively. Thus, X € [¢ A¢]" if and only if X € g([¢]", [¢]") if and only
if X =Y NZforsomeY € [¢] and Z € [¢]".

Existential quantification Jz,¢ in FO has the interpretation f(X) =
C,X, where X is the interpretation of ¢. 1-shifting it gives the 1-inter-
pretation g(&X) = {C,X : X € X}, where X is the l-interpretation of ¢.
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Thus, X € [3z,0¢]" if and only if X € g([¢]") if and only if X = C,Y for
some Y € [¢]".

Lastly, universal quantification Vx,,¢ in FO has the interpretation f(X) =
CC,CX, where X is the interpretation of ¢. 1-shifting it gives the I-inter-
pretation g(X) = {{C,CX : X € X}, where X is the l-interpretation of ¢.
Thus, X € [Vz,¢]" if and only if X € g([¢]") if and only if X = CC,CY for
some Y € [¢]". O

Thus 1-shift defines 1-semantics for all formulas except D-formulas. The
semantics of D-formulas is just a suitable adaptation from the corresponding
formulas in dependence logic. A D-formula states that the w-team is (the
graph of ) a function, modulo transformations done by interpretation of terms
in the D-formula.

Thinking of formula interpretations as nullary operations, we see that
there is a translation of FO into 1-semantics with the identity function being
the syntactic translation and the mapping X — {X} being the semantic
translation, where X is an interpretation of a first order formula. That is,
[¢]' = {[[gb]]Fo} for all ¢ € FO. The name “l-semantics” refers to this
singleton correspondence between 1-interpretations and FO-interpretations.
Following this idea, I use the nickname P-semantics for the semantics that
Hodges gave for formulas of independence friendly logic and for the semantics
that Vaananen uses for dependence logic, defined in Chapter 2. P refers to
the fact that [¢]" = P[¢]"° for all ¢ € FO, i.e. the powerset correspondence
between P-interpretations and FO-interpretations. We may denote satisfac-
tion in P-semantics by M, X =¥ ¢, to make the necessary distinction.*

7.1.3 1-Semantics in Teams

I will now give an equivalent definition of 1-semantics where in place of w-
teams we use teams without any restriction on their domains, as is done
in P-semantics. The complement of a team we take in the corresponding
full team, X = X{D\gm(x) \ X, where X is a team for model M. Given a
team X for a model M, denote cylindrification of X along variable z, by
C., X = {s(zp, — a):s € X and a € M}. Define the cylindric restriction
of X toV as

XV :={sIV : s(xp, = Gp)z,cpomx)\v € X for alla € M*}.

“Note that =¥ is the same semantics that Chapter 2 denotes by =FOP. Because in this
chapter we have two different semantics for the same set of formulas, FOD, it no longer
makes sense to denote either semantics by the symbol of the set of formulas, hence the
change in notation.
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Finally, define the cylindric co-restriction of X from V as
XV 1= Xé(Dom(X) \ V).

If V.= {z}, we denote X[V = Xz, X|V = Xz, X¢V = Xdz, and
XV = Xoz.

Teams can have any set of variables as their domain. In order to express
1-semantics, as it is defined on w-teams, using teams that in general are
missing some of the information that w-teams carry, we must decide on which
w-team each team corresponds to. Theorem 7.1.2 suggests a many-to-one
correspondence between teams and w-teams; a team always contains the
nontrivial part of an w-team (and optionally some of the trivial part, as well).
More precisely, a nonempty team X corresponds to its w-closure which is the
w-team

X :={a: thereis s € X such that s(z,) = a, for all z,, € Dom(X)}.

Turning the definition around, a nonempty w-team corresponds to each of
its cylindric restrictions to a set of variables that contains the nontrivial part
of the w-team.” The empty team corresponds to the empty w-team and vice
versa.

Theorem 7.1.4. w-closure commutes with the complement, union, intersec-
tion and cylindrification operations on teams.

Proof. Complement. a € 0X iff there is no s € X such that s = a[Dom(X)
iff @/Dom(X) € CX iff there is s € 0X such that s = @[Dom(X) iff

aelX.

Union. Assuming Dom(X;) = Dom(X,) = V,a € X; UX, iff a € X; or
a € X, iff there is s € X7 or s € X, such that s = a[V iff there is
s € X; U X, such that s:E[V iff a e X;UXs.

Intersection.éssuming Dom(X;) = Dom(X,) =:V,a € X,nX,iffa € X,
and @ € Xy iff there is s; € X7 and s, € X5 such that s; = @[V and
so = alV iff there is s € X; N X5 such that s =a|V iff 7 € X; U X,.

Cylindrification. Letting n < w, @ € C,, X iff there is s € C,, X such
that s = @[Dom(C,, X) iff there is s € X and a € M such that
s(zn +— a) = alDom(C,, X) iff there is ¢ € X and a € M such that
a=c¢(n—a)iffaec C, X. O

SHere we implicitly convert from tuples to assignments, and from indices to variables,
in the obvious way.
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Lemma 7.1.5. For teams X and Y, if X =Y and Dom(X) = Dom(Y),
then X =Y.

The concept of w-closure acts as a link between w-teams and teams of
arbitrary domains. It leads us to the following definition of 1-semantics for
all teams X.

Definition 7.1.6. If FV(¢) € Dom(X) then define

M,XE ¢ = M,XE!s.

Theorem 7.1.2 enables us to give an alternative, equivalent definition for
1-semantics which may suit better those who wish to work with teams with
finite domains. Finite domains are desirable in certain translations. For
example, when expressing 1-semantics or P-semantics in second order logic
by encoding a team as the value relation variable, one has only relation
variables of finite arity.

Theorem 7.1.7. The definition of 1-semantics for all teams X can be formu-
lated equivalently in the form of Figure 7.2, where we assume that Dom(X)
contains all the free variables of the formula whose satisfaction we are defin-
mg.

Proof. We prove by induction on ¢ € FOD that satisfaction as in Defini-
tion 7.1.6 is equivalent with the conditions listed above. The proof is based
on Theorem 7.1.2, Theorem 7.1.4 and the fact that FV(¢) C Dom(X).

Case L. X ' Lif X ! Liff X = 0 iff X = .
Case T. X ' Tiff X ! Tiff X = Mv iff X = X}

Dom(X)*

Case Rt;...t,. X Floif X Eloiff X = {a: M,sz = ¢} iff X = {s¢€
X]/D\gm(x):./\/l,s = o}

Case (t;...t,rou. X ' ¢ iff X E! ¢ iff there is f such that X =
{@ : sg(u) = f(sa(t1),...,sa(tn))} ff X = {s € Xﬁf‘)m(x) D s(u) =
f(s(tr),...,s(tn))}

Case —p. X = ¢ iff X ' ¢ iff CX =1 o iff CX = o iff CX ! o).
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M, X L = X=0

M XE'T = X = Xiom)

M, X E'Rty...t, <= X={se X}l x) : M sE" Rt . .t}

M, X E (ti.. . tyrou < thereis fst. X ={s€ ngm(x) :
S(U) = f(s(t1)> - 78(tn))}

M, X E —¢ «— M, X E'¢

M, X E oV <= thereisY,ZgXng(X) st. YUZ = X and
MY E' ¢ and M, Z = ¢

M, X E oA < thereis Y, Z C Xpyh xy s.t. YN Z = X and
MY E' g and M, Z = ¢

M, X E! Jz,0 <= thereis Y C lej‘f)m(x)u{xn} s.t.
Co, X =C, Y and M, Y = ¢

M, X E Va0 <= thereis Y C Xﬁf)m(X)U{xn} s.t.

C.,0X =C, 0Y and M, Y ! ¢

Figure 7.2: 1-semantics in teams
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Case ¥ V 1. X ! ¢ iff X [=! ¢ iff there are w-teams Y] and Y; such that
X =Y, UY; and Y; ' 4 for both i € {1,2}. By Theorem 7.1.2
and the fact that FV(¢;) C FV(¢) for both i € {1,2}, given such
Y;, there are teams Z; and Z, such that Dom(Z;) = Dom(X) and
Z; =Y, for both i € {1,2}. Now X ' ¢ iff there is 71, Zy € XL«
such that X = Z; U Z, and Z; ' ; for both i € {1,2}. From
Dom(Z;) = Dom(X) and X = Z, U Zy = Z; U Zy, we get X = Z, U Zs.
Thus X ! ¢ iff there is 7y, Zy C Xﬁg‘m( such that X = Z; U Z, and
Zi ):1 wz for both 7 € {]_, 2}

Case ¢ Ay, X =1 ¢ iff X =1 ¢ iff there are w-teams Y] and Y; such that
X =Y NY; and Y; ! 4 for both i € {1,2}. By Theorem 7.1.2
and the fact that FV(y;) C FV(¢) for both i € {1,2}, given such
Y;, there are teams Z; and Z, such that Dom(Z;) = Dom(X) and
Z; = Y; for both i € {1,2}. Now X ! ¢ iff there is Z;, Zo C XDom( x)
such that X = Z; N Zy and Z; ' 4 for both i € {1,2}. From
Dom(Z;) = Dom(X) and X = Z, N Zy = Z1 N Zy, we get X = Z N Zs.
Thus X ):1 ¢ iff there is Z;, Zy C X]{)‘;lm(X) such that X = Z; N Z; and
Z; EY 4 for both i € {1,2}.

Case Jz,1. X ' ¢ iff X |=! ¢ iff there is w-team Y such that X = C,, Y
and Y ! ¢. By Theorem 7.1.2 and the fact that FV(¢)) C FV(¢) U
{z,}, given such Y there is team Z such that Dom(Z) = Dom(X)U{z, }
and Z =Y. Now X ' ¢ iff there is Z C X{! | )1,y Such that

= G Zand Z E' 4. From X = C,, Z, we get C;, X = X =
74 = C,, Z, and together with Dom(C,, Z) = Dom(Z) = Dom(X) U
Tp} = Dom(anX) it gives C,, X = C,, Z. Thus X ):1 ¢ iff there is
C XDam(x)uiany Such that C nX C nZ and Z =

T

N O

Case Va,1. X ' ¢iff X ! ¢ iff there is w-team Y such that CX = C,, CY
and Y ! 9. By Theorem 7.1.2 and the fact that FV(¢)) C FV(¢) U
{zn}, given such Y there is team Z such that Dom(Z) = Dom(X)U{z,}
and Z =Y. Now X |=! ¢ iff there is Z C X[1 | ) ...y such that CX =
C.,CZ and Z ' ¥. From m, ¢ FV(=¢) and Theorem 7.1.2 we get
C.,0X = CX, which together with CX = C, CZ gives C,,0X = (X =
CX =C,,0Z = C,,0Z, and together with Dom(C,,CZ) = Dom(Z) U
{r,} = Dom(X)U{z,} = Dom(C,,CX) we get C,,CX = C,,CZ. Thus
X E' ¢ iff there is Z C X{1 ¢,y Such that C,, CX = C,,0Z and
Z . O
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Theorem 7.1.8 (Extra variables do not matter). For all teams X and Y
and formulas ¢ € FOD, if FV(¢) C Dom(X) and FV(¢) C Dom(Y) and
X$FV(¢) = YOFEV(¢), then X E! ¢ «= Y =L ¢.

Proof. From X¢FV(¢) = Y¢FV(¢) we get X =Y. Thus X ! ¢ iff X ! ¢
iff Y =g iff Y =L 6. O

As a corollary of the previous theorem, if X = ¢, then also X ! ¢.
Combined with Theorem 7.1.2, this makes finite-domain teams and w-teams
interchangeable in satisfaction of formulas in 1-semantics. The operations
that link the interchangeable teams and w-teams are w-closure and cylindric
restriction (to a set of variables that contains the free variables of the formula
in question).

7.2 Basic Properties

The two important properties of P-semantics are that formula interpreta-
tions are closed downwards and the empty team satisfies all formulas (The-
orem 2.4.4). Both properties fail in 1-semantics as can be seen by inspecting
any satisfiable first order formula in 1-semantics. However, every formula is
still satisfied by some team, although it may not be the empty team.

Theorem 7.2.1. For all ¢ € FOD and all models M, there is a team X
such that M, X E! ¢.

Proof. Induction on ¢. For first order atomic formulas, choose X = [¢]"°.
For atomic D-formulas (¢; ...t,~u, choose any n-ary function f and X =
{s : s(u) = f(s(t1),...,s(tn))}. For the remaining cases, let Y; and Y,
be teams that satisfy subformulas v); and 5, respectively, obtained by the
induction hypothesis. For =)y, choose X = C0Y;. For 11 V 1)y, choose X =
Y1 UYs5. For iy A s, choose X = Y; NY,. For Jx,1y, choose X = C,, Y.
For Vx,%1, choose X = C0C,, CY;. O

7.2.1 Similarity of P-Semantics and 1-Semantics

1-semantics and P-semantics relate with respect to formula interpretations.
The following theorem shows that 1-semantics holds enough information to
determine P-semantics. We will later show a simple example where the con-
verse is not true. Hence, 1-semantics gives more information of a FOD for-
mula than P-semantics.
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Theorem 7.2.2. For all ¢ € FOD in strict negation normal form and all
teams X it holds that X =Y ¢ if and only if there is Y O X such that

Y E .

Proof. The claim is clear if ¢ is first order (i.e. it does not contain occurrences
of D-formulas) because then [¢]" = P[¢]"° and [¢]' = {[[gb]]Fo}. The
general case we prove by induction on ¢ for an arbitrary team X.

Cases 1, T, Rt;...t, and —Rt;...t,. The claim is clear, see above.

Case (t;...t,r~u. By definition, X ' ¢ is equivalent to there being a
function f such that for all s € X: s(u) = f(s(t1),...,s(ts)), and
X E! ¢ is equivalent to there being a function f such that X = {S €
Xevp) @ s(u) = f(s(t1),...,s(t,)) }. We see that the claim holds.

Case ¢; A ¢y. If X Y ¢ then X =P ¢ and X Y ¢y. The induction
hypothesis gives some Y} O X and Y; O X such that Y; ):1 ¢, and
Yo E o Now X CYiNYy and Y NY, EL 6.

If Y = ¢ for some Y O X, then there are Y; and Y5 such that Y =
Y1 NYsy, Vi E' ¢ and Yy E! ¢. Note that X C Y; and X C Y.
Thus the induction hypothesis gives X =" ¢; and X ' ¢, whence
X EP 6.

Case ¢1 V ¢o. If X ):P ¢ then there are teams X; and X, such that X =
X1UX,, X; EY ¢ and Xy, Y ¢. The induction hypothesis gives
some Y; O X; and Yy O X, such that Y} E! ¢; and Yy ! ¢y, Now
X CYiUYsand Y UY; EL .

If Y E! ¢ for some Y O X, then there are Y; and Y5 such that Y =
YiUYy, V) E! ¢ and Yy E! ¢y, By choosing X; = X NY; and
Xo=XNY,weget Xi CY, Xo CY;,and X = X;UX,. By the
induction hypothesis, X; = ¢; and X, =V ¢, whence X =V ¢.

Case Jz,9. If X =P ¢ then there is a function F such that X (z, — F) =¥
v. The induction hypothesis gives some Y O X(z, +— F') such that
Y E! 4. Now Y’ ! ¢, where Y/ := (C,,Y)[Dom(X). Because
Y’ =Y [Dom(X), also Y’ O X holds.

If Y ! ¢ for some Y O X, then there is Z C XDom(X)u{z,} Such that
C.,Y =C,,Z and Z ' 9. Assuming the axiom of choice, there is a
function F': X — M such that F(s) € {a € M : s(x, — a) € Z} for
all s € X. Because X(x, — F) C Z, the induction hypothesis gives
X(z v F)EY 4. Thus X EF ¢.
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Figure 7.3: l-interpretations of certain formulas

Case Vz,9. If X =P ¢, then X (z — M) ' +. By the induction hypoth-
esis, there is some Y D X (z +— M) such that Y E! . Now Y’/ 2 X
and Y’ =! ¢, where Y’ := (CC,, CY)[Dom(X).

If Y ! ¢ for some Y D X, then there is Z C XDom(X)ufz,} Such that
C.,0Z =C,,0Y and Z |=! +. Because X (x,, — M) C Z, the induction
hypothesis gives X (z — M) =Y 9, whence X ' ¢. O

The above theorem shows that if we know [¢]" for any ¢ € FOD, we
can compute also [[ng]]P. The converse does not hold as the following example
shows.

Example 7.2.3. Consider the sentence ¢ := ‘v’xEly((}\»y/\ny) in the three-
element model M = ({1,2,3}, R™), with the relation symbol interpreted as
RM = {(2,1),(1,2),(2,2),(3,2),(3,3)}. Despite the facts that this simple
formula holds little interest in what it defines and that it has an equivalent
first order formula,® it is useful in illustrating the mechanics of 1-semantics.
Figure 7.3 shows the l-interpretations of all subformulas in ¢, where each
team in the interpretation is represented as a table where a checkmark at the
b’th row and a’th column means that the assignment {x +— a,y +— b} is in
the team.

6Sentence ¢ is equivalent to the first order sentence JyVaxRzxy, regardless of whether
we interpret ¢ in 1-semantics or P-semantics.
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The P-interpretations of the subformulas of ¢ are the downward closures
of the corresponding 1-interpretations. Thus, [[ny]]i/[ consists of 2° teams,
[[()wy]]i/[ consists of 3 - 23 — 2 teams, and so on. l-interpretation and P-
interpretation agree on ¢ but not on any of its proper subformulas.

Consider the subformula ¢ := Ely(()\»y A Rmy). Its P-interpretation
is PX f‘;’y}. Now, if we change the model M by interpreting R as the full
relation, the 1-interpretation of ¢’ changes while its P-interpretation remains
the same. Thus, although P-interpretation is straightforwardly computable
as the downward closure of l-interpretation, it is not possible to compute
the l-interpretation of a formula in a model if we are given only the P-
interpretation of the formula in the model. O

Another interesting thing to note about the previous example is that it
is also an example of a sentence ¢ and model M such that M ! ¢ and
M ! —¢. This kind of phenomenon has been studied by the name of
paraconsistent logic. In paraconsistent logic, one abandons some classical
inference rules in order to be able to deduce formulas from a contradiction of
the form ¢ A —¢ while avoiding the principle of explosion, i.e. the ability to
deduce every formula. Indeed, 1-semantics rejects the rule of modus tollendo
ponens, i.e. that from M, X E! ¢ V¢ and M, X ! —¢ one can deduce
M, X E! 9.

An explanation to the paraconsistency of 1-semantics can be seen later
in Theorem 7.2.6. The theorem shows that 1-semantics of FOD reflects exis-
tential second order logic. A formula ¢ € FOD corresponds to some formula
1 € ESO with free element and function variables. If X ! ¢, it corresponds
to saying that there are some values for the free function variables in 1 such
that X contains all the values for the element variables that satisfy v to-
gether with the chosen functions. In this case, X also contains the values of
those functions, evaluated on the chosen values for the element variables.

This is to say that negation in 1l-semantics works on the “first order
level”. Negation in 1-semantics is not the classical negation of second order
logic; it is the classical negation of first order logic. This fact is tied to the
way we translate formulas between these logics, in particular, the semantic
translation and how it encodes first order and second order objects into teams
and back.

7.2.2 The Law of Excluded Middle

In first order logic, the law of excluded middle holds. The law of excluded
middle is the property of the first order truth definition = that M |=
VZ(o(T) V —¢(T)) for all first order formulas ¢ and models M. It is gen-
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erally known that the law of excluded middle fails for sentences of indepen-
dence friendly logic. Therefore it also fails for FOD sentences interpreted
in P-semantics. Because the law fails already for sentences it has not been
studied how it could be adapted more generally to all FOD formulas.

There are two ways to adapt the law of excluded middle to FOD formulas.
One is the obvious analogy of the first order statement, obtained by the same
formula construction for a given FOD formula ¢.

Definition 7.2.4 (LEM1). A truth definition = of FOD formulas has the
property LEM1 if for all ¢ € FOD and models M it holds that M |

VZ (4(Z) V =9 (T)).

Another formulation is obtained by rephrasing the first order statement
into the form “for all assignments s it holds that M, s = ¢ V —¢”.

Definition 7.2.5 (LEM2). A truth definition = of FOD formulas has the
property LEM2 if for all ¢ € FOD, all teams X and all models M it holds
that M, X = ¢(Z) V —¢(T).

Clearly LEM2 implies LEM1. Both of them are natural generalisations
of the law of excluded middle for first order logic.

Not surprisingly, both LEM1 and LEM2 fail for =, This follows simply
from the fact that for ¢ := Va3y((»y Az = y) we have both M £ ¢ and
M P =g for all models M with at least two elements.” Also note that with
Theorem 2.4.6 one can construct a plethora of sentences that manifest the
failure of LEM1.

LEMI1 holds for =t. LEM1 applied to a FOD formula ¢ is equivalent to
M, Xpy(s) E' ¢V —¢. This holds if and only if we can split Xpy ) =Y UZ
such that M,Y E! ¢ and M,CZ ' ¢. This can be done if and only
if there is some team Y such that M,Y |=! ¢; just choose Z = CY. By
Theorem 7.2.1, this is always the case.

LEM2 fails also for =!. Consider any first order formula ¢. It is satisfied
in 1-semantics only by one team, [[gb]]FO, and thus ¢ V —¢ is satisfied in
1-semantics only by the full team. In a way, this makes sense. The full
team represents “all first order semantic objects” whereas the empty team
represents “no first order semantic objects”. It is unreasonable to demand
that a first order formula would hold for all and no semantic objects at the
same time.

"Note that —¢ in the context of P-semantics denotes the result of a syntactic manipu-
lation of ¢, as stated in Definition 2.4.2.
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7.2.3 Expressive Power

It is easy to see that 1-semantics of FOD can be expressed in existential
second order logic. This gives a translation of 1-semantics to ESO. T also
give a translation in the converse direction. Note that the translation works
for all formulas in ESO as opposed to Theorem 5.1.2 for P-semantics where
we must restrict to downward closed formulas in ESO.

Theorem 7.2.6. Let ¢ € ESO with free variables x1,...,x,, and free func-
tion variables f1,..., fn such that each f; appears only in occurrences of the
term t; == fiui, ... u};(i), where each vy is a variable. Then there is ¢» € FOD
with free variables xy,...,x, such that for all models M and teams X:
M, X EY ¢ if and only if there are functions g, ..., g, such that

X = {8 s M s(fi = gi)i<n E Cb} (7.1)

Proof. Without loss of generality, we may assume that ¢ € ESO is in Skolem
normal form,
¢ :=3fpnr1... VT .. V0,

where 6 is a quantifier-free formula in variables fi,..., f,s and zy, ..., 2, for

some n’ > n and m’ > m. Furthermore, we can assume that each f; appears

only in occurrences of the term t; := fiu! ... “2(1)» where each v}, is a variable.
Let ¢ € FOD be

w = meH e meEIyl e Elyn’ /\ o; N\ /\ﬁz A Q(tz = yi)ign’
i<n n<i<n’

;= (Uy .. U Y

Bi = (uj .. Uk 1 - - - T Y.

Assume X ! ¢ and show that there are functions gy, ..., g, such that
(7.1) holds. We may assume without loss of generality that z;,y; € Dom(X)
for all i < m’ and j < n/. For m < i < m/, there are X; C Xpom(x) such
that C,,CX; = C,,0X;_1, where we denote X,,, := X, and for i < n/ there are
Y; € Xpom(x) such that C,Y; = C,,Y;_;, where we denote Y := X,,/, and
there are functions g; for i« < n’ such that

Yo=20{s:s(y) = g(s(u),... ,s(uz(i))) for all i <n}

N{s:s(y) = gi(s(uy),... ,s(uz(i)), s(x1),...,s(zy)) foralln < i <n'},
(7.2)

where Z = 0(t; — vi)i<nr, 1.6. Z = [0(t; — yi)ign/]]FO. In particular, each g;
for ¢ < n is k(i)-ary, and each g; for n < ¢ < n'is (k(i) + m)-ary. We also
have X = CC e C%,CCy1 .Gy Yo

Tm+1
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Now we have g1, ..., g, and it is left to show that they satisfy (7.1). Let
s € X. Note that by varying s we can get arbitrary values for variables
Tma1, - -, Ty While keeping the values of other variables fixed. We have
s’ € Y,,, where

!/

§ = S(Z/z’ = gi(s(ui)a e 7S(u7l;c(i))))i§n
(yi — gi(s(u)),. .. ,s(uﬁc(i)), s(zy), ... ’S(:Cm)))n<i§n/'

Denote
s = S(fz' — gi)ign(fi — hf)n<i§n’7

where hj for n < i <n’ are functions that map

R (b, b)) = gi (b1, - o, bigay, s(21), - 8(@m)) (7.3)

for all by, ..., bk € M. Then we get s'(y;) = s"(t;) for all i <n’. Now from
s' = 0(t; — yi)i<n we get s” = 0. From this we get that

s(fi gi)icn E & (7.4)

for all s € X, concluding the proof of the inclusion to the right in (7.1).

Assume that assignment s with Dom(s) = Dom(X) satisfies (7.4). Then
there are functions h;_,...,h;, such that for all a1, ..., a, € M we have
s" |= 6, where

s" = S(xz' = ai)m<i§m’(fi — gz)zgn(fz — hf)n<i§n’-

Note that at this point we still remember from (7.2) the functions g, ..., gn.
Instead, the functions g,1, ..., gn that (7.2) gave are useless and therefore,
for n < i <n’', we use h{ to redefine g; as the (k(i) + m)-ary function that

maps elements as in (7.3) for all s that satisfy (7.4) and is defined arbitrarily
elsewhere. Define, for all i < n/,

/

s = 31(%‘ = i (81(U§)> EEE! SI(UZ(i))))iSn

(yz = Gi (51(u§)a s 731(u§c(i))7 31(33'1), T Sl(xm)))n<i§n”

where s1 1= s(x; — @;)m<i<m’. Then §'(y;) = s"(t;) for all ¢ < n’, whence
s = 0(t; — yi)i<n. Now §' € Y/, where Y, is as in (7.2), whence s € X.
This concludes the proof that the functions g; satisfy (7.1).

For the other direction, let gi,...,g, be given and show that X ! 1,
where X is as in (7.1). We may assume without loss of generality that
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z;,y; € Dom(X) for all ¢ < m’ and j < n’. For each s € X there are
functions A, ..., kS, such that s” =V, ...Vx,0, where

"

s = s(f,- — gi)ign(fi = hf)n<z’§n“

For each n < i < n/, let g; be the (k(i) + m)-ary function that maps as in
(7.3) for all s € X and is defined arbitrarily on other values. Define

/

s = s(yi = gi(s(u)), - 8(u)) iy
(yi — gi(s(u)),. .., 5(“2(1))7 s(xy),..., s(xm)))mign,.

To show that X ! 4, it suffices to show that Y =Y,/ where Y := {s': s €
X} and Y,/ is defined as in (7.2).

Let ' € Y. Clearly ¢'(y;) = gz( (ul), .. (UZ(Z))) for all i < n, and
’(yl) = gi(s(ul), .. (uz(l)) s(ry , (2, ) for all n < i < n’. Note that
§'(x; — s (mz))m<z<m/ = g because "(z;) = s(a;) for all m < @ < m/.

Thus from the fact that s” = 6 and s”(¢;) = §'(y;) for all ¢ < n’, we have
s' = 0(t; — i)i<n. Therefore ' € Y,,.

Let then sy € Y, . Looking at the definition of Y,,, we see that sy defines
the values of y; based on the functions g;; therefore we can present sq =: s
for some s € X. Furthermore, because s’ € Y,/, we have s’ |= 0(t; — yi)i<n-
Again, it holds that s'(y;) = s”(t;) for all i« < n’, and therefore s” |= 6, from
which we get s(f; — ¢i)i<n = ¢, and further, s € Y. This completes the
proof. O]

7.3 Game Theoretic Semantics

In this section I sketch some ideas about what impact 1-semantics has on
semantic games. The goal is to give a semantic game that characterises the
truth definition of 1-semantics as presented in Definition 7.1.6.

A strategy (for a semantic test) for a model M and formula ¢ € FOD is a
partial function o that is defined on some pairs (¢, s) where 1 is a subformula
of ¢ and s is an assignment for M defined on FV(¢). A strategy maps these
pairs to the union of the universe M and the set of subformulas of ¢ such

that o (11 V ¢, s) € {¢1,¢2} and o(Fzep, s) € M

Definition 7.3.1. I define the semantic test procedure, denoted T, as follows.
There is a test supervisor called Jloise and her job is to guide the test so that
it passes, denoted T. If a test does not pass, it fails, denoted L. The result of
a semantic test we denote by T(M, ¢, s, o) for a model M, formula ¢ € FOD,
assignment s that is defined on the free variables of ¢, and strategy o for M
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T(M, L, s o

1
T(M,T,s,0 T

) —
) —
T(M, Rty ...ty s,0) < (s(t1),...,s(t,)) € RM
T(M, (t;...tyrou,s,0) == T (see below for passing tests uniformly)
T(M, ), s,0) <= not T(M,,s,0)
T(M, 4y V by, s,0) <= T(M,1y,,s, o), where ¢, = o (¢, s)
T(M, 1 ANipg,s,0) <= T(M, @/Jn,s,a) for both n € {1,2}
T(M, 3z, s,0) <= T(M, ¢, s(x +— a),0), where a = (¢, s)
T(M,Vzip, s,0) < T(/\/l % (xr —a),o) for all a € M

Figure 7.4: Result of a semantic test, T(M, ¢, s, o)

and ¢. We may think of T(M, ¢, s,0) as a predicate that yields true if and
only if the test passes. The test result is defined as in Figure 7.4, based on
the form of ¢.

It is an open question if there is a game such that T(M, ¢, s, ) is equiv-
alent to ¢ being a winning strategy in the game on M, ¢ and s.
The semantic test procedure characterises first order semantics.

Theorem 7.3.2. For any model M, formula ¢ € FO and assignment s there
is o such that M, s = ¢ if and only if T(M, ¢,s,0) = T.

Proof. Induction on ¢ € FOD.
Case L. Both M,s = L and T(M, L,s,0) =T never hold.
Case T. Both M,s =T and T(M, T,s,0) = T always hold.

Case Rt;...t,. The claim is clear as we can choose o to be the empty
function.

Case —). Let o be the same as for ¢». Then M,s | ¢ iff M,s [~ ¢ iff
T(M,¢,s,0) =L iff T(M,¢p,s,0)=T.

Case 91 V 1)3. Let ¢ map ¢ to v, such that M, s |= 1, if such n exists,
or to 1, otherwise, and elsewhere let ¢ map like oy and o, which we
get for ¥y and 1y from the induction hypothesis. Then M, s = ¢ iff
M., s = 1, for some n iff T(M, 4, s,0,) = T for some n. We can now
see that M, s = ¢ iff T(M, ¢, s,0) =T.
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Case 97 A 5. Let 0 map like o1 and o5 which we get for ¢, and 5 from the
induction hypothesis. Then M, s = ¢ iff M, s = 1, for both n € {1,2}
ifft T(M, Y, s,0,) =T for both n € {1,2} iff T(M, ¢,s,0) =T.

Case Jxtp. Let 0 map ¢ to a € M such that M, s(z — a) |= 1, if such a
exists, or to an arbitrary element otherwise, and elsewhere let ¢ map
like o’ which we get for ¢ from the induction hypothesis. Then M, s |=
¢ ifft M, s(x — a) = ¢ for some a € M ifft T(M, v, s(z +— a),0’) =T
for some a € M. We can now see that M, s = ¢ iff T(M, ¢,s,0) = T.

Case Vx1. Let 0 map like ¢’ which we get for v from the induction hy-
pothesis. Then M,s = ¢ iff M,s(x — a) E ¢ for all a € M iff
T(M, ¢, s(x+—a),0’) =T forall a € M iff T(M, ¢,s,0) =T. O

For a model M, formula ¢ € FOD, team X and strategy o, we say that
T(M, ¢, s,0) passes uniformly for s € X, if for all instances of D-formulas in

¢, enumerated as 11, ..., 1y, there are functions fi, ..., fr such that, for all
s€ X, T(M,¢p,s,0) =T and if the test T(M, ¢, s, o) ends in the final test
T(M, 1y, 8',0) then §'(u) = f;(s'(t1),. .., (tn)), where ¥; is (1 ... t, rou.

There is also a semantic game in the traditional sense in which we process
several semantic tests at once. A similar game for P-semantics was presented
already by Vaananen [19, Definition 5.5].

Definition 7.3.3. The I-semantic game on teams, O'(M, ¢, X) for a model
M, formula ¢ € FOD and team X that is defined on the free variables of ¢ is
defined as follows. There are two players, Vbelard and dloise, whose actions
are limited by the game according to the form of ¢ as follows.

Case L. If X = (), Jloise wins. Otherwise she loses.

Case T. dloise wins unconditionally.

Case Rt;...t,. If X = {s: (s(t1),...,s(t,)) € RM}, Tloise wins. Other-
wise she loses.

Case (t ...t,rou. If there is an n-ary function f such that X = {s: s(u) =
f(s(t1),...,s(tn)) }, Jloise wins. Otherwise she loses.

Case —¢. The game continues according to 0'(M, ¢, 0X).

Case ¢ V 9. dloise chooses teams Y and Z such that X = Y U Z, and
Vbelard chooses whether the game continues according to 0'(M, ¢,Y)
or oY (M, ), Z).
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Case ¢ A . dloise chooses teams Y and Z such that X = Y N Z, and
Vbelard chooses whether the game continues according to o' (M, ¢,Y)
or oY (M, 1, Z).

Case Jdz¢. dloise chooses a team Y such that Y[FV(3z¢) = X[FV(Iz¢),
and the game continues according to (M, ¢,Y).

Case Vx¢. Jloise chooses a team Y such that CY [FV(3z¢) = CX [FV(3x¢),
and the game continues according to (M, ¢,Y).

A game strategy (for Jloise) for a model M and formula ¢ € FOD is a
partial function o that is defined on some pairs (1, X)) where v is a subfor-
mula of ¢ and X is a team for M defined on FV (). A game strategy maps
these pairs to teams or pairs of teams on M such that pairs of the forms
(11 V1he, X)) and (Y1 A by, X) are mapped to pairs of teams, and pairs of the
forms (Jze, X) and (Vae), X) are mapped to teams.

The semantic test procedure and the 1-semantic game seem to be closely
related.

Conjecture 7.3.4. For any formula ¢ € FOD, model M, team X and game
strategy o there is a strateqy o* such that o is winning in O (M, ¢, X) if and
only if X is mazimal with respect to T(M, ¢,s,0") passing uniformly for
se X.

Theorem 7.3.5. For all formulas ¢, models M and teams X, Jloise has a
winning strategy in O (M, ¢, X) if and only if M, X E' ¢.

Proof. We prove the claim for arbitrary M and X by induction on ¢ € FOD.
Atomic cases. For L, T, Rt;...t, and (¢ ...t, r>u the claim clearly holds.
Case —). Claim clear.

Case v, V 1y. If 0 is winning in 0'(M, ¢, X) then o gives ¥; and Y, such
that X = Y;UY, and o is winning in 9' (M, 1,,, ;) for both n € {1, 2}.
By the induction hypothesis, M,Y,, !, 4, for both n € {1,2}, thus
M, X ' 6.
If M, X E! ¢, then there is Y} and Y, such that X = Y; UY, and
M.Y, E 1, for both n € {1,2}. By the induction hypothesis, Jloise
has a winning strategy o, for ©'(M, 1, Y,) for both n € {1,2}. Let o
be the strategy that maps (¢, X) to (Y7,Y3) and that maps otherwise
like oy and 0y. Then o is winning in O'(M, ¢, X).

Case 1 A 1. Similarly to above.
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Case Jr1). If ¢ is winning in 0'(M, ¢, X) then o gives some team Y such
that X|FV(¢) = Y|FV(¢) and o is winning in 0'(M,1,Y). By the
induction hypothesis, M,Y ! ¢, thus M, X = ¢.

If M, X [ ¢, then there is Y such that X[FV(¢) = Y[FV(¢) and
M,Y E! 4. By the induction hypothesis, Jloise has a winning strategy
o’ for O1(M,,Y). Let o be the strategy that maps (¢, X) to Y and
that maps otherwise like /. Then ¢ is winning in 0'(M, ¢, X).

Case Vzx. Similarly to above. ]

The point of presenting the semantic test procedure is to place a critical
view on the concept of game theoretic semantics. The semantic test proce-
dure is an alternative “game theoretic” truth definition for first order logic
(and also for l-semantics, given that Conjecture 7.3.4 holds) that handles
negation in a different way than is done in the traditional approach, fronted
by Hintikka, where the semantic game is played by two players and nega-
tion corresponds to the players swapping roles. Theorem 7.3.2 shows that
the semantic test procedure is as adequate a definition for game theoretic
semantics for first order logic as Hintikka’s two-player game. However, as
I suggest in Conjecture 7.3.4, when shifting from first order logic to depen-
dence logic (or independence friendly logic), the semantic test procedure is
the more practical choice of the two. Assuming that the conjecture holds,
the semantic test procedure yields 1-semantics, whereas Hintikka’s semantic
game yields P-semantics.

7.4 Further Ideas

Let us consider an analogy to Theorem 2.3.2 and Theorem 2.3.3 which state
that in second order logic one can equivalently restrict to function quantifiers
or relation quantifiers. Whereas a D-formula expresses the existence of a
function, we could have another kind of formula that expressed the existence
of a relation. In a sense, we already have this kind of quantification built in
1-semantics of first order formulas; a block of n quantifiers existential state
the existence of a new team that extends the old team in n variables, thus
in practice expressing the existence of an n-ary relation. What 1-semantics
on FOD lacks, however, is an explicit way of expressing atomic second order
formulas, that is, containment of a tuple in a quantified relation. We are
able to express containment via the detour through translation to function
quantifiers and then to FOD but this is not enough for practical use of the
feature.
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Define C-formula as a formula of the form (¢; ...¢,)Juy ... u,), where all
t; and u; are terms. We obtain containment logic by equipping the syntax of
FO with C-formulas and we denote it FOC. C stands for containment as in
“tuples defined by (u;);<, contain tuples defined by (¢;)i<,”.

First we need a helpful definition. Let X be a team and let t4,...,t, be
terms. Extend the previously defined operation Rel that turns a team into
a relation in the following way, allowing us to specify with terms how the

relation is decoded from the team:

Rel(X,tl,...,tn) =
{(a1,...,ay,) : there is s € X such that s(¢;) = a; for all i < n}.

We can now define the 1-semantics of C-formulas on w-teams as follows.

M,X ):1 (tltn)C(ulun) 1
Rel(X,t1,...,t,) C Rel(X,uy, ..., uy,)

C-formulas express the containment of one relation in another, where
both relations are encoded into the team by sequences of terms. This is a
generalisation of our previously stated goal of expressing the containment of
just one tuple in a relation. In teams containing several assignments, it would
be difficult to pick just one tuple. Therefore this more general expression is
easier to define. In fact, there should be no need to express the containment
of just one tuple in a relation. The reason is that semantics defined on teams
is in any case supposed to speak about several first order assignments at
once, that is, we have several simultaneous values for “first order variables”
and these values are grouped into a relation of their own.

I conjecture that FOC has the same expressive power as FOD. At least it
is easy to see that 1-semantics for FOC formulas is expressible in ESO. The
converse is formulated as the following conjecture, mimicking Theorem 7.2.6.

Conjecture 7.4.1. Let ¢ € ESO with free variables xq,...,x,, and free
relation variables Ry, ..., R, such that each R; appears only in occurrences
of the atomic formula 0; := Ry, ... uj ., where each uj is a variable. Then
there is ¢ € FOC with free variables xy,. ..,z and y; for all i < n and
J < k(i) such that for all models M and teams X, M, X E' v if and only
if there are relations Sy, ..., S, such that
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forallt <n, and

Rel(X,x1,...,2m) =
{(s(z1),...,s(zm)) : M,s = ¢ and s(R;) = S; for all i < n}.

Furthermore, FOC might have an advantage over FOD by being more
suitable for finding proof systems that capture entailment in fragments of
FOC. Recall from Chapter 6 the construction of a fragment of FOD by
taking a fragment of classical propositional logic and replacing propositions
Py by fixed formulas 0, € FOD. Fragment F' from Chapter 6 is constructed
in this way. It turned out that proof systems of classical logic are unsound
for the fragment F' because of 0 V 0, # 0. In its simplest form, this
negative entailment is of the form (¢ ... ¢, royV(ty .. . th oy & (L ...ty oy,
Intuitively, it states that even if we know that a team can be split in two
parts such that in each part the value of y is the value of a function on terms
ty,...,t,, there might not be a function that computes the value of y in the
whole team from the values of the terms tq,...,¢,.

Proposition 7.4.2. (x)dy) V (z)dy) = (z)dy)

Proof. If X E! (z)dy) V (z)dy) then we can split X = Y U Z such that
Y E! (x)Xdy) and Z = (2)dy). Therefore for all s € Y there is s € Y such
that s(z) = §'(y) and for all s € Z there is ' € Z such that s(z) = §'(y).
Let s € X. Then s € Y or s € Z, whereby there is s € Y or ' € Z such
that s(x) = §'(y). Obviously s’ € X. This shows X ' (z)dy). O

This little proposition suggests a notable difference between FOD and
FOC when it comes to finding proof systems. FOC might, in some ways,
be better suited for adapting proof systems of classical propositional logic
for fragments constructed from propositional sentences by replacing propo-
sitional symbols by FOC formulas.
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Conclusions

In this thesis, I have investigated dependence logic from several aspects. On
the practical side, I have presented some rules for quantifier swapping in
dependence logic and team logic. Such rules are among the basic tools one
must be familiar with in order to gain the required intuition for using the
logic for practical purposes. For comparison, similar rules for the old and
well established logics such as first order logic are so central that they are
taught in elementary logic courses.

I have also looked into Ehrenfeucht-Fraissé (EF) games. I have compared
the EF games of first order logic and dependence logic and I have defined a
third EF game that characterises a mixed case where first order formulas are
measured in dependence rank. I have also provided an effective conversion
between winning strategies.

These two areas of research provide basic facts about dependence logic.
The facts in themselves may not be of particular interest but they form part
of the basic understanding of dependence logic. More such research is needed
before we can claim to understand dependence logic and before the logic can
gain ground in more practical applications.

[ have provided detailed proofs of several translations between dependence
logic, team logic, second order logic and its existential fragment. Translations
can be used in showing a relationship between the expressive powers of two
logics. Translations are also useful on a more detailed level—by inspecting
the form of the translated formulas, one can see how an aspect of one logic
can be expressed in the other logic. For example, in the translation of second
order logic to team logic, one can see how function quantifiers in second order
logic are expressed in team logic by a similar “first order” quantifier and a
suitable D-formula.

In this thesis I have also investigated proof theory in dependence logic,
an area that is mostly untouched in literature. My work in this field is still
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very much in the beginning. My attempts focused on finding a complete
proof system for some modest yet nontrivial fragment of dependence logic.
In particular, I investigated a fragment that one could describe as being a
tiny step from classical propositional first order logic towards dependence
logic. Even this fragment is a “tough nut”. I addressed a key problem in
adapting a known proof system of classical propositional logic to become a
proof system for the fragment, namely that the rule of contraction is needed
but is unsound in its unrestricted form. I provided a proof system for the
fragment but its completeness is yet only a conjecture.

Finally, I have investigated the foundation of dependence logic. I provided
an alternative semantics for the syntax of dependence logic. I call the new
semantics 1-semantics and the old semantics P-semantics because of the way
they relate to first order semantics. Whereas it is always easy to come up
with new semantics, 1-semantics stands out because it is derived from first
order semantics by a natural type shift. This means that 1-semantics reflects
an established semantics in a coherent manner. As a positive side effect, one
can shift any quantifier or connective from first order logic to 1-semantics by
the same shift.

In contrast, in P-semantics the meaning of each connective and quantifier
is defined separately without a unifying principle. This is illustrated by the
fact that one can define disjunction in P-semantics equivalently by referring
to a disjoint union,

X Y ¢ v1p <= there are disjoint ¥, Z s.t. X =Y U Z and
Y = ¢ and Z " ¢, (8.1)

as well as by referring to union of potentially overlapping teams,

X EY ¢V <= thereareY,Zst. X =Y UZ and
Y = ¢ and Z ' ¢. (8.2)

Both (8.1) and (8.2) produce the same semantics. A similar degree of freedom
is in the existential quantifier; one can define it equivalently by extending a
team by a multi-valued function or a single-valued function.

1-semantics is closely related to P-semantics. In terms of formula in-
terpretations, P-semantics is the downward closure of 1-semantics. By this
relationship, one may be able to transfer some results between the two se-
mantics. Because of the downward closure, P-semantics hides some of the
information that 1-semantics carries. In other words, a simple operation
(namely downward closure) can turn the l-interpretation of a formula into
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its P-interpretation, but there is no operation that can turn P-interpretations
into corresponding 1-interpretations.

Despite the fact that the definition of 1-semantics differs only slightly
from P-semantics, 1-semantics has several additional properties. Most im-
portantly, negation is a semantic operation in 1-semantics, just like any other
connective. Negation also behaves differently; the law of excluded middle,
translated suitably from first order logic, holds for 1-semantics. This is re-
lated to the definition of negation as complementing the team in question. In
contrast, the syntactic negation of P-semantics moves to some subset of the
complement of the team in question, depending on the syntax of the formula.

I have provided a detailed translation of existential second order logic
into 1-semantics. Interestingly, it seems natural to translate formulas where
second order quantifiers are function quantifiers. The corresponding trans-
lation into P-semantics works naturally when second order quantifiers are
relation quantifiers. We also know that only downward closed formulas of
existential second order logic can be translated to P-semantics. This comes
as no surprise, of course, knowing that P-semantics is the downward closure
of 1-semantics. 1-semantics is free of this restriction.

Game theoretic semantics is the origin of P-semantics. First there was
game theoretic semantics for first order logic as a two-player game. Hintikka
made a twist in the game, providing a means to hide information from the
players, resulting in independence friendly logic. Hodges then came up with
P-semantics as a representation of game positions of several semantic games
that are played simultaneously. 1-semantics emerges the other way; we start
with the Tarskian semantics for first order logic, 1-shift it to teams, and
finally add D-formulas. In this thesis I have briefly explored how to provide
also a game theoretic form of 1-semantics. I conjecture that the semantic
test procedure will fulfill this task.

The key difference between Hintikka’s semantic game and the semantic
test procedure is the handling of negation. Hintikka’s negation switches the
roles of the two players. This is in effect the same syntactic operation on
compound formulas that I define for P-semantics. Hintikka’s negation is a
dramatic operation from dloise’s perspective—her winning strategy for some
formula ¢ has in general nothing to do with the game that is played on
—¢ because the negation makes Jloise play in totally different places in the
formula. In the semantic test procedure, negation works differently. It lets
dloise keep her strategy. Negation negates the result of one test. This is
of course different from negating the satisfaction of the formula which is
characterised by there existing a strategy for dloise with what the test that
the semantic test procedure specifies for the formula, model and assignment,
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passes.

Dependence logic and independence friendly logic are like twins; the for-
mer is the Tarskian twin and the latter is the game theoretic twin. It seems
that studying one can benefit both via the strong bond they have. After
all, dependence logic emerged from a reformulation of independence friendly
logic. On the other hand, 1-semantics may shed light on game theoretic
semantics. Therefore the study of these logics should not be left for philoso-
phers only as seems to have been the case so far. Logicians from the fields
of mathematics and philosophy have the best chance of making the most out
of these new logics by working together.



Bibliography

1]

[7]

8]

[9]

Kai Briinnler, Deep inference and symmetry in classical proofs, Logos
Verlag, Berlin, 2004, http://www.iam.unibe.ch/~kai/Papers/phd.
pdf.

Kai Briinnler and Alwen Fernanto Tiu, A local system for classical logic,
LPAR 2001 (R. Nieuwenhuis and A. Voronkov, eds.), Lecture Notes in
Artificial Intelligence, vol. 2250, Springer-Verlag, 2001, http://www.
iam.unibe.ch/~kai/Papers/lcl-lpar.pdf, pp. 347-361.

John P. Burgess, A remark on Henkin sentences and their contraries,
Notre Dame J. Formal Logic 44 (2003), no. 3, 185-188 (electronic)
(2004).

Xavier Caicedo, Francien Dechesne, and Theo M.V. Janssen, Fquiva-
lence and quantifier rules for logic with imperfect information, Logic Jnl
IGPL 17 (2009), no. 1, 91-129, http://dx.doi.org/10.1093/jigpal/
§zn030.

Peter Cameron and Wilfrid Hodges, Some combinatorics of imperfect in-
formation, J. Symbolic Logic 66 (2001), no. 2, 673-684. MR MR1833470
(2002e:03046)

Herbert B. Enderton, Finite partially-ordered quantifiers, Z.. Math. Logik
Grundlagen Math. 16 (1970), 393-397.

Alessio Guglielmi, Deep inference and the calculus of structures, Web
site at http://alessio.guglielmi.name/res/cos.

Alessio Guglielmi and Tom Gundersen, Normalisation control in deep
inference via atomic flows, Submitted. http://cs.bath.ac.uk/ag/p/
NormContrDIAtF1.pdf, 2007.

David Harel, Characterizing second-order logic with first-order quanti-
fiers, Z. Math. Logik Grundlag. Math. 25 (1979), no. 5, 419-422.

121


http://www.iam.unibe.ch/~kai/Papers/phd.pdf
http://www.iam.unibe.ch/~kai/Papers/phd.pdf
http://www.iam.unibe.ch/~kai/Papers/lcl-lpar.pdf
http://www.iam.unibe.ch/~kai/Papers/lcl-lpar.pdf
http://dx.doi.org/10.1093/jigpal/jzn030
http://dx.doi.org/10.1093/jigpal/jzn030
http://alessio.guglielmi.name/res/cos
http://cs.bath.ac.uk/ag/p/NormContrDIAtFl.pdf
http://cs.bath.ac.uk/ag/p/NormContrDIAtFl.pdf

122

[10]

[11]

[17]

[18]

[19]

BIBLIOGRAPHY

L. Henkin, Some remarks on infinitely long formulas, Infinitistic Meth-
ods (Proc. Sympos. Foundations of Math., Warsaw, 1959), Pergamon,
Oxford, 1961, pp. 167-183.

Leon Henkin, J. Donald Monk, and Alfred Tarski, Cylindric algebras,
Part I, North-Holland Publishing Co., Amsterdam, 1971, Studies in
Logic and the Foundations of Mathematics, Vol. 64.

Jaakko Hintikka, The principles of mathematics revisited, Cambridge
University Press, 1996.

Jaakko Hintikka and Gabriel Sandu, Informational independence as
a semantical phenomenon, Logic, methodology and philosophy of sci-
ence, VIII (Moscow, 1987), Stud. Logic Found. Math., vol. 126, North-
Holland, Amsterdam, 1989, pp. 571-589.

Wilfrid Hodges, Compositional semantics for a language of imperfect
information, Log. J. IGPL 5 (1997), no. 4, 539-563 (electronic).

, Some strange quantifiers, Structures in logic and computer sci-
ence, Lecture Notes in Comput. Sci., vol. 1261, Springer, Berlin, 1997,
pp. 51-65.

Juha Kontinen and Ville Nurmi, 7Team logic and second-order
logic, 16th International Workshop, WoLLIC 2009, Tokyo, Japan,
June 21-24, 2009. Proceedings, Lecture Notes in Computer Science,
Springer Berlin / Heidelberg, June 2009, http://dx.doi.org/10.
1007/978-3-642-02261-6_19.

Juha Kontinen and Jouko Vaananen, On definability in dependence
logic, Journal of Logic, Language and Information (2009), http://dx.
doi.org/10.1007/s10849-009-9082-0.

Barbara H. Partee, Noun phrase interpretation and type-shifting prin-
ciples, Studies in Discourse Representation Theory and the Theory of
Generalized Quantifiers (Jeroen Groenendijk, Dick de Jongh, and Mar-
tin Stokhof, eds.), Groningen-Amsterdam Studies in Semantics, vol. 8,
Foris Publications, Dordrecht, 1986, pp. 115-144.

Jouko Vaanéanen, Dependence logic: A new approach to independence
friendly logic, London Mathematical Society Student Texts, vol. 70,
Cambridge University Press, 2007.


http://dx.doi.org/10.1007/978-3-642-02261-6_19
http://dx.doi.org/10.1007/978-3-642-02261-6_19
http://dx.doi.org/10.1007/s10849-009-9082-0
http://dx.doi.org/10.1007/s10849-009-9082-0

BIBLIOGRAPHY 123

[20] Wilbur John Walkoe, Jr., Finite partially-ordered quantification, J. Sym-
bolic Logic 35 (1970), 535-555.



Index

sz (tuple as an assignment), 93
s(z — a) (assignment, modified),
10
a(n — a) (tuple, modified), 94
Rel(X) (corresponding relation of a
team), 17
Rel(X, ty,...,t,) (corresponding
relation of a team), 115
2n) (corresponding team of a
relation), 17
C, X, see cylindrification
C., X, see cylindrification
(t1...tp)duy ... uy,), see formula,
C-formula

,,,,,

=(t1,...,tn,u) (D-formula,
Védnénen’s notation), 16
(t1...t,ou, see formula,

D-formula
¢ = 1 (syntactical identity), 8
{ }, see formula, hole
x{©}, see formula, context
1 < ¢, see subformula
Join(¢, 1)), see formula, join
FV(¢) (free variables), 8
Tam, see fundamental predicate
EFYO (M, N), see EF-game, for FO
EF} (M, N), see EF-game, for FO
with dependence rank
EFYOP(M, N), see EF-game, for
FOD
(¢, f,x), see element game
oM, ¢, X), see game, 1-semantic
OFOP (M, ¢), see semantic game,
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for FOD

O59(M, ¢), see semantic game, for
SO

T (existence of winning strategy),
40

T(M, ¢,s,0), see semantic test
procedure

[[gb]]i/t (interpretation), 9

I, (set of interpretations), 51

FOC, see logic, containment

FOD, see logic, dependence

FOD,, (FOD up to rank n), 39

FO, see logic, first order

FO,, (FO up to rank n), 39

FOSOD (FO up to dependence rank
n), 39

SO, see logic, second order

ESO, see logic, existential second
order

TL, see logic, team

¢® = 1), see logical consequence

¢ = 1, see logical equivalence

My, see model, canonical

M =5, N, see equivalent models

M =%, N, see semiequivalent
models

w (natural numbers), 7

P (powerset), 7

¢ F3 1, see derivation

F' (a fragment of FOD), 78

SKSg (a global proof system), 75

SKSgf (a global proof system), 78

SKS (a local proof system), 75
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SKSf (a local proof system), 78

X;, see team, 7-team

X;’A, see team, T-A-team

rank"“P(¢), see rank, dependence

rank”©(¢), see rank, first order

¢(a — B) (replacement), 8

M, X E! ¢, see semantics,
1-semantics

M, X EFOP ¢, see semantics,
dependence

M, s = ¢, see semantics, first order

M, X EF ¢, see semantics,
P-semantics

M, s |= ¢, see semantics, second
order

M, X =T ¢ see semantics, team

Xy, see team, canonical

X;f, see team, ¢-canonical

X, see team, w-closure

XM see team, full

X;, see team, game

X (x + a) (team, modified), 17

X(x — F) (team, modified), 17

(x — M) (team, modified), 17

[V, see team, restricted

|V, see team, co-restricted

XV, see team, cylindrically
restricted

XV, see team, cylindrically
co-restricted

F 'V, see deeply restricted function

g\t see translation, natural
semantic

X
X
X

assignment

first order, 10

second order, 12
atomic flow, 76
axiom of choice, 24, 95, 104

calculus of structures, 73
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conclusion, 74
contractum, 74
cylindrification, 94, 98

deep inference, 73

deeply restricted function, 33

derivation, 74
decomposition, 76, 79

EF-game
for FO, 40
for FO with dependence rank,
44
for FOD, 41
element game, 82
entailment, see logical consequence
equivalent models, 39

flow condition, 78

formula
C-formula, 115
context, 74
D-formula, 16, 26
dependence, 16
first order, 9
flows to, see atomic flow
hole, 74
join, 73
propositional, 11
second order, 12
subformula, see subformula
team, 26

fragment, 9

fundamental predicate, 20

game
EF, see EF-game
Ehrenfeucht-Fraissé, see
EF-game
element, see element game
semantic, see semantic game
1-semantic, 112
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semantic test procedure, see
semantic test procedure

inference, 74
inference rule, 74

language, 7
law of excluded middle, 23, 106
logic, 8
containment, 115
dependence, 2, 15
existential second order, 14
first order, 9
IF, see logic, independence
friendly
independence friendly, 28
independence friendly, 1
paraconsistent, 106
second order, 11
team, 26
logical consequence, 9
logical equivalence, 9

model, 7
canonical, 86
equivalence, see equivalent
models
semiequivalence, see
semiequivalent models

negation, 8, 19
game, 28
paraconsistent, 106
strong, 8, 27

normal form
conjunctive, 11
negation, 11
Skolem, 14
strict negation, 16, 26

premise, 74

quantifier

INDEX

Henkin, 1

partially ordered, see
quantifier, Henkin

shriek, 8, 27

rank
dependence, 39
first order, 39
redex, 74

semantic game
for FOD, 32
for SO, 15
for TL, 28
semantic object, 9
semantic test procedure, 110
passing uniformly, 112
semantics
1-semantics, 100
dependence, 18
first order, 10
game theoretic, 2, 110
P-semantics, 98
second order, 13
team, 26
trump, 2
semiequivalent models, 39
1-shift, 96
similar functions, 57
subformula, 8
immediate, 8
sum, 8, 27

team, 16
w-team
nontrivial part, 96
trivial part, 96
T-team, 82
T-A-team, 82
w-team, 93
w-closure, 99
canonical, 86
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¢-canonical, 87
collection, 81
full, 17
game, 87
restricted, 17
co-restricted, 17
cylindrically restricted, 98
cylindrically co-restricted, 99
tensor, 8, 27
translation, 51
natural semantic, 52
semantic, 51
syntactic, 51
type shifting, 96

universe, 7

variable
bound, 8
determined by, 34
element, 11
free, 8
function, 11
independent of, 34
relation, 11
vocabulary, see language
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