-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Nottingham ePrints

r The Uniyersitg of
M | Nottingham

UNITED KINGDOM - CHINA - MALAYSIA

Pumpluen, Susanne (2018) The multiplicative loops of
Jha-Johnson semifields. Contemporary Mathematics .
ISSN 0271-4132 (In Press)

Access from the University of Nottingham repository:
http://eprints.nottingham.ac.uk/49292/8/Loops.pdf

Copyright and reuse:

The Nottingham ePrints service makes this work by researchers of the University of
Nottingham available open access under the following conditions.

This article is made available under the University of Nottingham End User licence and may
be reused according to the conditions of the licence. For more details see:
http://eprints.nottingham.ac.uk/end_user_agreement.pdf

A note on versions:

The version presented here may differ from the published version or from the version of
record. If you wish to cite this item you are advised to consult the publisher’s version. Please
see the repository url above for details on accessing the published version and note that
access may require a subscription.

For more information, please contact eprints@nottingham.ac.uk



https://core.ac.uk/display/148791088?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:eprints@nottingham.ac.uk

THE MULTIPLICATIVE LOOPS OF JHA-JOHNSON SEMIFIELDS

S. PUMPLUN

ABSTRACT. The multiplicative loops of Jha-Johnson semifields are non-automorphic
finite loops whose left and right nuclei are the multiplicative groups of a field ex-
tension of their centers. They yield examples of finite loops with non-trivial
automorphism group and non-trivial inner mappings. Upper bounds are given for
the number of non-isotopic multiplicative loops of order ¢"™ — 1 that are defined
using the twisted polynomial ring K[t; o] and a twisted irreducible polynomial of

degree m, when the automorphism ¢ has order n.

INTRODUCTION

For loops the role of automorphisms is not the same as for groups, as inner
mappings need not be automorphisms, and almost all finite loops have a trivial
automorphism group [14]. One systematic way to find finite loops with a non-trivial
automorphism group is to find semifields (i.e., finite unital nonassociative division
algebras) with a non-trivial automorphism group, as their multiplicative loops clearly
will also have non-trivial automorphisms. The automorphism groups of semifields,
however, have not been studied in great detail so far, mostly because it is usually
important to understand semifields only up to isotopy. The multiplicative loops and
multiplication groups of semifields were considered for instance in [4, 15, 16].

We look at the multiplicative loops of a family of Jha-Johnson semifields, which
include Sandler and Hughes-Kleinfeld semifields as special cases. These multiplica-
tive loops yield examples of finite loops with both non-trivial automorphism groups
and non-trivial inner automorphisms, which form non-trivial subgroups of their inner
mapping groups.

For their definition, let K = Fy» be a finite field, ¢ an automorphism of K of
order n with fixed field F' = F,, and R = K[t; o] a twisted polynomial ring. Given
an irreducible monic twisted polynomial f € R = K]|t; o] of degree m > 2 that is not
right-invariant (i.e., Rf is not a two-sided ideal), the set of all twisted polynomials
in R of degree less than m, together with the usual addition of polynomials, can be
equipped with a nonassociative ring structure using right division by f to define the
multiplication as goh = gh mod, f, employing the remainder of dividing by f on the
right. The resulting nonassociative unital ring Sy, also denoted by Kt; o]/ K[t;o|f,
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2 S. PUMPLUN

™ and is an example of a Jha-

is a proper semifield over its center F' of order ¢™
Johnson semifield. Its left and middle nucleus is K = [Fy» and its right nucleus is
isomorphic to Fgm. In particular, Sandler semifields [19] are obtained by choosing
n>mand f(t) =t" —a € K[t;o] with a € K \ F, and Hughes-Kleinfeld semifields
by choosing f(t) = t*> — a1t — ag [7], [12].

This nonassociative algebra construction was initially introduced in a more general
setup by Petit [18]. It was used for the first time for semifields by Wene [22] and
then more recently by Lavrauw and Sheekey [13].

The structure of the paper is as follows: in Section 1, we introduce the basic ter-
minology and the algebras Sy. We then determine some subgroups of automorphism
groups of the multiplicative loops Ly = Sy \ {0} of semifields Sy in Section 2 by re-
stricting the automorphisms of Sy to Ly. We give examples of loops of order ¢"" —1
with multiplicative subgroups of order m. The inner automorphisms of the loops L
are treated in Section 3 and certain types of Sandler semifields (also called nonas-
sociative cyclic algebras due to the similarity in their construction and behaviour
to associative cyclic algebras) are studied in Section 4: their loops have nontrivial
automorphism groups containing a cyclic subgroup of order s = (¢™ —1)/(q¢ — 1) of
inner automorphisms, i.e. middle inner mappings. Upper bounds for the number of
isotopic loops obtained as multiplicative loops of Jha-Johnson semifields are briefly
considered in Section 5.

Since the multiplication tables of finite loops yield regular Latin squares, all results
can be carried over to regular Latin squares if desired.

1. PRELIMINARIES

1.1. Nonassociative algebras. Let F be a field and let A be an F-vector space.
A is an algebra over F if there exists an F-bilinear map A x A — A, (z,y) — z -y,
denoted by juxtaposition zy, the multiplication of A. We will only consider unital
algebras which have a unit element denoted by 1, such that 1z = z1 = «x for all
x e A

The associator of A is given by [x,y,z] = (xy)z — x(yz). The left nucleus of
A is defined as Nuc;(A) = {z € A|[x, A, A] = 0}, the middle nucleus of A as
Nucy,(A) = {z € A|[A,z, A] = 0} and the right nucleus of A as Nuc,(A) = {z €
A|[A A, z] = 0}. Nuc(A), Nucy,(A), and Nuc,(A) are associative subalgebras of
A. Their intersection Nuc(A) = {x € Al|[x, A, A] = [A,z,A] = [A A, z] = 0}
is the nucleus of A. Nuc(A) is an associative subalgebra of A containing F'1 and
z(yz) = (zy)z whenever one of the elements z,y, z is in Nuc(A). The center of A is
C(A) ={z € A|z € Nuc(A) and zy = yx for all y € A}.

An algebra A is called a division algebra if for any a € A, a # 0, the left multi-
plication with a, L,(z) = az, and the right multiplication with a, Ry(z) = za, are
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bijective. If A has finite dimension over F, then A is a division algebra if and only
if A has no zero divisors [20, pp. 15, 16]. An element 0 # a € A has a left inverse
a; € A, if Ry(a;) = aja =1, and a right inverse a, € A, if Ly(a,) = aa, = 1.

A semifield is a finite-dimensional unital division algebra over a finite field. It is
called proper if it is not associative.

An automorphism G € Autp(A) is an inner automorphism if there is an ele-
ment m € A with left inverse m; such that G(x) = (myz)m for all z € A. We
denote this automorphism by G,,. The set of inner automorphisms {G,,|m €
Nuc(A) invertible} is a subgroup of Auty(A) [23, Lemma 2, Theorem 3].

1.2. Loops. A loop L is a quasigroup with a unit element, i.e. a set L together with
a multiplicative structure - : L x L. — L such that two of the elements z,y,z € L in
x -y = z uniquely determine the third one. The left and right multiplication maps
are the bijections L, : © — ax, Ry : © — xa on L. The multiplication group MIt(L)
is the permutation group generated by the left and right multiplication maps of L.

We define the middle, left and right inner mappings on L as T, = L; 'Ry, Ly, =
L;xl LyL, and R, = R;yl Ry R,. The inner mapping T} plays the role of conjugation
and measures how commutative the loop is, and the mappings L, , and R, , measure
deviations from associativity. The inner mapping group is defined as Inn(L) = {f €
MIt(L) | f(1) = 1} and it is well-known that Inn(L) = (L y, Rey, Te | 2,y € L).

The set A* of non-zero elements of any division algebra A is a multiplicative
loop. Thus examples of finite loops canonically appear as the multiplicative loops of
semifields. The center, left, right and middle nucleus of the multiplicative loop of a
semifield (defined analogously as for an algebra) are cyclic groups. If A is a semifield
with center F'-1 = F; -1 and ¢" elements, then its multiplicative loop has ¢" — 1
elements and for r > 3, the multiplication group Mlt(A*) is a transitive subgroup
of GL(r, q) [16, Proposition 5.1|. Furthermore,

SL(r, q) < Mlt(A™) < GL(r,q)
([16, Proposition 5.2] or [16, Proposition 2.2]), so that
g =1) (¢ 1) - (¢P=1) < MI(AF)] < ¢TI (g =1) (¢ 1) - (g-1).

In particular, for ¢ = 2, we get |[Mlt(A*)| = 2"0=D/2(2r —1)(2r—1 —1)--- (22 - 1).

For a semifield A, AX is left cyclic (or left primitive) if A* = {a,a®,aC, ..., a1}

1

where the left principal powers a™ of a are defined as a! = a, a(® = a("1q, and

right cyclic (or right primitive) if A* = {a,a2),a3), . ,as_l)} where the the right

n—1)_ For instance, the

principal powers @™ of a are defined as a¥) = a, a™ = aa
multiplicative loops of semifields of order 16, 27, 32, 125 and 343 are all right cyclic.

Semifields of order 81 are left and right cyclic [6].
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A loop L has the weak Lagrange property if for each subloop M of L, |M| divides
|L|, and the strong Lagrange property if every subloop M of L has the weak Lagrange
property. (A loop may have the weak Lagrange property but not the strong one.)

In general, the structure of the multiplicative loop of a semifield is not known.

1.3. Semifields obtained from skew polynomial rings. Let K be a field and
o an automorphism of K. The twisted polynomial ring R = K]|t;o] is the set of
polynomials ag + a1t + - - - + a,t™ with a; € K, where addition is defined term-wise
and multiplication by ta = o(a)t for all a € K [17]. For f = ap+ait+- - -+ a,,t™ with
am # 0 define deg(f) = m and put deg(0) = —oo. Then deg(fg) = deg(f) + deg(g).
An element f € R is irreducible in R if it is not a unit and it has no proper factors,
i.e if there do not exist g, h € R with deg(g),deg(h) < deg(f) such that f = gh.

R = K|t; o] is a left and right principal ideal domain and there is a right division
algorithm in R: for all g, f € R, f # 0, there exist unique r,q € R with deg(r) <
deg(f), such that g = qf + r [8].

Let f € R = K[t; o] have degree m > 1. Let mod, f denote the remainder of right
division by f. Then the additive abelian group

Ry = {g € K[t;o] |deg(g) < m}

together with the multiplication goh = gh mod, f is a unital nonassociative algebra

St = (Rm,o0) over F' = {a € K|ah = ha for all h € S}, which is a subfield of

K [18, (7)]. Sy is also denoted by R/Rf if we want to make clear which ring R

is involved in the construction. In the following, we denote the multiplication by

juxtaposition. Note that when deg(g)deg(h) < m, the multiplication of g and h in

Sy and hence in Ly is the same as the multiplication of g and h in R [18, (10)].
We assume throughout the paper that

m—1
f) =" =" ait’ € K[t; 0]
=0

has degree m > 2, since if f has degree 1 then Sy = K. We also assume that o # id.
W.l.o.g. we may consider only monic f(t), since Sy = S,5 for all a € K*.
From now on,
K =Fgp
is a finite field, ¢ = p” for some prime p, ¢ is an automorphism of K of order n > 1
and thus
F =Fix(0) =Fy,

i.e. K/F is a cyclic Galois extension of degree n with Gal(K/F) = (o). The norm
Ngjp @ K* — F* is surjective, and ker(Ng/p) is a cyclic group of order s =
(¢" —1)/(q —1). Then Sy is a semifield if and only if f is irreducible, and a proper
semifield if and only if f is not right-invariant (i.e., the left ideal Rf generated by f
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is not two-sided), cf. [18, (2), p. 13-03, (5), (9)], or [13]. We will hence assume from
now on that f is not right-invariant and irreducible. Then Sy is a Jha-Johnson
semifield. Moreover, each Jha-Johnson semifield is isotopic to some such algebra
Sy [13, Theorem 16], so in particular, each multiplicative loop of a Jha-Johnson
semifield is isotopic to the multiplicative loop of some algebra S.

Let Ly = S;\ {0} denote the multiplicative loop of the proper semifield S¢. Then

|Lfl =¢™ —1, Nuc(Ly) = Nucpy(Ly) = K> = F;n
and Nuc,(Sf) = {9 € R | fg € Rf} = Fyn implies Nuc, (L) = IFqu.

Proposition 1. ([2, Proposition 3]) Let f(t) € F[t] = F[t;o] C K[t;o] be monic,
irreducible and not right-invariant. Then Nuc,(Ly) = F[t|/(f(t))*. In particular,
Nuc(Ly) = F* -1 and ft € Rf.

Remark 2. (i) The powers of ¢ are associative if and only if "¢t = ¢t in Sy if and
only if t € Nuc,(S) if and only if ft € Rf [18, (5)]. Note that the associativity of
the powers of ¢ does not imply that Sy is a field.

(ii) The powers of ¢ form a multiplicative group in Sy if and only if f(t) € F[t] [18,
(16) or (20)].

(iii) Note that f(t) € K[t; o]\ F[t; o] is never right-invariant and that if f(t) € F]t]
has degree m < n, then f(t) € K[t;o] is also never right-invariant in K|[t;o|. For
n = m the only right-invariant f(t) € F[t| are of the form f(¢) =" — a, and these
polynomials are reducible. Hence all irreducible polynomials in F'[t] of degree n are
not right-invariant in K[t; o].

By [10, Lemma 10], we have
IMIt(Lp)| = [Lg|[Ton (L) = (¢™" = 1)[Ton(Ly)[.

We will focus on those Jha-Johnson semifields which are algebras Sy, and apply the
results from [2]. We concentrate on the case that n > m — 1. For n < m — 1 similar
but weaker results can be obtained.

2. THE AUTOMORPHISMS OF THE MULTIPLICATIVE LOOPS OF Sf

Let f(t) =t™ — Z?;Bl a;t' € K[t; o] be irreducible and not right-invariant. Let
Ly be the multiplicative loop of Sy. We obtain the following necessary conditions

for a loop automorphism of L:

Proposition 3. Let H € Aut(Ly) be a loop automorphism.
(i) H|gx =7 for some T € Aut(K™).
(ii) If o has order n > m — 1 then H(t) = kt for some k € K*.
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(iii) If o has order n >m — 1 then for alli € {1,...,m —1} and z € K*,
H(zt') = H(2)H () = 7(2)(kt)} = T(z)(ﬁal(k))ti
(iv) If ¢ has order n > m — 1 then
H(t) = H{t)! = (kt)' = (Hal(k))ti

foralli € {1,...,m}. In particular, H( i alt’) =ko(k)---o™ (k) 22"01 a;t'.

Proof. (i) Since Ly is not associative, Nuc;(L) = K*. Since any automorphism
preserves the left nucleus, H(K*) = K* and so H|gx = 7 for some 7 € Aut(K™).
(i) Suppose H(t) = 37" kit? for some k; € K. Then we have

(1) H(tz) = Z kit')T Z kot (1(2))t!
and

m—1
(2) H(tz) = H(o(2)t) = H(o(2)H(t) = > 7(0(2))kit’

(2
for all z € K*. Comparing the coefficients of ¢ in (1) and (2) we obtain

(3) kio'(7(2)) = kir(0" (2)) = 7(0(2))ki = kiT(0(2))
for all i € {0,...,m — 1} and all z € K*. This implies k;(1(c(2)) — 7(c(2))) = 0
for all ¢ € {0,...,m — 1} and all z € K since ¢ and 7 commute, i.e. k; = 0 or

7(0%(2)) = 7(0(2)), that means (since 7 is bijective)
(4) ki =0 or 0'(2) = o(2)
for all i € {0,...,m — 1} and all z € K*.
Since o has order n > m—1, 0° # o foralli € {0,...,m—1}, i # 1, so (4) implies
ki =0 for all i € {0,...,m — 1}, i # 1. Therefore H(t) = kt for some k € K*.
(iii) For all i € {1,...,m — 1} and z € K,

1—1
H(=tY) = H()H(1)! = 7(2)(kt)! = 7(2) ( I1 a’(k))ti
=0

(iv) By (iii) we have H(t) = H(t)! = (kt)i = (Hl Lo (k))ti for all i € {1,...,m —
1}. Moreover, we know that t™ = tt™~tand H(tt™ ') = H{t)H(t™ ') = H{t)H(t)™ !,

i.e.

Ht)™ = HOH®)™ ' =ko(k)--- o™ (k)" = ko(k)--- o™ (k) > ait’.
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This gives H(t)™ = H(t™) = H(Zmolalﬁ) = ko(k) o™ (k) S0 agtt. We
obtain

H( . aiti> - ka(k)---am_l(k)nfaiti.
= i=0

or in other words, H(t™) = ko (k) --- o™ L (k)t™. O

~
o

A closer look at the proofs of [2, Theorem 4, 5] shows that these can be generalized
to obtain the following statement:

Theorem 4. (i) Let n > m — 1. Then a map H : Sy — S} is an automorphism
of the ring Sy if and only if H = H, ), where T € Aut(K) and

H, ( Z zit") = 7(w0)+7(21) kt+7(x2) ko ()2 + - A7 (p_1)ko (k) - - - o™ 2 (k)t™ L,
with k € K* such that

(5) (a;) = ( 11 Jl(k‘)>ai

for allie {0,...,m—1}.
(i) Let n < m — 1. For all k € K* satisfying Equation (5) the maps Hr ), from (i)
are automorphisms of the ring Sy and form a subgroup of Aut(Sy).

Corollary 5. Let 7 € Aut(K) and k € K* satisfy (5) for all i € {0,...,m — 1}.
Then

H Z zit') = 7(x0)+7(x1) kt+7(22) ko (k)2 +- - AT (2p1)ko (k) - - o™ 2 (k)™

s an automorphzsm of the multiplicative loop Ly which extends to an automorphism
of the ring Sy. For all k € K* satisfying (5) and 7 € Aut(K), the automorphisms
H,j form a subgroup of Aut(Ly).

Remark 6. (i) Let n > m — 1. For all 7 € Autp(K*) and k € K* such that
7(a;) = ( ot Jl(k)>ai for all i € {0,...,m — 1}, a tedious calculation shows that

m—1 m—1 i—1
(6) Hep(Y - ait’) =7(o) + > 7(@) ([ o' (),
=0 =1 =0

is only an automorphism of Ly, if 7 is additive. So if there are automorphisms of
L not induced by automorphisms of Sy, they will not have the form H, .
(ii) Let G be a ring automorphism of R = K|[t;0]. Then for h(t) = >.i_,bit' € R

we have
m—1 i—1

G(h(t)) = 7(bo) + > 7(b) [[ o (k)"

1=1 =0
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for some 7 € Aut(K) and some k € K* ([13, Lemma 1], or cf. [11, p. 75]). The
automorphisms H j of Aut(Ly) with 7 € Aut(K) a field automorphism are canoni-
cally induced by the automorphisms G of R which satisfy (5): It is straightforward
to see that Sy = S5y [13, Theorem 7] and consequently, Ly = Lg(y). In particular,
if k € K* satisfies Equation (5) then

thus G induces an automorphism of L.

From [2, Theorem 4] we obtain analogously as in the proofs for [2, Theorems 7, §]
that the subgroups of Aut(Ly) that are induced by automorphisms of Sy restricted
to Ly, all are subgroups induced by the automorphisms of Sandler semifields for

certain f:

Proposition 7. Let g(t) = t™ — Y7 bit' € K[t; 0] be irreducible and not right-
invariant. Let

f(t) =t" —by € K[t;o] such that bp € K\ F

or more generally,
m—1 )
f&) =" =" at’ € K[t; o],
i=0

where a; € {0,b;} for alli € {0,...,m — 1}, be irreducible and not right-invariant.
Then

{H € Aut(Ly) | H extends to some H,j € Aut(Sy)}
s a subgroup of

{H € Aut(Ly) | H extends to some H, ) € Aut(Sy)}.

Proposition 8. Suppose f(t) = t™ — Y7 L aitt € F[t] C K[t; 0] is irreducible and

not right-invariant.

(1) (12, Theorem 11]) (Hy 1) = Z/nZ is a cyclic subgroup of Aut(Ly).

(i) ([2, Corollary 20]) Suppose anm—1 € F*. Then for all T € Aut(K), the maps
H. 1 are ring automorphisms of S¢, and thus Aut(K) is isomorphic to a subgroup
of Aut(Ly).

(iii) (Remark 2) The powers of t form a multiplicative group of order m in the loop
Ly which has order ¢ — 1.

Example 9. Write K = F, so that with K = Fyn, ¢ = p" we have [ = nr. For
r # 0 choose
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i.e. Fix(c) = Fpr = F and o has order n. Let K* = (a) and m be a prime divisor
of p¢d(rl) —1 = p" — 1. Then there is some a € K* such that K[t; 0]/K[t;o](t™ — a)
is a proper semifield if and only if

ged((p' = )(p" = 1),(p"™ — 1)) >p" — 1.

These a € K* are given by a = o for any u & Z(p™ — 1)(p" — 1)~ L.
For m = 2,3, the assumption that m divides p" — 1 is not needed. Note that for

(p,m) € {(11,5),(29,7),(67,11),...}

where p = 1 mod m and where [ = nr is a multiple of m, sufficient conditions are
easier to find ([18, (22)]). This way we obtain loops of order |K|™ —1 = p™"" — 1
with left and middle nucleus sz -1 and center Fpr - 1. For n > m these are the
multiplicative loops of Sandler semifields. Using the results on the automorphisms
of Sy for f(t) =t™ —ain [2] (cf. also [1, Corollary 5.32]) or simply a straightforward
calculation, we can conclude the following: Let s = (p" —1)/(p" — 1). If w is an
sth root of unity in K, then H,q, € Aut(Sf) and the subgroup of automorphisms
(Hja,) is isomorphic to the cyclic subgroup in K of all the sth roots of unity in
K, which has

m

pm—1
- 7pl71)
pr—1

elements. Therefore there are at least S(r,m,!) distinct automorphisms of Ly of

S(r,m,1) :gcd(

the form H;q, with k an sth root of unity, which form a subgroup of Aut(L¢). In
particular we have:

(i) If p = 1 mod m then S(r,m,l) > m and so there are at least m automorphisms
of Ly of the form Hjq, which form a subgroup of Aut(Ly).

(ii) Suppose [ is even and at least one of r,m is also even. Then if p = —1 mod m,
there are at least m automorphisms of Ly of the form Hjqy, which form a subgroup
of Aut(Ly).

(iii) Suppose p is odd and m = 2. Then Aut(Ly) is not trivial by (i).

Example 10. Suppose K = F;;2 and o(z) = o', Then o has order n = 2. Write
K* = (a) and choose a = a'?, then for f(t) =t> — a,

Sy = K[t;0]/K[t; 0)(t° — a)

is a proper semifield over F' = [F11, where the powers of ¢ form a multiplicative group
[18, (22)]. Its multiplicative loop has order 111°—1, left and middle nucleus (F;2)* -1
and right nucleus isomorphic to (Fq1[t]/(t* — a))X = (Fyy5)*. Thus its nucleus is
(F11)* - 1 and equals its center. It has a subgroup of order 5 generated by ¢ and is
clearly not weak Lagrangian. Its automorphism group contains (H, 1) = Z/27Z as
a subgroup (Proposition 8). It also contains at least 5 automorphisms of the form
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Hiq ) by Example 9 (iii). Since the nucleus of Ly equals its center, there are no
non-trivial inner mappings of Ly induced by inner automorphisms of Sy and

11%(11° — 1) -+ (112 = 1) < |Inn(Ly)] < 11%(11° — 1) -+ (112 = 1)10;
see the next Section.

Example 11. Let f(t) = t?> — ait — ap € K|[t;o] be irreducible and not right-
invariant. Then Sy is a Hughes-Kleinfeld semifield. Ly is a loop of order @ —1
with left and middle nucleus K -1 = F -1 and right nucleus IF;(Q -1. For ag,a; € F*,
Aut(Sy) = Z/nZ, so Aut(Ly) contains a cyclic subgroup of order n. (If ap € K\ F
and a; € F* then Aut(Sy) is trivial.) We know that f(t) = t? — a1t — ag € K|[t; 0]
is irreducible if and only if zo(2) + a1z — ap = 0 has no solutions in K (e.g. see [18,
(17)]). If o has order 2 and a1 # 2, then f(t) = t*> — a1t — ag € F|[t] is irreducible in
K|t; o] if and only if it is irreducible in F[t] [18, (23)].

Example 12. Let F' = F5 and K = Fj3, with ¢ generating the Galois group of
K/F. Let f(t) = t* — 2 € K[t;o]. The multiplicative loop Ls of the Hughes-
Kleinfeld semifield Sy has order 56 — 1 = 15624 with left and middle nucleus F;s -1
and right nucleus F3; - 1. By [23, Example 16], Aut(L¢) contains a cyclic subgroup
of order 6.

3. INNER AUTOMORPHISMS

Let f € K]|t; o] have degree m, and be monic, irreducible and not right-invariant.
Because of [Inn(Ly¢)| = [MIt(Ls)|/(¢™" — 1), the size of the inner mapping group
is bounded by

mnlmn=/2(gmn=l — 1) (¢? = 1) < [Inn(Ly)| < g™ (g = 1) (g - 1);

cf. Section 1.3. In particular, for ¢ = 2, we get |Inn(L;)| = 2mn(mn=1)/2(gmn=1 _
1)---(22 — 1). If the semifield A = K[t;o]/K|t;o]f has a nucleus which is larger
than its center F'- 1, then the inner automorphisms {G.|0 # ¢ € Nuc(A)} with
G.(z) = cxc™! form a non-trivial subgroup of Autg(A) [23, Lemma 2, Theorem 3]
and each such inner automorphism G. extends idyyc(4)- In particular, the elements
in {G¢|0 # ¢ € Nuc(A)} are middle inner mappings 7, and {G.|0 # ¢ € Nuc(A)}
is a non-trivial subgroup of loop isomorphisms in Inn(Ly).
[3, Proposition 8] yields immediately:

Proposition 13. Suppose N = Nuc(Ly) = qul for some integer 1 <1 <n. Then
Ly has

(¢ =1)/(a=1)
inner automorphisms which extend to an inner automorphism of Sy and thus all are

middle inner mappings. They are determined by the ¢' elements in its nucleus that
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do not lie in F' and are all extensions of idy.

In particular, if Ly has nucleus K* -1 then there are exactly

s=(¢"—-1)/(qg—1)
inner automorphisms of Ly which extend to an inner automorphism of Sy and thus

are middle inner mappings. All extend idg~ and have the form H;qy for a suitable
ke K*.

[3, Proposition 9] yields:
Proposition 14. Let n > m — 1. Then there exist at most

ker(Nge/p)|l = (¢" —1)/(q — 1)
distinct inner automorphisms of Ly that extend to Hiqy such that Ni p(k) = 1.
These are middle inner mappings on Ly.

Proposition 14 and Proposition 13 imply the following estimates for the number
of middle inner mappings 7. that are inner automorphisms of L:

Theorem 15. Letn > m—1. If Ly has nucleus K> -1 then it has at least s = (¢" —
1)/(q — 1) inner automorphisms extending idyg=. These form a cyclic subgroup of
Aut(Ly) isomorphic to ker(Ng/p), and a cyclic subgroup of middle inner mappings
in Inn(Ly) isomorphic to ker(Ng ).

Hence if N = Nuc(Ly) = ]F;l -1, is strictly contained in K>, [ > 1, then L; has
at least ¢ inner automorphisms extending ¢dy, with

I _ n __
¢-1_, -1
g—1~— 7 qg—1

These are middle inner mappings on L.

Corollary 16. Let n > m — 1 and assume that Ly has nucleus K* - 1. Then

n
-1
H{T. € Inn(Ly¢) | T. automorphism}| > q T
q J—
Example 17. As in Example 9, write K = F,;, so that ¢ = p" with [ = nr, and for
r # 0 choose o (x) = 2", i.e. Fix(c) = F,r = F and o has order n. Let f(t) = t™—a.

By a straightforward calculation (cf. also [1, Section 5]) we obtain immediately:

" — 1)th root of unity, then G, is an inner automor-

(i) If c € K* is a primitive (p
phism of Ly.

(ii) If pocd(rmil) ~ pged(nl) then there exists a non-trivial inner automorphism G, in
Ly for some (p"™ —1)th root of unity ¢ € K*, which is not a (p" —1)th root of unity.
(iii) Suppose rml|l. Then K contains a primitive (p"™ — 1)th root of unity ¢

and Aut(Ly) has a cyclic subgroup (G.) of inner automorphisms of order s =
(™ =1)/(p" = 1).



12 S. PUMPLUN

4. NONASSOCIATIVE CYCLIC ALGEBRAS

4.1. An algebra Sy with f(t) =t™ — a € K[t; o] irreducible, a € K \ F and n > m
is called a Sandler semifield [19]. Since (t™ ')t = at and t(t"™"1t) = ta = o(a)t,
a Sandler semifield is not (m + 1)th power-associative. For m = n, these algebras
are also called nonassociative cyclic (division) algebras of degree m and denoted by
(K/F,o0,a), as they can be seen as canonical generalizations of associative cyclic
algebras. We have
(K/F,0,a) = (K/F,o0,b)

if and only if o*(a) = kb for some 0 < i < m — 1 and some k € F* [2, Corollary 34].

m—1

If the elements 1,a,d?,..., a are linearly independent over F' then (K/F, 0, a)

is a semifield. In particular, if m is prime then every a € K \ F yields a semifield
(K/F,o0,a).

In this section let a € K\ F and f(t) = t™ — a € K]Jt; o] be irreducible (i.e. a
does not lie in any proper subfield of K/F), o have order m and

A= (K/F,o0,a) = K[t;o]/K[t;o](t" — a).
Then Nuc;(A*) = Nucy,(A*) = Nuc,(A*) = K* - 1. A* has exactly s = (¢ —
1)/(¢ — 1) inner automorphisms, all of them extending idx. These are given by the
F-automorphisms H;q, for all [ € K such that N, r(l) = 1. The subgroup they
generate is cyclic and isomorphic to ker(Ng,p). Moreover, SL(m?,q) < MlIt(A*) <
GL(m?, q) implies

202 m2 m2—
g DR 1) (g = 1) (P - 1)
< MI(AS)] < (g™ = 1g™ VR 1) (g - ),
and
202 m2— m2(m2— m2—
gD (g 1) < [ (A%)] < DR 1) (g ),
In particular, for g = 2,
MIt(AX) = 2m*(m*=D/2(9m* _ 1y(gm*=1 _1)... (22 — 1),
Inn(AX) = 27 (m*=1/2(gm*~1 _1)... (22 _ 1),

By Corollary 16 we know that [{T. € Inn(A*) |7, automorphism}| > s. In other

words:

Proposition 18. [3, Proposition 16] Let « be a primitive element of K, i.e. K* =
(o). Then (Ga) C Aut(A™) is a cyclic subgroup of inner automorphisms of order

s=(q"—-1)/(g—1).

Corollary 19. For every prime number m there is a loop L of order qm2 — 1 with
center F; -1, left, middle and right nucleus qum -1 and a non-trivial automorphism

group with a cyclic subgroup of inner automorphisms of order s.
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Proof. L is the multiplicative loop of a nonassociative cyclic division algebras of
degree m over F,. O

Example 20. There can be non-isomorphic Jha-Johnson semifields Sy of a given
order me with different nuclei. For example consider ¢ = 2 and n = m = 4. Then
for any a not contained in any proper subfield of Fy4 /F5, we have the nonassociative
cyclic algebra A = (Fq1/Fs,0,a) of degree 4. A* has 2!6 — 1 elements, left, right
and middle nucleus IF2X4 -1 and center FJ - 1,

|M1t(AX)’ — 216(16—1)/2(216 - 1)(215 o 1) . (22 o 1)’

‘IDH(AX” — 216(1671)/2(215 . 1) . (22 o 1)’

and |{T. € Inn(Ly)|T, automorphism}| > 15. Alternatively, we can construct the
multiplicative loop of a semifield with 2'6 — 1 elements choosing ¢ = 16 and n =
m = 2 (i.e., of a nonassociative quaternion algebra A = (Fys/F16,0,a)). In this case

the left, middle and right nucleus is FJ5 - 1 and the center F - 1. Then we get

165(16% —1)(16% —1)--- (162 —1) < |MIt(AX)| < 16%(16 —1)(163 —1) - -- (162 —1)15,

165(16% — 1) --- (16% — 1) < [Inn(A*)| < 165(16% — 1) - -- (16* — 1)15,
and |{T, € Inn(Ly) | T. automorphism}| > 17.

We obtain an upper bound on the number of non-isomorphic loops arising from

the nonassociative cyclic algebras of a fixed degree m from [3, Theorem 31]:

Theorem 21. Let [K : F] = m.
(i) If m does not divide ¢ — 1 then there are at most

q" —q
m(qg —1)

non-isomorphic multiplicative loops of order qm2 — 1 arising from nonassociative
cyclic algebras (K/F,o0,a) of degree m.

(ii) If m divides ¢ — 1 and is prime then there are at most

" —q—(g—-1)(m—1)

m—l—i—q
m(q —

non-isomorphic multiplicative loops of order ¢ — 1 arising from nonassociative

cyclic algebras (K/F,o,a) of degree m.
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4.2. The automorphism groups. In this subsection, we assume that F is a field
where m is coprime to the characteristic of F', and that F' contains a primitive mth
root of unity w, so that K = F(d) where d is a root of some t™ — ¢ € F[t|. Let
s = (¢"™ —1)/(qg —1). The following results are implied by the theorems on the
automorphism groups for the related algebras Sy [3, Theorems 19, 20]:

Theorem 22. Let Sy = (K/F,0,a) where a = A" for some i € {1,...,m — 1},
AeFx.

(a) Suppose m is odd or (¢ — 1)/m is even. Then Aut(Ly) contains a subgroup
isomorphic to the semidirect product

(7) Z/ (= )2 9y 2/ (mu),

where 1 = m/ged(i,m). Its automorphisms extend to automorphisms of Sy.
(b) Suppose m is prime and divides q — 1.
(i) If m =2 then Aut(Ly) contains a subgroup isomorphic to the dicyclic group
Dic; of order 4l = 2q + 2.
(ii) If m > 2 then Aut(Ly) contains a subgroup isomorphic to the semidirect
product

(8) Z/(i)z x4 Z/(m2)Z.
m
The automorphisms in these subgroups extend to automorphisms of Sy.

Corollary 23. Let F' have characteristic not 2, K/F be a quadratic field extension
and Sy = (K/F,0,a) a nonassociative quaternion algebra.

(i) If a # Ad for any A € F*, then Aut(Ly) contains a subgroup isomorphic to
the cyclic group Z/(q + 1)Z. All the automorphisms in this subgroup are inner and
extend to automorphisms of Sy.

(it) If a = Ad for some X\ € F*, then Aut(Lys) contains a subgroup isomorphic to
the dicyclic group of order 2q + 2 and all its elements extend to automorphisms of

S;.

Note that nonassociative quaternion algebras (where m = 2 in Theorem 22) are
up to isomorphism the only proper semifields of order ¢* with center F'-1 and nucleus
containing the quadratic field extension K of F' (embedded into the algebra as K -1
as usual) [21, Theorem 1]. For the loop Ly of a nonassociative quaternion algebra,

¢(q" = 1)(¢® = 1)(¢* — 1) < MIt(Lys)| < ¢°(¢* — 1)(¢* — 1)(¢° — 1)(g — 1).

Example 24. Let F' = Fy and let K = Fy, then K = {0, 1, z, 1+2} where 22 +2+1 =
0. There is up to isomorphism only one nonassociative quaternion algebra which
can be constructed using K/F given by (K/F,o,z) [3, Example 30]. This is up
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to isomorphism the only proper semifield of order 16 with center F' -1 and nucleus
containing K - 1.

Its F-automorphism group consists of inner automorphisms and is isomorphic
to (Gy) = Z/37Z. Its multiplicative loop L thus has 15 elements, left, right and
middle nucleus Fj - 1, center FJ - 1 and non-trivial automorphism group containing
(Gy). L is right cyclic. The inner mapping group of L contains a cyclic subgroup
of inner automorphisms isomorphic to Z/3Z induced by the inner automophisms of
the algebra. We know |Inn(L)| = 1344 and |MIt(L)| = 20 160.

Example 25. Let FF = F3 and K = Fy, i.e. K = Fla]/(2% —2) = {0,1,2, 2, 2,
x+1,x+2,2x+1,22+2}. There are exactly two non-isomorphic semifields which are
nonassociative quaternion algebras with nucleus K - 1, given by A; = (K/F,0,)
with Autp(A4;) =& Z/4Z and by Ay = (K/F,0,x + 1) with Autp(Asz) isomorphic
to the group of quaternion units, the smallest dicyclic group Dicy (of order 8) [3,
Example 32|. These are up to isomorphism the only two proper semifields of order
81 with center F -1 and nucleus containing K - 1 [21, Theorem 1]. They are listed
as cases (X) and (XI) in [5].

Their multiplicative loops Li and Lo both have order 80, left, middle and right
nucleus F - 1 and center F3 - 1. Both are left and right cyclic. Their multiplicative
mapping group has 12130 560 elements and their inner mapping group has 151 632
elements. The automorphism group of L; and the inner mapping group of L; con-
tain a subgroup of inner automorphisms which is isomorphic to Z/4Z, while the
automorphism group of Lo contains a subgroup of order 8 isomorphic to the group
of quaternion units Dics, all of whose elements can be extended to automorphisms
of S f-

Example 26. Let F = F5 and K = Fo5 = F5(1/2). Then
(F5(V2)/Fs,0,V/3)
is a nonassociative quaternion division algebra with |[Aut(Ls)| > 12 and
(F5(V2)/Fs5,0,1 + 2/2)

is a nonassociative quaternion division algebra with |Aut(Ly)| > 6. The algebras
are non-isomorphic [23, Example 13]. Their multiplicative loops have order 5* — 1 =
624, left, middle and right nucleus FJ; - 1 and center FZ - 1. Their multiplicative
mapping group has 29 016 000 000 elements and their inner mapping group 46 500 000

elements.

5. ISOTOPIES

Two semifields A and A’ are isotopic if there are linear bijective maps F,G, H :
A — A’ such that for all z,y € A, we have F(2)G(y) = H(xzy). The triple (F, G, H)
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is called an isotopism. Any isotopy of semifields canonically induces an isotopy of
the multiplicative loops L and L’ of A and A’.

Note that if f and g are similar irreducible monic polynomials of degree m, i.e.
gu = 0mod f for some 0 # u € R,,, then Ly and L, are isotopic loops by [13,
Theorem 7].

Indeed, Kantor showed that there are less than 74/loga(r) non-isotopic semifields
of order r that can be obtained through our construction [9], so that there are
less than r4/log2(r) non-isotopic loops of order r — 1 obtained as their multiplicative
loops. By [13, Section 8], we have some more upper bounds on the number of isotopic
loops which can be obtained as multiplicative loops of Jha-Johnson semifields:

Let N(q,m) = |I(q,m)| where

Hgm)] = = S u@g™ = T

m
l/m

is the number of monic irreducible polynomials of degree m in the center of R which
is Fyly] = Fy[t"; 0]. Here, p is the Moebius function, and 6 the number of elements
of Fgm contained in a proper subfield Fge of Fgm. Let A(g,n, m) denote the number
of isotopy classes of semifields A = K[t;o|/K[t; 0] f(t) of order ¢"™ defined using
f(t) € K[t; o] as in the previous sections, with

(IC(A)], [Nuc;(A)], [Nuc, (A)], [Nue,(A)]) = (¢,4", 4" ¢™)

Then
q" -0

A(g,n,m) < N(g,m) = —

and, even stronger,
A(g,n,m) < M(q,m)
with M(q,d) being the number of orbits in (g, m) under the action of the group
G =TL(1,q) ={(\p) [A €F,p € Aut(F,)}
on I(q, m) defined via
FNNy) = AT (Ay).

For ¢ = p" we have

m_ g m_ g
L= < M(gm) <2
mr(qg—1) m

[13]. These are also upper bounds for the number of non-isotopic multiplicative

loops A* of order ¢™ — 1 defined using A.

Example 27. (i) For ¢ = 2,3,4,5 and n = m = 2 we have the tight bound
M(q,m)=1,2,1,3 [13] and so there is up to isotopy exactly one loop L with

(IC(L), Nuey(L)], [Nucn (L)], [Nuer (L)) = (¢~ 1,¢° = 1,¢* = 1,¢° — 1)
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that is the multiplicative loop of a Jha-Johnson semifield when ¢ = 2,4, and at most
2 (respectively 3) loops, when g = 3 (respectively 5).

When ¢ = 2 this loop is given by the invertible elements in the nonassociative
quaternion algebra in Example 24. When ¢ = 3 (respectively, 5) there are the two
non-isomorphic, and hence necessarily also non-isotopic, nonassociative quaternion
algebras in Examples 25 and 26. It is not clear if the corresponding two multiplicative
loops are isotopic or not.

(ii) If ¢ = p and ged(p — 1,m) = 1 then

N(p,m) _ ¢" -0

p-1)  mp-1)

and so there are at most (¢ — 0)(m(p — 1)) non-isotopic loops L of order p™" — 1
with

M(p,m) =

(IC(L)], Nucy (L), [Nucy, (L), [Nuer(L)]) = (p — 1,p" = 1,p" = 1,p™ — 1)
which arise as the multiplicative loop of a Jha-Johnson semifield.

We conclude by noting that it would be interesting to also obtain lower bounds
for the number of isotopy classes of loops arising from this construction.
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