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Abstract

Some 76 years ago Paul Turdn was the first to establish lower estimations of the
ratio of the maximum norm of the derivatives of polynomials and the maximum
norm of the polynomials themselves on the interval I := [—1,1] and on the unit
disk D :={z € C : |2| <1} under the normalization condition that the zeroes
of the polynomial all lie in the interval or in the disk, respectively. He proved
that with n := degp tending to infinity, the precise growth order of the minimal
possible ratio of the derivative norm and the norm is y/n for I and n for D.

Eréd continued the work of Turan and extended his results to several other
domains. The growth of the minimal possible ratio of the co-norm of the deriva-
tive and the polynomial itself was proved to be of order n for all compact convex
domains a decade ago.

Although Turan himself gave comments about the above oscillation question
in L7 norms, till recently results were known only for D and I. Here we prove that
in L? norm the oscillation order is again n for a certain class of convex domains,
including all smooth convex domains and also convex polygonal domains having
no acute angles at their vertices.
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1. Introduction

1.1. The oscillation of a polynomial in mazimum norm

At the turn of the 19th and 20th centuries, the first estimates of the deriva-
tive of a polynomial via the maximum of its values appeared. They were obtain
by V.Markov in 1889, for algebraic polynomials on an interval, by Bernstein and
M. Riesz in 1914, for trigonometric polynomials on [0, 27| and algebraic polyno-
mials on the unit circle. In 1923, Szegé [52] obtained an estimate for a large class
of (not necessarily convex, but piecewise smooth) domains. Namely, if K C C
is a piecewise smooth simply connected domain, with its boundary consisting
of finitely many analytic Jordan arcs, and if the maximum of the outer angles
at the joining vertices of these arcs id] B € [m,2x], then the domain admits a
Markov type inequality of the form ||p’|| , < cxn?/?||p|| for any polynomial p
of degree n. Here the norm ||-|| := ||-|| , denotes sup norm over values attained
on K. This inequality is essentially sharp for all such domains. In particu-
lar, this immediately implies that for analytically smooth convex domains the
Markov factor is O(n). For the unit disk

D:={zeC : |z2|<1}
even the exact inequality is well-known:

1" lp < nllpllp- (1)

This was conjectured, and almost proved, by Bernstein [9, [10]; for the first
published proof see [44]. Similarly, the precise result is also classical for the unit
interval

I:=[-1,1]

then we have Markov’s Inequality [|p’||; < n?||p|l;, which is sharfd, see [34].
In 1939 Paul Turédn started to study converse inequalities of the form

A
1P ll e = cxn”llpll -

Clearly such a converse can only hold if further restrictions are imposed on
the occurring polynomials p. Turdn assumed that all zeroes of the polynomials
belong to K. So denote the set of complex (algebraic) polynomials of degree
(exactly) n as P, and the subset with all the n (complex) roots in some set
K C Cby P,(K). Denote by I the boundary of K. The (normalized) quantity
under our study is the “inverse Markov factor” or “oscillation factor”

||p/||Lq(r)
My (K):= inf M,(p with M,(p) i = —————=, 2
oK) PEP(K) a(?) (?) 120l Loy &

1If the domain is bounded, then for all directions it has supporting lines, whence there are
points where the outer angle is at least .

2Note that in this case the outer angles at the break-points of the piecewise smooth bound-
ary are exactly 27 at each end.



where, as usual,

1/q
Ipll, : = el oy = (/ |p<z>|q|dz|) . (0<g<0)

[Pl = = llpll oo (ry = sup |p(2)| = sup [p(z)].
zell zEK

Theorem A (Turdn, [56, p. 90]). If p € P,(D), then we have

n
17115 > 5 lpl - (3)

Theorem B (Turédn, [56, p. 91]). If p € P,(I), then we have

i

n
191l > S Il

Inequality (B]) of Theorem [Alis best possible. Regarding Theorem [Bl Turan
pointed out by example of (1 — 22?)" that the \/n order is sharp. Some slightly
improved constants can be found in [6] and [31], however, the exact value of the
constants and the corresponding extremal polynomials were already computed
for all fixed n by Erdéd in [21].

Now we are going to describe results concerning Turdn-type inequalities (2])
for general convex sets. To study (2]) some geometric parameters of the convex
domain K are involved naturally. We write d := d(K) := diam(K) for the
diameter of K, and w := w(K) := width(K) for the minimal width of K. That
is,

d(K) = g
(K) Z,{g,%gKlz 2",

— i Y _ mi iy
w(K) := Ver[ltilfrl)ﬂ] (Izne%%(ze ) min R(ze )) .
Note that a (closed) convex domain is a (closed), bounded, convex set K C C
with nonempty interior, hence 0 < w(K) < d(K) < oo.

The key to Theorem [A] was the following observation, which had already
been present implicitly in [56, the footnote on p. 93] and [21] and was later
formulated explicitly by Levenberg and Poletsky in |31, Proposition 2.1].

Lemma C (Turan). Assume that z € 0K and that there exists a disc Dr =
{¢eC : |- 2| =R} of radius R so that z € dDgr and K C Dgr. Then for
all p € Pp(K) we have

P (2)] =z 5plp(2)]. (4)

The proof of this is really easy, so let us recall it for completeness.
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Given this elementary observation, Levenberg and Poletsky found it worth-
while to formally define the crucial property of convex sets, necessary for drawing
such an easy and direct conclusion on the inverse Markov factors.

Definition 1. A set K € C is called R-circular, if for any z € OK there exists
a disk Dy of radius R, such that z € 0Dg and D D K .

Thus for any R-circular K and p € P,(K) at the boundary point z € K
with ||p||k = |p(z)| we can draw the disk D and it follows

Theorem D (Erdd; Levenberg-Poletsky). For an R-circular K we have

1Pl = g5llelx (P EPu(K)  thatis M (K) > 5 .

There are many important examples of R-circular compact sets and domains.
E.g. a union of two circular arcs, joining at a vertex of angle less than 7, is
always R-circular with some R. Smooth convex closed curves, together with
the encircled convex domain K, with curvature exceeding x > 0 are always R-
circular with R = 1/k according to a classical theorem of Blaschke |11]. Further
extensions of the Blaschke Rolling Ball Theorem allows to realize R-circularity
of much more general convex curves 7.

Lemma E (Strantzen). Let the convex domain K have boundary curve T' =
OK and let k > 0 be a fived constant. Assume that the convex boundary curve I’
(which is twice differentiable linearly almost everywhere) satisfies the curvature
condition ' > k almost everywhere. Then to each boundary point ¢ € dK there
exists a disk Dg of radius R =1/k, such that ( € ODg, and K C Dg. That is,
K is R =1/k-circular.

PRrROOF. This result is essentially the far-reaching, relatively recent generaliza-
tion of Blaschke’s Rolling Ball Theorem by Strantzen. A reference for it is
Lemma 9.11 on p. 83 of [16]. For more details on this, as well as for some new
approaches to the proof of this generalization of the classical Blaschke Rolling
Ball Theorem, see [43].

Obviously, the above entails an order n oscillation result for all convex do-
mains with this a.e. condition on the curvature of the boundary curve. This



leads us to the topic of Turdn type oscillation problems for more general sets
and domains.

Drawing from the work of Turdn, Eréd [21, p. 74] already addressed the
question: “For what kind of domains does he method of Turan apply?” Clearly,
by ”applies” he meant that it provides order n oscillation for the derivative.
Moreover, he introduced new ideas into the investigation — including the appli-
cation of Chebyshev’s Inequality (@) below — so clearly he did not simply pursue
the effect of Turan’s original methods, but was indeed after the right oscillation
order of general domains. In particular, he showed

Theorem F (Erdéd, [21, p. 73]). Let 0 < b < 1 and let Ey denote the
ellipse domain with major axes [—1,1] and minor azes [—ib,ib]. Then for all
p € Pn(Ep) we have

b
1P'll = Znllpll-

Moreover, he elaborated on the inverse Markov factors belonging to do-

mains with some favorable geometric properties.The most general domains with
M(K) > n, found by Eréd, were described on p. 77 of |21].

Theorem G (Erdd). Let K be any conver domain bounded by finitely many
Jordan arcs, joining at vertices with angles < w, with all the arcs being C?-
smooth and being either straight lines of length < A(K), where A(K) stands
for the transfinite diameter of K, or having positive curvature bounded away
from 0 by a fixed constant k > 0. Then there is a constant ¢(K), such that
M, (K) > c(K)n for all n € N.

Note that this latter result of Eréd incorporates regular k-gons Gy, for large
enough k, but not the square ) = G4, because the side length h of a square
is larger than the quarter of the transfinite diameter A: actually, A(Q) =
0.59017...h, while for the regular k-gon of side length i we have

I'(1/k)
SRR (12 + 1/k)

(see e.g. |38, p. 135]), so A(Gy) > h iff k > 7. This implies M, (Gx) > cxn for
k>T.

In [19], Erdélyi proved order n oscillation for the squardﬁ Q = Gy, too. A
result of [40] also implied M,,(G) > cgn for k > 4, but still not for a triangle.

To deal with the flat case of straight line boundary arcs, Eréd involved
another approach, cf. |21, p. 76], appearing later to be essential for obtaining a
general answer formulated in Theorem [l below, and playing an essential role in
many further developments, including ours here. Namely, Eréd quoted Faber

A(Gy) =

3Erdélyi also proves similar results on rhombuses, under the further condition of some
symmetry of the polynomials in consideration — e.g. if the polynomials are real, or odd. Note
also that his work on the topic preceded [41] and apparently was accomplished without being
aware of details of |21].



[22] for the fundamental result of Chebyshev on the monic polynomial of minimal
norm on an interval. Since this approach will be extensively applied also in our
work, we summarized basic facts regarding this in the below Section

For a few further examples, remarks and open problems regarding inverse
Markov factors for various classes of compact sets which are not necessarily
convex, see |31, 141, |42].

A lower estimate of the inverse Markov factor for any compact convex set
(and of the same order as was known for the interval) was obtained in full
generality only in 2002, see [31, Theorem 3.2].

Theorem H (Levenberg-Poletsky). If K C C is a compact, convex set,
d :=diam K and p € P, (K), then we have

NG

/
> V' ,

Clearly, assuming boundedness is natural, since all polynomials have ||p,, || =
oo when the set K is unbounded. Also, restricting ourselves to closed bounded
sets —i.e., to compact sets — does not change the sup norm of polynomials under
study, as all polynomials are continuous.

Recall that the term convex domain stands for a compact, convex subset of
C having nonempty interior. That is, assuming that K is a (bounded, closed)
convex domain, not just a compact convex set, means that we exclude only the
case of the interval, for which already Turan clarified that the order of oscillation
is precisely /n.

So in order to clarify the order of oscillation for all compact convex sets it
remains to clarify the order of oscillation for compact convex domains. The
solution of this general problenﬂ has been published in 2006, see [41].

Theorem I (Haldsz—Révész). Let K C C be any bounded conver domain.
Then for all p € Pp(K) we have
w(K)

191 g > 0~0003mn||]9|\1< :

Remark 1. This indeed provides the precise order, for an even larger order
than n cannot occur, not for any particular compact set. Namely, let K C C
be any compact set with diameter d := diam(K). Then for all n there exists a
polynomial p € P,,(K) of degree exactly n satisfying

I < C'(K) n |p|| with C'(K) := 1/ diam(K).

4Preceding this, an intermediate result of order n2/3 oscillation for all compact convex
domains has been worked out in [40] — in view of the later developments, this has not been

published in a journal.



Indeed, considering a diameter [29,wg] and the polynomial p(z) = (z — 20)¢,
the respective norm is ||p|lcc = d™ while the derivative norm becomes ||p’||oc =
nd™ 1, both attained at wg € K.

So, this settles the question of the order, but not the precise dependence on the
geometry. However, up to an absolute constant factor, even the dependence on
the geometrical features of the domain was also clarified in [41].

Theorem J (Révész). Let K C C be any compact, connected set with diameter
d and minimal width w. Then for alln > ng := no(K) := 2(d/16w)?log(d/16w)
there exists a polynomial p € P, (K) of degree exactly n satisfying

d*(K) -

1Pl < C"(K)nlipl  with  C(K) := 600

So, interestingly, it turned out that among all convex compacta only intervals
can have an inverse Markov constant of order y/n, while domains with nonempty
interior have oscillation order n.

One may ask, how useful, how general these results are? One fundamental
area of potential applications is the theory of orthogonal polynomials. Badkov
|7, 18] applied Turdn’s inequality (3] for estimations of polynomials orthogonal on
the circle with respect to a weight. It is well known that polynomials orthogonal
on a circle or on an interval (with respect to some weight there) have all their
zeros on the interval or inside the circle, respectively. That is, if P, is the
n'™™ orthogonal polynomail, then certainly we have P, € P,(K) and the above
oscillation results apply.

Analogous phenomenon takes place in the case of a rectifiable curve or, more
generally, a compact set with a measure. The precise statements can be found
in |23, Satz II1], [46], |18, §10.2], [54, Ch XVI, 16.2, (6)], [51].

The respective upper estimations, i.e. Bernstein-Markov type inequalities
were extensively studied under analogous constraints for the zeroes [20]. Since
the oscillation results of Turdn type are also formulated under zero restrictions,
it is of interest to compare the upper and lower estimations of these derivative
norm estimates.

The first relevant result were asked about by Erdds and solved by Lax [30]:
this states that if the zeroes of a polynomial are all outside the unit circle, then

the classical Bernstein Inequality () can be improved to ||p’||p < ngHD- For

further study of the topic of constrained Bernstein-Markov Inequalities we refer
the reader to [32, Theorem, p. 58], [20, 3] and the references therein.

This improvement by the factor 1/2 reminds us the Turén inequality: the
common extremal polynomial is indeed the boundary case p,(z) := 2" — 1 (and
rotations of thereof). Note that here the Turdn type restriction of p € P, (K)
does not allow any improvement: the extremal z™ provides an oscillation of
exactly n in regard of the Bernstein Inequality. Therefore, this very first result
in constrained Bernstein-Markov Inequalities already prompts us to consider
classes of polynomials with taking the norm on one set, while restricting the



location of zeroes to another one. Concretely, the above Lax result talks about
the class P, (C\D), under the (maximum) norm on D (or on the boundary circle
0D). Analogously, we can consider P, (K) under the norm on another set L:
the respective oscillation factors we may denote by

, . 1P,
M, 1 (K) = f My (P th My, (P) = ,
p(K) = inf My (P) Wi 1 (P) 170,
with the norm || - |1 being the maximum nornt] taken on the set L.

In connection to the Turdn topic, this has also been investigated at least
when the set L is a disk: L=Dr={z : |z2| < R}.
Malik [32] (R < 1) and Govil [28] (R > 1) showed that

Theorem K (Malik, Govil). For any R > 0 we have

R<1,

Mn,DR(K>_{1+R, R>1

n

See also |1, 14, 136] and the references therein. However, apart from these
rather special choices of concentric disks, we have not found any result in the
literature for more general situations.

1.2. Pointwise and integral mean estimates of oscillation

There are many papers dealing with the L9-versions of Turan’s inequality
for the (unit) disk D, the (unit) interval I, or for the period (one dimensional
torus or circle) T := R/27xZ (here with the understanding that we consider
real trigonometric polynomials, not complex polynomials). A nice review of the
results obtained before 1994 is given in |35, Ch. 6, 6.2.6, 6.3.1].

The story started by an obvious observation. Namely, already Turan himself
mentioned in |56] that on the perimeter of the disk D — and, as is easily observed,
the same way under conditions of Theorem[A]- actually a more general pointwise
inequality holds at all points of OD. Namely, for p € P,,(K) we have

Zpz)l, J2l =1, (5)

() = 5|

and as a corollary, for any g > 0,

a 1/q
</|z|—1 p (z)|q|d2|> 23 </z—1 |p(2)|q|dz|> '

50r, more generally, one may even consider My 1(K) == infpep, (x) M. (P) with
’
My (P) = % being an arbitrarily fixed norm || - ||.



In other words, the Turan result Theorem [Al extends to all norms on the perime-
ter, including all norms L?(0D), and we have for all polynomials p € P, (K)

n n
19" Lo omy = EHpHLq(BD)? My, 4(D) > 5

The same way, for R-circular domains the result of Theorem [D] extends as

n n
19 z0com) 2 grlPllioomy  Mnal) > 5 -

However, calculating the respective quantities for the function p,(z) := 2" —1, it
turns out that this inequality is not the best (at least not for the most symmetric
choice p,,), and the determination of the value of the precise constant, as well
as identifying the extremal functions, remains to be done.

A related question is to compare the maximum norm of p’ to the L? norm
of p itself. In this regard, the exact constant is known from the work of Malik
in [33].

Theorem L (Malik). For the unit disc D and any 0 < ¢ < oo we have
I'(g/2+1) \"" n
M > n

||p HD et (2ﬁF(Q/2+ 1/2) ) ||p||LQ(8D),

moreover, the inequality is the best possible, equality occurring precisely for all
az™ + b with |a|] = |b].

Some other results comparing different norms were obtained by Saff and
Sheil-Small [47], Rubinstein |45], Aziz and Ahemad [4], Paul, Shah and Singh
136].

In the paper [7, Cor. 11.1], another proof of the pointwise Turdn inequal-
ity (@) is given. The proof is based on the properties of orthogonal polynomials
and the Christoffel function.

The classical inequalities of Bernstein and Markov are generalized for various
differential operators, too, see |2]. In this context, also Turdn type converses
have been already investigated: namely, Akopyan [I] studied Turdn-type in-
equalities in L2-norm on the circle for some generalization of the operator of
differentiation.

The estimation of the L9 norm, or of any norm including e.g. any weighted
L%-norms, goes the same way if we have a pointwise estimation for all, (or for
linearly almost all), boundary points. Therefore, as above, we can formulate
e.g. the next result, see [42].

Theorem M . Assume that the boundary curve v : [0,L] — T := 0K of the
convexr domain K satisfies at (linearly) almost all points the condition that it
has a curvature, not smaller than a given positive constant k, i.e. % > k(> 0)
a.e.

Then for any norm || - ||, defined for some class of functions (including the

polynomials) on the boundary curve, we have |p'|| > 2£||p|| In particular,
K

n
M, (K)> —.
RISES-



In case we discuss maximum norms, one can assume that p(z) is maximal,
and it suffices to obtain a lower estimation of p’(z) only at such a special point
— for general norms, however, this is not sufficient. The above results work only
for we have a pointwise inequality of the same strength everywhere, or almost
everywhere. The situation becomes considerably more difficult, when such a
statement cannot be proved. E.g. if the domain in question is not strictly
convex, i.e. if there is a line segment on the boundary, then the zeroes of the
polynomial can be arranged so that even some zeroes of the derivative lie on
the boundary, and at such points p’(z) — even p’(z)/p(z) — can vanish. As a
result, at such points no fixed lower estimation can be guaranteed, and lacking
a uniformly valid pointwise comparision of p’ and p, a direct conclusion cannot
be drawn either.

This explains why the case of the interval I already proved to be much more
complicated for the integral mean norms.

In a series of papers [66, 67, [68, 169, [70], Zhou proved the inequality

([, poorar) " ctm (f ) "

in the case of k=1 and 0 < p < ¢ <o0,1—1/p+1/¢g> 0 with the constant

Cpa(n) = cpq (Vi)' T7H0.

The best possible constants Cé{cq) (n) were found by Babenko and Pichugov [5]
for p = g = 00, k = 2, by Bojanov [12] for 1 < p < 00, ¢ =00, 1 < k < n, and
by Varma [60] in the case of p=¢q¢ =2, k = 1.

Exact Turan-type inequalities for trigonometric polynomials in different L9-
metrics on T were proved in [5, 16, 13, 157, |58, [29].

Other inequalities on I, D, the positive semiaxes, or on T in various weighted
Li-metrics can be found in |59, 161, 163, [71, 29, [62].

As said above, we also have a direct result for R-circular domains, and R-
circularity could be ascertained by some conditions on the curvature. However,
apart from these, for general domains, the situation was much less clear. Here
is the only result, known for convex domains in general, and formulated in [31].

Theorem N (Levenberg-Poletsky). Asume that K is a compact convex sub-
set of the complex plane. Let z € 0K and p € P, (K). Then there exists another

point ¢ € K, of distance |z — (| < cx/v/n, such that [p'({)| > cxv/nlp(2)].

Clearly, this is too weak for proving anything on [|p’|| (5K, for in general
¢ € OK, and in any case the full set of such  points can well be just a finite
point set (some c/+/n net of the boundary).

To obtain something in the LI(0K) norm, we need to prove pointwise esti-
mates for much more points, essentially for the "majority” of the points, with
the respective ¢ points strictly lying on the boundary 0K, and in fact essentially
we cannot allow ¢ be different from z (and so perhaps coincide for a large set
of points z). We undertake this, also aiming at stronger inequalities, than the
v/n order in the above result.

10



2. Statement of new results

In the later parts of our paper we will prove a rather general main result,
the formulation of which, however, requires some preparations, i.e. certain
geometrical notions and definitions, to be developed first. Therefore, here we
give only the two main corollaries of the below Theorem [B] which provide us
the main motivation for the whole study.

Theorem 1. Let K € C be any smooth conver domain on the plane. Then
there exists a positive constant C = Ck, such that we have M, 4(K) > Ckn for
alln € N.

Recall that we use the terminology of being smooth in the sense that the
boundary curve v : R — 9K is differentiable — i.e. it has a (unique) tangent at
each points. In case of convex domains this also implies that v € C*(R), but
still we did not assume 7 to be C?(R), as is quite usual in (classical) convex
geometry.

That the very nature of this result does not really depend on smoothness, is
well seen from our next result.

Theorem 2. Let K € C be any convez (non-degenerate, i.e. bounded and with
nonempty interior) polygon on the plane, with no acute angles at its vertices.
Then there exists a positive constant C' = Cg, such that we have M, (K) >
Ckn for all m € N.

Remark 2. For the infinity norm case, clarifying the situation (the order of
growth of M, (Gy)) for regular k-gons took long. Here we see that for any k > 4
the regular k-gon has M, (G)) > Cxn. However, the regular (and any other)
triangle, necessarily having some acute angles, turns to be an entirely different
case, the treatment of which requires further ideas, too. We hope to return to
that in a subsequent paper.

The organization of the material in the current work is as follows. Next we
summarize classical results on the Chebyshev constant and transfinite diameter,
and then we continue in the subsequent section by introducing a few geometrical
notions, necessary to the formulation of our further results.

In Section Bl we formulate and prove our main result, together with a certain
pointwise result of independent interest. The below Theorem [3 directly implies
both the above stated Theorems [l and [ as corollaries (which is seen from
Proposition [[l and Corollary [Il), whence we may indeed say that Theorem [ is
our main result in this paper.

Next, in Section [6] we prove that in rather general situations—and surely
for all convex domains—the investigated oscillation factor is at most a constant
times n, thus clarifying at least the order of growth (with the degree n) of this
factor for the domains discussed in our results.

Finally, in the concluding section we formulate our conjecture about the
general situation, and offer some further comments.

11



3. Chebyshev estimates and transfinite diameter

In this section we summarize classical, yet powerful results going back to
Chebyshev.

Lemma O (Chebyshev). Let J = [u,v] be any interval on the complex plane
with uw # v. Then for oll k € N we have

min _max f[l(z—wj) >2 ('%)k : (6)

PROOF. Lemma [Olis essentially the classical result of Chebyshev for a real in-
terval [17], cf. [37, Part 6, problem 66|, [15, 35]. In fact, it holds for much
more general situations, e.g. it remains valid in exactly the same form for arbi-

trary J € R. Indeed, according to |[49] we have  min max ‘Hlll(z - wj)’ >
wi,...,wxER z€J =

2 cap(J)¥, which can be combined with the below result of Pélya, see Lemma
to get the statement.

Recall the well-known basic facts about the Chebyshev constant, the trans-
finite diameter A(K), and logarithmic capacity cap(K'), which coincide for all
K € C, as is known from Fekete [24] and Szeg6 [53]. That also means a weak
(i.e. logarithmic) asymptotical equality of the quantities on the two sides of ().
However, even the same result as in (@) holds true (perhaps with the unimpor-
tant loss of the factor 2) even for complex compacta. We will use such type of
estimations in the following form.

Lemma P (Faber, Fekete, Szeg8). Let M € C be any compact set. Then
for all k € N we have

k
i —w)| > k _ k
i max j:]_[l(z wy)| > A(M)* = cap(M)*, (7)

where A(M) = cap(M) is the transfinite diameter and the capacity of the set M.

PROOF. Regarding the formulation in Lemmal[Plcf. Theorem 5.5.4. (a) in [38] or
|48, (3.7) page 46]. Historically, it was first Fekete who proved the inequality and
also (with say R = C) that the left and middle quantities are-logarithmically,
i.e. after normalizing by taking k*" roots—asymptotically equivalent. Moreover,
he showed that in cases when C\ M is a simply connected domain (if con-
sidered with the point o), then the limits of the k" roots also agree to the
so-called conformal radius p(M). Before that, Faber [22] has already proved

max,e H§:1 (z —wj)| > p(M)* for M a Jordan domain bounded by a closed

analytic Jordan arc. Following Fekete, Szegd showed that the condition of C\ M
being simply connected is not necessary, and that with the so-called Robin con-
stant (M) (equivalent to capacity), the stated inequalities hold true, moreover,
~v(M) = A(M) in general for all compacta.
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Lemma Q (Pdlya, see [26][Ch. VII]). Let J C R be any compact set, |J|*
be its outer Jordan measure. Then |J|* < 4A(J).

PROOF. See |26, Ch. VH])@. To reflect back to the above discussion of general
forms of Chebyshev’s Lemma [O] recall that A(J) = cap(J).

There are several known estimates for capacities and the so-called “Widom
factors” (see e.g. [27, 64] and the references therein) between Chebyshev con-
stants and corresponding powers of the transfinite diameter: for us, these more
precise estimates are not needed, as () suffices. There are some known explicit
computations or comparisons and estimates of capacities from other geometric
parameters of the respective sets: a few most basic ones can be found e.g. in
the survey of Ransford [39] or in his book [38, page 135].

One remarkable fact to be noted also here is that the values of the diameter
and the transfinite diameter are within a constant factor: for any compact
set E C C we have A(F) < diam(FE)/2, and if E is also connected, then
A(E) > diam(F)/4, too, the disk D and the interval I showing sharpness of
both estimates, respectively. See e.g. [39, §1.7.1.]E.

4. Some geometrical notions and definitions

We start with a convex, compact domain K € C. Then its interior int K # ()
and K = int K, while its boundary I' := 0K is a convex Jordan curve. More
precisely, I' = R () is the range of a continuous, convex, closed Jordan curve 7
on the complex plane C.

If the parameter interval of the Jordan curve + is [0, L], then this means, that
v : [0, L] — C is continuous, convex, and one-to-one on [0, L), while v(L) = (0).
While this is the most used setup for curves, we need the two, essentially equiv-
alent interpretations i.e. this compact interval parametrization and also the
periodically extended interpretation with ~(t) := (¢t — [¢/L]L) defined period-
ically all over R. If we need to distinguish, we will say that v : R — C and
~v*:T:=R/LZ — C, or equivalently, v* : [0, L] — C with v*(L) = v*(0).

Curves can be parameterized equivalently various ways. However, in this
work we will restrict ourselves to parametrization with respect to arc length:
as the curves are convex, whence rectifiable curves, they always have finite arc
length L := |y*|, and parametrization is possible with respect to arc length.
Whence also

L= =]

is the arc length of T, i.e. the perimeter of K. The parametrization v : R — 0K
defines a unique ordering of points, which we assume to be positive in the
counterclockwise direction, as usual.

60f course, the Lebesgue measure |J| of the compact set J € R does not exceed its outer
Jordan mesure |J|*

"However, note a disturbing misprint in this fundamental reference: in §1.7.2. the first two
displayed formulas must be corrected to have the opposite direction of the inequality sign.
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This has an immediate consequence also regarding the derivative, which
must then have |¥| = 1, whenever it exists, i.e. (linearly) a.e. on [0,L) ~ T.
Since 4 : R — 0D, we can as well describe the value by its angle or argument:
the derivative angle function will be denoted by « := argy : R — R. Since,
however, the argument cannot be defined on the unit circle without a jump,
we decide to fix one value and then define the extension continuously: this way
a will not be periodic, but we will have rotational angles depending on the
number of (positive or negative) revolutions, if started from the given point.
With this interpretation, « is an a.e. defined nondecreasing real function with
a(t) — 2t periodic (by L) and bounded. With the usual left- and right limits
a_ and a4 are the left- resp. right-continuous extensions of c. The geometrical
meaning is that if for a parameter value 7 the corresponding boundary point is
(1) = ¢, then [a—(7), ay (7)] is precisely the interval of values 8 € T such that
the straight lines {¢ +¢®s : s € R} are supporting lines to K at ¢ € 9K. We
will also talk about half-tangents: the left- resp. right- half-tangents are the
half-lines emanating from ¢ and progressing towards —e*®~(7) and e¢“+(7) resp.
The union of the half-lines {¢ + e’s : s > 0} for all 8 € [ay(7), 7 + a_(7)] is
precisely the smallest cone with vertex at ¢ and containing K.

We will interpret a as a multi-valued function, assuming all the values in
[a—(7T), a4 (7)] at the point 7. Restricting to the periodic (finite interval) inter-
pretation of 4* : [0, L) — C, without loss of generality we we may assume that
a* := arg(y*) : [0, L] — [0,27]. In this regard, we can say that o* : R/LZ — T
is of bounded variation, with total variation (i.e. total increase) 2m—the same
holds for a : R — R over one period.

The curve « is differentiable at ¢ = () if and only if a_(6) = a4 (6); in
this case the unique tangent of v at ¢ is ¢ + €*R with a = a_(0) = a4 ().

It is clear that interpreting a as a function on the boundary points ¢ € 9K,
we obtain a parametrization-independent function: to be fully precise, we would
have to talk about 7, %, & and o*. In line with the above, we consider a, resp
o multivalued functions, all admissible supporting line directions belonging to
[a_(T),a4(7)] at ¢ = v(7) € OK being considered as a-function values at (. At
points of discontinuity ot or off and similarly oy resp. o4 are the left-, or
right continuous extensions of the same functions.

A convex domain K is called smooth, if it has a unique supporting line at
each boundary point of K. This occurs iff oy := « is continuously defined for
all values of the parameter. For a supporting line ¢ + ¢’’R the outer normal
vector is v(¢) := ¢P7"/2 and the (outer) normal vectors are precisely the
vectors v satisfying (z — (,v) < 0 (Vz € K) with the usual R? scalar product,
or equivalently, R ((z — {)7)) < 0.

For obvious geometric reasons we call the jump function Q = oy — a_
the supplementary angle function. This is identically zero almost everywhere
(and in fact except for a countable set), and has positive values such that the
total sum of the (possibly infinite number of) jumps does not exceed the total
variation of «, i.e. 2.

In the sequel we use some local quantities like the local depth hy () at
boundary points ¢ € K. Take any boundary point ¢ € 9K, and a supporting
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line at ¢ to K with corresponding normal vector v = v(¢). It is easy to sedd
that at least for some normal directions v we have

C+vRNK =[(,¢— hv) (8)

with some positive length h (unless int K = (). Further, it is also easy to see
that the supremum of all such positive lengths in (8) is actually a maximum.
This maximum is denoted as h := hx((), and is called the (local) depth of K at
¢.

With this, we can as well define the (global) depth of the convex domain K.

Definition 2. A convex body K has depth hx with
hix :=inf{hg(¢) : (€K} . 9)
The convexr domain K has fixed depth or positive depth, if hx > 0.

Note that this quantity is not always a minimum, and it can as well be zero,
as e.g. in case of the regular triangle.

It is easy to see that if a convex domain has a boundary point ¢ € K, where
Q(¢) > /2, then the convex domain cannot have positive depth. On the other
hand there cannot be too many of such boundary points, since the sum of the
jumps of a1 at these points cannot exceed the total variation 27 of aL. So there
exist at most three points with obtuse supplementary angles, and at most four
points with Q(¢) > 27/5, etc.. It is then clear that the largest supplementary
angle exists as the maximum of the nonnegative function 2 over the boundary
OK. We can thus define

Definition 3. For any convexr domain K the largest supplementary angle is

Ok = rral?(xﬂ = n(;?{x(a+ —a).

Note that Qx = 0 if and only if K is smooth. Also note that the Szeg6 type
outer angle of a say convex domain is Qg + 7.

Finally, let us introduce a version of the modulus of continuity function of
the normal direction(s) argr(¢) (with respect to distance, i.e. chord length)
on the boundary K. Let dr(f, ) denote the usual distance on the circle, i.e.
the distance of 8 — 7 from 277Z. Then the modulus of continuity of the normal
vectors of the boundary is defined the following parametrization—free way.

8For if with some normal v and the normal line £ := ¢ +vR we have N K = {¢}, then (due
to convexity) there cannot be interior points on both sides of this line; the same being true
for the supporting line ¢ := ¢ +ivR, we find that int K # () lies strictly inside one quadrant of
the plane, whence by the fatness of K also K is in one closed quadrant, and so to any interior
point w € int K the direction of ( —w is normal to K at (.
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Definition 4. The modulus of continuity of the (say: outer) normal directions
of the boundary of K is defined for 0 <t < w as

wic(t) = sup { dr(arg v, arg p)

/ / (10)
v, p are normal to K at z, 2’ resp., |z — 2| <t}.

This is equivalent to the modulus of continuity of the tangent directions c(T)
with respect to chord length or distance, i.e.

wi (t) =sup{dr(a®(0),a* (7)) : 7,0 €R, |y(o) —~(7)| < t}.
Further, wi can be expressed the following (also parametrization-free) way, too:

wi (t) = sup{dr(a*(¢),a*(¢")) : (¢ € 0K, [ — (| <t}

Observe that by the definition of the width w = wg, precisely when the chord
length reaches w, then there are points z, 2z’ € K with parallel supporting lines,
i.e. with opposite normals, achieving dr(v,v’) = 7. From that distance on, any
definition of the modulus of continuity can only say that wg (t) = 7 for t > w .

Note that wg : [0,w) — [0,7) is a nondecreasing function with possible
jumps: in particular, if w := wg is not continuous, then wg (0) = Qx is the
very first jump (compared to 0), and all jumps have to be between zero and
Q k. Now defining

w-(0):=0, wyi(w)=wr(w)=m,

w_(t) :=supwg(s) =limsupwg(s) = lim wg(s),

s<t s—t—0 s—t—0
and
wy(s):= ;r;ftwK(s) = 151§t1$10fw;<(8) = Sgﬂow(s) (s < w),

we can consider the modulus of continuity function a multivalued function with
wi(s) = [w—(s),ws+(s)]. This way wx becomes a surjective mapping from
[0,w] — [0,7] (the full set of possible distances on T) and, again allowing
a multivalued interpretation, its inverse can be defined as w™1(0) := {s €
[0,w] : wk(s) = o}-again, in general, a multivalued function mapping [0, 7]

surjectively to [0, w].

A version of the modulus of continuity on the boundary curve can also be
considered according to arc length, or, equivalently, according to parametriza-
tion: this will be the ordinary modulus of continuity of the composite function
v o v, interpreting v as a multi-valued function assuming all admissible values
of outer normal directions; equivalently, the modulus of continuity of « = a o~y
on R. Note that—as we parameterize the boundary curve vy with respect to
arc length—the arc length of the subarc of v in the counterclockwise direction
between points corresponding to parameter values 7 < o is ng |dy|=7— 0.

90bserve that now, because we have defined wx with the < sign, we in fact have wx (t) =
w4 (t); defining the modulus of continuity with respect to the condition |¢ — ¢’| < ¢ would
provide w_ (t).
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Definition 5. The modulus of continuity of normal directions (or tangent di-
rections) with respect to arc length on the boundary curve is

wy(s) :=w(wory;s) =w(@oy;s) = w(a;s) =sup{a(o)—a(r) : 7 <o < 7+s}.

Note that w(a,s) : [0,L) — [0,27) monotonically. The main difference
between the two definitions is lying not in the different measurement of the
distances between the points— which is already an essential difference, though—
but in the fact that the distance of values is measured not in T, but in R, thus
allowing w. to increase all over [0,00). Still, after reaching the period L there
is not much point to consider this modulus, for there we only add the number
of full revolutions times 2, i.e. we have w(t) = wy(t — [t/L]L) + [t/L]27.

5. A result for domains with positive depth

5.1. Statement of the result

The aim of this section is to prove the following theorem on the order of the
oscillation in L? norm for a class of domains defined by the property of having
positive depth.

Theorem 3. Assume that K € C is a conver domain with positive depth hy >
0. Then for any n € N and p € P,(K) it holds

h4

! > __K : 11
Remark 3. Note the generality of the statement. E.g. a regular k-gon Gy is
always of positive depth from k = 4 on; the only (and essential) exception being
the regular triangle. More generally, a polygonal domain has fixed depth iff it

has no acute angles.

The whole section is devoted to the proof of this result. In the course of
proof we will work out various intermediate steps and results, which will be
used later.

In Section [6] we will show that this order of oscillation is again the best
possible, like in the case ¢ = oo, thus settling the question of the order of the
oscillation in L? norms for all these domains.

Before starting the main argument, we first give a geometrical discussion of
the property that hx > 0.

5.2. A characterization of fixed depth

We have already remarked that Qg > 7/2 implies that hx = 0. When
Qp = /2, the situation is a little ambiguous.
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Remark 4. Observe that in particular in case Qx = 7/2 a rectangle R has
positive depth, but the upper semi-disk U := {z : |z] <1 and Rz > 0}
admits zero depth. This is easy to see directly, observing that local depths
of boundary points on the diameter tend to zero as the points approach the
vertices at £1. In particular, in case Qi = 7/2, both hx > 0 and hx = 0 can
occur.

Still, a precise characterization of positive depth is possible. The following
must be well-known in geometry, but finding no reference to that, we decided
to describe this characterization also here.

Proposition 1. Let K be any conver domain. Then there are the following
cases.

(i) If for all boundary points the supplementary angles () admit Q(¢) < 7/2,
— that is, if Qg < 7/2 — then the domain K has a fixed positive depth
hg > 0.

(i) If for some boundary point(s) the supplementary angle(s) satisfy Q(¢) >
/2, then hxg = 0.

(iil) If Qg = /2, but at each boundary point with Q(¢) = w/2 the tangent
angle function « is constant a—(¢) resp. a4 () in a small left, resp. right
neighborhood of ¢ —i.e. if the point ( € OK is a vertex, with two orthogonal
straight line segment pieces of the boundary joining at (¢ — then the domain
K has a fixed positive depth hx > 0.

(iv) If Qi = 7/2, but there exists a mazimum point of Q, in any neighborhood
of which either the left or the right neighboring piece of the boundary fails
to be a straight line segment, then hxg = 0.

Corollary 1. If K is smooth—i.e. 0K is a smooth convex Jordan curve-then
hx > 0.

PROOF. First note that Cases (i)—(iv) indeed give a full list of possibilities.
Let us first consider Case (i). We argue by contradiction. Take any boundary
points ¢, with corresponding normal vectors v,, and satisfying

Cn+ U RNK = [Can—thn] . (12)

with h, < 1/n. Let w, = {, — hyv, and any corresponding outer normal
vector be p,,. After selecting a subsequence, if necessary, by compactness we
may assume that these points and vectors converge. Hence let (,, — (, v,, = v
and p, — p. Since h,, — 0, it follows that w, — (, too.

Observe that for any point z € K normality of v,, at {,, means (v,,,z — () <
0, and normality of w,, at w, means {(u,,z —w,) < 0, hence by the above
convergence we must have (v,z — () < 0, and also (u,z —¢) < 0. In other
words, both v and p are normal vectors at ( € 0K.

However, ¢, — w, = hnv, is parallel to v,, hence normality of pu,, at wy,
yields (u,,,v,) < 0. Again by continuity this entails {(u,v) < 0, that is, the
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angle between these two normal vectors is at least w/2. Clearly then Q(¢) > 7/2,
a contradiction to our assumption. This concludes the proof of Case (i).

Case (ii) is obvious, and even (iv) can be proved easily, but we give the proof
here. So let us take a point ( € 9K with the given property, and assume, as we
may, that ( =0, and a_(¢) = 37/2, and a4 () =0, i.e., the two extremal half-
tangents at ¢ are the (positively directed) imaginary axis and the (positively
directed) real axis. Also let us assume e.g. that no non-degenerate segment
piece of the positive imaginary half-axis (i.e. the left half-tangent) belong to
the boundary.

Put a := max{Rz : z € K}. It can happen that there are several points
of K where this maximum is attained; however, for 0 the condition that the
imaginary axis is a tangent and that no straight line piece of it belongs to K,
implies that K N4iR = {0}. Consider now any z € [0, a], and the intersection
{Rz =z} N K. This vertical segment has to be above (not below) the positive
real axis, since R is a tangent with a;(0) = 0, and so we can write {Rz =
z}NK = [z +ig(z),x + if(x)] with two continuous, nonnegative functions
0 < g < f satisfying g(0) = f(0) = 0 and g convex, f concave (i.e. ”convex
from below”), both continuous and in particular lim, 010 f(x) = 0, moreover,
both g and f are nondecreasing in a right neighborhood of 0.

Now let us show that at z := z + ig(x) the normal vector v has angle
argv € [37/2,27). First, 0 € K implies that (—z,v) < 0, entailing argv >
arg(—z) + m/2 = argz + 37/2 > 37/2. Then again, argv achieves 27 only
when the boundary point is in rightmost position (i.e. of maximal real part
value) in K, and thus argv € [37/2,27) for 0 < z < a. So these mean that the
normal line z + VR to z = z + ig(z) intersects the boundary of K at some point
2= a' +if(2') with some 0 < 2’ < z, and thus f(2’) < f(z) — 0 implies that
the length of intersection of K and this normal line tends to 0 together with x.
This completes the proof of hx = 0.

Finally, Case (iii) is again easy to prove. First, a little thought shows that
the condition is equivalent to the statement that the modulus of continuity
satisfies wy(0) = 7/2 and wi(t) = 7/2 for all 0 < ¢t < ¢y with some positive
value 0 < tg < w.

So we prove now that if w(ty) = /2, or, more generally, if 7/2 € w(to)
for some tg > 0, then for any boundary point z € 0K and any normal line
m = z+ VR to K at z, the length of the intersection of m N K = [z,2/] is at
least to (and so even hx > tg > 0).

Obviously, the chord vector between z and 2’ is in inner normal direction,
whence has an angle (argument) exactly m/2 above the angle of the positively
directed tangent, orthogonal to v at z.

Assume, as we may, that z = 0, 2’ = iy’ (with some ¢’ > 0) and m is just the
imaginary axis. By definition of the width w = w(K), as w > to, there exists a
point zo = xg + yo € K with yo > w: if g = 0, then we would have zo = iyo €
[2,2'] =]0,v'] and we would get ¢y’ > w > tg, concluding the argument. So it
remains to deal with 0 < ¢/ < w and z¢ # 0. Let e.g. zp < 0: then the three
points z, 2’, zg cut the boundary I of K into three parts, each of them extending
between two of them and not containing the third one, and following in the
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counterclockwise direction as z < 2’ < zp and I'(z,2") < I'(2/,20) < T'(20, 2).
According to these normalizations, a(z’) < arg(zo—2') € (7/2,7), for the latter
chord vector is xg + i(yo — y') with zg < 0 and yo > w > y'. It follows that
for any further points z* € I'(2/, 29) we necessarily have m > a(z*) > ay(2).
Note that (unless z* = 2z’) we cannot have z* € m, but only Rz* < 0 and
arg(z* — z) > arg(z’ — z) = /2. Whence 7 > «a(z*) > arg(z* — z) > 7/2, so
that wi (]z* — z|) > 7/2. As now z* can be arbitrarily close to 2/, for any value
t* > |z’ — z| = ¥’ we have wi (t*) > 7/2, i.e., any such t* must satisfy t* > ¢.
So if t* > ¢ then we have t* > ¢y, whence |2’ — z| =y’ > tg, and hx > to, as
needed.

Proposition 2. For a convex, compact domain K we have hx > 0 if and only
if the modulus of continuity function has wi (1) < w/2 for all 0 < 7 < t with
some t > 0.

Furthermore, with the above extended interpretation of the inverse function
of the modulus of continuity function, we have hx > ur = maxw=1(7/2).

ProoF. Consider the four cases in the above Proposition Il A little thought
shows that Case (i) is equivalent to state wi (1) < 7/2 (0 < 7 < ¢) for sufficiently
small ¢ > 0, and (iii) is exactly the case when wi(7) = 7/2 (0 < 7 < ¢) for
sufficiently small ¢ > 0. So these cases with hx > 0 are such that wg (1) < 7/2
for all 0 < 7 < ¢ with some ¢ > 0. Moreover, Case (ii) means wg(0) > 7/2,
and Case (iv) means that wi (0) = 7/2, but for all 7 > 0 already wg (1) > 7/2,
whence the cases with hx = 0 are the ones with wg (1) > 7/2 for all 7 > 0.
This proves the first assertion of the Proposition.

As for the last assertion, there is nothing to prove for pux = 0, so we may
take pgx > 0, meaning that there are points 0 < o € wy' (7). Recalling the
last argument of the proof of the previous Proposition [Il we can then see that
for any such tg also hxg > tg holds. Taking tg := max w}l(w/ 2) thus provides
hx > ug, too.

Remark 5. To see that the inequality hx > w}l (w/2) is possible, it suffices to
consider a regular hexagon Gg of side length h, say. Then hi(Gg) = 2h, while
w_(h) = 7/3, wy(h) = 27/3 and wi' (1/2) = {h}, ux = h.

5.3. Technical preparations for the investigation of LY(0K) norms

First, we will prove a Nikolskii-type estimate, which is similar to the well-
known analogous inequality on the real line, found in the book of Timan [55,
4.9.6 (36)].

Lemma 1. For any polynomial of degree at most n we have that

d 1/‘1 2/
4 > —— . e 13
Il Laory > (2(q+ 1)> Pl Loe o)y M (13)
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PrROOF. We first prove a Bernstein-Markov type estimate in the maximum
norm. Let z € K be arbitrary. Then we always have a chord J := [z,2*] C K
of length at least d/2, for we can take any diameter I of K, and for z* take the
endpoint of I, which is situated farthest from z—which is of course at least of
distance d/2 from z. Applying Markov’s Inequality on J, we obtain

n? 4n?
' (2)| < mHPHLw(,}) < THPHLOO(BK)-

Therefore, it holds
4
19/l Lo oK) < En2||p||L°°(6K)- (14)

Consider now a point zo = y(tg) € 0K, where ||p||« is attained. Then —
using also convexity of K — at each point z € K we have

)1 = [pten) + | 50| > Il = b2 = 0l o

4|z — 2o
> ol (1- 2202 )

Now, from (I5]) we can estimate the g-integral of p as follows. Take ro = d/(4n?),
U := D(zp,79) and T'g :=T'NU. More precisely, in case there are several pieces
of arcs in this intersection (which can only happen for small n, though) then
we take only one arc which passes through the point zy and extends to the
circumference of U in both directions — and drop the remaining pieces. Let us
denote the points, falling on the circumference OU right preceding and following
zo = ¥(to) on v as z+ := y(tx+). Recalling that « is parameterized according
to arc length, and writing for the parametrization « : [t_,¢+] — T'o, and so in
particular y_ : [t_,t] = I~ and 4 : [to,t4+] — Ty, we get

b+ 4|v(t) — 2 1
[ et = [ (1= 02
Y+ to
ty 4 q
> [ (1- el)
to +

tot 3z At —to) )\ d (!
o R e R e T
t d 4”2 0

0

(15)

d
imi _ q > plld —— =
and similarly for v_, whence f'm |p|?|dy| > ||p||oo2(q T2 As a result, we get
1/q d 1/q 2/
PliLa(ok 2( pqd7> Z( ) Pllecn™ q7

and the result follows.
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Next, let us define the subset H := HY.(p) C OK the following way.

Hi=Hi(p) = {C€IK : |p(Q)] > en [plloc}, = (8m(q+ 1)/

(16)

Then we can restrict ourselves to the points of H and neglect whatever happens

for points belonging to

HC=T\H.

Indeed, T is contained in a disk of radius d around any point of K, whence by

the well-known property@ of convex curves, L := |y| < 2md, and the above

Lemma [ furnishes

2mdc? 1
/ p(2)|?|dz| < —5—llpll& < 4m(g+ 1) pll§ = SlIpllg-

That leads to

1 1
[ wliant = [ ioplari= [ ioitan) = el = 5ol = 5l
H ¥ Y\H

Therefore we can restrict to (lower) estimations of |p’(¢)| on the set H where p
is assumed to be relatively large (compared to its maximum norm), so that we
can assume that

9]l 0o < log(c—1n?/1) log(1 + q) +10g(87f)
Ip(¢)] q q

for all ¢ > 1 and n > /16w, i.e. already for n > 8. Summing up we have

2
log + = logn < log(16m) + 2logn.
q

Lemma 2. Let H C 0K be defined according to [I6). Then for all p € P, we

have .
[ 101® = G0l o (1)
Furthermore, for any point ¢ € H, and for any p € P,(K) we also have
log :Z)(HCO)T <log(16m) + 2logn (Vn € N). (18)

For relatively small values of the degree n we may get better constants if
using an entirely different argument, not suitable to analyze the order regarding
the degree, but yielding better numerical values for small n. We will base our
calculation on the following classical result of Gabriel |25, Theorem 5.1].

Lemma R (Gabriel). If T is any convexr (closed) curve and C' any convex
curve inside T, and if F(Z) is regular inside and on T,

[ 1PN @)az) < (wle + 1)+ o) [P @)lazl, (3= 0),
C r

10A reference is [14, p. 52, Property 5] about surface area, presented as a consequence of
the Cauchy Formula for surface area.
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With this we can now state the next.

Lemma 3. For any point ( € 0K on the boundary of the conver domain K
and q > 1 we have the estimate

p(Q)] < d(r(m(e+1) +€))/9||p |- (19)
As a direct consequence, we also have

1 1 1

/ — = 0.022 — . 20
s > a5 5 el > 0022 1 (20)
ProoF. Evidently, it is enough to consider the case 1 < ¢ < co. Let 29 € K be
any zero of p. Then for any ( € T' := 9K the interval [z, (] C K (by convexity),

and so Holder’s inequality furnishes

(a=1)/q 1/q
/ p’(Z)dz§</ |dz|> (/ |p’<z>|q|dz|> .
[z0,¢] [z0,¢] [z0,¢]

Noting that |¢ — 29| < d and applying Lemma [R] to the integral of |p’(z)|?
over the convex curve C := [z, (] U[(, z0] (the degenerate closed convex curve
encircling around the points ¢ and zp) we get

Ip(Q)] =

1/q
Q)] < a0 (Sate 1)+ ) [ pIae)

-yq (Fle+D e\
— o (T DEN T

proving (I9).

Now integrating on ¢-th power, and using again L < 27d leads to

(e+1)+e

™
Ipll§ < a*= 5 IP'1IF L < d* w(w(e+ 1) +e)|[p']l§ < 45.3 d* [|p[IF.

Taking ¢-th root, a small rearrangement finally furnishes even the last assertion,
as from here

1/q
1 1 1 1 1
! — - > — = 0.022 — .

5.4. Proof of a local result in terms of the local depth

In the following we will work out an unconditional pointwise estimate in
the sense that it will provide an estimate locally at points ¢ € H in terms of
h = h(¢, K), not using the assumption that hx = infrear h((, K) stays positive
or not. When this happens to hold, the below result will almost immediately
imply Theorem [3]
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Theorem 4. Let p € P, (K) and let H = H%(p) be defined by ([{E). Then it
holds
h4
|2 =557
1500d5

PROOF. First of all, we may assume that

P () n Q) (if CeH). (21)

n > ng = 32 d4/h47

for values of n not exceeding this bound we can settle the issue referring to (20))
of Lemma [3 providing

h4

n 1
p'llq > WHPIHq > T500 B Ipllq- (22)

So from here on let us assume n > 32 d*/h*. Without loss of generality we
also assume ¢ = 0 and that a tangent line at ¢ = 0, chosen according to the
requirement h = h(¢, K)(> hx), is just the real line R (and thus the normal
line is the imaginary axis {R). Then we have K C H:={z€ C : Sz >0} and
K NiR = [0,:h)].

Let us denote the set of zeroes of p € P, (K) as

Z;:{Zj:?"jei@j : ]:1,,H}CK

(listed with possible repetitions according to their multiplicity). We assume, as
we may, that p(2) = [[}_,(z — ;).

In what follows we will use for any interval [0, 6] (and similarly for [c,6)
etc.) the following notations for the angular sectors, the zeroes in the angular
sectors, and the number of zeroes in the angular sectors:

Slo, 0] :={z€C : argz € [0,0]},
Zlo,0l:={z; € Z : argz; € [0,0]} = ZN S[o,6],
nlo, 0] := #Z|o, ).

Let us fix the angle

arcsi h
.= arcsin —_— .
v 8d

We partition the zero set Z into two subsets as follows.
Zi = Zlp,m — ) Z_ =2Z\Z;.
For the corresponding cardinals we write
k:=#Z, =nlp,m™— ¢, m:=#Z_ =nl0,¢)+n(r —p, 7.
Observe that for any subset W C Z we have

-1 1 in o,
%_EZS_:ZSHI_%, (23)
% z;€EW Zi Ti
J

J z; €W J

-

p/
—32(0) =
5 )

I
=
=
Y

1

J
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because all terms in the full sum are nonnegative. We apply inequality (23]
with W = Z to obtain

p sin p; . 1 h
_(O)‘Z Z — =singp Z FZ@k’ (24)

: Ty _
Zj €Zy Zj €z

since for z; € Z we have p; € [p,m — ¢], sing; > sing = h/(8d), and r; < d.
Now put

J = Eih,ih} CK.

We estimate the distance of any z; = z; +iy; € Z_ from J. In fact, taking
any point z = x + iy = e’ € Dy(0) N (S[0,p) U S(7 — ¢, 7]), we necessarily
have |22 = 22 + y? < d?, 0 <y < dsing = h/8, and therefore, dist(z, J) =
|z —i3h/4] = /2% + (y — 3h/4)2. Clearly, then

dist(z,J)* 2% +y? —3yh/2+ (3h/4)? 3h?

= >1+—. 25
EE 21 =13z (25)

In fact, we can do a little better here, taking into account that the other
endpoint of J, ih, also belongs to K, whence the diameter provides an upper
bound to |z — ih|, too, yielding 22 + (y — h)? < d?. Using this in the middle of
28), we may write

dist(z,J)?  a? +y* —3yh/2+ (3h/4)?
EC R
9h? — 24yh
=14+ ——=2>1
+ 16(x2 +y2) — +
where the last expression is decreasing in y < h/8, whence admitting

Oh? —24yh  _ _ 9h* — 24(h/8)h 3h2

9h2 — 24yh
16(d® — h? + 2yh)

16(d? — h? + 2yh) — 16(d? — h? +2(h/8)h)  8d*> — 6h?’
Introducing the parameter u := d/h € [1,00) we thus obtain
dist(z, J)? 3h? 8u? — 3 d
2~ T3 _6h2  8iZ—6 wi=g €lloo)

From here taking logarithms we get

2 =T 1 Su? -3 d
> _1 _— = = 1 . 2
- ‘_exp<2 og(gu2 G u he[,oo) (26)

Next consider the set R := K N S|y, ™ — ¢]. Applying Lemma [0l to R and

J C R we are led to
> i | . | > i M *
=& T G =\
ZjEZ+ (27)

Z; — X

max
zeJ
z;€EZ4

(a2

25
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Taking now the point zp € J where this maximum (i.e. the maximum of |p(z)|
on J) is attained, combining (26) and ([27) and using m + k = n leads to

(20) Zj — 20 1 8u? —3
= = > -1 —— | — klog (16
‘ ooy |~ AL |7 = e (g 1ox (G )~ Hos 16w
1 Su? —3 1 Su? —3
= exp (n§ log (m) - {5 log (m) + log (16u)} k)
n Su? — 3
= exXp (5 log (m) - ¢(U)k) )
where

8u? —

P(u) = %log (Tj) + log(16w).

Taking logarithm, dividing by 1 (u) and rearranging thus provides
1 2 _

k>—— n log Su' =33 _ log p(z)

P(u) \2 8u? — 6 p(0)

1 n 8u? —3 IPll oo
> — —1og< >—1og— ,

P(u) <2 8u? — 6 p(0)]

which, when combining with ([24)) yields

d° u3d n Su? -3 12/l 0o
8— M > v’k > —log [ ——2) —log 12 ) .
Pt == ) (2 Og(8u2—6> °g|p<o>|)

We have already seen in Lemma [2] why it suffices to restrict to points of the set
‘H. So from here on we will consider only points ( € H, for which points we
may invoke (I8) to get

d® u? n 8u? —3
[ > — [ — .
8h4M ) (2 log <8u2 — 6) log(16m) 210gn) (for ( e H)

Introducing another parameter v := n/u* = (h/d)*n and collecting every-
thing from the above, a little rearrangement leads to

2
d° 1 ullog (gzz:g) — — {log(167) 4+ 2logv + 8logu}
S— M = 2 U

ht n log (gg;:g) + 2log(16w)

It is clear that for v > e this expression is an increasing function of v, therefore
we can as well write in the minimal possible value v > vg = 32 to get

s& L >

@ v utlog ($5=2) — 52 {log(m) + 141082 + Slogu} ( . 1)
> U= — > .
ht log (8“2_3) + 2log(16u) h

8u2—6

26



Here simultaneously dividing the numerator and the denominator by u yields

8o — >

v &g (31323 + 2

&p v ullog (252—:2) — 1oz {log 7 4 141log 2 + 8log u} < d . 1>
U= — .
52

(28)

As 1/u, log (252:2) and 2@ = 32% are all decreasing for u > 1,

the denominator is a decreasing function and its maximal value is at the point
u=1. So,

1 8u? —3 log(16u)
- log <8u2 — 6> +2 - < log(5/2) + 21og(16) = log(640).

From this and (28) a computation provides

5 2 2
d° M S 1 (8u2 log (8u 3) _ log(4m) + 4log(8u ))

h* n = 641og640 8u2 —6 202
1 9 1- 2 4log(4m) log(8u?)
4135339 ... <8“ ©8 (1 - 8%) 8u2 05 (29)
1
>
z /0

1 1-3t 1
with f(t) := glog (1_—&) — 4log(4m) t + 16tlogt and t := S0z € (0,1/8].

It is easy to see that f(t) is a convex function. Indeed, tlogt is convex (with
second derivative 1/t > 0), the linear term is of course convex, and the first part

can be developed into a totally positive Taylor-Maclaurin series: % log (ﬂ) =

1-6t

S 6";3’“ th=1

Numerical evidence shows that f(t) attains its minimal value somewhere
around 0.0786... , and it stays above 0.7 all over (0,1/8]. To establish a
sufficiently good lower estimation of the function all over the interval (0,1/8],
we will use convexity simply in the form of a supporting line argument: with
any fixed value 7 in (0,1/8] the tangent of f at (7, f(7)) is a supporting line
(from below) to f,i.e. f(t) > L(t) := L(7;t) := f(7) + f(7)(t — 7).

A computation furnishes

1 1-3t 1/ -3 6
THOE —t—210g< ) + <——|——> — 4log(4m) + 16 4 16 log .

1— 6t t\1-3t 1—6t

So now let us take 7 := 0.078628, say. Then f(r) = 0.700037... > 0.70003,
and another numerical computation furnishes f'(7) ~ —0.000321 ... > —0.0004.
Since f'(1) < 0, we find f(t) > min(,/5) L = L(0.125) > 0.70003 — 0.0004 -
(0.125 — 0.07) = 0.700008 > 0.7.

Substituting this estimate in ([29), we conclude

JoTnt ot
~ 414 d° 600 d>
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5.5. Conclusion of the proof for fized positive depth

ProOOF (PROOF OF THEOREM [3]). We will use for all points ¢ € H the estimate
2I) complemented by the lower estimation h > h.

1 hi\? 1 hi\"1
14 > na > (- 'K > (K} Zjpl9.
Iplq_/HIPI > (1500 d5> /Hlpl > (1500 d5> 5 IplIg
Taking ¢'® root and estimating 2!/ simply by 2 yields Theorem Bl

6. Upper estimation of the oscillation order of convex domains

Given the results for maximum norm and the above results of Theorem
and Theorem [3] it is in order to clarify if the linear growth with n is indeed the
maximal possible order of oscillation in L? norms. That is settled by the next
result.

Theorem 5. Let K € C be any compact, connected—not necessarily conver—
domain, bounded by a finite or countable number of closed, rectifiable Jordan
curves T'y (j = 1,...) with finite total arc length 3°;|T';| = L < oco. Then
for any n € N there exists some polynomial p € P, (K) with [|p'||Leor) <

C(K)n|pllpaar)-

Note that the rectifiable assumption is necessary to have finite L? norms, for
otherwise most polynomials have infinite L¢ norms on the boundary. However,
apart from this assumption, the domain K is quite general, including nonconvex,
multiply connected domains. For disconnected domains, the analysis may be
done separately for connected components, and for compact sets without an
interior even a lower order of oscillation is possible, as it has been shown at least
for the interval I. Therefore, we may be satisfied with the degree of generality
of the above formulated assertion.

ProoF. We will provide a simple example. Let J C K be any diameter, and
chose an endpoint of the diameter J. Without loss of generality we may assume
that this endpoint is just the origin 0, and we can as well assume that J = [0, d].
Then our polynomial will simply be p(z) := 2.

At points, where |z] < d/2, we have |p(z)| < (d/2)" = 27"d" = 27"||p||k,
and [p/(2)| = n|z"" 1 < n2-(®=Dg*»=1 On the other hand, for points in the
ring domain R := {z € C : d/2 < |z| < d} and belonging to K we have

%(z) = |n/z| < 2n/d. So we can write

—n gn— 2n I
W= [t < earrae oz [ (2
r I'nR

(O SR
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By construction, the point d on the other end of the diameter J sits in 0K,
and belongs to some of the boundary curves I';, which boundary curve must
have some positive length |I';| = ¢ > 0, say. So parameterizing by arc length
and starting the parametrization at the point d, we can write v; : [0,¢] — T;
with v;(0) = d = ~;(¢), and obviously for any parameter value 0 < ¢t < d
|v; ()| > d —t, since the arc Vj}[Oﬁ j cannot go farther from the left endpoint at
d then its arc length ¢. It follows that at z = ~;(t) it holds |p(z)| > (d — t)"
until 0 < ¢ < X := min(d, £), and so we have

A
1
q> q > _ nq — ng+1 _ _ ng+1
Iplg 2 [ e 2 [ = g [ ]
"~ (d = X))
ng+1

and

[P]lso q<nq+1 1 <nq+1 1 _ng+1
Ipllg /= d \1=(1=A/d)" d \1-(1=XMd)) A
Finally applying this in ([B0) leads to
2n\? (ng+1
N < | 2= q.
w1y < (%) {5z 1} ol

Since ¢ > 1 and ng + 1 > 2, it suffices to observe that x/2% decreases for x > 2
and thus (ng + 1)27"¢ < 2max,>2 2277 = 1. We finally obtain

2 L + min(d, ¢)
n, < =——21- . 1
Il < 3 mmc@ g "l (31)

As here the constant depends only on the domain K, we conclude that ||p'||q <
C(K)n||p|lq holds for the chosen polynomial p € P,,(K), whence the assertion.

Remark 6. In case of a convex domain K, the parameters occurring here in
C(K) have a simpler meaning. First, the boundary 0K is connected (consists of
only one convex curve), and thus £ = L and min(d, ¢) = min(d, L) = d. Second,

as we have used several times, for convex curves the estimate L < 2md holds
+ 2

4 15
true, always, whence ([BI)) simplifies to ||p'||; < Wd n|pllg < En”p”q, say.

Remark 7. In |41] a more precise value of the constant C(K) has also been
obtained for the case of the infinity norm. As for L9-norm neither the order (in
general), nor the more exact constants are known, it seemed to be well ahead
of time to bother with sharper values of the constant C(K) here. Nevertheless,
our feeling is that the slightly more involved construction of [41] would indeed
provide a better constant, which may be sharp, apart from an absolute constant
factor, like in case ¢ = co. Here we do not pursue this issue any more.
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7. Concluding remarks

Above we have seen, that like in case of the maximum norm, also for the
L%(OK) norm any compact convex domain K admits polynomials p € P, (K)
with oscillation not exceeding O(n). On the other hand we have shown for some
classes of convex domains that the order of oscillation indeed reaches cxn.

A natural question—quite resembling to the question posed by Eréd 77 years
ago in case of the maximum norm—is to identify those domains which indeed
admit order n oscillation even in L4(0K) norm.

It has been clarified that, like in case of the maximum norm, also for L?
norms the interval I behaves differently: there the order of oscillation may be
as low as y/n. Therefore, it is certainly necessary that some conditions are
assumed for an order n oscillation. The question is if apart from having a
nonempty interior, is there need for any additional assumption? We think that
probably not.

Conjecture 1. For all compact convexr domains K & C there exist cx > 0 such
that for any p € Py (K) we have ||p'||Laax) = cxnl|pllLaax)-

We are not really close to this conjecture. Let us point out that a general
estimate—however weak—is still missing in the full generality of all convex com-
pact domains. Apart from the cases discussed here, we mentioned that the case
of the interval I is clarified—there the oscillation being of order y/n. So clearly
also here there is a difference between various compact convex sets. However,
we do not really know if I is indeed to be “the worst”, i.e. of lowest possi-
ble oscillation, as for general domains really nothing—not even some mere logn
e.g.—has been proved to date.

Therefore, posing a more modest goal, we would be interested as well in any
estimate working for general compact convex domains, without further assump-
tions on the geometrical features of it.
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