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Dynamic Stability of Long, Axisymmetric 
Liquid Bridges 

This paper deals with the non-linear forced oscillations of 
axisymmetric long liquid bridges between equal disks. The 
dynamics of the liquid bridge has been analyzed by using a 
self-similar, one-dimensional model already used in similar 
problems. The influence of the dynamics on the static stability 
limits, as well as the main characteristics of the non-linear 
behaviour of long liquid bridges, have been studied within the 
range of validity of the mathematical model used here. 

1 Introduction 

In the last years isothermal liquid bridges have focused the 
attention of many investigators, with a large number of 
published papers on this topic (a review of the literature 
related to liquid bridges can be found in Sanz-Andres [1]). 
Because of the large number of parameters involved, the 
study of liquid bridges becomes a formidable task which 
extends in time from the early paper of Gillette and Dyson 
[2] to the late paper of Slobozhanin and Perales [3]. Most of 
these papers are only concerned with static stability limits. 
As far as we know only a few attempts have been made to 
analyze the influence of the dynamics of the liquid bridge, 
and these efforts have been centred more in the dynamics 
itself than in its influence on the stability limits {Meseguer 
[4], Rivas and Meseguer [5], Perales and Meseguer [6], Sanz 
and Lopez-Diez [7], Zhang and Alexander [8], Langbein [9], 
Schulkes [10], among others). 

In this paper the influence of the dynamics on the 
stability limits of liquid bridges is analyzed by using a 
simplified one-dimensional, self-similar model which, in 
spite of its simplicity, allows us to get some feeling on the 
dynamical behaviour of long liquid bridges. Associated 
with stability limits is the concept of stability margin, which 
has been defined as the difference between the energy of the 
stable equilibrium shape and of the unstable one for a given 
liquid bridge. The stability margin gives an estimate of the 
minimum energy which is needed to break a liquid bridge 
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through a given perturbation. Stability margins are dis­
cussed in sect. 2, whereas in sect. 3 the forced oscillations of 
long liquid bridges are analyzed, and stability diagrams for 
such kinds of perturbation are obtained. 

2 Problem Formulation 

The fluid configuration under consideration consists of an 
axisymmetric liquid bridge, with constant density Q, kine­
matic viscosity v and surface tension a, held by capillary 
forces between two coaxial, solid disks of radius R which 
are a distance L apart, as sketched in fig. 1. The volume of 
liquid, V, is assumed to be almost the volume of a cylinder 
of the same R and L, V x KR2L, and it is also assumed that 
there is a small gravity field acting parallel to the liquid 
bridge axis. To describe the behaviour of such a fluid 
configuration the following dimensionless parameters 
are introduced: slenderness A = Lj{2R), dimensionless 
volume V = V'jR*, Bond number B = QgR2ja, and viscos­
ity parameter C = v(g/(c7?))1/2. In addition to these 
parameters, it must be stated that all physical magnitudes 
used in the following have been made dimensionless by 
using R and (oR^la)"2 as characteristic length and charac­
teristic time, respectively. 
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Fig. 1. Geometry and coor­
dinate system for the liquid 
bridge problem 
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It has been demonstrated in Ricas and Meseguer [5] that 
close to the static stability limit of cylindrical liquid bridges 
(A % Tt, B % 0, V « 2KA) there is a self-similar solution for 
the dynamics of the liquid bridge. These authors performed 
their analysis by using a one-dimensional model in which 
the axial velocity is assumed to be dependent on the axial 
coordinate - and the time /, but not on the radial coordi­
nate r (such hypothesis has proved to be valid provided the 
slenderness is high enough, say A > 1.5, Perales and Me­
seguer [6]). Within the validity range of such analysis the 
variation with time of the interface deformation is given by 
the Duffing equation 

Am + ",'Ai —my. - a1 = [J (1) 

where 

1 (\ V " 2 2 
x=4A{r) ' o=^(2<5)"2< 

5 - 1 / 1 V " 2 

y=-C(25)-"\ P = 2B{iP) ' (2) 

are the self-similar variables and parameters. In these last 
expressions A is the amplitude of the interface deformation, 
which in this model varies as S(r, t) = 1 + A(t) sin (K:)IA 

(formally A measures the deformation of a magnitude 
proportional to the liquid bridge cross-section, 5 = F2), 
whereas <5 stands for a reduced slenderness which includes 
volume effects: 

where <5 is positive and m takes account for the sign 
(m =± + 1); / is the dimensionless time and the parameters C 
and B have been already defined. 

To simplify the explanation, let us denote the self-similar 
variables and parameters involved in the problem, as 
defined by expressions (2), with labels indicating their main 
physical meaning, so that in the following we refer to a, 0, 
y, and P as deformation of the liquid bridge interface, time, 
viscosity, and Bond number, respectively. Let us also as­
sume that gravity* oscillates around some mean value, in 
such a way that in self-similar variables the time variation 
of the Bond number can be written as p~ = p + b cos (Q0), 
where Q stands for the self-similar frequency of the imposed 
perturbation. In such a case eq. (1) would be 

Am + yx» — ma — a ' = P + b cos (Q0), (3) 

which allows one to analyze, within the validity range of 
this model, both the static stability margin and the forced 
non-linear response of the liquid bridge. 

Static stability margin results from eq. (3) taking b = 0. 
The potential energy of the liquid bridge, which accounts 
for both gravity field and surface energies, in self-similar 
variables will be 

{ = - - m i 2 - - a 4 - M (4) 

where q is related to dimensionless energy (made dimen­
sionless with (jR2) through the expression 

Z=j(nS)-2(E-E0) (5) 

£0 accounting for all terms contributing to energy which do 
not depend on the interface deformation. Equilibrium 
shapes are given by 

^-=-nn-xi-P=0. (6) 
da 
Eq. (6) has one real root if m = + 1 , which is unstable 
(d2c/dor < 0), and three real roots, a, > a2 > a,, in the case 
m — —\. From these, the two extreme roots, a, and a3, 
correspond to unstable equilibrium shapes, whereas the 
central one represents a stable configuration. Thus, within 
this approximation the stability margin will be the differ­
ence between the energy of the unstable equilibrium shapes 
and of the stable one, Ac = £mmMe - £„„•,/,.• T"n's behaviour 
is summarized in fig. 2, where the variation of the roots a,, 
a2, and a3 with /? as well as the stability margins 
/d£3 = c(a3) - £(a2)

 a n d AE,X = c(a,) - £(«;,), are shown. 
Obviously, the stability margin is defined by the smaller of 
such values, ^j^, in our case, which in the following will be 
denoted as Ac,. According to eq. (5), in dimensionless 
variables the stability margin is given by AE =-^ TT A^d2, 
that is, the stability margin is proportional to the square of 
the distance to the stability limit (such stability limit being 
5 =0), the proportionality constant, At], being smaller as 
the Bond number increases. This factor, hence the stability 
margin, becomes zero when P = 2v/3/9, which respresents, 
when dimensionless variables are used, the variation with 

Fig. 2. Variation with the Bond number, /J, of the roots, a,-, of eq. (6), 
which define the equilibrium shapes of a slender liquid bridge, and 
variation with /? of the difference, Ac,, between the energy of each 
one of the unstable equilibrium shapes and of the stable one 
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Bond number of the stability limit of almost cylindrical 
liquid bridges, £=f<53/2, already calculated by Vega and 
Per ales [11]. 

3 Dynamic Stability 

The stability margin or safety margin represents a limit to 
the minimum energy needed to break the liquid bridge. 
That means that, for a given perturbation, the response of 
the liquid bridge will depend on the energy of the perturba­
tion; the liquid bridge will remain stable if the energy is 
smaller than the corresponding stability margin and it could 
be unstable if such energy becomes bigger. Of course in this 
last case the evolution of the liquid bridge depends on how 
the perturbation is imposed and on how such energy is 
dissipated because of viscosity. To fix our ideas let us 
consider the forced oscillation of the liquid bridge in gravi-
tationless conditions (/? = 0, b ± 0). In that case <x2 = 0 and 
a, = — a3 = 1, so the A^=\. The time variation of the 
interface is now defined by the expression 

+ yoc„ + a — a3 = b cos (Q0 + <p), 

which, assuming steady oscillations are reached, can be 
integrated in a first approximation [12] obtaining 
a = a cos (Q9), where a is related to viscosity, y, to the 
amplitude of the perturbation, b, and to the frequency of 
the perturbation, Q, through the equation 

\2 

1 -Q2 3 . 
4a' 

+ y2Q2a2 = b2 (8) 

Within this rough approximation (to write down eq. (8) a 
term in a^ cos (3Q9) has been neglected) the oscillation of 
the liquid bridge can be easily visualized by plotting the 
liquid bridge evolution in the phase space (deformation-
velocity-energy diagram), as shown in fig. 3. Note that, 

Fig. 3. Phase space (deformation of the interface, a, velocity, a„, and 
energy, Q) of the forced oscillations of a liquid bridge according to 
the simplified model given by eq. (8). There are two evolutions 
represented in this plot, Q > I and Q < I, where Q stands for the 
pulsation of the forcing action 

since we are considering an evolution, kinetic energy must 
be also taken into account, so that at every point of the 
phase space the energy will be the sum of the potential 
energy plus the kinetic energy: 

2 
1 1 

+ 2 K (9) 

Two different oscillations of the liquid bridge, with ampli­
tude a < 1, have been also represented in fig. 3, one corre­
sponding to Q < 1 and the other corresponding to Q > 1. 
Note that, for the movement under consideration, the en­
ergy of the liquid bridge, hence the energy of the perturba­
tion, can be greater than that corresponding to the stability 
margin (At, =5) and the configuration remain stable, as it 
happens in the Q > 1 case. 

According to the plot of fig. 3, the liquid bridge will be 
unstable when a = 1, and, in that case, eq. (8) gives us the 
relationship between the viscosity y and the parameters 
defining the perturbation 

(7) y2 = « " b2- Q- (10) 

Once b and Q are fixed, the liquid bridge evolution will be 
stable if the viscosity of the liquid is greater than the value 
resulting from eq. (10), otherwise it will be unstable. This 
behaviour is summarized in fig. 4, which has been plotted 
by using eq. (10). For a given viscosity y and frequency Q 
the evolution will be unstable if the point representating 
this evolution lies on the left of the corresponding A-curve, 
and stable if the point lies on the right. 

Of course, this description of the phenomenon must be 
regarded as qualitative only. The results obtained are based 
on the assumption that the response of the liquid bridge is 
co-sinusoidal (a = a cos (Q9)) which, as already stated, is 
only a rough approximation to the solution of eq. (7). 

To get more precise results, eq. (7) has been numerically 
integrated by using a fourth-order Runge-Kutta method 
and the trajectories in the phase-plane obtained. Depending 
on the values of the parameters involved (7, b, and Q) and 
the initial conditions these trajectories can be closed curves 
(the deformation of the liquid bridge interface, a, remains 
bounded no matter what the value of 6 is) or the deforma­
tion continuously grows with time. The first case means 
that the liquid bridge is stable for the imposed perturbation, 
whereas in the second case the fluid configuration becomes 
unstable. The border between the two cases being the 
dynamic stability limit for the perturbation under consider­
ation. When forced oscillations are considered the stability 
limit depends, as already stated, on the nature of the 
perturbation imposed and on the initial conditions. To 
avoid the influence of the starting transient, calculations 
have been performed as follows: first of all a set of values of 
the parameters y, b, and Q for which the liquid bridge 
evolution is clearly stable is chosen (this is achieved by 
selecting a high value of viscosity 7). Once a steady oscilla­
tion for the selected set of values of the parameters is 
reached, the value of one of the parameters is slightly 
changed (in our case the value of 7 is slightly reduced at the 
beginning of a cycle); in this way initial conditions for the 
second set of values of the parameters are extremely close 
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Fig. 4. Stability diagram in self-similar variables as given by 
eq. (10). Points at the left of each curve b = const, are unstable 

1 2 for this value of b, whereas those lying at the right are stable 

to that corresponding to a steady oscillation and transient 
effects due to initial conditions can be made negligible. 

The results obtained are shown in fig. 5. Also in this plot 
each one of the curves b = const, represents the correspond­
ing stability limit. Points at the right of a given curve 
represent stable evolutions (high values of the viscosity, y) 
whereas those at the left side region (low values of y) 
correspond to unstable evolutions. Note that once y and b 
are fixed there is one or even two sets of values of Q for 
which the liquid bridge evolution becomes unstable. 

The response of the liquid bridge, defined as a„, \b where 
a,„ stands for the maximum value of a in each cycle, is 
shown in fig. 6 for different values of b. 

To get an idea of the importance of initial conditions on 
the response of the liquid bridge eq. (7) has been integrated 

again with initial conditions a = 0, a„ = 0. The stability 
limit corresponding to b = 0.5 obtained by using this initial-
condition (curve labelled 2 in fig. 7) is compared with the 
calculated taking "steady" initial conditions (curve 1). Note 
that the influence of initial conditions becomes negligible 
when Q is small enough, but that differences can be remark­
able as the value of Q increases. 

Finally, it must be said that the Duffing equation, here 
used to analyze the non-linear forced oscillation of long 
liquid bridges, is a typical example of a non-linear oscillator 
in which chaos phenomena appear [13]. Such chaotic be­
haviour has been detected in our calculation, it clearly 
appears when both Q and y are small, although no attempts 
have been made to perform a deep analysis of such be­
haviour, which is out of the scope of this paper. 

Fig. 5. Stability diagram in self-similar variables obtained by 
numerical integration of eq. (3). Points at the left of each curve 
b = const, are unstable for this value of b, whereas those lying 
at the right are stable 
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Fig. 6. Variation with the self-similar pulsation Q of the maxi­
mum deformation of the interface, ot,„, divided by the intensity of the 
forcing perturbation, b. Numbers on the curves indicate the value of the 
viscosity, y 
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Fig. 7. Influence of the initial conditions on the stability dia-
. gram. Curves I and 2 have been obtained under different initial 

conditions as explained in the text 
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