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In this work, the influence of the surrounding fluid on the dynamic characteristics of
almost circular plates is investigated. First the natural frequencies and normal modes
for the plates in vacuum are calculated by a perturbation procedure. The method is
applied for the case of elliptical plates with a low value of eccentricity. The results are
compared with other available methods for this type of plates with good agreement. Next,
the effect of the fluid is considered. The normal modes of the plate in vacuum are used as
a base to express the vibration mode of the coupled plate-fluid system. By applying the
Hankel transformation the nondimensional added virtual mass 2 increment (NAVMI)
are calculated for elliptical plates. Results of the NAVMI factors and the effect of the
fluid on the natural frequencies are given and it is shown that when the eccentricity of
the plate is reduced to zero (circular plate) the known results of the natural frequencies
for circular plates surrounded by liquid are recovered.
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1. Introduction

The interaction of a fluid with a vibrating plate is a problem with many applications
in mechanical engineering. When the fluid is air the dynamic characteristics of very
light plates used for example in space applications are greatly affected (see Filippi
et al. [1994]), in this case also the vibroacoustic properties of the coupled fluid-plate
are of great interest [Geng and Li, 2012 or Zheng and Wei, 2013].

When the fluid is a liquid the dynamic properties of the plate are affected even
when the plate is not a light structure. Many applications of this interference prob-
lem can be found in the literature like the recent works of Tariverdilo et al. [2013] and
Askari et al. [2013] that investigate how the vibration of circular plates immersed
in a fluid is modified by the depth of immersion.



For circular plates immersed in a large reservoir of liquid other theoretical and
numerical studies can be found in the literature depending on the plate boundary
condition. Thus, to cite some of the most classical works for example Rayleigh [1945]
calculated the inertial increase of a rigid disk vibrating in a circular aperture; Lamb
[1920] obtained the natural frequencies of a clamped circular plate; McLachlan
[1932] considered the case of a circular plate with free edges; and Peake and Thurston
[1954] considered the cases of clamped and simply supported edges for circular
plates. In all of these works, the mode of vibration of the plate was assumed to be
a simple polynomial form that in some cases does not satisfy all of the boundary
conditions at the plate edges. It can be said, then, that the results in terms of the
natural frequencies depend on the choice of the function used to describe each mode
shape; therefore, a unique solution is not available.

In recent works, Kwak [1991]; Kwak and Kim [1991]; Amabili et al. [1995] and
Amabili and Kwak [1996] have developed a method to determine the dynamic prop-
erties of circular plates surrounded by a liquid. The modes of vibration in all of the
cases studied were taken as the modes of the plate in vacuum (see, e.g., Leissa
[1969]), and these modes satisfy the exact boundary conditions at the plate edges.
In Kwak [1991] and Kwak and Kim [1991], the influence of the free surface of the
fluid compared with the rigid wall was investigated, and it was concluded that
for the cases of clamped and simply supported boundary conditions, the nondimen-
sional added virtual mass increment (NAVMI) factors were lower for the free surface
than for the rigid surface. Additionally, in Amabili and Kwak [1996] the influence
of the coupling fluid-structure on the vibration mode was studied. In the results
presented, it was shown that small differences occur with regard to the mode shape
in both cases, with the small deviation depending on the boundary condition on
the plate edges. It was concluded in Amabili and Kwak [1996] that the use of the
modes in vacuum for the plate vibration can be a good approximation for most of
the cases. Therefore, in this paper, the consideration that the plate is in a hole on
a rigid surface will be taken into account while keeping in mind that this condition
will be different from the case of a plate on a free surface.

For applications to spacecraft structures (such as satellite antennas), the plate
shape is not circular but can be considered to be almost circular. Some of the
antennas have an elliptical shape with a small ellipticity eccentricity. Thus, by a
perturbation procedure the work of Amabili and Kwak [1996], has been extended in
the present paper to determine the influence of the fluid on the dynamic character-
istics of almost circular plates. First, by applying Lindstedt—Poincaré’s technique,
the natural frequencies and mode shapes of a clamped elliptical plate in vacuum are
obtained. The results of the natural frequencies are compared with other approxi-
mations for these types of plates as a function of the eccentricity. Good comparisons
are obtained in all of the cases computed. Next, the nondimensional added virtual
mass coefficients are computed using the Hankel transformation procedure as used
by Amabili and Kwak [1996]. A study of the influence of the added mass as a



function of the elliptical eccentricity of the plate for different frequencies is pre-
sented. When the perturbation parameter ¢ is set to zero, the results of Amabili
and Kwak [1996] are recovered.

2. Natural Frequencies of Almost Circular Plates in Vacuum

Consider a plate vibrating in vacuum. The governing equation describing the plate’s
amplitude of vibration in the normal direction to the plate surface is

2
*w(r, 0,1) _0

4
DV*w(r, 0,t) + pph pYe ,

(2.1)
where D is the flexural rigidity D = %7 h is the uniform plate thickness, F is
the Young modulus of the plate material, v is the Poisson ratio, pp is the density
of the plate and the Laplacian operator is in polar coordinates:
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If the plate is assumed to be clamped at the edge, the boundary conditions are
w(r,0,t) =0 atr=r(0),

2.2
W:O at r =r(0), 22
where n is normal to the plate boundary.

If the plate is almost circular with radius a, the plate boundary can be expressed
in a first approximation as r = a + £f(8), where ¢ is the small parameter of pertur-
bation. Since only linear terms will be considered in this work the present method
should only be valid when terms of the order of 2 can be neglected compared to
terms of the order of €. That is, for example for values of 0 < e < 0.1:

The boundary conditions for the plate can then be given as

V7=

w(r,8,t) =0, atr=a+ef(0),

(2.3)
—aw(gr@?t) - rizgf/(e)—aw(g’;’t) —0 atr=atef(0).
To search for the normal modes and natural frequencies, the plate is assumed
to be in harmonic vibration at the frequency w, making w(r, 8,t) = w(r, #)c*“*t. The
differential equation is now

DV*i(r,0) — ppw’hiv(r, 0) = 0. (2.4)
Naming
%uﬂ = g (2.5)

The differential equation is expressed

V4i(r, 6) — Bra(r, 6) = 0. (2.6)
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And the boundary conditions are
w(r,0) =0 atr=a+cf(0),

ol il (2.7)
M _ igf/(e)% =0 atr=a+ef(0).

w(r, 8) represents the amplitude of vibration at (r, 8).
Applying the method of Lindstedt—Poincare [Nayfeh, 1981], the plate vibration
amplitude can be expanded as

w(r, 0) = wo(r,0) + e (r,0) + O(?). (2.8)

And to account for the dependency of the natural frequencies with the pertur-
bation parameter they can be expressed as,

w=wo + ewy + O(?). (2.9)

Taking into account the expression 22w? = £2R(2 4 2cwowy + ---) = 5 and
defining the expansion in powers for the parameter 3 in the form 3° = 32 + £47,
identifying, the following relation is obtained between the terms of different order
for § and w

pph pph
Wb = B3, Spwows = 3L (2.10)
Collecting terms of order £” and of order £', the next equations are obtained:
For the order of £°,

DV4U~)0(7"7 0) - ﬁéﬁ)@(ﬁ 0) - 07

wo(a, ) =0, (2.11)
872}0(0’70) _
o =0.

For the order of £,
DV4QD1 (7”7 9) - 66172)1 (7”7 0) - 2ﬁgﬁ%ﬁ)07

Owy(a, 0
%fw) =0, (2.12)

owi(a,0) 1 ,,  Owola,0) O%wo(a,0)
—a ol O O —5 55— =0

It is common practice to search for the solution of the zero-order formulation by

u~)1 (CL7 0) +

separation of variables:

n(r,0) = 3 W () {COS mo, (2.13)
0

sin m#@,

where m is the index for the number of nodal diameters, with m = 0 meaning no
nodal diameters, m = 1 meaning one nodal diameter and so on.



The zero-order solution is (see Leissa [1969])

W (1) = A Jin (B57) + Bony I (B 7)- (2.14)
Applying the first boundary condition yields
W (1) = Ao [Im (Boim7) = AL (B )] (2.15)
With
I (B8 @)
O = ———1—=. 2.16
The parameter 3, where 56%4 = W 2L Eh7 are the roots of the equation

obtained from the second boundary condition

M n Jm ﬁnma n M

Tt (Bi@) = 1) — Iy (5 0) 1 Ly (Bp)] =0, (2.07)
Im(ﬁOma)

where J,,, and I, are the Bessel and the modified Bessel function of the mth order.

For the order ¢, the function w; (r, #) can also be expressed as

Bi(r,0) = > WP, (r) {COS mo, (2.18)
m=0

sin m@.

The solution to the order ! for W1 . Eq. (2.12), can be obtained as a solution
to the homogeneous equation and a particular solution. Thus,

Wlnm(r) - Wlnmh(r) + Wlnmp(r)7 (219)
where the homogeneous solution is expressed as

After substitution in Eq. (2.12), the following differential equations for the par-
ticular solution are obtained for the cases m =0 and m = 1.

AW, | 2dWh, 1 dEWh, 1A,

dr4 rodrd 2 d? B dr K 304Wﬁ3p
- 253025?02W(%7 (2.21)
Wy, 2d8WE, 3 EWE, 3 AW, Bwm _ gndym
dr r dr3 2 dr? 3 dr A 01 Wi1p
- 253125?12W€1~ (2.22)

If the plate shape is assumed to be almost elliptical, the function f(@) can be
approximated by f(0) = —$(1 — cos 20).
The boundary conditions for Wj and W]} are now
Wih(r) =0 at r = a,
AWy adWy 0 dW (223)
dr 4 dr? 8 dr?

at r = a.




And
Wh(r)=0 at r = a,
AW a W a2 (224)
dr 8 dr2 8 ar?
The particular solution Wl"mp(r) is obtained by expansion of the inhomogeneous
term in Eqgs. (2.21) and (2.22) as a power series:

at r = a.

wn ul :
Zmn_p(r) = [bjo + b5 51 (2:25)
Om §=0

With the coeflicients b;o and b;; known functions of Af,, and the powers of 3§,

bjo = byl (B )]s byt = bsa[(B5 ), Al (2.26)
So that, the particular solution at » = a can be expressed as a function ¥ of the
parameters 3%,,a, AL, and the unknown parameter 57, a, that is

wn
Dol (5,0, s N (227)
Om

N is taken large enough to ensure convergence.
From the boundary condition Wi, (a) = 0 and equating AY,, = Ag,,, the follow-
ing expression is obtained:

BT (B @) + Al S0 [bjo + by - 82,7 - o

B, =- . 2.28
So the homogeneous solution is expressed in the form
with the parameter
1
AL, = ———— I (B0a) + Y (55,a, BT, Aom)]- 2.30
b = Ty i) ¥ i, B 35, (2:30)

In this way the parameter A7 is a known function A of the parameters 53, a,

and the unknown parameter 87, a, that is:

T = MG BT A )- (2.31)

Now, from the other boundary condition, a characteristic equation is obtained
to determine the unknown value of 7, and with the relation %w()‘mw{‘m =
gm2 5{‘7”27 Eq. (2.10), the perturbed frequency w?,, can be obtained. In a general

form, the values for 57, a depend on the homogeneous solution to the differential

B,

m

equation, the particular solution and Bessel functions of the parameter 53, a and
can be expressed as a function T

Blma = YByma, Jo(Boma), Lo(Boma)l (2.32)

with « taking values 0,1, 2.



Table 1. Comparison of the fundamental frequency between the present method and
other approximated expressions given in Leissa [1969] as function of the eccentricity of the

plate.
a/b € Present  Leissa [1969]  Leissa [1969] Leissa [1969]  Leissa [1969]
method Eq. (3.2) Eq. (3.4%) Eq. (3.6) Eq. (3.8)
1.000 0.00 3.1962 3.1961 3.1961 3.2137 3.1979
1.02598  0.05 3.2359 3.2380 3.2361 3.2560 3.2400
1.05409  0.10 3.2751 3.2839 3.2760 3.3029 3.2867
1.08465 0.15 3.3139 3.3337 3.3160 3.3552 3.3387
1.11803  0.20 3.3522 3.3875 3.3560 3.4139 3.3971

For the lowest frequency, the following results have been obtained:
9 =3.1962 and 3, = 2.2601.

In Table 1, the values of the parameter A are defined as

2\ 1
A= (%") a. (2.33)

In this table, the lowest frequency is compared with three different approxima-
tions reported in Leissa [1969], namely, expressions (3.2), (3.6) and (3.8). Expression
(3.4%) is like (3.2) but with only linear terms in . It should be noted that (3.2),
(3.6) and (3.8) retain terms up to order £

It can be seen that, for the lowest frequency, the comparison between the present
method and (3.4%) is very good.

Next, the natural frequencies for the plate in vacuum are compared with the
methods presented in Kaplunov et al. [2005].

For the values of ¢+ = 1.1, ¢ = 0.181818 and n = hiz 0.05, the frequency

parameter defined in Kaplunov et al. [2005] as Q@ = —£4— is compared for

VaTors

and nodal circles “n” in Table 2.

It can be observed that the results are quite similar, except for the case of m =1
and n = 1, however, for this case the comparison of the present method with the
circular plate, £ = 0, seems to be in accordance in contrast with the results obtained
by Kaplunov et al. [2005].

In Table 3, the parameters 2 with no nodal diameter m = 0 and one nodal

Em
diameter m = 1 are presented.

[43 ”

different nodal diameters “m

Table 2. Comparison of the natural frequencies of an elliptic plate with a/b = 1.1.

m n Rayleight—Ritz Present 3D finite element Circular
Kaplunov et al. [2005] method Kaplunov et al. [2005] plate e =0

0 0 0.5519 0.5437 0.538 0.4983

1 0 1.093 1.0844 1.04 1.037

0 1 2.200 2.1165 2.01 1.94

1 1 2.707 3.096 2.43 2.967




Table 3. Frequency parameters of orders
€Y and e! for the elliptical clamped plate.

B B0 B B
3.1962 2.2601 4.6109 2.3054
6.3064 4.4537 7.7903 3.8997
9.4305 6.6747 10.9581 5.4779
12.5771 8.8935 14.1086 7.3482

W oS

From these results, the frequencies for different values of eccentricity € can be
computed.

The advantage of the present method is that now vibration mode is obtained in
an explicit form and the method of Amabili and Kwak [1996] can be used to obtain
the nondimensional added virtual mass increment NAVMI factors.

3. NAVMI Factors for Elliptical Plates

The elliptical plate is assumed to be in contact with an incompressible and inviscid
liquid initially at rest. Figure 1 represents an elliptic plate placed into an elliptic
hole with an infinite rigid wall and in contract with a liquid.

If the motion of the liquid due to the vibration of the plate is assumed to be
irrotational, a velocity potential exists, and the differential equation that describes
the fluid motion is the Laplacian equation. If the vibration mode of the plate is
expressed as w(r, 0,t) = w(r,d) - e*, the velocity potential can be represented by
B(r,0,2,t) = o(r,0,2) - iw- " = o(r,0,2)f(t). The potential ¢(r, 0, z) verifies the
Laplace equation. The boundary conditions on the velocity potential ¢(r, 8, z) are

w ~0 at S1 on the rigid wall, (3.1a)
2 o

880(2,29,»2) B — ;1{”/7%(?0) cos(m@)} at So on the plate, (3.1b)
o(r,0, z), 380(3T0,z), 3@(35, 20 for r 200 at Se.  (3.1c)

LiquidDomain

[ |

S5

<

Vacuum

Fig. 1. Elliptic plate placed into an elliptic hole with an infinite rigid wall and in contact with a
liquid.



Following the separation of variables used for the plate motion also the fluid
velocity potential can be expressed as

o(r, 8, 2) Z{¢ (r, z) - cos(m@)}. (3.2)

For each mode of vibration of the plate W (r), there will be associated a poten-
tial function ¢ (r, z). The potential ¢, verifies the following equation in the liquid
domain:

a2 Log¢r 8% m?
afzm - g;” af;” — r—qu% =0 at L. (3.3)

Following the procedure used in Amabili and Kwak [1996] for circular plates,

the Hankel transformation defined as

€)= [ 162 ) (3.4)
0
is applied to Eq. (3.3). The resulting differential equation for ¢%,, is
d2 ?Jm 2

To satisfy boundary condition equation (3.1c¢), the potential must decrease with
z, so the solution to Eq. (3.5) has to be of the form:

Pl (&, 2) = W (€) -7, for z >0, (3.6)

where U7 is a function to be determined from the other boundary conditions. By
the inverse Hankel transformation the potential ¢% (7, z) can be expressed as:

shin) = | e (€, 2) I (). (3.7)

Now, applying the separation of variables, Eq. (3.2), to the boundary conditions
equations (3.1a) and (3.1b) and using Eq. (3.7) yields:

{/ 2" (af)Jpm (Er) cos(mb) df} Z{ W (r)cos(mf)} at Sy, (3.8a)

> {/O fz%(af)Jm(gr)cos(me)dg} =0 atS. (3.8b)

Based on the properties of the Hankel transformation see Sneddon [1966] the
solution to Eqs. (3.8a) and (3.8b) is

;{5%(5) cos(md)} ;{_ /O rwg(r)cos(me)Jm(rg)dr}7 (3.9)
where

re=a (1 - Z(l —00829)) :



After expansion of Eq. (3.9) in powers of ¢ and taking into account that W (a)
0, the expression for W7 (£) is

€U == [ W) (re)ar, (3.10)
0
From Eq. (3.7) the value of ¢, (r,0) is obtained as:
¢ (r,0) = — /OOO {/Oa aW:fL(a)Jm(af)da} I (Er)dE. (3.11)

If the function H () is defined as

O = [ W01 0 (o8)do. (3.12)

The final expression for the mn component of the velocity potential at z =0 is

o™ (r,0) / H ()T (Er)dE. (3.13)

If it is assumed that the modes for the plate in the liquid are the same as the
normal modes in vacuum (there is no coupling see Amabili and Kwak [1996], then
each frequency of the plate in the presence of the liquid can be expressed as the
ratio to the frequency in vacuum:

(fo)m 1 - 1
fo)m Tow VT 1AL
(o) \/1+ G VIt

(3.14)

where (T7,)7 and (1})7, are the kinetic energies of the liquid and the plate associated
to the deformation mode W (r).
The ratio of the kinetic energies «], can be expressed as

T = £ (8.15)

where I'7, is the NAVMI factor and can be expressed as a linear function of «.

3.1. Kinetic energy of the liquid associated to the mode mn (TL)Z

After application of the Gauss theorem, the kinetic energy for the liquid can be

expressed as
1 0P
T, = —po b —do, 3.16
L= 5o [ [ 0500 (316)

where ¥ = S + 51 + S>. Because Sy is a rigid wall, gf = —%—‘f = 0; therefore

this surface does not contribute to the kinetic energy. In addition, at S, ® and

g—i — 0, 80 S, does not contribute either. Thus, the kinetic energy of the fluid is

expressed as
1 e o%
T, = —= [e%s) ¢ s Ve Uy
p=gew [ [ et00n 52|

rdrdf. (3.17)




The component mn for the kinetic energy can be expressed, after substitution
of the velocity potential, as

1 . 2T pre a n
(T = 5o [ [ ar0) 552

cos?(m@)rdrdd.  (3.18)
2z=0

However, from the boundary condition, Eq. (3.1b), for 0 < r < r, %

W (r); therefore, Eq. (3.18) is

‘z:O o

2T pre
(T = —%poo 2@ / " (r, 0)W™ (r) cos” (mB)rdrdh. (3.19)
0 0

After expansion in powers of £, taking into account that W (a) = 0 and using
Eq. (3.13) the component mn for the kinetic energy of the fluid can be expressed as

(L) = 2o 200 /{ | e mds} nyrdr, (3.20)

where

2 9 2r m=0
m = 0de = U
v /0 cosm {7‘( m #£ 0.

Interchanging the order of integration, this kinetic energy can also be expressed
as

(T = om0 [ 2 €00 (3.21)

The function H (¢) depends on the deformation mode W (£) as

Hy(&) = He,, (§) + e HT,, (€) :/ (W (o) + Wi (0) Jm(o)odo. (3.22)

0
Taking dimensionless variables defined as p = =, n = af and naming H! = Ii—gy't
the expression for H% (n) considering the deformation mode Wg, (p) [Eq. (2.14)] is:

3,00 = [ A3l G00) ~ NI ipl . (329)
This integral has an analytic expression, see Bowman [1958]:

I 1 (1) T (G @) = B 81 (55 @) I (1)
13 01) = AT B 0” =1 (3:24)
T a0 (35,0) Bl 1 (B ) ) |

B’ a® + 17
The expression for HJ,(n) has also two parts one due to the homogeneous
solution W, ; (p) and the other due to the particular solution W1, (p), Eq. (2.19),
therefore:

The function H?" , (n) has the same expression as Eq. (3.24) replacing A%, by AJ,,..



The function H Tmp () associated to the particular solution, is:

It Wi,,.,(p) of Eq. (2.25), is expressed as a Dini’s expansion [Bowman, 1958]

2

Wip(P) =D AjTm(asp), (3.27)
3=0

where N is large enough to assure convergence and the coefficients A; and «; are
defined as:

2 1
a Ja(ag) = Im1(aj) Imia(ay) /o PW i (P) I (050) (3.28)

And «; are the roots of equation J/, (p) = 0.
Then, HY,, (1) is expressed as:

N
17 = S A, nJmfl(n)Jm(aL)Z—_ c;jZJml(aj)Jm(n) , (3.29)
§=0 J

So finally the component mn for the kinetic energy of the liquid for the mn
mode is evaluated from the expression

1 ) oo
T = =poo 2 ma® H™ (n)dn, 3.30
(T = gom om0y (3.30)

where HT (n) is expressed as function of H} (n) and of H}, (n) through Eqgs. (3.24)
and (3.25). The integral is evaluated numerically.

3.2. Kinetic energy of the plate, T,

The kinetic energy for the vibrating plate is given by

1 Te p2T
T, = 5pph/o /O W’ (r,0,)rdrdd. (3.31)

The deformation velocity, assuming harmonic motion, is expressed as

w(r,0,1) Z{W" cos(mf)iwe ™'} =Y (W (r)cos(m0) f(1)}.  (3.32)

m,n

By substitution of Eq. (3.32) in Eq. (3.31), the kinetic energy of the plate for
the mn mode is

2T pre

(T, = %pphf(t)z / W 2(r) cos® (mb)rdrde. (3.33)
0 0
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Fig. 2. (a), (b) and (c): NAVMI factors as a function of eccentricity for the modes without nodal
diameters.
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Fig. 3. (a), (b) and (c): NAVMI factors as a function of eccentricity for the modes with one nodal
diameter.
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Fig. 4. (a), (b) and (c): Influence of ellipticity on the natural frequencies of the plate immersed
in the liquid for the case of no nodal diameter.
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Fig. 5. (a), (b) and (c): Influence of ellipticity on the natural frequencies of the plate immersed
in the liquid for the case of one nodal diameter.



Expanding in power series of £ and taking into account that W (a) = 0, the
kinetic energy of the plate for the mn mode is

n 1 ¢ ¢ n n
(T = oo [ Vi) + - Wi (). (3:34)
Taking dimensionless variables p = =
n 1 ¢ ' n n
(T = oo F b [ VB0 o Wi (0P odp. (335)

Next, the results for the cases of m = 0 and m = 1 and n = 0,1 and 2 are
presented in Figs. 2 and 3. Also represented is the result for the circular plate
obtained by Amabili and Kwak [1996].

From these results the following conclusion can be obtained:

(1) The value of the NAVMI factor always decreases with the eccentricity.

(2) The variation is greater in the modes without a nodal diameter (of the order of
2.5%) than for the modes with one nodal diameter (less than 1%).

(3) For the same number of nodal diameters, the reduction increases with the order
of the mode, that is, with n.

Next, the ratio between the frequencies of the elliptic plate and the circular plate
in liquid will be computed. This ratio can be expressed as

(fomle  [(fodmle 14 (2 )o
[(Fomlo  [(Fo)imlo m7 (3.36)

where [(f1)I]c represents the natural frequency of the elliptic plate in the liquid,
[(fr)%]o the natural frequency of the circular plate in liquid, [(f,)%]e is the natural
frequency of the elliptic plate in vacuum and [(f,)% ]o is the natural frequency of
the circular plate in vacuum.

In Figs. 4 and 5, these ratios of frequencies are presented for the cases of m =0
and 1 and for n =0, 1 and 2.

Again, in the figures, it can be observed that the frequencies that depend linearly
on € now increase with respect to the case of the circular plate. The increase is faster
for the modes without nodal diameters than for those with one nodal diameter, as
expected.

4. Conclusions

The method of the Hankel transformation, which was first used by Magrab [1979]
and later by Amabili and Kwak [1996] for circular plates, is now applied to solve
the fluid-structure interaction problem for elliptical plates. For the application of
the method, an explicit expression for the vibration mode of the plate is needed.
Therefore, for plates with a small eccentricity ratio ¢, a perturbation technique has
been applied that within the first order of £ makes it possible to obtain the normal



modes and natural frequencies of the elliptical plate in vacuum. The results obtained
for these cases are shown to be in very good agreement when comparing the natural
frequencies with other approximate methods for the same order of accuracy.

For the results with the fluid, the NAVMI factors has been calculated for the
cases without nodal diameters and with one nodal diameter. The results show that,
for all cases, the influence of ellipticity reduces the NAVMI factor, and the reduction
is greater for the modes of higher order for the same value of m and more important,
as expected, for the case with zero nodal diameters than for the case with one nodal
diameter.

The method can be used as a test case to check numerical codes used based on
FEM-BEM to determine the influence of the fluid on the dynamic characteristics of
elliptical plates. Also the method could be applied to other plates almost circular
by changing the function f(#).
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