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ABSTRACT

In this paper, we axiomatically introduce fuzzy multi-measures on bounded lattices. In particular, we
make a distinction between four different types of fuzzy set multi-measures on a universe X, considering
both the usual or inverse real number ordering of this lattice and increasing or decreasing monotonicity
with respect to the number of arguments. We provide results from which we can derive families of mea-
sures that hold for the applicable conditions in each case.

1. Introduction

Modern measure theory began to take shape in the late nine-
teenth century. Stolz and Harnack in 1884 and Cantor in 1885 de-
fined the measure of a bounded set of R and a bounded set of R",
respectively. These measures have the disadvantage that the mea-
sure of the union of two disjoint sets can be smaller than the sum
of the measures of the sets. This problem was solved in the case of
finite unions when Peano and Jordan in 1890 introduced the notion
of measurable set. However, this was not completely satisfactory,
because, for example, the set of rational numbers in a bounded
interval is not measurable. These difficulties were overcome when
Borel [7] extended the class of measurable sets establishing a mod-
el in which the measure is countably additive. Lebesgue [34] fol-
lowed up Borel's theory and related it to integration theory.
When a measure is bounded on [0,1] and assigns the value 1 to
the universal set, then not only can it be used to estimate the size
of a set, but it also provides a model to measure the probability of
an event occurring. The concept of probability measure was de-
fined by Kolmogorov [32] in 1933.
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More than fifty years after the establishment of classical mea-
sure theory, the additivity requirement was questioned, and less
restrictive theories began to emerge. For instance, Choquet pre-
sented the theory of capacities in 1954 [13], which calls into ques-
tion the classical concept of measure since capacities are increasing
and continuous set functions. In the context of probability theory,
the Dempster—Shafer or evidence theory [16,48] was developed in
the second half of the twentieth century considering belief mea-
sures, which substitute the additivity requirement with superaddi-
tivity, and plausibility measures, which use subadditivity.
Possibility measures [56] which are special plausibility measures,
and the associated necessity measures, which are special belief
measures, arose in the context of fuzzy sets, introduced by Zadeh
in 1965 [54,18,19].

Fuzzy set theory provided a framework in which new models of
measurement were developed, even for measuring vague concepts.
Thus, Sugeno introduced the fuzzy measure and fuzzy integral in
1974 [49], Ralescu and Adams [45] generalized these concepts to
the case that the value a fuzzy measure can be infinite, Kruse
[33], Wang [52] and Liu [36] studied some structural characteris-
tics of fuzzy measures and proved several convergence theorems
for fuzzy integrals, whereas Bassanezi and Greco [2] studied the
representability of functionals defined on fuzzy sets by fuzzy mea-
sures. Sugeno’s theory was used in knowledge-based systems that
require a subjective evaluation for a family of non-fuzzy events
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[49], but today’s systems often require the subjective and objective
evaluation for a class of fuzzy events. This motivated authors such
as Klement [29] and Qjao [43] to investigate fuzzy measures de-
fined on fuzzy sets. Moreover, the concept of fuzzy measure was
generalized considering measures defined or with their values on
general lattices. Noteworthy in this regard are investigations by
Greco [22], Qiao [44], Klement and Weber [31], and Liu and Zhang
[37].

Up to now, we have referred to measures as functions with only
one argument. Nevertheless there are measurable properties, like
similarity and inclusion measures [24,55], and overlap functions
[8], that involve two elements, thus requiring functions with two
arguments. Moreover, there are also properties that can refer to
more than two or even a variable number of elements; for exam-
ple, we might want to study the incompatibility of several sets or
predicates in systems modeling with more than one source of
information. Therefore, it is worthwhile building a broader mea-
surement model that could be applied to a variable number of
arguments. Different theoretical developments of multi-argument
functions are reported in the literature, such as the thoroughly re-
searched aggregation functions [3,9,50,20]. It is well-known that
some aggregation functions can be seen as fuzzy integrals with re-
spect to a system of fuzzy measures. This is the case of the arithme-
tic mean, which is the Choquet integral with respect to an additive
and symmetric fuzzy measure. More recently, the class of basic
generated universal fuzzy measures has been introduced by Mesiar
et al. [39,40]. The integrals associated with this class of fuzzy mea-
sures include the generated OWA operators and the generated
weighted means, which are examples of aggregation functions
[17,42,38]. Also noteworthy in this context is another recent work
by Mesiar and Komornikova on aggregation functions on bounded
posets [41].

This paper, which further develops ideas first reported in [10],
introduces a generalized model of fuzzy measures with multiple
arguments defined on lattices, and it includes aggregation func-
tions as a particular case. We have previously introduced and stud-
ied several measures in the field of fuzzy and Atanassov’s sets, in
particular contradiction measures [12,14] and incompatibility
measures [11]. In both cases, we defined a mathematical model
for functions with just two arguments. Now, we again address
the fuzzy concept of incompatibility, but this time as part of a mul-
ti-argument function model that captures our previous research.
Additionally, and as an instrument for modeling other fuzzy con-
cepts, such as compatibility and supplementarity, we address
new measures.

From the viewpoint of their application, we might want to
know, for example, how compatible and how supplementary a
set of fixed criteria are in any multi-criteria decision problem
[4,23]. Recently, Liu et al. showed that decision making is based
on an inclusion measure function which is based on a positive eval-
uation [35]. Consequently, this approach determines a specific vie
to interpret compatibility. Additionally, lattice theory has been ap-
plied in mathematical morphology including image processing
[53,46]. In particular, fuzzy lattices have been used in clustering
and classification algorithms and in fuzzy lattice neurocomputing
[25]. Fuzzy lattice theory has the ability to model uncertain infor-
mation and to combine different types of data [27]. Also, it has
redesigned fuzzy inference systems [27,28], therefore fuzzy lattice
reasoning is applied in computational intelligence [26]. Compati-
bility measures are a key concern in knowledge representation,
as they are very useful in environments where information is un-
clear or possibly distorted as it comes from different hubs or
sources. Notice that the concept of compatibility in fuzzy logic
has been interpreted from different viewpoints. Some authors have
looked at compatibility as the degree of inclusion, whereas others
view it as the overlap between two sets, the degree of equality,

similarity, etc. In this paper, we will interpret compatibility as a di-
rect extension of the classical case, where two sets are compatible
if their intersection is not empty.

The paper is organized as follows. Section 2 defines the multi-
argument fuzzy measure on a lattice, and puts forward some
examples and properties. Section 3 focuses on two types of mul-
ti-measures on the lattice [0,1]* with the usual real number order-
ing, that is, compatibility measures and supplementarity measures.
Section 4 addresses another two types of multi-measures on the
lattice [0, 11 with reverse real number ordering, unsupplementa-
rity and incompatibility multi-measures. Section 5 shows some ba-
sic relations among multi-measures. Finally, Section 6 presents an
example of application, and the paper ends with the conclusions.

2. Multi-argument fuzzy measures on lattices

Let £ = (L,<;,0.,1;) be a bounded lattice [5,6] whose minimum
and maximum elements are denoted by 0; and 1;, respectively. For
each n c N, let us consider the set

L'={(a,....,anla; €L, Vie{l, .. n}}

and the orde{ relation <;» induced by <;, that is, given
d=(a,....a0),b = (by,...b) € L',

as<ph < aih;, Vie {1,...,n}.

We have that L" with the order relation ;= is also a bounded
lattice, whose minimum element is O = (0;,.%.,0;) and whose
maximum  element is 1m=(1;,7,1;). We  say that
L0 =(L",<m, 0, 12) is induced by £. Moreover, if £ is complete,
then £" is also complete.

We denote the bounded and complete lattice of real numbers
([0,1], £,0,1), which is used throughout the paper, by 3.

Definition 2.1. Given a bounded lattice £ =(L,<;,0;,1;), the
lattice £" induced by £, for a fixed n ¢ N, and the lattice of real
numbers 3, a map M:L" — [0,1] is said to be a fuzzy measure on £"
or a fuzzy n-measure on £ (or on L), if it satisfies:

(i) M(0;») = 0 and M(1;») = 1 (boundary conditions).

(i) M is increasing with respect to the orders of the lattices £*
and 3, that is, if @, b € L" such that a<;»b,M(@) < M(b) holds
(monotony condition).

If n=1 then M is said to be a fuzzy measure on £ (or on L).

We can extend the definition of fuzzy measure by considering
any number of arguments as follows.

Definition 2.2. Let £ = (L,<;,0;,1;) be a bounded lattice and let
£L" be the lattice induced by £, for each neN. A map
M : Jnenl™ — [0,1] is said to be a multi-argument fuzzy measure
or fuzzy multi-measure on £ (or on L) if, for each n € N, the function
M restricted to L", M|, is a fuzzy n-measure. Moreover,

(iii) M is increasing with respect to the argument n or n-increasing
if M(aq, ..., a,) <Mlay,...,an aye) holds for all n € N and
forall ai,...,an Gne € L.

(iv) M is decreasing with respect to the argument n or n-decreasing
if M(ay, ...,a,) = M(ay, ..., Gy Gp+1) holds for all n € N and
forall ay,...,a, G4 €L.

Remark 2.3. If M is a fuzzy multi-measure on £, note that:

1. M is n-increasing (or dimension increasing) if and only if
M(aq,...,a,) <M(ay,...,a, by, ..., by) holds for all (a4,...,a,)
cl” (by,...,bp)cLl™and n,mc N,



2. M is n-decreasing (or dimension decreasing) if and only if
M(aq,...,a,) = M(ay,...,a, by, ..., by) holds for all (a4, ..., a,)
cl’ (by,...,bp)cLl™andn,mc N,

Example 2.4. Let X be a non-empty and finite set, and let P(X)
denote the set of all subsets of X, that is, the power set of X. Con-
sider the bounded lattice (P(X), C,0,X), which is, in fact, a Boolean
algebra, and let us define two multi-argument fuzzy measures on
PX).

(a) Let M;: UneNP(X)n -
(A1,...,An) € PX)" as

[0,1] be the map defined for each

AN A
IX] ’

where |A| means cardinal of the set A. Then M; satisfies:

Mi(Aq, ... An)

(i) M{®,...,8)=0 for all n-tuples of empty sets; and M-
X,...,X)=1 for all n-tuples of coordinates X.
(ii) For each ne N,Mi{As,...,A)) < My(B4,...,B,) holds pro-
vided A;, B; € P(X) satisfy A; C B;foreachie{1,...,n}.
(iii) M{Aq, ..., Ap Ane1) S M{Aq, ..., Ap) for all Ai, ...,
An,An1 € P(X) and n e N,

Hence, M; is an n-decreasing multi-argument fuzzy measure on
P(X). M; provides an estimate of the relative size, compared with
the universal set, of the intersection of any finite family of subsets.

b) Let My : Uy PX)" —
(A1,...,An) € PIX)" as

[0,1] be the map defined for each

AU UA
X

Then, My also satisfies axioms (i) and (ii) of fuzzy n-measure for
each n € N and, also, axiom (iii). Therefore My is an n-increasing
multi-argument fuzzy measure on P(X). My provides an estimate
of the relative size, compared with the universal set, of the union
of any finite family of subsets.

My(A1,. .. An)

Example 2.5. Any aggregation function is a fuzzy multi-measure
on 3. Indeed, recall that an aggregation function [3,9,20,30] is a
map A : J,[0,1]" — [0,1] such that

1. A0,...,0)=0and A(1,...,1)=1.

2. Ala)=aforallace[01].

3. For each ne N, A(ay,...,a0,) < A(b1,...,b,) holds provided g,
b; € [0,1] satisfy a; < b; forallie {1,...,n}.

Thus, the occurrence of symmetric aggregation functions sug-
gests the following definition. We denote S,={m:{1,...,n} >
{1,...,n}|m is a bijection}, that is, S, is the set of permutations of
{1,...,n}

Definition 2.6. A multi-argument fuzzy measure M on a bounded
lattice £ = (L, <, 0r, 11) is symmetric if, for each n € N, the function
M|;» is symmetric, that is, M(ay, ..., @;)=M(dzqa) ..., Gzm) holds
for any 7 € S,, and for any (ay,...,a,) e L".

Example 2.7. The maps M;and My defined in Example 2.4 are both
symmetric fuzzy multi-measures on P(X).

Example 2.8. Let us illustrate the property of symmetry with some
aggregation functions:

(a) The functions Max, Min : (J,.y[0,1]" — [0,1], defined as
Max (ay,...,a,)=max{a,,...,a,} and Min (a,,...,a,)=
min{ay, ..., a,} for each (ay, ..., a,) €[0,1]", are symmetric
fuzzy multi-measures on 3.

(b) For each k € N\ {1}, let Ay : U, [0, 1]" — [0,1] be the func-
tion defined for each (a4, ..., a,) €[0,1]" as

i)

Ay, .. .,a,) = alnaff.
=2
Then {Ax} ey 1y Is @ one-parameter family of non-symmetric fuzzy
multi-measures on 3.
(c) For each i,k € N\ {1}, let Ay : U,en[0,1]" — [0,1] be a func-

tion defined, for each (a4, ...,a,) €[0,1]", by
ILe  ifn<i,
n
Aglar,...,0,) = af‘ Haj if n>1i.
j=1
j#i

Then {Ai}; ke 1y IS @ two-parameter family of non-symmetric fuz-
zy multi-measures on 3.

Other fuzzy n- or multi-measures can be constructed by com-
posing a fuzzy n- or multi-measure with an appropriate function,
as shown by the following result, which, although trivial, is
useful for this purpose. To do this, we use the set A([0,1]) =
{® :]0,1] — [0,1]|¢ is an increasing bijection}.

Proposition 2.9. Let £ = (L, <;,0;,1;) be a bounded lattice. If M is a
fuzzy measure on £", or a fuzzy multi-measure on £, then for all
@ € A([0,1)), the composition @oM is a fuzzy measure on L" or,
respectively, a fuzzy multi-measure on L.

According to the following result whose proof is straightfor-
ward, aggregation functions defined on [0,1] in the same way as
on any lattice provide two ways to construct fuzzy multi-measures
from a given fuzzy measure. One way is to aggregate measures of
lattice elements, whereas the other is to measure the aggregation
of lattice elements.

Proposition 2.10. Let £ =(L,<;,0;,1;) be a bounded lattice and
m: L — [0,1] be a fuzzy measure on L, it holds that:

1. If A is a fuzzy multi-measure on 3, then My : J,oL" — [0,1),
defined for each (ay, ..., a,) e L" by

Mu(ay,...,a,) = A(m(ay), ..., m(a,)),

is a fuzzy multi-measure on £. Moreover, if A is an aggregation func-

tion, then M 4(a) = m(a) forallae L.

2.0If F:lUwnl” — L is a multi-argument function such that
.7:(0[_,...,0[_) :OL,]:(IL,...,IL): l[_ and ]—'(al,...,an) gf(b],...,
b,), whenever a; < 1b; foreachie {1, ..., n} and for all ne N, then
the multi-argument function My : |, L" — [0, 1), defined for each
(aj, ...,a,) €L" by

Mz(ay,...,ay) =m(F(ay,..., a,)),

is a fuzzy multi-measure on L. Moreover, if 7(a) = a for all a € L, then
Mx(a)=m(a) forallae L

Example 2.11. Let us illustrate the methods in Proposition 2.10
with some examples.

(a) If ', denotes the set of the first n natural numbers, consider
the particular case '3 = {1,2,3} and the power set of A3 with the
order C, thus (P(WN3), C,0,A3) is a bounded lattice. Let
v:P(N3)— [0,1] be the map defined according to the arrange-



ment shown in Fig. 1. Note that » is a discrete fuzzy measure
[17,21,42] since such a measure is defined as a set function m from
P(N ) on [0, 1] that satisfies m(f) = 0,m(N;) = 1 and is increasing,
that is, m{(A) < m(B) whenever A C B.

From here, by means of an aggregation function .4, we can
define the fuzzy multi-measure M, : [, P(V3)" — [0, 1] defined
for each (A;,...,As) € P(N3)" by

Mu(Ar,. .. Ay = A(V(A), ..., 0(Ad).

Let us examine different types of fuzzy multi-measures defined by
several aggregation functions.

1. If A= Max or .4 = Min, then M, is a symmetric fuzzy multi-
measure on P(Ns).

2. For each k e N\ {1}, let A =4, given in Example 2.8, where
Aar, ..., an) = Hj#]a]’.‘ for each (ay,...,aq,) <][0,1]". Then
M, is a non-symmetric fuzzy multi-measure on P(N3).

b) The mappings M; and My given in Example 2.4 can be
obtained by means of the map m:P(X) — [0,1] defined by
m(A) = % for all A € P(X), that is, a fuzzy measure on P(X). Indeed:

1. Consider the multi-argument function T :|J,.,PX)" — PX)
defined for each (A;,...,A) € PX)" by Z(A1,...,A:) =
Ay N...NA,. Then,

Mz(Ay,.. . Ay) =m(Z(Aq, ..., An) = Mi(A, ... ,An)

holds for all (A,...,Ay) € PX)".

2. Consider the multi-argument function #/:
defined for each (A;,...,A,) € PX)"
Ay U...UA,. Then,

My(Ay, .. Ag) =mUA1, ... Ap) = My(Aq, ..., An)
holds for all (A;,...,A;) € PXO™

ngNP(X)n _ P(X)
by UAr,...,A) =

In what follows, we study the particular instance of multi-mea-
sures on lattices of fuzzy sets. Given X # (}, we consider the set
of membership functions of the fuzzy sets on X, [0,1]=
{#:X - [0,1]}, with an order relation =< such that £=
(0,11%, %, 1, 1t,) is a bounded lattice, where u, and p, denote
the minimum and maximum elements, respectively. For each
neN, if 1, denotes [0,1)",£ induces the bounded lattice
L= (X, =, fL, 1) as X = (0,1 =[0,17% x M. x[0,1)*. Thus, a
fuzzy multi-measure on £ is a multi-argument function
M : Jpn ¥ — [0,1] such that: i) M(f1,) =0 and M(f,) = 1; and ii)
M(f1) < M(0) holds for all ft,6 € 1¥ such that j=<,6.

N, 1
{1,2} {3 2,3} 04 6. 0.3
1 2} 3} 01 0. 02
¢ 0

Fig. 1. Lattice (P(N3), C,8,AN3), on the left side, and values of map #, on the right
side.

3. Fuzzy multi-measures on lattice ([0,1]*, <)

In this section, we deal with multi-measures on [O,l]X with the
order induced by the usual order of real numbers, which is denoted
in the same way, that is, given y, ¢ € [O,l]x, u < o if and only if
wu(x) < o(x) for all x € X. In this case, p, =y and p, = py, where
uo(x)=0 and px(x)=1 for all xe X Thus £ = ([0, 1%, <, p, 1ty),
and we denote concisely ([0,1%,<).

Let us look at two types of multi-measures on ([0,1]%,<): multi-
measures that evaluate how compatible a set of fuzzy sets is and
multi-measures that evaluate how supplementary the set is.
Remember that, in classical logic, two statements are compatible if
they can both be true at the same time. As we can identify a state-
ment on a universe X with the set of elements of X that satisfy that
statement, we can translate this concept to set theory: A, B C X are
compatible if AN B # . On the other hand, supplementarity can, in
a sense, be understood as a symmetric property of incompatibility:
A and B are supplementary if A U B = X. These concepts are extended
to the fuzzy set framework and studied in the following sections.

3.1. Compatibility multi-measures on fuzzy sets

In order to define compatible fuzzy sets, we need a function that
models the intersection of fuzzy sets, that is, a t-norm. Remember
that a t-norm [1,30,47] is a binary aggregation function T on the
unit interval [0,1], which is commutative, associative, monotone
increasing with respect to the usual order on the real line, and
whose neutral element is 1. Some of the main t-norms are the
so-called Lukasiewicz, product and minimum t-norms, which are
defined, respectively, by Ti(a,b)=max{0,a+b — 1}, Tp(a,b)=a-b
and Min (a,b) = min{a,b}, for each (a,b) € [0,1]>

Since a t-norm T is associative and commutative, then it also de-
fines a symmetric multi-argument function on [0,1], which is also
denoted by T, and thus a symmetric fuzzy multi-measure on [0, 1],
as follows: T:J,[0,1" — [0,1] such that (1) T(a)=a for all
ac|[0,1]; (2) T(ay,...,a,)=T(May, ..., a,_1), a,) for all n>1. This
multi-argument function T is also designated t-norm. Note that T
is n-decreasing. Furthermore, T defines a multi-argument
function on [O,l]x, which, since there is no risk of confusion
thanks to the context, we denote by the same letter, as
follows: T:J,. I — [0, 1)* such that, for each (g,...,1,) €
¥, T(ty,...,1,) denotes the element of [0,1]X defined, for each
Xe Xv by T(,ulv LR} ,un)(x) = T(,Lh(X), ] ,Ltn(X))

As in the classical case, given a t-norm T, two fuzzy sets on X, or
their membership functions u, ¢ € [0,1}%, are T-compatible if there
exists xeX such that T(u(x),0(x))=0 or, equivalently, if
T(u,0) # pg. This can be similarly generalized as follows.

Definition 3.1. Given X# 0 and a t-norm T, the set {yy,..., i}
c [0,1}% is said to be T-compatible if T(uy, ..., tn) # g

Observe that {y} c [0,1]% is T-compatible if and only if u = y
since T(u) = p.

The following definition determines the conditions that a multi-
argument function must satisfy to fittingly assign a degree of com-
patibility to every {4, ..., un} C [0,1]%.

Definition 3.2. let T be a t-norm and X#@. A function
C: Upen¥ — [0,1] is a T-compatibility multi-measure on [0,1]% if it
is a symmetric and n-decreasing fuzzy multi-measure on ([0,1]%, <)
satisfying C(u,..., i,) = 0, provided that {i, ..., g} [0, 1% is
not T-compatible.

The following equivalent definition lists five axioms that char-
acterize the compatibility multi-measures.



Definition 3.2« Let T be a t-norm and X=#{@. A function
C: Unen® — [0,1] is a T-compatibility multi-measure on [0, 11X if
it satisfies, for eachn ¢ N,

1 Cluy, ., 1) = 1.

€2 Clly,.. ., 1,) =0 for all {g,..., 1} € [0,11F such that
T, ..., fn) = .

€3 Ctys- -, ) = C(Hgpays - - - » Hygy) holds for all mweS, and
..., p e [0, 115

c4 Given py, ...,y 61,...,0,€[0,1]%, if ;< oy holds for all
ie{l,...,n}, thenC{y,,..., u,) <C(o1,...,00).

€5 C{py, o s ) SC(y, ..., i) holds for all neN and

W, ooy Up1 € [O,l]x

If C satisfies axioms c¢.1-c.4 for some fixed n € N, we say that C is a
T-compatibility n-measure on [0,1]%. If n = 2 we simply say that C is a
T-compatibility measure.

Following on from Proposition 2.10, some compatibility multi-
measures can be constructed as discussed below.

Proposition 3.3. let X=0. If T and T, are t-norms and
m:[0,1F > [0,1] is a fuzzy measure on ([0, 1%, <), then the functions

CT*m,Cm*T : UneNﬂﬁ — [07 l]’ deﬁnEd! for each (u'h cet 7#"1) € ﬂi‘( and
neN, by

0 if TO(Hla“"un):u(b
Cram(fy, s ) = {T(m(ﬂl)’ ...,m(u,)) otherwise

0 if To(pty, - ) = Ky
m(T(yy,...,1,)) otherwise

)

Cm*T(Hla s Hun) = {
are To-compatibility multi-measures on [0, 1]~

Proof. Since the functions are defined piecewise, then the exact
result cannot be obtained as a particular case of Proposition 2.10.
Hence we will check directly that the axioms of compatibility mea-
sures are satisfied for the case of Cr,,, the other case is similar.
=1,

(1) Cram (s - - ) = T(M{thy), ..., M) = T(1, ...

)
(€.2) Cr.m satisfies axiom c.2 by definition.
(c.3) As T is symmetric, it follows that Cr.,, is symmetric.
(c4) If uq, ..., ftn, O, ..., 0p € [0,1]% are such that y; < o; for all
ic{1,...,n}, we have:

- If To(oy, ..., 0n) = g, then To(py, ..., W) = Ky, since Tq is
monotonic  increasing;  hence = Craa(fy,...,H,) =
CT*m(O_], ...,Gn) =0.

- If To(G1, .-, On) % Ugs then Cram(fy, -+, ly) <
Cr.m(01, ..., 0,) holds either because T is increasing and
m{w;) <m(o;) for all ie{l,...,n}, or Dbecause
TO(,ulv s ,un) = He-

(c.5) Let gy, ...,y finst € 10,115 If To(gia, ..., fny tne1) = fg then

Crim(ly, -+, My 1) = 0 < Cram{fdy, - . ., i1,); otherwise it fol-
lows that Crm(iy, ...,y M) < Cram(tly, ..., i,) from T
being n-decreasing. [J

Remark 3.4. Observe that:

1. Even if T =T, for Cr.,y to be a T-compatibility multi-measure, it
does not suffice to take Cr.n(py,. .., 1,) = T(m(u,),...,m{u,)),
but it is necessary to define Cr,,; as O on the sets that are not
To-compatible, as is required to satisfy axiom c.2. Indeed, con-
sider T = T; and the function m,:[0,1]X - [0,1], defined for each
we 0,1 by

my({t) = supfi(x),
xeX

which is a fuzzy measure on {[0,1]X,<). If X=[0,1] and gy,
U € [0,1}  such that py(x) = x and py(x) =1 — x for all x € [0,1], then
Ti( i, t2) = 1g. However,

Tolmy (py),my (1)) = Te(1,1) = 1.
2. If T<To then Cuma(ily,..., 1) =m{T{,,...
(s ) € T2,

JW,)) for all

If we consider m = m, in the previous proposition, then we get
the following result.

Corollary 3.5. Let X+ @ and let T and T, be t-norms, then the
functions Cr.y, Cyet : Upen ¥ — [0, 1], defined for each (u,,. .., 1) €
X and n € N, by

0 i€ To(ty, s ) = Hy
C * PR | T =
Tav by Fa) T<5UPN1 (x),... ,SUP.“n(X)> otherwise
xeX xeX
0 if To(py, -, 1) = My

Corlfhy, o fhy) = {sup T(uy(x),..., 1, (x)) otherwise ’
xeX

are T-compatibility multi-measures on [0, 1[5,

Now, let us look at some particular cases of compatibility multi-
measures depending on different t-norms. To do this, recall that if T
is a t-norm and ¢ € A([0,1)), then the function T¢ : | J,_[0,1]" —
[0,1], defined for each (ay,...,a,)c[0,1]" by T%a,...,a,)=
o Y T(@lay), ..., ¢lay))), is also a t-norm. We say that T? is
the t-norm ¢-conjugated with T. For each ¢ € A([0,1]) and for
all a,...,a,€[0,1], we have that T/(a,...,a,) =@}
(max {0, 3, (@) — (n— 1D)}),TE(ar,....an) = ¢~ (T, @(an) and
Min? = Min. For more details about t-norms see [1,30].

Corollary 3.6. Consider the t-norm ¢@-conjugated with T, and the
t-norm ¢-conjugated with Tp for each ¢ < A([0,1)), and the t-norm
Min. Given X # 0,

1. Let ¢7.,,C0, - Upen 1 — [0,1] be the functions defined, for each

Lo Mvsl ¢

(U, 1) € X and ne N, by

0 if T (i, ) = g
max {O, S sup@( (%)) — (n — 1)} otherwise
xeX

’

Ci'@(/lp...,ﬂn){

Clr(fs- s Hy) = Max {0, SU}I(JZ@(H:‘(X)) U 1)}
*eX i

Then, for all y € A([0,1]),¥ 0 Cf.,, and yoC?, are T{-compatibility

multi-measures on [0, 1] and, in particular, so are C*, and C?

Lxv Val*
2. Let CJ.,,C00p: X —[0,1] be the functions defined, for each

nelN 'n

(-5 ) € X and n e N, by

® 0 ing(/'L]a“"/'Ln>:/’L0
Cous (Moo ) = [0, supep(p,(x)) otherwise )
xeX

COplys s 1) = su)gH@(ui(x».
XeA i=1

Then, for all y € A([0,1)),y oCp., and o C?,, are T§-compatibility
multi-measures on [0,1]* and, in particular, so are C3,, and ¢?,,.

3. Let Clin COnpin * Unen IX — [0, 1] be the functions defined, for each

Min=V?> ¥ v+Min

(W, ) € X and ne N, by



Cllines (H1> -+ M) = MINSUPQ(415(x)),

Clamin(Hs -+ Ha) = SUPIINQ(11(x)).
Then, for all y € A([0, 1)),y o Cy..., and ¥ o CY . are Min-compatibil-
ity multi-measures on [0, 1} and, in particular, so are Chiny and €8 . .

Proof. It is sufficient to check that Cf, =¢@oCr, and
C¢4 = @ oCyur, where Cr., and C,.r are the compatibility multi-
measures in Corollary 3.5, in the particular cases where T is T}
and T§ Min. Then, taking into account Proposition 2.9, the results
are as stated above. [

Remark 3.7. The function mA:[O,l]Xa [0,1], defined for each

wel0,1¥ by
m(p) = inf (),

is also a fuzzy measure. Thus, we obtain results that are analogous
to those of Corollaries 3.5 and 3.6 replacing supremum with infi-

mum in all cases. Note that, for m,, ¢ =c? holds.

MinsA AxMin

Now, we introduce a new way of measuring the T/-compatibil-
ity of (uq,..., i) Given {g, ..., p} € [0,11%, since T®(u,,...,
) # iy if and only if there exists xeX such that
ST (u(x)) >n—1, then a good way to assign a degree of T{-
compatibility to {u,, ..., ¢»} might be to fittingly take into account
the difference between 71, o(p,(x))/(n — 1) and 1 as follows.

Proposition 3.8. Given X= 0 and ¢ ¢ A([0,1)]), let Cf : Upen1X —
[0, 1] be the function defined:
0 ifu=
X 090y = Uy
1. For each u e [0,1)%, ¢/ () = {l if 1~ g,
2. For each (u,,..., 1) € 1%, withn> 1,
“‘nun) = (:uxw‘n‘)‘v lux)

xeX 1

1 (1,
cfluy,. .., = i
A e {0 SUPZ o) _ 4 } otherwise

Then, for all y € A([0,1]),y o C{ is a T{-compatibility multi-measure
on ([0,1F,<) and, in particular, so is C?.

Proof. Taking into account Proposition 2.9, it suffices to prove that
¢? is a T{ -compatibility multi-measure on ([0, 1]%,<).

The proof of axioms c.1 and c¢.3 follows directly from the
definition of ¢f. Regarding the monotony condition, given
(g, 1), (O1,...,0n) € 1X such that y; < o; for all ic {1,...,n},
if 1> 1,50 @(i(x)/(n — 1) < Yl p(6i(x))/(n — 1) holds for all
xcX, as @ is an increasing function; hence Cf(u1,...,un) <
¢/ (o1,...,0n). Moreover, this inequality is satisfied trivially for
the case n=1. Therefore, Cz” is a symmetric multi-measure on
([0,11%,<).

Furthermore, let us check that statements c.2 and c.5 are
satisfied.

(c2) If n=1, the axiom is satisfied by definition. If n> 1, given
(U, -, 1) € B such that T (1. . ., 4,) = p, it follows that
SEie((x) <n—1forall x e X, and so C7(yy,..., 1,) =0.

(c5) If n=1, let u; €[0,1]%, then, for all u, € [0,1]%, we have:

My # g = O (), 1) < 1=CF (1),

=ty = C (1, ;) = max {O, SUPQ(41,(x)) - 1} =0=Cl (1)

Now, let n> 1. If (U, ..., 4,) = (Ux, .., liy), then

HunH) VHIH»‘I € [O’l]x~
., Uy), then

Cf(ulw Hun): Cf(#p
If (lulv"'wun) # (luXv'rp

ng(ﬂl,. ~~Hun) = maX{O,SUEiw_ ‘1}
xeX 9
— Q%))
SXIEJ)I(J max{O Z - 1}

Moreover, for all pt,+ € [0,17% also Uy, ..
and then

'7:unv:un+]) #* (#X7Tl.+.1.)”ux)

n+1 X
e (. ,un,um)supmaX{O Z(p(“’( ) 1}.

i=1

For each x € X, there are two possibilities:

1
(a) Yo etht) ) and then

n < 217 n—

max {O §<p<u,<x 1} < max {O Zq)w,(x)) 1}
(b) Sp e > 5

#U509) and this inequality is equivalent to
(n— 1)2(:0(#1‘()()) + (=D, (%) > nZ<P(Hf(X)),
i=1 i=1

which is equivalent to

(M= 1)ty 1 (0) > D@ (1(x)).
p

O(pn(x)) <1, and thus

Then 370 @(u(x)) <n—1, as
S o(1;(x)) < n also holds. Hence,

max{ ““<p<u,(x 1}_max{ Z@(u,(x 1}_0

Therefore,

xeX xeX

supmax{O i(p(,ur;(x)) - 1} < supmax{O Z(p(,u,()lc)) 1}

and we conclude that ¢f (i, . ..

7:unnun+]) C (:ulv'“nun)' t

3.2. Supplementary multi-measures on fuzzy sets

As applies in the case of compatible fuzzy sets, we need a tool to
model the union of fuzzy sets in order to define supplementary
fuzzy sets, and t-conorms are suitable functions for this purpose.
Remember that a t-conorm [1,30] is a binary aggregation function
S on the unit interval [0,1], which is commutative, associative,
monotone increasing with respect to the usual order on the real
line, whose neutral element is 0. The dual t-conorms of t-norms
T, Tp and Min are, respectively, the so-called Lukasiewicz,
probabilistic sum and maximum t-conorms, which are defined,
respectively, by Si(a,b)=min{1,a+b}, Sp(a,b)=a+b—a-b and
Max (a,b) = max{a,b}, for each (a,b) € [0,1]%.

As in the t-norm case, a t-conorm S also defines the symmetric
fuzzy multi-measure S:J,.[0,1" — [0,1], and the multi-argu-
ment function S : |, 1¥ — [0, 1.

Given a t-conorm S, two fuzzy sets on X or their membership
functions i, o € [0, 1]X are S-supplementary [15] if S(u(x), 6(x)) =
for all x € X, that is, if Sy, 6) = yx. This can be generalized similarly
as follows.



Definition 3.9. Given X # () and a t-conorm S, the set {1, ..., i}
c [0,11% is said to be S-supplementary if S(u, .. ., tin) = lix.

Observe that {u} c[0,1]¥ is S-supplementary if and only if
= pix since S(p) = .

The following definition determines the conditions that a multi-
argument function must satisfy to fittingly assign a degree of sup-
plementarity to every {s, ..., un} C [0,1]%

Definition 3.10. Let S be a t-conorm and X=#@. A function
S : UnenX — [0, 1] is an S-supplementarity multi-measure on [0,1%
if it is a symmetric and n-increasing multi-measure on ([0,1%,<)
satisfying S(u;,...,p,) =0 provided that {y,..., i} [0,1]% is
not S-supplementary.

The following equivalent definition lists the axioms that charac-
terize the supplementary multi-measures.

Definition 3.10x. Let S be a t-conorm and X#@. A function
S:Unen® —[0,1] is an S-supplementarity multi-measure on
[0, 1]% if it satisfies: For eachn € N

s.1 Sy, V., py) = 1.

$2 S(ily,..., ) =0 for all {y,..., s} [0, 1] such that
S(pa, -y M) # e

8.3 S(py, -5 M) = Sy, -+ Uggy) holds for all mweS, and
W, ..., pine 0,115

s.4 Given wy, ..., ty 01,...,0,€[0,11%, if y; < o; holds for all
iec{l,...,n}, then S(iy,..., 1, < S(01,...,0n).

S5 S(y, ... i) < S{y, ..., ;) holds for all neN and

Wiy e ey M € [0, 1%

If S satisfies axioms s.1-s.4 for some fixed n € N, we say that S is an
S-supplementarity n-measure on [0,1]%, If n = 2 we simply say that §
is an S-supplementarity measure.

The methods for obtaining compatibility measures introduced
in Proposition 3.3 can be adapted to the case of supplementarity as
follows. The proof runs similarly.

Proposition 3.11. Let X=@. If S and S, are t-conorms and
m:[0,1F > [0,1] is a fuzzy measure on ([0, 1%, <), then the functions

Ssem, Smas : UnENﬂil( — [0,1], defined for each (u,,...,u,) ¢ ﬂil( and
neN by

_ 0 ifSo(ﬂ1,~~~,ﬂn)7éuX
Ssim(fh1; -5 H) = {S(m(lh)a ...,m{u,)) otherwise

_ 0 ifso(ﬂl,...,ﬂn)?éﬂx
Smas(fhy, -5 M) = {m(S(H1,~~~,Hn)) otherwise ’

are So-supplementarity multi-measures on [0, 1[5,

Remark 3.12. Observe that:

1. Even if Sg =S5, for Ss.; to be an S-supplementary multi-mea-
sures, it is not sufficient to just define Ssum(fty,...,H,) =
S(m(w,), ..., m(y,)), but, in order to fulfill axiom s.2, it is neces-
sary to consider Ss.., as O on fuzzy sets that are not S-supple-
mentary. Indeed, let X= and m:[0,1]¥ - [0,1] be a fuzzy
measure such thatm, < m; ifS=S;,and iy, iz € [O,l]X such that
=l and pp(x)=a for all x € X and a<(0,1) being a fixed
value, then

Sclpy,s ) # fy,
Sum(g,),m(g,)) = min{1, m(g,)} = m(it) > a > 0.

2. The multi-measure Ss,,; is not worth considering when S > Sq
because it is a trivial measure. Indeed,

0 i Soltty, s o) 7ty

Smas(fys ooy ) = {m(S(Mpm»Mn)) —m(uy) =1 otherwise

As in the case of compatibility multi-measures, we mention
some particular cases of supplementarity multi-measures depend-
ing on different t-conorms. To do this, recall that if S is a t-conorm
and ¢ € A([0,1]), then 5% :(J,[0,1]" — [0,1], defined for each
(ay,...,a;) €[0,1]" by $%ay, ..., a) =@ (S(plar), ..., olay))), is
also a t-conorm. We say that S? is the t-conorm ¢-conjugated with
S. For each ¢ € A([0,1]) and for all a4, ..., a, €[0,1], we have that
S;_D(alv s 7an):(p7] (mln {17 Z:l:] (p(af)})vsg(alv s 7an):(p7] (171_[:1:]
(1 - @(a))) and Max? = Max (see [1,30]). Thus, we obtain the fol-
lowing result.

Corollary 3.13. Consider the t-conorm Max and, for each
¢ € A([0,1)), the t-conorm ¢@-conjugated with S; and the t-norm
p-conjugated with Sp. Given X # §, we have:

1. Let 8P, :Upen I —[0,1] be the function defined for each

(-5 ) € X and n e N by
0 if SP (1, ..

min {1 ) Zirggo(ﬂi (x))} otherwise
i1

7ﬂn) #ﬂx
SgA(ﬂlv'wvﬂn) =

Then, for each y € A([0,1]),y o S}, is an S} -supplementarity multi-
measure on [0,1 ]X and, in particular, so is S,

2. Let 8P, : U)X — [0,1] be the function defined for each

Pin
(-5 ) € and n e N by
0 if SP(u,, ...
Sy, i) = u . .
" 1- H(l - irel;go(ﬂi(x))) otherwise

-1

7ﬂn) 7 ﬂX

Then, for each € A([0,1]),y o S§., is an S§-supplementarity multi-

measure on [0,1 ]X and, in particular, so is S§,,.
3. Let Sfn : Upen X —[0,1] be the function defined for each

(-5 ) € and n e N by

0 0 if Max(phy,..., o) # My
SM&X*A(”17 s M) = { %-nax lg(p(ﬂl(x)) otherwise .

Then, for each y € A([0, 1)), ¥ o Sipax 1S @ Max-supplementarity multi-
measure on [0,1 ]X and, in particular, so is S .-

4. Let Spmax, Svemax © Uneny ﬂ’n‘ — [0,1] be the functions, defined for

each ({y,...,1,) € ¥ and n € N by
S (‘LL ‘LL> {O 1fS(‘u],,‘un)7é‘uX
*Max PR v 1] = i . 1
A 1 1Xr61)§ E&’ﬁ(ul (x)) otherwise
0 ifs(‘l’l“]w“aun);éux
Svamax(Hy, -+ - ) = sup max(y;(x)) otherwise :
xex 1<i<n

Then, for each ¢ € A([0,1]),¥ o Sramax and ¥ o Sv.max are S-supplemen-
tarity multi-measures on [0,1 ] for any t-conorm S and, in particular, so
are S.max and Sy.max-

Remark 3.14. We can take m = m, in Proposition 3.11. Neverthe-
less, Ss,., is of no interest when the t-conorm S takes the value 1
if and only if some of their arguments are 1, as is the case of the
maximum and the strict t-conorms, that is, the t-conorms conju-
gated with Sp. Indeed, in this case, Ss,, is a trivial measure since
if S(ua, ..., Un) = tx, then for each x € X there exists i {1,...,n}
such that p(x)=1, and so

0 if So(fy,. .., ) # fy
Sswlllyy s fha) = Sswv (g, .- My) = S(suppy(x),...,sup,(x)) =1 otherwise .
xeX x€X



In the case of t-conorms conjugated with the Lukasiewicz t-con-
orm, there is yet another way to measure the S -supplementarity
of {u1, ..., un} < [0,1]%. Note that SP(u,,..., it,) = iy if and only
if >0, @(i;(x)) = 1 for all x € X; hence we can fittingly use the dif-
ference between 1 and 371, @{(x)). So, we can prove the follow-
ing result.

Proposition 3.15. Given X = § and ¢ € A([0, 1)), let $? : | I¥ —
[0, 1] be the function defined:

1. Foreach p < [0,1f by % () = {(l) 1? H;ﬂx
2. For each (y,. .. 1 5)"” o

1) € 1X with n>
S(1ty,..., ) = min {Lmax {o, i () - 1}}

Then, for all y € A([0,1]),y o S® is an S7 -compatibility multi-measure
on ([0,1F, <) and, in particular, so is S°.

Remark 3.16. We have that S%(y;,u,) = max{0,inf.x
(p(1, (%)) + o1y (x))) — 1} for each (u,, ) € 1%, and the restric-
tion of S¢ to I = [0, 17 x [0,1)% is just an S/ -supplementarity mea-
sure regarding the definition reported in [15].

4. Fuzzy multi-measures on lattice ([0,1]%, >)

In this section, we deal with multi-measures on £ =
(10,1, <, i, it,), where < is the order induced by the usual re-
verse order of real numbers, which is denoted in the same way.
In other words, if u,o € [0,1]%, 1 > ¢ if and only if u(x) > o(x) for
all x e X. In this case, u, = ux and u, = ug then the lattice £ is
([0,1F, = , 1x, tg), and we denote concisely ([0,1]%, > ).

Let us look at two types of multi-measures on ([0,1]%, ). The first
evaluates how incompatible a family of fuzzy sets is. The second eval-
uates how unsupplementary the family is, where the concepts of
incompatibility and unsupplementarity are opposite to compatibility
and supplementarity, respectively. In other words, given a t-norm T
and a t-conorm S, { i, ..., i, } < 1¥ is T-incompatible if it is not T-com-
patible, and it is S-unsupplementary if it is not S-supplementary.

4.1. Incompatibility multi-measures on fuzzy sets

Although compatibility and incompatibility are opposites con-
cepts, the negation of a compatibility measure cannot be used to as-
sign degrees of incompatibility. Indeed, suppose that C is a non-
trivial T-compatibility multi-measure, that is, it takes one value
a # 0,1, and consider a strong negation N [51] (i.e. N:[0,1] — [0,1]
is an involutive and decreasing bijection). If a is achieved by C on
(i, .- ) € 15, then0 < (... 1,) = a < 1,and, on the one hand,
it follows from axiom c.2 of Definition 3.2% that {1, ..., i,} is
T-compatible, and on the other hand, 0 = N(1) < N(C(,... i) <
N(0) =1 holds. Thus N(C(g, ... t,)) cannot be considered as a de-
gree of the T-incompatibility of {y,, ..., 14} since the incompatibil-
ity measure of compatible sets should be 0. Therefore, it makes sense
to propose a mathematical model for study incompatibility.

Given a t-norm T, we have that {yt, ..., i} C [O,l]X is T-incom-
patible if it is not T-compatible, that is, if T(p4, ..., @,) = pg. The fol-
lowing definition determines the requirements that a function
should satisfy to be considered an incompatibility multi-measure.

Definition 4.1. let T be a t-norm and X#=@. A function
T : Upen!¥ — [0,1] is a T-incompatibility multi-measure on [0,1]% if
it is a symmetric and n-increasing multi-measure on ([0,1}, >)
satisfying Z(u,, ..., u,) = 0, provided that T(zu, ..., ) # .

Now, we list the five axioms of an incompatibility multi-
measure.

Definition 4.1x. Let T be a t-norm and X=#{@. A function

T : Upen™® — [0,1] is a T-incompatibility multi-measure on [0,1%
if it satisfies, for each n ¢ N,

L1 T(py, V., 1) = 1.

i2 Z(wy,...,1,) =0 for all {p,..., u} 0,11 such that
T(,Lh, ) ,un) #* Hop-

L3 Ty, fy) = (g, - - - » Hyy) holds for all mweS, and
..., i€ [0, 1%

i4 Given uq,..., U 01,..., 00 €[0,1]% if w; < o; holds for all

ic{l,...,n}, then Z(o1,...,00) < ZT{ly,. .., U,)-
L5 Z(py, ... ty) S Z(y,..., ty,1) holds for all neN and
ﬂl,...,ﬂn+16[0,l]x.

If Z satisfies axioms i.1-i.4 for some fixed n € N, we say that 7 is a
T-incompatibility n-measure on [0,11%. If n=2, we simply say that
7 is a T-incompatibility measure.

Again, Proposition 2.10 provides a method to obtain incompat-
ibility multi-measures. But now the lattice to be considered is
£ =([0,17%, =, U, i), and we need a fuzzy measure m:[0,11F -
[0,1] on £. Thus, m’ must satisfy:

1. m(ux) =0 and m'(pp) = 1.
2. Given y, ¢ € [0,11% if 4 > o then m’(u) < m'(c).

Proposition 4.2. If T and Ty are t-norms, S is a t-conorm and
m':[0,1F - [0,1] is a fuzzy measure on ([0, 1}, =), where X # 0, then
the functions Zsaw,Topves : Upen ﬂ’n‘ — [0,1], defined for each
(..., ) €X and n e N by

_ 0 ifTO(ﬂl,...,Hn)#ﬂ@
Tsame (M, -5 M) = {S(m/(ul),m,m’(#n)) otherwise

B 0 ifTo(H1,~~~,Hn)7éﬂ®
Tt (fhys -5 ) = {m/(T(Hl’ ..., },)) otherwise ’

are To-incompatibility multi-measures on [0,1.

Proof. As in Proposition 3.3, the proof of i.1-1.3 is straightforward.
Let us check the other axioms for Zg,,, the other case is similar.

(i.4) Given p, ..., iy, G1, ..., 6n < [0,1] such that g < o; for all
ic{1,...,n}, we have:

- If T0(0'1,...,O'n)7é,u@, then Ig*m/(()_],...,an)zog
Lsuny (:u] LA nun)'

- If To(oyq, ..., 0n) = pg, then To(py, ..., 1) = tp, because T
is monotonic increasing; besides, since S is increasing
and m'(a;) <m'(w;) for all ie{1,...,n}, it follows that
Tsam(01,...,00)=S(M'(01),..., M (0,)) < S(m'(W,),...,m

(:un)) =Tsuw (,ll], s nun)'

(i.5) Let guy, ..., fin Hper € 10,11 I Tolpt, ..., i finet) # Uo
then To(pta, ..., pn) # po and s (i, .., fy, M) =0 =
Lo (Hy, ..., 1,); otherwise, it follows from S being n-increas-

ing that Zem (U, . ..

hunnun+]) >Is*m/(,u],...,,un). O

Remark 4.3. Observe that:

1. It does not make sense to replace the t-conorm S with a t-norm
T in the definition of Zs.,,, because T(m'(u1),...,m'(un))
= Tm' (), ..., m(un), M{n+)), and so axiom 15 is not
satisfied.



2. As S is n-increasing and m’ reverses the order, then m’'oS is n-
decreasing. Thus, it is meaningless to replace the t-norm T with
a t-conorm S in the definition of Z,,.7.

3. If T< Ty, the second formula of Proposition 4.2 produces the
trivial multi-measure

if T()(,LL],...

wun) #* M@
i) =1 otherwise )

0
Twat(fhy - fly) = {m’(T(m

If m is a fuzzy measure on ([0,11%,<) and N:[0,1] - [0,1] is a
negation, then mj, = N om is a fuzzy measure on ([0,1]%, >). The
following result explains some possible incompatibility multi-
measures, as special cases of Proposition 4.2, considering
m/, = Ny om,, where N; is the standard negation (i.e. NJ(a)=1—a
for each a € [0,1]). Obviously, m, = Ns om, can also be used in a
similar way.

Corollary 4.4. Let X # () and ¢ < A([0, 1]). Consider the t-norms Min
and the @-conjugated with T; and Tp. We have:

1L If Z2, : UpnlX — [0,1] is the function defined for each
(,u],...,,un)eﬂ’n( and n € N by

0 I TE (U ) #
TP, (U, = 3
To (M55 y) mjn{ Z 1 7supq) 1 x)))} otherwise ’
i1

then, for each y € A([0,1)),y oI}, is a T/-incompatibility multi-

measure on [0,1]¢ and, in particular, so is Z{,.,.

2.0 T8, : UpnIX —[0,1] is the function defined for each
(-5 1) € X and n € N by

0 it TE (pys o ) # 1

3

@ _
Loy, - M) = 1_ HSUP@(M,(X)) otherwise

l]XE

then, for each € A([0,1]),y o Z%.. is a T§-incompatibility multi-
measure on [0,1¢ and, in particular, so is Z%,.,.

3. T Upen)X —[0,1] is the function defined for each
(W, 1) € X andn e N by

0 If Minggy, ..., ) # Hy

)

@ —
Ditaxey (- ) = {lflix(l _ SUW(M( ))) otherwise
then, for each y € A([0, 1)), 0 T{., IS @ Min-incompatibility multi-
measure on [0,1}X and, in particular, so is I§,...-

4.0 Tomin: UnenIX — [0,1] is the function defined for each

(-5 1) € X and n € N by
0 ifT(/’L1>~..>/’Ln)#/’LQ)
Tuamin(My, -+ M) = 9 1 — supming,(x) otherwise ;
xex 1<ign

then, for each y € A([0,1]),y o Zymin is a T-incompatibility multi-
measure on [0,1 ]X for any t-norm T and, in particular, so iS Z.uin-

As in the case of compatibility, if T{ is the t-norm ¢-conjugated
with the Lukasiewicz t-norm, taking into account that
TP (U, ) =ty if and only if 37 0(w(x) <n-1, for all
x € X, we can find a T{-incompatibility multi-measure by fittingly
considering the difference between n — 1 and Y77, @(;(x)), and
thus we can prove the following result.

Proposition 4.5. Let X = 0 and ¢ € A([0,1)). FZ? : Upen©¥ — [0,1]
is the function defined:

1. For each pe[0,1F byI‘P(,u):{(l) i?ﬁfﬁw
= 1,

2. For each (W,,..., 1) € I¥ withn> 1, by

Iw(lub“w:un)_min{1>max{0 (n71 7511[)2(;7 :ul }}

xeX 19

then Z° is a T{-incompatibility multi-measure on [0,1}%.

Remark  4.6. We have that I“’(u],uz) max{0,1—

SUPyex (@ (X))+@ (1, (x)))} for each (u,,1,)€l}, thus 7¢ ‘01 %[0,17%
is a T{ -incompatibility measure regarding the definition reported

in [11].

Lemma 4.7. Let X # () and ¢ € A([0, 1)). The function I? : I¥ — [0, 1],
with n € N\ {1}, defined for any (1, ..., 1,) € X by

(X))
“sup{ 35

is a T} -incompatibility n-measure.

Ig(ﬂ1,~u,ﬂn) —maX{O,l

Proof. Axioms i.1 and i.3 can be proven by a simple computation.

(1.2) If {p,..., w} < [0,11F satisfies TP (uy,...,p0,) # f, then
there exists x € X such that >°7 ; @(i;(x)) >n — 1, thus, and
taking into account that n > 1, it follows that

sup Zl l(p(iui (X))

xeX -1

Therefore, I7(u,,..., 1) =0

(i4)If p, ..., oy, ..., 0, €[0,1F satisfy w<o; for all
ie{l,...,n}, as ¢ is increasing and n > 1, then
wex, Do) TLoew)
-1 n-1
1 sup Sa0o) <1 sup TP
xeX n-1 xeX -1
Hence, I (041,...,00) <I9(uy,...,1,). O

Remark 4.8. The above formula cannot be naturally extended to
obtain a multi-measure. More precisely, there is no T{ -incompati-
bility multi-measure Z : | J,., ¥ — [0, 1] such that Tl = I? for each
n > 1. Let us suppose that there exists such a multi-argument func-
tion Z, then we will deduce a contradiction. Consider (u;, it,) € I
such that p(x)=po(x)=04 for all xeX then Z(y,u,)=
I§(u,, 1,) = max{0,1 — (0.4 +0.4)} =0.2. Now, let us =y, then
Ty, o, fhs) = IS (4, fho, is) = max {0, 1 — 040451} = 0.1, There-
fore Z(u,, iy, t4s) =0.1 <Z{py, 1,) =02, and this contradicts
axiom 1.5 of incompatibility multi-measures. However, we can
construct a multi argument function, which is defined on each ele-
ment of | J,., ¥ by means of some function I¢, as it is shown in the
next result.

Proposition 4.9. Given ¢ € A([0,1]), let T be the t-norm @-conju-
gated with the Lukasiewicz t-norm and let I be the n-measure on
[0,15 with X0, defined in Lemma 4.7. Consider the function
7 Unen X — [0, 1] defined recursively as follows:

1. If n=1: for each

0 ifu#pu
€101, 77 (1) = {1 if =
-

2. Ifn>1: foreach (u,,..., 1) € 1%



Iip(lulv"'wun) :max{ >I£p(:ui17"':ui,, 1)711?(/117"'7/1;1)}7

where P(N,) denotes the power set of Ny ={1,2,...,n}.

Then, for all y € A([0, 1)),y o Z7 is a T} -incompatibility multi-measure
on ({0, 1%, <) and, in particular, so is Z{.

Proof. Taking into account Proposition 2.9, it suffices to prove that
7? is a T?-incompatibility multi-measure on ([0,1]%,<). The proof
of axioms i.1, i.3 and i.5 follows directly from the definition of
T7. To prove the others, we need to use induction.

n € [0,1]F
1, =0" is true

(i.2) We have to prove that the statement “If y., ...
satisfy T/ (1, ..., ) # tg then I7(py, ...
forallneN.

Case n=1: If p < [0,1]* satisfies Tf (1) = 5, then Z7(u) =0

by definition.

Case n > 1: Suppose that the statement is true for n — 1, then

we will prove it for n. Let wy,...,u, € [O,l]X such that

T (Hys-- .5 1) # 1y, We deduce:

- TP,y ) # gy for all {iy, .. i, 1} € P(AVy), then
/(i ..., i ) =0 by induction hypothesis.

- I#(uq,...,4,) =0 holds by Lemma 4.7.

Hence, Z7(yy,..., 1) = 0.

Consequently, from the induction Principle we conclude that

I} satisfies axiom i.2.

(i.4) We must prove that the statement “If y4, ..., tn, 61, ...,0n €
[0,1F satisfy ;<o; for all ie{l,...,n}, then
IP61,...,00) S I¢(My,..., )" is true for all n e N.

Casen=1:Lletyu,0 ¢ [O,l]X such that i < 6. We have two cases:

—If u+# ug then o # pg; therefore 77 (o) = 77 (1) = 0.
—If w= up, then 7} (1) =1 = I} (o).

Hence, 77 (o) < I} ().

Case n > 1: Assume that the statement is true for n — 1, then we
will prove it for n. Let p,..., tn, G1,...,0n € [O,l]X such that
w<o; forallie{l,...,n}, we deduce;:

- The induction hypothesis assures that ZI7(oj,...,0; )<
P (i - .-, ) holds for any {iy,... i, 1} € P(A), and thus

TP (fyys - 1, ,)-

max I7(6i,...0; )< max
L (@i, '“’1)\{1‘1 ..... fn1 EPW)

{if orosln_1 YEP(N )

- I{01,...,00) <I¢(Uy,..., 1) holds by Lemma 4.7.

Hence, Tf(01,...,00) S I7(Uy,- -, 1)

Therefore, we can claim that Iﬁ” satisfies axiom i.5. by the
induction Principle. [OJ

4.2. Unsupplementarity multi-measures on fuzzy sets

As for incompatibility, although unsupplementary is the oppo-
site to supplementary, it is not possible to assign degrees of unsup-
plementarity by means of a negation of a supplementarity multi-
measure. Hence we establish a mathematical model to measure
the unsupplementarity property.

Given a t-conorm S, we have that {y,,..., w,} C [0,1]F is
S-unsupplementary if it is not S-supplementary, that is, if S(u,,

.., ) # ux. The following definition determines the conditions
that a multi-argument function must satisfy to fittingly assign a
degree of unsupplementarity to every {1, ..., iz} € [0,1]%.

Definition 4.10. Let S be a t-conorm and X#=@®. A function
U:Upen X — [0,1] is an S-unsupplementarity multi-measure on
[0,1]% if it is a symmetric and n-decreasing multi-measure on
([0,1]%, =) satisfying ¢(y,, ...
C[011is S(pua, ., phn) = i

,l,) =0, provided that {u,, ..., un}

Definition 4.10x. Let S be a t-conorm and X=# @ A function
U Upen?® —10,1] is an S-supplementarity multi-measure on
[0, 11X if it satisfies, for each n € N:

wl Uy, V., fhy) = 1.

w2 U(ply,..., 1) =0 for all {u, ..., u} < [0,1]% such that
Sy -y ) = pixe
u3 Uy, .., 1) = Uy, .. lygyy) holds for all meS, and

W, ..., e [0, 1%

u4 Given p, ..., tty, 61,...,6,€[0,1]%, if ;< o; holds for all
ie{l,...,n}, thenU(o1,...,00) <ULy, ..., U,

w5 Uy, ...ty ) <UL, ..., p,) holds for all neN and
,Ll1,...,,un+16[0,l]X.

If 4 satisfies axioms u.1-u.4 for some fixed n € N, we say that ¢/
is a U-unsupplementarity n-measure on [0,1]%. If n =2 we simply
say that S is a U-unsupplementarity measure.

Following from Proposition 2.10, we can prove the next result
which is a certain extend dually analogous to Proposition 4.2.

Proposition 4.11. Let X=0. If T is a t-norm, S and S, are
t-conorms and m':[0,1]X - [0,1] is a fuzzy measure on ([0,1F, =),
then the functions Ur.y,Up.s : UpenIX — [0,1] defined, for each

(U, ) € and ne N, by

0 if So(pty, -+, ) = My
Ut (-5 Hy) = {T(m/(ﬂl)’ ...,m'(w,)) otherwise

_ 0 ifSo(ﬂ1,~~~,ﬂn):uX
Unras(fhys -5 [hy) = {m/(s(ul, ..., 1,)) otherwise

are Sg-unsupplementarity multi-measures on [0, 1]

Remark 4.12. Observe that:

1. It does not make sense to replace the t-norm T with a t-conorm
S in the definition of Ur.., because S(m'(i1),..., M (ln))
<Sm (), ..., M (), M {py+r)), and so axiom u.5 is not
satisfied.

2. As T is n-decreasing and m’ reverses the order, then m'oT is n-
increasing. Thus, it is meaningless to replace the t-conorm S
with a t-norm T in the definition of 4,,.s.

As before, we can replace T and S by the t-norms and t-conorms,
respectively, conjugated with the basic triangular norms and con-
orms in Proposition 4.11.

As in the case of supplementarity, if S’ is the t-conorm ¢-conju-
gated with the Lukasiewicz t-conorm, taking into account that
S¥(ty, ..., ty) = ty if and only if 30 @(u;(x)) = 1 forall x € X, we
can use the difference between >} | ¢(;(x)) and 1 to assign degrees
of S7-unsupplementarity. So, we can prove the following result.

Proposition 4.13. Let X#0 and ¢ < A([0,1]). The function
U? - Upen 1% — [0,1] defined for each (g, ..., 1) € 1X by

ug)(iula e ~Hun) = max {Oal - LE;Z‘P(M(X))}
i=1

is an S -unsupplementarity multi-measure on [0,1}~.



5. Some relations among the four types of multi-measures

Now we show some basic relations among the multi-measures
introduced in Sections 3 and 4. To do this, we consider a t-norm T
and a t-conorm S that are dual operators with respect to a strong
negation N, that is, S(a,b)=NT(N(a), N(b))) or T(ab)=
N(S(N(a),N(b))) for all a, b €[0,1].

Proposition 5.1. Given a strong negation N, let T be a t-norm and S
be its N-dual t-conorm. If X # 0, then:

1. If ¢ is a T-compatibility multi-measure on [0,1%, then the function
U = UpeIX — [0,1], defined for each (u,,..., 1) € I¥ by
u(lul’ “‘Hun) = C(N°H1,~~ ~’N0Hn)’

is an S-unsupplementarity multi-measure on [0, 1.
2. If U is an S-supplementarity multi-measure on [0,1]%, then the
function C: U, 1¥ — [0, 1], defined for each (u,, ..., p,) € 1% by

Cliys- s pty) =UNopuy,...,Nop,),

is a T-compatibility multi-measure on [0, 1}

Proof. We give the proof only for the first case because the second
is similar. Let us check the axioms.

(W) Uy, 7., thg) = C(N o g, ", No fly) = Cltty, V., pty) =1 for
eachne N,

(u2) Let {uq,..., 4y} C[0,1F such that Sy, ...
equality is equivalent to
T(N°H1,~~~,N°Hn) :NOHXZAM(D’

since S is the t-conorm N-dual of T. Then, from axiom c.2 of compat-
ibility multi-measures, we obtain

Uy, ..., ty) =CNopy,...,Nopu,)=0.

(u.3) As C is symmetric, it follows that ¢/ is symmetric.

) Un) = pix. This

(ud) If w,..., o1, ...,0,€[0,1]% satisfy y; <oy, for all ic
{1,...,n}, then Noo; < Noy;. Thus, from axiom c.4 we have
U(o1,...,0,) =C(Noo1,...,Nooy,) <C(Nopy,...,Nopu,)

=U(y, - y)-

u.5) Taking into account axiom c.5, we have
u(ula“‘aurwl) :C(Noﬂlwu,NOHmNOHnﬂ)
SCNopy,...,Nop,) =U(ly,..., 1)

forallneNand p, ..., ta €[0,1F. O

In the same way as in Proposition 5.1, we can prove the follow-
ing result.

Proposition 5.2. Given a strong negation N, let T be a t-norm and S
be its N-dual t-conorm. Then,

1. If T is a T-compatibility multi-measure on [0,1]%, then the function
S Unen ¥ — [0, 1), defined for each (p,...,u,) € X by

Sy, ..., ) =I(Nopy,...,Nop,),

is an S-supplementarity multi-measure on [0, 1]%.
2. If 8 is an S-supplementarity multi-measure on [0,1]%, then the
function T : U, 1¥ — [0,1], defined for each (i, ..., 1) € I¥ by

T(py, oo thy) =S(Nopy,...,Nop),

is a T-incompatibility multi-measure on [0, 1.

Table 1
Candidate skill level in Example 1.
X1 X2 X3 X4 X5 X6
John (1) 0.2 0.6 1.0 05 0.2 0.8
Mary (u3) 0.7 0.3 0.1 0.4 0.6 0.3
Peter (u3) 0.2 0.9 0.9 0.8 0.4 0.5
Alex ((4) 0.9 0.3 04 03 0.5 0.5

6. An example

This section shows a simple example to demonstrate the advan-
tage of using the measures introduced in the paper in different
real-life situations, and then in expert systems and other areas of
computational intelligence.

A fashion company is being set up and needs to select people
who have high-level skills in: fashion design (x;), clothing (x7), im-
age (x3), marketing (x,), social relations (xs) and leadership (xg).

The aim is to form a team of people that accounts for all the
skills. Table 1 shows four candidates and their respective skill level.

Let us see the extent to which different teams have all skills,
that is, let us measure their supplementarity. Consider the supple-
mentarity measures of Corollary 3.13. We will fix ¢ = id in all cases.

If we regard a team formed by John and Mary, then
Spa{lly, Hy) =0 as Si{p, o) # pix (for example, Si{py, 1)(x1) =
min{1,0.1+0.7} = 0.8 # 1). Similarly, we obtain Sp.. (i, ;) =0
for i, je{1,...,4}, with i#j, as S/(u; ;) # ux. The same occurs
when considering Sp,, and Smax.n Since Syax < Sp < S;. Thus, the
two-member teams are insufficient to meet company expectations.

If we analyze the three-member teams, then we obtain:

- For John, Mary and Peter,

3
Spallly, ty, ft3) = Min {1,Zinfui(x,-)} =min{1,02+0.1+0.2} =05,
i
3

Spun(thys 1, 85) = 1] (1 - infui(x,-)) =1-08-09-0.8 =0.424,
J

i=1
Swaxen Ly, Ha, ) = maxinfy,(x;) = 0.2.

- For John, Mary and Alex,
Spn(fty, ty, tty) = min{1,0.2+ 0.1+ 0.3} = 0.6,
Sy, fhy, thy) =1 -0.8-0.9-0.7 = 0.496,
Smaxen (1, oy Ja) = 0.3.

- For John, Peter and Alex,
Sy, Uy, thy) = min{1,02+ 0.2+ 03} =07,
Spinllly, s, thy) =1—-0.8-0.8-0.7=0.552,
Smaxen (1, 3, fha) = 0.3.

- For Mary, Peter and Alex,

Stan(Hy, fss fty) = min{1,0.1+ 0.2 + 0.3} = 0.6,
Spor(Llyy flos fly) = 1 — 0.9 0.8 - 0.7 = 0.496,
Smaxen (fy s s, fy) = 0.3.

So, the team formed by John, Peter and Alex appears to be the
most competent of the three-member teams.

Finally, if we need more supplementarity, that is, higher levels
of all the skills, we can consider all four candidates at once:

Spon(lhy, o, g, fy) = min{1,02+ 0.1+ 0.2+ 03} =028,
Spin(fy, oy fis, ty) =1-0.8-0.9-0.8-0.7 = 0.5968,
SMaxen {1, Ho, fa, fly) = 0.3.



In this way, if we need a fixed degree of supplementarity, new can-
didates can be added so that this is achieved. Note that the first
measure is more sensitive to the changes, and hence could be more
significant.

If the company can employ no more than two of the candidates,
even if not all expectations are met, measures of unsupplementa-
rity can help to discern which is the best team. So, considering
the measure 2/, we have:

Uy (g, ty) = max{0, 1 — min{0.9,0.9,1.1,0.9,0.8,1.1}} = max{0,0.2} = 0.2,
Uy(tty, 1ty) = max{0, 1 — min{0.4,1.5,1.9,1.3,0.6,1.3}} = max{0,0.6} = 0.6,
Uy(tty, ty) = max{0,1—min{1.1,0.9,1.4,1.8,0.7,1.3}} = max{0,0.7} = 0.3,
Uy (tty, ;) = max{0, 1 — min{0.9,1.2,1.0,1.2,1.0,0.8}} = max{0,0.2} = 0.2,
Uy (tty, ty) = max{0, 1 — min{1.6,0.6,0.5,0.7,1.1,0.8}} = max{0,0.5} = 0.5,
Uy (s, ty) = max{0,1—min{1.1,12,1.3,1.1,0.9,1.0}} = max{0,0.1} = 0.1.

So, the best two-member team should be the one with the least
unsupplementarity, and is hence the team formed by Peter and
Alex.

7. Conclusions

In this paper, first, we introduce an axiomatic model of multi-
measures on a bounded lattice, illustrating some examples for lat-
tices of classical sets. We also set out two methods for building
multi-measures. Next we study two types of multi-measures in
the particular case of a lattice of fuzzy sets ([0,1]%,<), namely,
T-compability and S-supplementarity measures. Afterwards we
address two kinds of multi-measures on ([0,1]%, =), T-incompatibil-
ity and S-unsupplementarity, which are to a certain extent opposite
to the former. Both assume the classical case. Moreover we establish
some relationships between given pairs of multi-measures.

The main novelty of this axiomatic model is that it provides
functions that measure the degree to which a property is verified
by a subset of elements of any bounded lattice, regardless of the
cardinality of that subset. This contrasts with most of the measures
proposed in the literature that can only be used to measure one
element or to compare two elements. In particular, our proposal
extends the model of aggregation functions which refer to the lat-
tice ([0,1],<) only.

The example given in Section 6 applies the presented functions
to a particular decision-making problem. It clearly illustrates the
advantage of using these functions, which are able to discern the
extend to which a property is satisfied when new elements are
added for comparison.

We intend to pursue two main lines of research in the future.
On the theoretical side, we will further study the continuity of
the introduced measures and other structural properties, and de-
velop analogous measures in the area of Atanassov’s fuzzy sets.
On the practical side, we will use these measures in approximate
reasoning, clustering, expert systems, patter recognition, etc.
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