Mecanica Computacional Vol. XXIII, pp. 2461-2476
G.Buscaglia, E.Dari, O.Zamonsky (Eds.)
Bariloche, Argentina, November 2004

REDUCED THREE-WAVE MODEL TO STUDY THE HARD
TRANSITION TO CHAOTIC DYNAMICS IN ALFVEN WAVE-FRONTS

S. A. Elaskar! and J. R. Sanmartin®

1Depar’camento de Aeronautica,
Universidad Nacional de Cérdoba, CONICET
Av. Velez Sarfield 1611. Cordoba (5000). Argentina.
e-mail: selaskar@efn.uncor.edu

*Escuela Técnica Superior de Ingenieros Aeronauticos,
Universidad Politécnica de Madrid,
Plaza Cardenal Cisneros 3, Madrid (28040), Espana.
e-mail: jrs@faia.upm.es

Abstract. The derivative nonlinear Schrédinger (DNLS) equation, describing propagation of
circularly polarized Alfven waves of finite amplitude in a cold plasma, is truncated to explore
the coherent, weakly nonlinear, cubic coupling of three waves near resonance, one wave
being linearly unstable and the other waves damped. In a reduced three-wave model (equal
damping of daughter waves, three-dimensional flow for two wave amplitudes and one relative
phase), no matter how small the growth rate of the unstable wave there exists a parametric
domain with the flow exhibiting chaotic dynamics that is absent for zero growth-rate. This
hard transition in phase-space behavior occurs for left-hand (LH) polarized waves,
paralelling the known fact that only LH time-harmonic solutions of the DNLS equation are
modulationally unstable.
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1. INTRODUCTION

Nonlinear Alfven-wave interactions may be present in astrophysical, space and laboratory
plasmas, with effects that range from heating to driving of current. A recent space example
involves orbiting conductive tethers, which, if in electrical contact with the ionosphere,
radiate Alfven waves.! Wave structures (called Alfven wings) attached at or near both tether
ends present an Airy-functions behavior if linearly described.” Nonlinear effects, which
should appear at the near wave-front, might be affected by the magnetic self-field generated
by the very current of the tether.’

In the case of Alfven waves, some strong nonlinear effects are known to be described by
the derivative nonlinear Schrodinger (DNLS) equation,4 which admits soliton solutions.” A
variety of behaviors allowed by the DNLS equation and its modifications have been
analyzed.’

Here we show how the DNLS equation may also serve to describe weak non-linear effects
represented by the coherent coupling of a few waves, and we explore its complex dynamics.
The local, coherent interaction of three waves at or near resonance (3WRI) is an ubiquitous
feature of nonlinear mediums. The 3WRI is specially important in both unmagnetized and
magnetized plasmas, where dispersive effects can keep nonlinearities weak and
electromagnetic waves make coupling to external energy sources easy. The 3WRI has been
extensively studied and remains a basic nonlinear paradigm.

The 3WRI evolution for lossless quadratic coupling, with a mode linearly unstable and the
two other modes equally damped, is described by a three-dimensional (3D) flow of two wave
amplitudes and one relative phase (a reduced 3-wave interaction). If damping rates exceed the
growth rate [ of the unstable mode the system is attracted to point-sets of vanishing 3D
volume, and its long-time behavior may be chaotic.*'® For small T, a consistent analysis of
the flow using a multiple time-scales method, led to an 1D chaotic map.'' Actually, the
system exhibits a hard transition to complex phase-space dynamics: no matter how small " >
0 there exists a fully developed attractor that is absent at ' < 0 and is chaotic for some
parametric domain; this is example of a broad scenario for chaos also present in the resonant
coupling of two oscillators at frequency ratio 2:q, ¢ integer, with the first oscillator
unstable.'” Also, the hard transition was found to persist when the daughter waves had
unequal dampings, the flow then being 4D rather than 3D.">!*

Cubic interaction, corresponding to q =2 (or 1:1 frequency ratio) in the two-oscillator
case, allows a variety of coupling structures. A reduced 3-wave truncation of the non-linear
Schrédinger equation showed chaotic behavior at finite I';'® a hard transition was encountered
in a two-oscillator model of a spherical swing.'*'®

In the present paper we explore, numerically, weakly nonlinear dynamics in a truncation of
the DNLS equation that shows more complex cubic coupling using the reduced model (3D
model)."”

In Sec. 2 we present the reduced 3-wave model of the DNLS equation. In Sec. 3 we
analytically determine the [ = 0 attractor of the system. In Sec. 4 we derive analytical results
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on the small, positive [ attractor(s). Sec. 5 shows the numerical results. A conclusions are
given in Sec. 6.

2. REDUCED 3-WAVE MODEL OF THE DNLS EQUATION

The derivative nonlinear Schrodinger equation describes the evolution of circularly
polarized Alfven waves of finite amplitude propagating along an unperturbed uniform
magnetic field in a cold, homogeneous and lossless plasma. The description uses a two-fluid,
quasineutral approximation (with electron inertia and current displacement neglected). Taking
the unperturbed magnetic field By in the z direction, the DNLS equation reads*™®

2.2 gog |"’| +y9 =0, n

ot 262

where @ t and z are dimensionless perturbed field and variables,

w .
Q= 5 wcit - ta iz - 1, (2)
0 Va

«xi 1s the ion cyclotron frequency and Vja is the Alfvén velocity. The upper (lower) sign in
Egs. (1) and (2) corresponds to a left-hand (right-hand) circularly polarized wave propagating
in the z direction; y would be some appropriate growth/damping linear operator.'® Equation
(1) can be derived under the following ordering scheme for perturbed quantities (n and Vv,
are plasma density and velocity along the z-axis):

BB m [
By By Ny Va

To study weakly nonlinear interactions, we consider an approximate solution of Eq. (1)
consisting of three traveling waves,

3 i
] K7 =00
e Aj =kjz-wjt, 3)

satisfying a resonance condition 2k; = k; + ks. Wave number and frequency of modes are
related by the linear (lossless) dispersion relation for circularly polarized Alfven waves at low

wave number, wj = kj F kj2/2.
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Both the growth/damping and the nonlinear term in Eq. (1) make the complex amplitudes
@ vary slowly in time. Introducing Eq.(3) in (1) and considering only the k;, k» and ks
components one arrives at

a o +ik ol el 2o B 2a ep eV =0, G
@+, +iky %zkpd2 +|(p2|2 +2|(p3|2 %Pz +of @y e Ve E: 0, (5b)
B +ysos ik g2lal 2o+ Ep e @ e =0, 650

where gbj is dg/dt and v = 2w, —w, —w; is a frequency mismatch. We assume that all

other components, in particular those involving wave numbers 2k, - k;, 2k; - k;, 2k; - ki,
and 2ks - ky, arising from using (3) in the nonlinear term of Eq.(1), are strongly damped."’

Setting @;(t) = g; (1) exp [ilﬂj (t)] in Egs. (5a-c) with a;, ) real, and using the resonance
condition, the above three complex equations are reduced to four real equations,

a; = —ya; ~ (ko +k3)aa,azsinB (6a)
a‘z = —y,a, +k, a12 az sinf8 (6b)
a; = - y3a; +ksaf a, sing (6¢)

. O a 0
B=v+ @ E& 3 4k & 2(k, +ksy Jayay ros B -k, [al2 - a%]— k3[a12 - a32] (6d)
g a a3 B
where B=m+w+y, +i3— 24,.
We restrict the analysis to the case Y, =Yy3; =Y. Multiplying Eq. (6b) by 2k; a,, Eq. (6¢)
by 2k, as;, and subtracting from each other there results

d
a(k3 ai -k, 3-32): _2y(k3 azz_kz ai); (7
Eq.(7) shows ksa,” - kyas® (but not a,° or as;%) to decay exponentially with time. For a study

of the long time behavior of the system, we may then take k,a; =k, a; from the outset.

Note that the frequency mismatch is positive and negative for left-hand (LH) and right-hand
(RH) polarization respectively: using Eq.(4) one finds in dimensional form
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v L Fe Hﬂz-kag. 8
Wi Ek’-’ci B<2+k3 ®)

This sign difference will later be shown to lead to fundamentally different dynamics for the
two polarizations. Finally we may both take k3 < k, and equal signs for a, and a; with no
loss of generality (for opposite signs, setting [ — T+ [ would again leave the system
invariant); also, we may take all three a;, a,, az positive.

Writing Y1 =-T <0 and introducing new variables

Joks al - af, (ky +k3) k3 /ky @3 — a3,

system (6a-d) is reduced to three real non-linear equations

a, =la, —-aa’sinf, (9a)
az =-ya, +a/a,sinf, (9b)
B=v-2(a?-a} |V ~cos B)- a3, (%)
where
_ +
V = 1+ks/ky ( ks <1). (10)

> 1,
21[k3/k2 k2

The limit case V' =1 would exactly recover a truncation of the 1D nonlinear Schrodinger

equation describing the parametric excitation of linearly damped waves by the oscillating
two-stream instability in plasmas.”> We also note that some resonant interactions of two
oscillators with frequency ratio 1:1, which have been analyzed by Lopez-Rebollal and
Sanmartin, are described by system (9a-c) with the last term in (9¢) missing.'?

3. T'=0 ATTRACTOR FOR THE REDUCED 3-WAVE MODEL

In this section we discuss analytical results that can be readily obtained from system (9a-c)
and we determine its [ = 0 attractor. A trivial result concerns the flow divergence in (3D)
phase-space a;”, a,>, and B, reading

) da12+ 0 da22+ 9 dp _
63.12 dt 63.22 dt 6[3 dt

2(F=vy).
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Nonlinear conservative coupling naturally preserves volume. For ' <y, as assumed here, the
long-time attractor of the system will be a point-set of vanishing 3D volume.

Again from system (9a-c) one obtains equations that would represent conservation laws in
the no-dissipation limit,

%(af +a22) = 2la? - 2ya,”, (11)

For I' <0, Eq.(11) proves the equilibrium state a; =a, =0 to be a global attractor. In this
section we consider the long-time attractor of system (9a-c) at [ = 0. Note that the entire
flow is now asymptotic to the surface a,=0, because a,> + a,°> will keep diminishing in
Eq.(11) unless a, vanishes. Since that surface is invariant, trajectories should be asymptotic
to its critical elements with transverse stable manifolds.

Consider then the flow on a, = 0 at ' = 0, Eq.(9a) then yielding a; = constant. The
intersection of the plane a, = 0 and the cylindrical surface h,(a,;,B) = (a, =0) =0 isa

line A of fixed points,

a,=0, (122)
ho= v - 2a,>(V -cosP) = 0. (12b)

Figure 1 shows both A and the surface hy =0 for V >1; A would reach up to infinity
for V = 1. Linearizing the vector field at the fixed points we find eigenvalues A, = -2a,> x
sinB, and A, = 0, for ecigenvectors tangent to the line a; = constant through the
corresponding fixed point, and tangent to /A, respectively. From the sign of A; it follows
that, for flow on a, =0, A-points with < 1T are stable and > 1T points are unstable; two
a; = constant heteroclinic orbits join each symmetric pair of /A points.

The third eigenvalue is clearly the factor multiplying a, in Eq.(9b), A; = - y+ a,’sinf,
with the associated eigenvector parallel to the ay-axis. It follows that for motion off a, =0
the 3> 1T branch is stable, whereas in the branch 3 < 77 under condition

V2 <1+@v/2y)2, (13)

there are points Py and P,  that have A;=0 and are given by

.y _Vvi\/v2—4y2(\72—l)
A= sinf8 2(\72—1)

(14)

for - and + signs respectively, with B(Po ) < 772 always, but B(Py) > 172 for v/2y >V .
Only A-points in the arc PP, are unstable off a, =0. For the flow in the entire 3D space
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the stable fixed points are those in the [ < 17 branch of A below Py and above Po*. Note
that al(PO*) — 00 as \7 — l

4

a

l hyta, ) =0

.

0

P

Figure 1. Line A of fixed points on invariant plane a, =0 at ' =0, and periodic orbits above and below; for
B < Tt only the arcs QP, and P,'Q" are stable off a, =0. Also shown is the cylindrical surface hy(a;, 3)=0.

In the plane a, = 0 there is another type of critical elements. There are periodic orbits that
move below the bottom Q of A atconstant a; <ajg, from =0 to =27 and that are
described by Eq.(9¢) now reading 8 = hy (a1, B) ; again, there are periodic orbits above Q"
in Fig.1. [Their periodis Tt/ [(V aio® - V/2)* - a10']"?, which diverges for ajo= aiQ (an=
a;Q*), when the periodic orbit becomes an homoclinic trajectory at Q (Q¥*), as seen in the
figure.] Clearly, a, = 0 perturbations of any such orbits leave the system moving in another
nearby orbit. Also, all these periodic orbits are stable off a, =0: At vanishing a, we have B
= O(1) whereas a; changes at a rate of order a’; taking d(In a,)/dt from (9b), its average
over a period is - y<0, the contribution of the sinf term vanishing.

Under condition (13) one may say that the stable arc QP and the periodic orbits below Q
make up one attractor of the flow and the stable arc PO*Q* and the periodic orbits above Q*
make up a second attractor. There is a fundamental difference between these two attractors
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however. Since A points in the arc POPO* have an 1D unstable manifold transverse to a, =0
there exist singular, heteroclinic orbits that leave this plane at those points, and return to it at a
lower a,;, as seen from Eq.(11) with [ = 0. The singular orbit may reach a point in the arc
QP from the left, keeping [ < 1 throughout, or may approach the set of periodic orbits. It
may also pass just below the surface hg(a;, f) = 0 to reach the range [3> 1T still off the plane
a, = 0, making &, positive in Eq.(9a); the orbit will then emerge at B=0 with a, >a;q and
again reach a point in the arc QP( from the left.

4, T - 0" ATTRACTOR

When [ is made positive, there are just two fixed points, P and P given by

—2rv(2\7 —\7_])+4\7v ?4\/r[4y2(4\7—5)—2v2]+l/2 —4y2b2 —1]
) y y

a, = - (15a)
8592 —1)+(3—2\72)§

y

2
a2 =12 (15b)

y
sinf :% (15¢)

al

under condition
72 <V (v 2I'2)+4y (y-sr) (15d)
4y“(y—4r)

Equation (15a) recovers (14) for Py and Py and Eq. (15d) recovers (13) when ' - 0.
The characteristic equation for the stability of those two points is

2yF OA Ol - O . 0
A+2y —2M)(A% + 4yl + : —4(V -cosPB)J-2va=0. (16
( )( ) tang %%‘7 \% )D E (16)

For I =0, Eq.(19) again recovers the values A; =-2y, A= A3 =0 of Sec.3. For I
positive and small, one finds to order NI

A3 (P¥) = ¢ ‘sz —4y2 (V2 = 1) x2T xa(Py); (17)
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P* at small I is thus a saddle-node with an 1D unstable manifold. For the stability of P we
must go to order [,

/\2’3(P):ii‘\‘/vz—4y2(\72—l)x\/fxal(Po)+)Tl', (18)

A= ZtJnB %_Vslinﬁ%

The sign of A is obtained by taking B(v /y, V ,I) from Eq.(15a) with the upper sign. We
find that P, which only exists under condition (15d) and is defined for V > 1, is stable above

the line (VI2y)* = V2 [with B(Po) > 772 as noticed in Sec. 3] and below the line

% 1 - 3
= - , (for V2 < 2) (19)
EPTVEZ V2 —avt -1 2

in the parametric plane (V/2))%, V2. Point P goes through a Hopf bifurcation, A becoming
positive, when crossing either line. Figure 2 summarizes the stability of P for I - 0.

Now consider the long-time behavior of the system for [ very small. Away from the
surface a, = 0 the flow will closely follow [ = 0 trajectories. If a trajectory approaches a
periodic orbit above Q°, the term [a; in Eq.(9a) will make a; ultimately diverge, as the
system slowly drifts through the set of periodic orbits; if the [' = 0 trajectory approaches the
arc Py Q’, the system will first have a; slowly rising along and very close to A, till
reaching the set of periodic orbits at point Q". The case for I =0 trajectories approaching
either the arc QPy or the periodic orbits below is dramatically different.

Consider flow in the vicinity of the ' =0 heteroclinic orbit corresponding to a A-point M
on the PP, arc, in the approach back to the surface a, = 0, below Py. If the orbit
approaches some point m between Q and P,y and because of the term [a;, a; should
eventually start growing at rate I, keeping close to /. In terms of the eigenvalue A; of
Sec. 3, Eq.(9b) can be written as da,/dt = A3 a,; since A; is negative for A-points below Py
and positive from P, to Po*, and the a;-rise takes times of order 1/I", a, will become
exponentially small (-Ina, J1/I"). Once Py is reached, however, a, will start growing; when
values a, VI are attained, a; can finally reach a maximum M' below Py*, and the
trajectory again start separating from /. If the heteroclinic orbit approaches some periodic
orbit below Q, a; will first slowly increase while the system drifts among the lower set of
periodic orbits to reach A.

In the parametric domain of Fig.2 where P is stable, trajectories starting within some
bassin of attraction in phase space have a sequence of points M, m, M, ..., converging to
point P as given, to lowest order in [, by Equations (14) and a’ =T xa;”/y. The general
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attractor structure following the loss of stability of P at crossing line B (or C) at fixed V ,

giving rise to a limit cycle, depends on the value of V . At V very close to unity the set of
periodic orbits is rarely involved in the attractor.

_’:|

]'_.

Figure 2. Stability of fixed point P at I - 0", in parametric plane (V/2y)>, V2.
Lines A, (V2y)*=V?2-1; B, (vi2y)’=V?; C, given by Eq.(19).

5. NUMERICAL RESULTS

In this section we study to cases: T =0 and I - 0" by means of numerical integration

of the Equations (9a-c). The numerical integration is carry out by a single step, 8" order
Runge-Kutta method."®

51 Case ' =0

We present two figures, one of them (Figure 3) shows the trajectory and long-time attractor
(a periodic orbit) for V =13/12 (ks/k, =4/9), T/ y=0 and v/ y=1.6 with y =1, considering
the initial conditions: a; = 1.0, a; = 2.7 and B=5. One can observe that the trajectory
converge asymptotically to a periodic orbit on a,= 0 plane below the point Q. Figure 4 shows
the trajectory, curve A and long-time attractor (a periodic orbit) projected on the a; —[3 plane
for V = 13/12 (ka/k; = 4/9), T/y=0 and v/y=1.6 with y=1, considering as initial
conditions a; = 1.0287, a, = 0.0001 and B =1237. The initial conditions represents a point

placed on surface hy = 0 close to the arc PoP," of the curve A. This point has an 1D unstable
manifold transverse to a, = 0 plane; an heteroclinic orbit leaves this plane at this point, and
return to it at a lower a; on periodic orbit.
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B

Figure 3. Trajectory and long-time attractor (a periodic orbit) for V = 13/12 (ky/k, = 4/9), '/ y=0 and
v/y=1.6 with y=1. Initial conditions: a;=1.0,a,=2.7and p=5.

52 Case ' - 0F

To analyze the loss of stability of point P at crossing the lines B and C by fixed V , we
presents the results by V = 13/12 (ks/k, = 4/9) and '/y=0.001, with y=1. Line B
corresponds to V/y=2.166 and line C to v/y=1.16, so that the unstable range is
1.16<v/y<2.166 (see Figure 2). Table 1 summarize the numerical results, it is possible to
observe the evolution of the attractor structure in function of vV /Yy, using as initial conditions
a;=2.0,a,=0.1 and B =2.0. We found the Feigenbaum cascade to chaos: 1-limit-cycle, 2-
limit-cycle, 4-limit-cycled and chaos. Figure 5 shows a 1-limit-cycle attractor, projected on
the a, —f3 plane, for v/y=1.8, which is determined following a single trajectory for long
times. Figure 6 shows a 2-cycle-limit attractor by v/y=1.60125, Figure 7 shows a 4-cycle-
limite attractor by v/y=1.601203 and Figure 8 represents the chaotic attractor by
v/iy=1.6.
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3

= C -]

Figure 4. Trajectory, curve A and long-time attractor (a periodic orbit) for V = 13/12 (ks/k, = 4/9), T/ y=0
and v/y=1.6 with y=1. Initial conditions: a; = 1.0287, a, = 0.0001 and p =1.237.

v/%y At Time step number Attractor structure
2.5 0.05 10150000 3=1.724165-a, =0.03181 —a; =1.00592
22 0.05 40200000 3=1.587941-a, =0.031625 —a; =1.000073
2.1 0.005 101600000 1-limit-cycle
2.0 0.05 40200000 1-limit-cycle ascending by periodic orbits
1.8 0.05 40200000 1-limit-cycle ascending by periodic orbits
1.7 0.05 40200000 1-limit-cycle ascending by periodic orbits
1.65 0.05 40200000 1-limit-cycle ascending by periodic orbits
1.64 0.005 51600000 1-limit-cycle ascending by periodic orbits
1.61 0.05 40200000 1-limit-cycle ascending by periodic orbits
1.602 0.005 101200000 1-limit-cycle ascending by periodic orbits
1.60125 0.005 51200000 2-limit-cycle ascending by periodic orbits
1.601203 0.005 41200000 4-limit-cycle ascending by periodic orbits
1.6 0.005 101600000 Chaos
1.58 0.05 20200000 1-limit-cycle ascending by periodic orbits
1.5 0.05 40200000 1-limit-cycle
1.4 0.05 40200000 1-limit-cycle
1.2 0.05 40200000 1-limit-cycle
1.0 0.05 40200000 3=0.712956 —a, =0.039101 —a; =1.23648

Table 1. Numerical results by V =13/12 (ks/ky =4/9)and I'/y=0.001, with y=1.
Initial conditions: a,=2.0,a,=0.1 and B = 2.0
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VI. CONCLUSIONS

We have truncated the derivative nonlinear Schrodinger (DNLS) equation describing the
interaction of circularly polarized Alfven waves of finite amplitude, to explore weakly
nonlinear dynamics in the coherent cubic coupling of three waves near resonance (3WRI),
wave 1 being linearly unstable and waves 2 and 3 damped. We have considered a broad
scenario for chaos which several 3WRI systems had exhibited: No matter how small the
growth rate [ of the unstable wave there exists certain parametric domain with a fully
developed attractor (chaotic in some subdomain) that is absent at I < 0. To explore the
characteristics of this hard transition to complex phase-space dynamics we have considered a
reduced 3-wave model (equal dampings of daughter waves, leading to a 3D flow for wave
amplitudes a;, a, and a relative phase).

@y

\

TE = . =

o om -

! 1 ! M : . B

Figure 5. Lower part of limit 1-cycle attractor projected on the a; —[3 plane for V =13/12 (ks/k, = 4/9),
F/y=0.001 and v/y=1.8 with y=1.

The reduced model showed the hard transition only occurring for left-hand circularly
polarized waves, paralelling the known fact that LH time-harmonic solutions of the DNLS
equation (for cold plasmas) are modulationally unstable, a case opposite RH polarized
solutions.” A number of features determine the phase-space dynamics of the transition: For I
=0, the entire flow is asymptotic to the space a, =0, where a line of fixed points A covers

2473



S. Elaskar, J. Sanmartin

a limited a,-range with periodic orbits below and above that range. A branch of A has an arc
of fixed points unstable off the space a, = 0, in between stable arcs; singular, heteroclinic
orbits off the unstable arc return to that space at lower a;. Chaotic attractors involve repeated
slow rises on 7\, and possibly in the lower set of periodic orbits, followed by fast motion
along the heteroclinic orbits.

a,

._I . GI:‘\. A L L | L A B

Figure 6. Lower part of limit 2-cycle attractor projected on the a; —[3 plane for V =13/12 (ka/k, = 4/9),
/y=0.001 and v/y=1.60125 with y=1.
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Figure 7. Lower part of limit 4-cycle attractor projected on the a; —[3 plane for V = 13/12 (ky/k, = 4/9),
F/y=0.001 and v/y=1.601203 with y=1.
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Figure 8. Lower part of chaotic attractor projected on the a, - 3 plane, for V =13/12 (ka/'k, = 4/9),
'y =0.001, v/y =16 and y = 1.
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