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An asymptott analyss of electra collection at high bias ®, serves to determire the doman of

validity of the orbital-motion-limited (OML) regime of cylindricd Langmur probes which is basic
for the workings of conductie bare tethers The radius of a wire collecting OML currert in an
unmagnetize plasna at reg canna excee a value R, Which is found to exhibit a minimum as
afunctionof ®,; at &, values of interest R4 is alread increasig and is larger than the electron
Debyelengh A pe. The breakdown of the regime relates to conditiors far from the probe at electron
energis comparabe to the ion thermd energy KT;; Ryax is found to increag with T; . It is also
found that (1) the maximum width of a thin tape if useal insteal of a wire, is4R,,.«; (2) the electron
therma gyroradis mug be large than both R and \ . for magnett effects to be negligible and (3)

conditiors applying to the tethe cas are sud that trapped-orhi effects are negligible © 1999
America Institute of Physics [S1070-664X99)03801-X

I. INTRODUCTION

A spae tethe is a cabk tha connec$ orbiting end
masse ard is kept verticd by the gravity gradien force If
conductive its electrodynamd interactiom with the iono-
sphee ard geomagneti field has potentid applicatiors that
range from powe generatio ard propulsiort to the use of
wave® ard particle emissiond. The standad tethe carries
insulation and has end devices to establi® and contrd elec-
trical conta¢ with the ionosphert plasma The bottlene for
sud applicatiors is the efficient captue of ionospheg elec-
trons at the anodt end of the tether the electron gyroradius
and Debye lengh are so smal compare to ary useful three-
dimensiongl passie anock tha both magnett guiding and
electrc shieldirg greaty redu@ collection This has moti-
vated work on active contactos tha creat aplasma cloud to
bridge the ionospheré:®

Using uninsulaté (bare tethers whose anodc segment
might itself captue electrors passivey with no shieldirg or
magnett effects has been propose as a simple alternative’
An anodt segmehn in the kilometa range leads to quite
large (in addition to effective collecting areas alsq bare
tethes prowve fairly insensitive to regula drops in plasma
densiy along an orbit®® A Nationd Aeronautis and Space
Administration (NASA) experimen (Propulsie Smal Ex-
pendabé Deploye System will teg a bare-tethe collection
in a 200Q Delta2 rocke flight. The Marshal Spa& Flight
Cente is considerig the use of barw tethes in the Interna-
tiond Spae Station for reboos or seconday powe genera-
tion. As apowe generatorfor instance a bare tethe would
hawe a usefu load ard a cathodc contacte at its base and
electran collection if optimal would exterd roughly to the
uppe (me/m;)Y®~1/7 of the totd length.

Note that ead point of an electrodynand bare tether
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would colled currert as if it were pait of a cylinder uni-
formly polarized at the locd tethe bias! This is becaus of
the enormos dispariyy betwee tethe thicknes and collect-
ing length which lie in the millimeter and kilomete ranges,
respectively Bare tethe applicatiors red on the assumption
tha electron collection occuss in the optimd orbital-motion-
limited (OML) regime of cylindricd probeslt isthusimpor-
tart to determire its parametit doman of validity.

Sine OML currert is proportiona to the perimete of
the cross section a large tetha current may require alarge
perimeter If the crosswig dimensim is too large however,
the currert will nat read the OML value becaus of electri-
cd screenig effects related to a comparativet shot Debye
lengh \p.. Here we determire the maximun radius of a
cylinder collectig OML currert in an unmagnetize plasma
at rest and how it depend on the ion temperatue T; ard the
bias @, (Secs Il and IIl). Values of the ratio e®,/kT, of
interes for tethes (T,~0.15eV, ®,~400V) are 107 times
large than values previousy exploral numerically.

We alo determire what would be the maximum width
of athin tape which has been proposé as atethe (Sec IV).
Next we conside how large the therma electran gyroradius
I has to be for magnett effecs to be negligible (Sec V);
again if the crosswig dimensim is too large the current
would not read) the OML value becaus of magnett guiding
effects due to a shot |,. Resuls are discussd in Sec VI.

II. CIRCULAR CYLINDER AT REST IN AN
UNMAGNETIZED PLASMA

The electran currert | to a sufficiently long cylinder at
reg in a collisionless unmagnetizedMaxwellian plasna of
densiy N,, and temperature T, and T, may be written in
dimensionles form as | =1, times a function of R/Ape,
ed,/kTe, T;/Te. Here I ,=27RLeN, VkT/2rm, is the
thermd or randan current A p, is VkT/4m€’N.,, and R, L,
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FIG. 1. Geomety of cylindricd proke and electran motion.

ard @ are the probke radius length and bias In generalthe

determinatio of electro trajectories to obtan the current

requires solving Poissons equatio for the potentid ®(r),
A3 d (

deb) N N
r dr B

" A kT TN, N (\pi=NpeVTi/Te),
()

with bounday conditiors ®=® >0 a r=R, ®—0 asr
—00,

Both the electrc field —V® and the probe acting as a
sink of particles affed the densitiess N, and N;, and thus
®(r) itself. The bast problem in proke theow usualy liesin
the attracted-parti@d densiy N.. Actually, for the ed,
>KkT,, kT, values of interes here the repelled-partict den-
sity N; is accuratef given by the simple Boltzmam law,

N;~N,, exp(—ed/kT;), 2

excep nea the probe wher N; (as the ion current itself) is
exponentialf smal anyway Equatian (2) makes convenient
to normaliz ® and r with the ion parametes T; ard \p, .

Since all electrors originak at infinity, and the Vlasov
equation conserve the distribution function f(r,v) along
electra orbits we hawe f(r,v) =fy(v.) (undisturbe Max-
wellian) if theT,v orbit, traced bad in time, reachs infinity;
otherwise we hawe f(r,v) =0. Note nex tha both axid ve-
locity v,, ard transvers enery (Fig. 1),

vt e vi-eb=E| = E2-"202], (@
are also conservd along orbits the values T,v thus deter-
mine v.,, and consequentlythe f,, value in terms of the
locd potentid ®=>(r). The densiy N, at eat particular
radius r may then be expressd as an integrd of the undis-
turbed Maxwellian distribution function over appropria¢ ve-
locity ranges® A trivial v, integration ard achang of vari-
ableswv,, vy—E, J, yields

S
N
where we introducel the angula momentun J=mgrv,, and

defined

exp(—E/kT,)dEdJ
2mkTe\JIZ(E)— 32"

(4)

J2(E)=2mcrE+ed(r)]. (5)
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The E-integral which only coves positive values mug be
carried out once for v, <0 (incoming electron$ and agan for
v,>0 (electrors tha hawe turned outward at a radius be-
tween r ard R). The J-integrd can be mace to cove just
positive values by writing dJ—2dJ. The E—J doman of
integration in Eq. (4) is r-dependen becaus of both the
electrc field and the sink effed of the probe:

(i) For an incoming electrao of eneryy E>0 to actually
read r, vrz, mug hawe been positive throughot the entire
range r<r' <. Using both J ard (5) in Eq. (3),

mar?v?=J2(E)—J?,

ard using now the fact tha J is also conservedits range of
integration at tha energy will clearly be

0<J<J} (E)=minimum{J,,(E);r<r'<oo}. (6)

In general the minimum occuss at a differert r’ for each
enery E. If JF (E) differs from J,(E), thos electrors in the
rang J¥ (E)<J<J,(E), for which v? would actualy be
positive neve read r, and mug thus be excludel from the
integrd in (4); one says tha ther is an effective potential
barrig for r, at enery E.

(i) For an E-electran outgoirg at r the J-range of inte-
gration will be

K(E)<J<J*(E),

electrors in the range 0<J<JK(E) having disappeare at
the probe.
Equatio (4) may now be written as

Ne_fw dE ~E
N~ Jo kT, P KT,
JE) L IE)

Ji(E) J:(E)

half the first temm in the bracke being the v, <0 contribution.
The current itseff is easily found to be

[2ed, (= dE p(_E JR(E)

I=2RLeN, s xfo kT, ex kTe) 3:00) (8)
We note at this point that, through its dependeneon J; (E)
[ard J%(E)], the densiy N is afunctiond of ®(r) and thus
canna be known for use in solving Eq. (1) for ®(r), before
the potentia itself is found this resuls in a complex itera-
tive numericé solution of Poissons equationt!

A hypothetich potentid with no barriess at all [J; (E)
=J,(E) for 0<E<®, R<r<<«] would everywhee reduce
N, in (7) to a function of the locd radius and potential,

Ne = dE —E\ _, Jr(E)

N_Jl_Jo ﬁexp( kTe)S'” 3E) ©
with J,(E) given in Eqg. (5). This would allow a read/ solu-
tion of Eq. (1). As we shal see however Eq. (9) does not
fully apply to the cas of interes$ here which correspondto
the maximum possibe current in (8). Since we hawe Ji(E)
<Jg(E) from the definition of J} (E) in (6), currert is maxi-
mum unde the condition J5(E) =Jg(E), for 0O<XE<® [no
potentid barrier for just radius R; note that the secoml term

X

2sin

; 7
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FIG. 2. Schematis of potentid ® versis ®R?/r? for profiles a and b(R
<Rmawy C(R=Rpay), and d(R>R5), With R4 the larges radius for the
OML regime to hold. The hypotheticé profile a would hawe no potential

barriers.

in the bracke of (7) does redu to a function of the locd r
and ®]. This is the OML current with E~kT.<e®,, we

hawe Jr(E)=~Jg(0), Eq. (8) giving

IOMLQZRLNxe\ 2e¢)p/me

(10
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FIG. 3. Potenti& profile for R=R.,,. The plasna is quasineutrabelow
point 1; below point O there are no potentid barriers The broad ion-free
regian aboe the thin layers at points 1 ard 2 is free of space-chamgeffects

nea the probe.

Condition (12), which is, of course more restrictive than
(11), requires the ordinate-to-abscissprofile ratio in Fig. 2,
®/(®,R?/r?), to monotonicaly decreas throughot when
moving to the right in the figure only the hypothetichcas a
satisfies (12). Note, however tha if d(r2®)/dr is positive
just beyord sone radius r g, then we do have

for O<E<, rpsr<wo, (13

:IthX \/4eq)p/7TkTe (eq)p>kTe)

With the currert known, however there would be no need
for solving Eq. (1), excep for the very purpo® of the present
work: determinirg the parametre doman for the OML re-
gime to hold. For e®,>kT,, kT;, this problen comes out
to be reasonalyl simple.

Note tha to hawe J; (E)=J,(E) for the entire range O
<E< at a particula r, it suffices to hawe J} (0)=J,(0)
[for E large enoudh one has Jf(E)%ZmerzE ard thus
J¥(0)/3,(2¢) =1]. From J?(0)=r2d(r) it follows tha the
condition of no potentid barrig for aradius r is

rPd(r)<r’?d(r') (rs<r'<w).

In particular the OML condition J§(E)=Jg(E) for 0<E
<0, requires the potentid to satisfy

R, <r?d(r) (Rsr<w). (11
Condition (11) can be convenient illustrated by displaying
@ versis @ ,R?/r? for potentia profiles (Fig. 2); (11) shows
tha the profile for R=R,,5x (the maximum radius for the
OML regime to hold, with othe parametes fixed) would just

touch the diagoné in the figure as in the cas of profile c.
Profiles a and b would lie in the OML regime wherea d

would not.
Finally, note tha the extrene condition J; (E)=J,(E)

for 0<E<«, R<r <o, which led to Eq. (9), would require

the potentia to satisfy
d(r?®)/dr=0 (R<r<w).

12

3 (E)=3,(E),

ard Eq. (7) reducesto (9) for r>r,. Cass b—d presemnthis
property ro would be the radius where the profile ratio
®/(PpR?/r?) is minimum For cas ¢, which is reproduced
in Fig. 3, the correspondig profile point lies on the diagonal.

. MAXIMUM RADIUS FOR OML VALIDITY

Figure 3 correspond to the actud profile for R= R4,
at large e®, /KT; ; thismay be taken as an ansat tha is used
in solving Poissons equatio ard verified in the solution.
We carry out an asymptott analyss of Eq (1) for
ed,/kT;>1, following closely a classica study, which,
however was develope for a monoenergeti attracted-
particle distribution function and for the non-OML, small
Api /R, regime!? The profile presers severa distina re-

gions.
(1) Both the quasineutrapproximation No~N;, and
the no barrie condition (13) hold belo~ point 0 in Fig. 3.
Condition (13) may be illustrated by considerirg the r-family
of straigh lines J2=J(E) of the E—J? plare in the range
r=rq: for r increasingthe correspondig line kees moving
to the right for all positive energie (Fig. 4a). The use of (2)
ard (9) in Ne~N; determine ®(r); for r large enough one
has ®x1/r, as suggestd in Fig. 3. Values &, ard r for
point O, lying on the diagona) are then given exactly by

Copyright ©2001. All Rights Reserved.
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FIG. 4. (a) Straigh lines of the r-family J2=J?(E) [J*(E) definad in Eq.

(5)], for the probe point 0 in Fig. 3, and any two radi r’>r beyord r. (b)

Envelop Jﬁnv(E) (dashe curve for r-family lines J2=Jr2(E) in the range
r,<r<rgy, ard limit lines for points 0 and 1; the envelog is approximately
describé by Eq. (16). At the top of the thin layers and for mog of the broad
region above in Fig. 3, r-lines lie far to the right, as indicated as the probe
is approachedhowever the r-line would move bad to the left, finally

reachirg the proke line.

[1+exp(edy/kTy)erfc(Vedy/kTe)]exp(edqy/kT;)=2,
(143

®o=PRYrZ, (14b)

(2) The quasineutraapproximatian remairs valid from
point 0 up to a point 1 where —d®/dr—~ (Fig. 3). Now,
however thete is an r-dependenenergy range with potential
barrier Sinee we hawe r;<r, ard ri®,>r2d,, the r-lines
for points 0 and 1 mug med at some positive energy as
shown in Fig. 4b. Also shown is the envelog J2=J§nU(E)
of the sd of r-lines betweea points 0 and 1, which is deter-
mined by the equatios J?—J%(E)=0, 9[J?>—JI?(E)]/dr
=0, leadirg to the parametii representation

J2=02.(r)=—mgr3edd/dr, (153

E=Eq(r)=—ed(r)—1/2redd/dr. (15b

The envelog is tanget to eat r-line at the E, J2 point
given by Egs (158, (15b. Since E and J? diverge with
—d®/dr in (159, (15b, as r—r,, the envelog is
asymptott to the r;-line. Also, it is tangem to the ry-line at
E=0 (Fig. 4b); condition E¢,,(r)=0 in (15b corresponds
to a minimum of r?®, the profile becomiry tangen to the
diagona in Fig. 3 when approachig point 0 from above.
[The quasineutra solution belov 0 has no sud property,
thus breakirg down at tha point, however using locally the
full equatia (1), togethe with (2) and (9), suffices to round
the profile at 0, with no effed beyord its immediage neigh-
borhood] A simple but accura¢ approximatio for Je,, (E)
can now be readily obtainel from Fig. 4b, using the ry- and
r,-lines without the knowledge of ®(r),

J. R. Sanmartin and R. D. Estes

2my(r2ed;—ried,)?
ried,—rsedy+(ro—ri)E’

The values r, ard @ are taken from (143, (14b) but r, and
@, are yet unknown.
For any radius r betwee r, and ry we would now have

I (BE)=Jen (E), (173
(17b

Jen(B)=37 (E)— (16)

for E<Egp,(r),

=J,(E), for E>Egp,(r).

Asr approacher,, one has E,,,(r)—« in (15b); Eq. (178
for 37 (E) may then be usel in Eq. (7) for N, throughot the
entire range 0<E<®. Nea r, the quasineutralit equation
giving ®@(r) then read as

Ne_Jw dE ~E
N Jo wkT, TR kT,
1‘]enu(E)

J:(E)

3 4—e<1>(r))
=ex T )

Note tha neithe J.,,,(E) nor Jg(0) involve the locd values
of r or @. The derivative of (18) with respetto ® at rq,
where dr/d® vanishesthen read as

foc dE exp(—E/KT)
0o 2m(E+ed )T /T;

\/ Iz (E) \/ JZ(0)
"NZE-2.08 VEE®-3%0

]
=ex kT, |-
Using (16) in Egs (18), evaluaté at r4, ard (19) yields r,
ard @,, thus fully determinig J.,(E). Figure 5a shows
ed,/kT(=e®pRYkTird), ed,/kT;, and o;=edpR%
kT;r2 as functiors of To/T;.

(3) Above point 1 in Fig. 3 there are two thin, non-
quasineutralayers that take the solution to aradius r, a bit
close to the probe amd to values ® satisfyig &<
<®,, with ther-line moving far to the right in Fig. 4b. Note
that both ed, ard ed, are of the orde of kT, whereas
ed, /KT, is very large (~10%,10%). If Fig. 3 were drawn to
scale the near-vertich potentid drop in the two thin layers,
down to point 1, would occu very close to the ®-axis and
point 0 would lie very close to the origin.

The structure of the two layers are considerd in Ap-
pendik A. At the top of the secom layer, ® is found to
increag in Fig. 3 as ®x(r,—r)*3. The differen@ r;—r,
vanishes with kT, /e®, and is smal for the high ®p values
of interest Defining azzepoRZ/kTirg we get from Eq.

(A6) in Appendk A,
20_% 1/5 kTi 2/5 )\Di 4/5
vl e 12T

L 3R0)
3.(E)

X|2sin~

(18

X

(19

or=0q| 1+ 2§,

£,~3.45, (AB)
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FIG. 5. (a Dimensionless quantities ed)O/kTi(:e(I)pRzlkTirg),
ed, /kT;, ard e®pR?/kTir3=0, versis T /T; . (b) Dimensionles quan-
tities « [defined in Eq(21)] and\u (\ and . defined in Appendix Aversus
T/T;.

with Au given in Fig. 5b.
(4) In the broad region betwea the secom thin layer and
the probe we hawe e®/kT,~®/d, large (Fig. 3); N; /N, is
then exponentialy smal and may be neglecte in Poisson’s
equation Also, r-lines lie far to the right in Fig. 4b; we then
hawe both ‘Jf(E):Jenu(E)a ard Jep,(E)~Jr(0)<J,(E)
~J,(0). We may thus simplify the expressia for N¢/N., in
Eq (18) ard use it in (1), which takes the form
A3, d( d e@) Ne «R [Dp
rdr\ drkt,) N, =r V@'

(20)
where

k=2

= dE [{_E> Jen(E)
~1 (21)

o kT, TR KT, IR(0)
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is a function of T/T;, given in Fig. 5b too. Introducing?

)

u=in r (22a
[, Vmah kn e -
O T R edp| kT
Eqg. (20) becomes
d?g/du?=e""/\/g. (23)

Matching to the top of the secom thin layer yields the
bounday conditions

g=0, dg/du=0
a u=0

4/3

(g~u™ as u—0),

(r=ry).
This fully determins g(u), which is aparameter-fre func-
tion. Finally, one g(u) is found numerically settig ®
=®, atr=R=Rpin (223, (22b) yields arelation between
parametersi.e., determing Ry,

Rmax V(o e®p KTV

Moi V[g(In Ve®,/kTioy) 1%
with o, given by Eq. (A6), where R=R,ax, ando(T/T;),
ard A u(T./T;) and «(T./T;) given in Figs 5a and 5b, re-
spectively Sinee Jedp/kTio,=r,/R is large one might
use both o,~ o ard the asymptott form of g(u) at large u,

c~2.0854, b~0.3511,

(249

g~c-(u=b),
to get a simpler, approximae law for Rax,

Rmax V(oedp /KT)M

Noi Vkc¥(In \edp/kT,oy—b)3*

The behavio g~c-(u—Db) shows that the high bias
makes space-chargeffecs negligible within sone neighbor-
hoad of the proke (even thouch Ris nat smal compare with
Npe» Api)- Using Eqs (223, (22h), @ (r) takes the form of a
(logarithmig solution to the two-dimensionk(2D) Laplace-
equation with N.— N; thus ignored in Eq. (1),

(24b)

r

1
In =|.
|n \/eCDp/kTiO']__b R
(25)

This is fortunake becaue the approximatiam for N./N,, in
Eqg (20) would actualy fail nea the probe as one ap-
proachs it, moving toward the uppe right corne in Fig. 3,
the r-line moves bad to the left in Fig. 4b, to finally reach
the R-line at the probe.

Figure 6 shows Ry,a/Ap;i versis ed, /KT; for different
values of T./T;, using (24a. The dependene on the re-
pelled particle temperatue T; is clearly a consequerg of
ed, ard ed, beirg of orde of kT;; it is als related to the
well-known fact that the current to a probe in the opposite,
thin sheal limit, depend on the repelle particle tempera-
ture Note tha Ry, goes throudh a minimum as the bias @,
increasesard exceed \p; a high enoudh ®,. Numerical
calculatiors for the range e®,/kT; <25 had shown R, de-
creasily monotonicaly with increasimy bias!! our resuls are

g~c-(Uu—b)—d~dp| 1-

Copyright ©2001. All Rights Reserved.
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FIG. 6. Rya/N\pi versis edp /kT; for severd values of temperatue ratio
T./T;, using Eq. (249.

in reasonald agreemenwith those calculatiors for moderate
ed,/kT;, althoudh our analyss strictly is only valid for
very high bias Using g(u) and the approximationo,= o,
Eq (249 with T./T,; fixed yields readily a minimum for
Rmax & Up=In yed,/kTjo1=1.76 or

edp /KT, a minimum=exp(2X1.76) X o(T;/T,);
(26)

acomparisa to Fig. 6 proves tha Eq. (A6) has an important
effed at modera¢ bias Figure 7 shows Ry /Ape VErsus
ed,/KT,.

To understad how the minimum of R,,,, arises in Fig.
6, note that the broad region describd by (20) can be char-
acterize by the values r,,, ®,, of the profile point in Fig. 3
with tanget throuch the origin; this correspond to maxi-
mum r2d(r), i.e, maximun exp(—2u)g(u) [ard to mini-
mum Ng/N., in Eqg. (20)]. With u,,=0.63 g(u,,)=0.8 of
orde unity, we have

r~rp~ry, Ar~ri—=rp~ry, ®~®,~Pp/g(up),

leadirg to characteristi values for both sides of (20),

A3 [KT, N,
R?g(up) e<1>p‘g(u'°)(~N_oc)’

when r,~ry~R\edp/kT; is used relation (20") mirrors
Eq. (249. Note tha increasiy @ would redue the charac-
teristic electra densiy (i.e., the space-chamy tha keeps
Rmax low) through the factar VkT,/e®p on the right-hand-
side of (20'), but it would work the opposie way through
g(up) on both sides of it.

(20)
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FIG. 7. The sane as Fig. 6, for Ryax/\pe Versis edp /kT,.

We hawe neglecte collisions throughout Collisions,
however even if unfrequentmight trap electrors in bounded
orbits, thus creatirg additionad space-chargthat could affect
®(r) and I. In Appendk B we establifi unde wha condi-
tions this effed shoutl be negligible ard shav tha these
conditiors are satisfiel in the tether case.

IV. THIN TAPE AT REST IN AN UNMAGNETIZED
PLASMA

In the OML regime the currert to a cylindricd probe
has the importart propery of beirng independenof the shape
of the cross section it just depend on its perimeter being
given in general by Eg (10) with R replace by
perimeter/2r (see Appendix €2 The limits of OML valid-
ity, however mud be determine anev for evel cross sec-
tion. For a thin tape angula momentum J is not conserved,
ard there is no close-fom expressia sut as (7) for Ng
[even thoudh Eq. (4) would reman valid]. Nonethelesswe
find tha the high bias condition (e®,>kT;) makes it pos-
sible to approximatef redue the problam to the cas of the
circular cylinder.

Here it is convenien to use elliptical coordinate v and
w definal by (Fig. 8)

x=acosv cohw, y=asinv sinhw,
(O=v<27, O=sw<wx®),

Poissons equatian then reads as
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Va

FIG. 8. Coordinae ellipses w(x,y)=cong for the orthogon& coordinates
introducel in Sec IV; they approab near-circls as w increasesThe limit
ellipsew=0 (y=0, —a<x<a) represergthe cross sectim of a thin tape of
width 2a.

A3, 9 s P\ ed
a2(sint? w+sir? v) | ow? * gv?) kT;

- Ne —ed
—N—Oc_eX k_T| .

Note that the cofocd coordinaé ellipses w(x,y)=cong ap-
proad circles as w increasesat large radid distance one
has

(27)

X2_ y2 a2

r
w=In—+In2— >——>—+---.
a x2+y? 4r?

One may reasonalyl use the approximatio w=In(2r/a) for
w>w*, with w* = 1.5 say. Note als that the limit ellipse
w=0 in Fig. 8 is the segmehy=0, —a<x<a, which rep-
resens the cross sectia of a tape of width 2a and negligible
thickness.

Here as in the cae of a wire in Sec Ill, the space-
charg will be ignorabk within sone neighborhod of the
probe which, for e®/kT,; large enough extend into the
region where w-ellipses are near-circlestha is, beyord w
=w*. We may then arge tha the potentid ® will be nearly
independen of v everywhere i.e, ®(w,v)~d(w) (al-
thouch the electrk field will be radid for w>w* only). First,
bounday conditiors refer to just w (=&, a& w=0 and
®—0 asw—x). Next, Poissons equation as given by (27),
becomes

92 . 9\ ed 0
Pw ' Pu) kT,

for w<w*, where the spa@ charg may be neglectedand
A3, 5 . )\ ed N, —ed
aZsinfw \Pw ' o% N, P kT )

(283

kT, N,
(28h)
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for w>w* (€2V>e?"">1), with sone overlappirg range of
validity. In neithe (283 nor (28b) doesv show up explicitly.

Finally, with the ansat ®(w,v)~®(w), the electron
densiy in Eq. (28b) for w>w* would itself be afunction of
just w, No=Ng(w). Thisis becausgat a poirt in tha region,
incoming electronsand outgoirg electrors that did not reach
values w<w*, would find a radid field throughot their
motion and consere the angula momentun J; their contri-
bution to N, would be afunction of r, ard thus of w. Those
outgoirg electrors tha had reachd valuess w<w* and
missal the probe would hawe J changd by a quantiy AJ
that is easiy shown to be small AJ~J/In(e®,/KT), as a
resut of the shallow (logarithmig characte of the potential
in the vicinity of the probe whetre the field is nat radial their
contributian to N, would be weakly dependenon v. On the
whole, we would thus have N.~Ng(w), consistent} with
the ansat & (w,v)~d(w).

With ® =®(w), and w~In(2r/a) for w>w*, use of the
proke bounday condition in Eq. (283, which is also valid
for some range beyord w*, yields

O=® [1-aw],

r
1-«a |n(a—/2)

In addition Eq. (28b) for w>w* may be shown to be ex-
actly equivalen to (1), whose solution as in Fig. 3 of Sec.
I, will hawe an outer quasineutraregion two thin layers,
ard a broad ion-free inner region Now this solution rather
than satisfyirg the bounday condition at the probe must
matc smoothy the behaviag given in (30), within the over-
lapping range of validity. Comparig Egs (25 and (30)
shows that, beyord w*, the solution behavs as in the case
of a circular cylinder with an effective radiss R=a/2, the
coefficienta being as given in25).

This suggest that with all othe parametes given, the
maximum width of a thin tape in the OML regime relates
quite simply to the maximum radiws of a circular cylinder,

(31

Resuls for a wire in Figs. 6 and 7 are therefoe applicable
here Note that, althoudh atape allows twice as large across-
wise lengh as awire, OML curren is proportiona to the
perimeter ard thus atape would only increag the maximum
curren by a facta 4/, or 27 percent. A tape may be pref-
erable however for othea reasons a cylinder with R,y
might be too heaw ard rigid;* a tape may lead to a shorter
tether®®

One mugd still take into accoun the fact tha the Laplace
potentiad (29), for the region w<w*, is quite different from
the potentia (25). It then comes out that atape contray to a
circular cylinder, neve collecs the full OML current al-
though this has no practica consequenced here are poten-
tial barriess in the vicinity of ary flat collecting surface the
effecs being weak however in the cag of a shallov 2D
Laplac potential*® Using (29) we find tha potentia barriers
arourd the tape lie in a thin region of thickness
~alIn(e®,/kT;) ard tha currert reductio belov the OML
value is of orde [1/In(e<I>p/kTi)]2, or abou 1 percent we

a=Cconst, (29

, for w>w*, (30

—b~d,

28 ma— 4Rmax-
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give detaik of thes calculatiors in Appendk C. Equation
(31) shoul then propery real tha currer to a tape keeps
very close to the OML value for a<2R, .-

V. CIRCULAR CYLINDER AT REST IN A MAGNETIZED
PLASMA

As in the previols section ther is no closed-fom ex-
pressia for N, in the presene of an uniform magnett field
B, which allows for only two constarsg of the motiont energy
ard canonich angula momentum Overal use of the® two
constardg leacs to the Parke—Murphy current law, which
takes the characte of an uppe bourd at the high bias of
interest:* For e®,>kT, ard cylindricad geomety one has

IPM~IOML\/7T/2><|9/R1 (32)
whet | is the electra therma gyroradius,

lo=VkTo/m/Qex1/B  (Q.=eB/m,).

Equatio (32) suggest that if I./R islarge 1oy, then lying
well below the | py, bound the OML currert shoutl hardly be
affectad by magnett effects.

To get more definite results conside electron motion in
the presene of the electric field due to prolke ard plasma,
—V&(x,y) (proke and z axes coinciden asin Fig. 1), ard a
uniform magnett field B in the y-z planeg at an anglee with
the probe axis:

dzvx+Qz 12 & ed
diZ el T e gx2 kT, VX
d qQ J ed 33
=\ vy gx e Cose) oo (333
dzvy 9 ed
102 2 bt
W Qe cog () |e EE kTe Uy
i +Q i eq)+02 i
=l vy ay e COS ¢ ax m, Uz SIN @ COS .

(33b

Equatiors (333, (33b) were obtainel by deriving the respec-
tive equatios of motion and using the derivative alorg the
electra orbit,'®

d o PP PP
—_— — _+ —_
dt ax U oxZ " YY axay’

ard similarly for d(od/dy)/dt. UnlessB is small the motion
is ¢-dependent; it is rotationally symmetric far=0, and
free of magnett force in (33b) for o= /2.

For large B, Egs (333, (33b) would descrile gyromo-
tion, as representg by the first term in the bracke on the
left-hand-sideplus asmal drift due to the electrc field. We
now assumeon the contrary that B is sufficiently smal (I
large enough to make sud effects negligible We first use
the B=0 solution of Sec Ill to determire how smal the
magnett field mug be for gyromotian to be indeed negli-
gible throughot both the orbitd motion from the two thin
layers to the probe and the large potentia rise inside those
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layers (Fig. 3). In the broa region betwee the probe and
thin layers the left-hand-si& of Eq. (339 takes the form
12 oy T /T2

2 [ —
+Qe{1 R g(up) r?

d%vy

dt?

X2_y2 dg XZ dZg
r2 du r2dw?
with r,=r,; and R<sr<r,;. Gyromotim is negligible if
Rzg(up)/lﬁ is small note tha g(up) is only logarithmically
large Similarly, within the thin layers (r/r, very close to
unity) we hawe Ng— N;~N., and rd?®/dr?> —d®/dr, and

the left-hand-si@ of (339 becomes
d?vy
dt?

Uy, (349

12 x2 Ng—N;
N2 2
Ape " N

Ux, (34b)

+Q§{1

gyromotian is negligible here if (Ape/l¢)? is small.

For magnett effects to be fully ignorable the drift (sec-
ond) tem on the right-hand-sié of Eqs (333, (33b) should
be small too. This easily leads to conditions
Rvg(up) cose¢lle<1 and \pe cos¢/lc<1 for the broal re-
gion ard the thin layers respectively All this means first,
that for B-effects to be negligible the ratio \p./l., in ad-
dition to the Parke—Murphy paramete R/l in Eq. (32),
mug be small Second B-effects will be weake for a mag-
netic field nearly perpendiculato the proke axis Finally,
R/l .-effecs will be weake for T./T; smal [ses Eq. (343].

At the relatively high densities of the F-layer (N,
=10"-10% m=3), Ape/l*B/N,, is indeal small but it
reache abowe unity at extrene altitudes Experimens on
boad an elliptical-orbit satellit¢® ard arocket!’ coverirg a
broad rance of altitudes did show a currert dependenon the
angk betwea B ard acylindricd probe (B-effecty when N,
droppel low enough at very low and high altitudes In all
sudr experiments probe bias was only moderate}l high,
however.

VI. CONCLUSIONS

Bare tethe applicatiors are basel on the assumptia that
the tethe collecs electrors in the OML regime of cylindrical
Langmur probes The definite and simple OML currert law,
which allows for detailed desigh considerationshas opened
the way to a technolog of electrodynant tethers’~® Here,
we hawe determine the doman of OML validity in param-
et space we studied the surfa@ boundirg tha doman as a
relation amorg the dimensionles numbers,

R/\pe, eP,/kT,, Ti/Te, and Apelle,

for the very large e®,/kT, values of interes and different
tethe geometries.

We found that the ratio \pe/l. mug be smal for mag-
netic effects—which would break the OML law
otherwise—o be ignorable This ratio is a propery of the
plasma rathe than a free desigh parameterin the Earth’s
ionosphee \p/le is smal for N,. abowe 10" m~3 this
breals down at low, ard sufficiently high, altitudes Mag-
netic effects are weake for B nea perpendiculato the probe
axis.
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For Ape/le smal we determine the maximum radius for
the OML regime to hold, giving

Rmax/Ape VS €®,/kTe, and T;/T,.

Rmax €xhibits a minimum as afunction of @, but, at the bias
of interest is slowly increasing ard abowe A p, in the iono-
spherc ca® (T;/Te~1). For Ape/le smal ard R~\p., we
hawe R/l, smal too, a secom condition required for mag-
netic effect to be weak We al found R,,,,/\pe iNCreasing
with T; /T,. If athin tape is usal instea of a wire (with all

others parametes equa), the maximum valid width is found
to be 4R,,.- Trapped-orlti effects shout be negligible for

bare tethe conditions.

Importan questios left out of this study are the possible
effects of a relative motion of plasma and probe how the
curren lags behird the OML currert when the probe is too
thick, and the interferene betwee two probes at a finite
distance Work is in progres on thes questions.
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APPENDIX A: THIN TRANSITIONAL LAYERS

Sinee —d®/dr (and d?®/dr?) in the quasineutrasolu-
tion belowv point 1 (Fig. 3) tends to infinity as r—r4, one
mud retan the left-hand-si@ of Eqg. (1) in a narrov neigh-
borhoa of tha point Throughou this layer, we have
JF(E)=Jen,(E), and may thus use N¢/N.. as given in (18).
Expandimg (1) arourd r,,®,, one finds

\2 d>ed  ri-r N[ O-d\? AL
bRk M T T2 0Tk | (AD

whereu(T./T;) ard N(T./T;) are given by

(= dE exp(—E/kTy) ) [ 3. (E)
f 37 (E)— 32, (E)

Iu’:

0 mKTe
- \/% "2
ed, = kT?dE exp(—E/kT,)
E_ex’]( kT, +f0 AT (E+eDy)?
337 (E)—23Z,,(E)
| P @ E e
337 (E)—233(0)
RO (J?1<E)—J§<0>>3’2]' ")
Defining
o Eﬂgz[ \/% e 1 (Asa)
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k, V' x "

Eq. (A1) become¥
d?Y/dE2=Y2+&.

(Adb)

(A5)

As ¢— —oo, the solution to(A5) must match smoothly
the quasineutraisolution nea point 1, —Y~ /= &; this de-
termines uniquel Y(&), which is a parameter-free function.
As é—&,~3.45 Y(¢&) diverges asy~6/(é—&,)?, and Eq.
(A3) fails locally. At r~r, ther is a new thin layer where
the left-hand-sie@ of (1) keegs the form of (A1), but the full
expression (2) ard (18) for N; and N, mug be retained,
excep tha J? in (18) simplifies to JZ(E)~2mer3(E
+e®). At the top of this secoml layer, one finds ®(r)
oc (r2_ r)4/3_

Settingé= &, in (Ada) we hawer,=r,(1— B¢,). Defin-
ing o,=e®R?/kT;r5, we then haveo,= o[ 1+2B¢,], or

finally,
- Lio 20.% 1/5 kT| 2/5 )\Di 4/5
=01 1+2& e lews) RS |
£,~3.45, (AB)

APPENDIX B: TRAPPED ORBIT EFFECTS

Our collisionles analyss clearly requires an overall
mean free pah \,, for electrm scatterig by neutra and
chargel particles large comparée with the characteristic
lengh of the collection processr . This condition however,
may not rule out a secula collisiond effed on the current 1.
In computirg |, only E>0 electrors moving along un-
boundel orbits were considered collisions no matte how
unfrequent could make that solution inconsistenh because
the potentia @ (r) allows for bounde orbits*'8 As current
is collectal at a stead rate electrors are knocked into those
orbits at a much lower rate Calling “trapped” the bounded
orbits that do nat hit the probe and “nontrapped’ thos that
hit it, we write Ng=Ng,+ Ngi+ Ngp, all three types of orbits,
unboundegdtrapped and nontrappegdcontributirg to N; in
Secs Il ard IIl we had sé& Ng=Ng,. Actually, electrons
knocked into nontrappe orbits are rapidly lost to the probe
ard may be ignored a stead regime (?N.,/ro~ afraction
of PNg/\gy) Seb up in times ~r, /¥, whereV is a charac-
teristic velocity, Ng,/N. thus vanishig with the ratio
Fo/Neon-

The ca% for N, is different If there is no faste mecha-
nism for orbitd loss Ng; growth would be finally limited by
collisions knocking trappel electrors into unboundd or non-
trappel orbits the ratio Ng;/Ng, would involve no small
parameterand might, in principle hawe ary value and thus
affea ®(r) itself, and |. For probes of lengh L<\(,;, how-
ever, an orbital-loss mechanim faste than collisions does
exist trappel electrors are unhinderé to mowve alorg the
probe axis ard thus escag throuch the probe ends! With a
stea@ regime beirng establishd in times ~L/7, Ngt/Ng
would vanish with the ratio L/N,;, leaving | unaffected.
Actually, as we shal now see the currert in our problem
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remains unaffected under the weaker condition L
<\ g(Coulombh <\, (neutraly, which is typically satis-
fied in the tethe case.

The locd condition for maximum angula momentun at
given energy J2<J,2(E), can be rewritten as acondition for
minimum E at given J,

J2 edpR?
J2(0)  r?
with the first tem of the effective potentid energy U;(r)

written conveniently Boundel orbits lie arourd minima of
U,(r). The equatia locating U;(r)-extrera at given J is

do 7
d(®pR?/r?) ~ J2(0)°

E>Uy(r)= —ed(r), (B1)

(B2)

whete the left-hand-si@ is just the slope of the profile in Fig.
3, drawn for the no-N; case This slope is smal at the probe
and increase with r, diverging at r =r; it then decreasgto
unity at rq, with a further drop there (the full Poissm equa-
tion was needd at ry, in Sec lll, to locally rotae the
quasineutrbprofile in Fig. 3, making it tangen to the diag-
ond from below). The slope increase agah beyord r, di-
verging as r — .

The entire behavio of U;(r) can be rea off Fig. 3, the
J-tem in (B1) representig straigh lines throuch the origin.
For J=Jg(0), i.e, for the diagona) U;(r) vanisha at r
=R, r=rq, and r—oo, and is negatie elsewhergthereisa
maximum a ry, and minima at values r<<r; and r>r,
whete the profile is paralld to the diagonal producirg inner
ard oute ses of E<O0 trappel orbits For J>Jg(0), U;,(r)
is positive at both probe and maximum which lies between
r, ardrg; there are now inner trappel orbits with E>0. For
J<Jr(0), the maximum stays at rq, until finally disappear-
ing with the approachig oute minimum.

Conside N for therange ro<r <o, where all bounded
orbits have E<O0. In the hypothetich ca® of a nonabsorbing
probe having L/\ g, large Ng; (here effectively identicd to
Net+ Nep) would be limited by collisions that establi ther-
mad equilibrium in the bounded-orki doman by knocking
electrors badk into unboundd orbits Eq. (4), with dJ
—2dJ and both sigrs of », counted would give

J‘O dE —-E J’J (E) 2 dJ
Net=Ned(€q)= KT, SR i, ;m

while the secoml tem in Eq. (9) for Ng,, (arising from cur-

rert collection would vanish yielding the Boltzmam law

for N.. For our absorbimg probe the full equatian (9) natu-

rally applies Also, N, is reducel belon Ng(eg because,
first, nontrappd orbits in the bounded-orliidoman are un-

populatel and second the populatio in the trappel subdo-
main does not read equilibrium values the steag electron
flux from trappel to nontrappd orbits requiring a net flux

from unboundé to trappel orbits’® A value L/N>,<1 fur-

ther reducs Ng; and additionally, leads to a value Ngi/Ng,,

=1

(B3)
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Crucid points now are (1) ther is no trapped-orhi sub-
doman at ry, ard (2) ®(r=r,) is determiné by a local
relation (quasineutrality. Note that all E<O0 electrors at ry
hawe J=<Jg(0); for such J there is no U;(r)-maximun be-
tween ry ard R, while, as sea in (B1), U4(R) is less than
Uj;(rg). All boundel orbits are thus nontrappegdaresut giv-
ing Nei(rg) =0. With Ng(r) taken from (9), quasineutrality
a ry still leads to Eqs (149, (14b). For the Ngi(r>rg)
space-chamgto invalidae (9), it had to substantial} lower
the profile in Fig. 3 beyord r, droppirg locally below the
diagonal The ratio N¢;/N, however vanishe for both r
=rg ard r—oo, ard will have a maximum at sonmer>r,
(moderately small.

The resuls in Sec Ill for both point 1 and the broad
region from r; to R (Fig. 3) reman valid too. Note tha no
U;(r) has a maximum in this range ard that electrors in-
coming along unboundd orbits becone highly energetic
pag r,, where the potentid rises steepy (and rejects ions).
With (mg/2)v?*~edp>kT, nea the probe and N/N.,<1
close to r,, the characterist mean free pat for collisions
tha populae inne trapped-orbi satisfies A . (electrons)
>\ (CoulomBh=L. This resuls in a smal ratio Ng/Ng
locally.

In the tethe case electrors escagp trappel orbits both
becaus of the finite collecting lengh L, and becaus &,
ard the trapped-ortti estructurevary along this length Typi-
cd values are L/2~\,(Coulomb~ 1 km<\,(neutral3.
In the inner region with e®dp~100eV, we would have
Ncon(neutral$>30 km at altitudes exceedig 300 km.

APPENDIX C: POTENTIAL BARRIERS NEAR A THIN
TAPE

As sea in Sec Il, distribution function, transvers en-
ergy, ard velocity v, are conservd alorg electra orbits in-
dependenyl of the conservatia of angula momentum they
are thus conservd for the tape of Fig. 8 and in genera] for
acylinder of arbitraly cross section At the probe one would
have 1/2mgv3, —edp=1/2mev2,,  vp,=V.,, and
f(rp,vp)=fu(vs) if the vp, (vpy,vpy) Orbit, tracel back
fromrp, reachs infinity. When this is the cas for the full
range — 7/2< yp< 72 (yp=angk betweenvp, ard inward
norma) at eachvp, and ead point on the proke surface the
currert | comes out proportiona to the probe area and inde-
penden of its shape with the current densiy j=1/(L
X perimete) uniform over the probe!®

__eNmme Jw/2 q Joc q
1= 27KTe )2 cos ypdip o Voo QVor)
[ Ze(I)P me ool

Equatian (C1), where the vpz-mtegratlm was alreaq carried
out ard we changé variables from p, vp, t0 ¥p, v, ,
recoves the OML law. For the wire of Sec I, with all points
on the proke surfa@ equivalent one finds |sin ip|~J/Jg(0),
recoverig the old OML condition too: maximum J
[=J%(E)]=JRr(E)~Jr(0)— maximum|sin ¢p|=1
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Attracted particles leaving (backwad in time) a point of
a probe not convex enough might actualy retum to it at
sone othe point, invalidating (C1). (For repella particles,
all orbits from a nonconcae probe reat bad to infinity;
this leads to the old resut that currert to a retardirg probe is
independenof probe shapet?) Such an orbit mug become
tangemn from the inside to one of the equipotentialines with
a radiss of curvature p(orbit)<p(equipo} at the turning
point, where we have m.v?/p(orbit)=e|V®| and 1/2n?
~ed>kT,.® For the potentia given by Eq. (29) we find

(sir? v+ sint? w)3?

p(equipd)=a silhw coshw ’
. - W . .
p(orbit)=2a Jsir? v+ sint? w.

Sinee 1/2a=[In(e®p/kToy)—2b] * is small the condition

p(orbit) <p(equipot) can only hold in a thin layer next to the

tape [0<w<1/2a sirf v, or 0<y/a<1/2a(1—x?/a?)%?
|x|<al.

To determire how the potentiad barries in this layer re-
duce the current it will suffice to conside orbits leaving
backwad in time, from apoint in the segmeh0<xp;<a of
the tape a a small upwad glancirg angk to eithe right or
left in Fig. 8. The y-equatian of motion,

dvy__dow (db_
Yedx Caway ldw o *e):

dw
may be readily integratel by using small a, w, kT./e®p,
and v, /v, approximatios leadirg to w=y/\a?=x?, v,
~p, ~vp ~+2edPp/m,. Ther is a glancirg angk to the
right vy, (left ) for the orbit to retum to the tape at x
=a(x=—a). The currert densiy j in (C1) is then reduced
becaus the p-range of integration is (weakly) reduced:

Me
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2 2
etV
2 ) . (C2

/2
f coswpdz//p=2—>2(1—
12

— T

Both y, and y,, armd thus the reductim of j, are
Xpi-dependentwe find y,=y,=(7—2)al4 for xp;=0, and
v, =0, y,= mal4 for xp;=a. The overal currert reductio is
abouta?/8, or abou ore percen for the ed p /k T, values of
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IM. Martinez-Sancheard D. E. Hastings J. Astronaut Sci. 35, 75 (1987).

°R. D. Estes J. Geophys Res 93, 945 (1988; J. R. Sanmarti and M.
Martinez-Sancheazbid. 100, 1677 (1995.

3J. R. Sanmarin ard R. D. Estes J. Geophys Res 102, 14 625 (1997).

“M. Martinez-Sancheand J. R. Sanmaiin, J. Geophys Res 102, 27 257
(1999.

SP. Wilbur and T. Laupa Adv. Spae Res 8, 221 (1988.

5M. J. Gerver D. E. Hastings ard M. OberhardtJ. SpacecrRockes 27,
391 (1990.

7J. R. Sanmaiin, M. Martinez-Sancheznd E. Ahedq J. Propul Powe 9,
353 (1993.

8R. D. Estes E. Lorenzinj J. R. Sanmain, J. Pelaez M. Martinez-
SanchezL. Johnsonard I. Vas “Bare tethes for electrodynand space-
craft propulsion,” submittel to J. SpacecrRockets.

°R. D. Estes J. R. Sanmartinard M. Martinez-Sanchez‘Technology of
bare tethe currert collection,” submittel to J. SpacecrRockets.

101, B. Bernsten ard I. N. Rabinowitz Phys Fluids 2, 112 (1959.

Nationd Technic Information Serviee Documet No. AD 6345% (J. G.
Laframboise “Theory of spherichard cylindricd Langmur probes in a
collisionless Maxwellian plasna at rest,” University of Toronb Institute
for Aerospae Studies Repot No. 100, 1966. Copies may be ordered
from the Nationd Technic# Information Service Springfield VA 22161.

125, H. Lam, Phys Fluids 8, 73 (1965.

13), G. Laframboi® ard L. W. Parker Phys Fluids 16, 629 (1973.

4. W. Parke ard B. L. Murphy, J. GeophysRes 72, 1631 (1967).

I5N. Singh and V. S. Chagantj J. Geophys Res 99, 469 (1994).

16N. J. Miller, J. Geophys Res 77, 2851 (1972.

17E. P. Szuszczewir ard P. Z. Takacs Phys Fluids 22, 2424 (1979.

18y, L. Alpert, A. V. Gurevich ard L. P. Pitaevskij Spa@ Physie with
Artificial Satellites (Consultangé Bureay New York, 1965, Chaps VIII
ard IX.

19Yu. M. Kagan ard V. |. Pere] Sov. Phys Usp. 6, 767 (1964).

Copyright ©2001. All Rights Reserved.



