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In a previous paper,! we proposed an axiomatic model for measuring self-contradiction
in the framework of Atanassov fuzzy sets. This way, contradiction measures that are
semicontinuous and completely semicontinuous, from both below and above, were de-
fined. Although some examples were given, the problem of finding families of functions
satisfying the different axioms remained open.

The purpose of this paper is to construct some families of contradiction measures
firstly using continuous t-norms and t-conorms, and secondly by means of strong nega-
tions. In both cases, we study the properties that they satisfy. These families are then
classified according the different kinds of measures presented in the above paper.
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1. Introduction

The significance, in both theoretical and applied fields, of the failure of many fuzzy
logics to comply with the Principle of Non-Contradiction greatly justifies research
into contradiction. For instance, we cannot obviate the problem, in inference pro-
cesses, of obtaining consequences that are contradictory, both with each other or
with some hypotheses.

Consequently, Trillas et al. addressed the study of contradiction in the frame-
work of fuzzy logic introducing, with respect to some fuzzy negation, the concepts
of self-contradictory set, and weakly self-contradictory set.? Along the same lines,



the study of contradiction in the framework of intuitionistic fuzzy sets was initiated
in Ref. 4. The need to speak not only of contradiction but also of degrees of con-
tradiction was later raised in Ref. 5, where some functions were considered for the
purpose of determining those degrees. Finally, an axiomatic model for measuring
how contradictory an intuitionistic fuzzy set is was proposed in Ref. 1, establishing
the definition of contradiction measure, as well as several concepts for modeling its
continuity.

The aim of this paper is to construct and study some families of functions that
are compliant with the stated model, using continuous #-norms and ¢-conorms, and
strong negations. The paper is organized as follows. After setting out the necessary
background in this introduction, we present two families of functions using contin-
uous t-norms and t-conorms in Sec. 2; and we prove that these families satisfy some
properties of continuity. In Sec. 3, we revisit the functions defined in Ref. 5 with
the aim of studying what kind of continuity they display.

1.1. Requirements on intuitionistic fuzzy sets

Asis well known, given a fuzzy predicate A in a universe of discourse X # ), an intu-
itionistic fuzzy set (IF'S) associated with A (Ref. 6) isaset A = {(a, pa(z),va(x)) :
x € X}, where pa : X — [0,1], v4 : X — [0, 1] are called the membership and non-
membership functions, respectively, and such that, for all z € X, pa(z)+va(z) < 1.

According to Goguen,” an IFS could be considered as an L-fuzzy set, where the
lattice L is the set L = {(aq,a0) € [0,1]® : @1 + ag < 1} with the partial order
<L defined as follows: given o = (a1, aa), 8 = (81, B2) € L, a <y, 8 if and only if
ay < B and ag > By, (L, <1.) is a bounded and complete lattice in which the least
element is O, = (0, 1), and the greatest element is 1j, = (1,0). So, an IFS A is an
L-fuzzy set whose L-membership function x4 € LY = {x : X — L} is defined for
each z € X as x*) = (ual(x),va(z)).

The order <, of L naturally induces a partial order on LX as follows. Given
x4 xB € LY, we say that x* <y x? if and only if x*(z) <p xB () for all z € X.
Thus (LY, <g) is a bounded and complete lattice in which the least and greatest
elements are, respectively, x™ and x't defined by x"t(z) = 0g and x't(x) = 1, for
all z € X.

Let us recall that a non-increasing function A : L. — L is an intuitionistic
fuzzy negation (IFN) if A(0p) = 1p and A (1) = Op hold. Moreover, A is a
strong TFN if the equality N (A (a)) = a holds for all & € L. Bustince et al.
introduced in Ref. 8 intuitionistic fuzzy generators, which can be used to build
IFNs, and Deschrijver et al. focused on this problem.®'® They proved that any
strong TFN A is characterized by a strong negation N (that is, a non-increasing
function such that N(0) = 1, N(1) = 0 and N? = id) by means of the formula
N(ag,a9) = (N(1 —a3),1 — N(ay)), for all (ay, ) € L.



1.2. Requirements on contradiction measures

As in the fuzzy case, an IFS A, or alternatively x* € L%, is said to be self-
contradictory with respect to some strong IFN A, or NV-contradictory for short, if
xHz) <p (Mo x?) () for all z € X, where x* is the L-membership function of A.
Also, A, or x4, is said to be self-contradictory, or just contradictory, if there exists
a strong negation A such that A is A -contradictory. Note that this definition of
contradictory set matches, in the fuzzy case, the one given in Ref. 2 for weakly
self-contradictory set; and this is the property that we consider to be measured in
this paper.

Now, let us present the concept of contradiction measure that was introduced
in Ref. 1. Out of consistency with classical set theory, where the only contradictory
set is the empty set, the value of a function suitable for measuring contradiction
should be the highest for " and zero for the other IFSs representing classical sets
(that is, IF'S taking only L-values 0y, and 1p.).

A second requisite for a measure of contradiction pertains to sets x4 = (ua,v4)
such that zlg)f( va(z) = 0. Note that if there is z9 € X such that x“(zo) € (0,1]x{0},

then if A is any strong IFN and N its associated fuzzy negation, N(pa(xo)) +
va(zo) < 1 holds. So A is non-N-self-contradictory,® and hence A is non-self-
contradictory. Thus, if the range of x* touches segment (0, 1]x {0}, the contradiction
measure of A must be 0. Moreover, we consider that the measure of A should be 0
if its range infinitely approaches the above segment, that is, if }g)f( va(z) = 0. This

requirement is also supported by the following: if A is a non-self-contradictory IFS,
then its non-membership function v4 satisfies In)f( va(z) =05 If x* = (pa,va) €
T

LX satisfies In)f( va(z) =0, it will be designated an L-normal set.
ze

The third requirement aims to determine when one IF'S is more contradictory
than another. Let us suppose that x* and x? are N-contradictory sets and that
XA <1 xP, then x* <p xP <p Nox®? <y N ox?, as NV is non-increasing. Thus
a greater degree of contradiction should apparently be assigned to x* than to x?,
since x? is “farther away” than x® from being non-AN-contradictory. Therefore
anti-monotonicity is a suitable requirement.

These observations suggest the following definition.

Definition 1.! Let X = @) be a universe of discourse, a function C : LX — [0, 1] is
a measure of contradiction on the set of all IFS, or on LX, if it satisfies the following
statements:

(ci) C(x™) = 1.
(c.ii) If x € LY is L-normal, then C(x) = 0.
(c.iii) Antimonotonicity: If x4, x® € LY with x* <p x?, then C(x*) > C(x?).

The set of all measures of contradiction on LX was denoted by CM(ZF(X)),
or more concisely CM(ILX).



Furthermore, as the above definition does not guarantee that the degrees of con-
tradiction vary gradually, other axioms were also introduced to model the continuity
of the contradiction measures, from both below and above, as follows.

Definition 2.' Let X £ () be a universe of discourse, a contradiction measure
C:LX —[0,1] is said to be

e completely semicontinuous from below if the following axiom is satisfied:

(c.iv) For any indexed family {x’}ic7 C LY,

InfC(x") = C { Sup \*
Inf (x") (ggx)

holds, Sup x* € LX being defined for all z € X as (Sup Xi> (x) = Sup x*(z).
el el el
e completely semicontinuous from above if the following axiom is satisfied:
(c.v) For any indexed family {x'};cz < L* \ Lg, where LY = {x € L*:
x is L-normal},

suplx') ¢ (1nfx')

i X Bt i _ i
holds, }g%x € L being defined for all z € X as (llgéx > (z) = }g%x (z).

Observe that if x* = (p,v;) for all i € T then Sup x* = (Sup i, Inf I/i> and
i€l icl €T

I = (I Supr ).

The set of all contradiction measures that are completely semicontinuous from
below on L~ was denoted by CMCSC(LX ), and the set of all contradiction measures
that are completely semicontinuous from above, by CM®*¢(ILX).

Nevertheless, axioms (c.iv) and (c.v) of complete continuity would appear to
be too restrictive because they are not satisfied by some contradiction measures
with gradually changing values, such as the functions proposed in Ref. 5. For this
reason, we established other weaker axioms using semilattices. Before we state these
axioms, let us recall that'™'? a set S C L~ is an upper semilattice, or semilattice
from below, if Sup{x“,x%} € S for all x*,x? € S; and S C LY is a lower
semilattice, or semilattice from above, if Inf{x*, x®} € S for all x*,x® € S.

Definition 3.' Let X £ () be a universe of discourse, a contradiction measure
C:LX —[0,1] is said to be:

e semicontinuous from below if the following axiom is satisfied:

(c.vi) For any semilattice from below {x’};c7 C L, where T is an arbitrary set,
the following holds

InfC(y") = Supy’ ) ;
Inf (x") <¢£X>’



e semicontinuous from above if the following axiom is satisfied:
(c.vii) For any semilattice from above {x*};c7 C LX \ L, where T is an arbitrary
set, the following holds

SupC(x") =C (Infx" ).
SupC(x') <¢61X>

The set of all contradiction measures that are semicontinuous from below on
LY was denoted by CM.(LX), and the set of all contradiction measures that are
semicontinuous from above, by CAM*¢(LY).

Remark 1. Note that:

(a) In Ref. 1, it was shown that any axiom of continuity established in Definitions 2
and 3 implies antimonotonicity;

(b) The following relations hold among the sets of contradiction measures:

D # CMso (LX) C CM (LX) € CMILY)

0 £ CM=LY) C ML) C CMLY).

2. Obtaining Contradiction Measures from ¢-Norms and ¢t-Conorms

In this section, we are going to construct contradiction measures using continuous
t-norms and ¢-conorms. First let us recall some necessary definitions and results
related to ¢t-norms and t-conorms.!3* A binary operation 7" : [0, 1] x [0,1] — [0, 1]
is a t-norm if it is commutative, associative, non-decreasing in each variable and
satisfies T'(1,) = « for all o € [0,1]; analogously, & : [0,1] x [0,1] — [0,1] is
a t-conorm if it is commutative, associative, non-decreasing in each variable and
satisfies T'(0, o) = « for all & € [0,1]. Moreover, T is said to be Archimedean if
T(o, ) < e for all & €]0, 1], and S is Archimedean if S{c, &) > o for all & €]0, 1].

If T is a continuous and Archimedean ¢-norm, then either it is strict (if 8 < «
then T'(e, 8) < T(er,v) for all o # 0) or it is nilpotent (for all o # 1 there
exists n € N such that 0 is obtained by operating n times T on «, that is,
T(a,T(e,(..T (e, )...) = 0). In the second case, there exists an automorphism
@ :[0,1] = [0,1] such that T = ¢~ loWo(px ), where W(«, ) = Max{0, a+3—1}
for all (o, 3) € [0, 1]? defines the Lukasiewicz t-norm. Analogously, if S is a continu-
ous and Archimedean ¢-conorm, then either it is strict or it is nilpotent (for all o £ 0
there exists n € N such that 1 is obtained by operating n times S on «). Again, in
the second case, there exists an automorphism ¢ such that S = ¢~ oW* o (¢ x @),
where W* (e, 8) = Min{1,a + 8} for all (a,3) € [0,1]? defines the dual ¢-conorm
of W.

Now we can introduce and study families of measures associated with ¢-norms
and with ¢-conorms.

Theorem 1. Let T be a continuous t-norm and let f : [0,1] — [0,1] be a con-
tinuous and non-increasing function such that f(0) = 1 and f(1) = 0. Then the



function Cr ¢ : LY — [0, 1] defined for each x = (u,v) € LX by

Cr5(x) = Inf T(F{pu(e), ()

is a contradiction measure that is semicontinuous from below.

Proof. Taking into account Remark 1, we only need to confirm the following

axioms:

(cd) Crp(x™) = T(f(0),1) = 1.

(c.ii) If x € L~ is L-normal, then Cp (x) = Ilrl)f(T(f(u(gs))7 v(z)) < In)f( v(z)
ze pAs

as T < Min.

=0

(cvi) Let {x'};cz C LY be a semilattice from below. We must prove that

Cr (Sup Xi> = Ig} Cr,;(x*), which is equivalent to proving that
2= ?
g 7 (1 (Sup i) ) Do) ) = g g 7GsG i)

We find that

7 (108 £ Gt} Tnf o) ) = It 7))

thus (1) will be demonstrated, since (2) is equivalent to

7 (7 (Sup(o)) I 4(0) ) = g T ) v € X,

i€l

because f is a continuous and non-increasing function.
As T is non-decreasing, then

7 (108 £ o)) Tnf(2) ) TG )

hold for each z € X and for all j € 7.

For each z € X, we find that the lower bound T (In%f (pi(x)), In% Vl(x)> of
i< s

the set {T'(f(us(2)),vi(x))}; o7 is actually its greatest lower bound.

Given € X and £ > 0, as T is a continuous function, then there exists § =

§(x,e) > 0 such that for each (ay, as) € [0, 1]? satisfying

(e 3) — (ggf@(@»@p(@)\ <5,
then

\Tm 2) =7 (10f 1 (o). Inf ) ) \ e



Now, we consider &/ V2 > 0. Thus, by definition of infimum, there exist i1, € 7
such that

F (piy () < Tnf f (i) + 6/ V2
(4)
viy(2) < Infwi(w) +6/V2.

Since {x'}ic7 is a semilattice from below, then there exists i. € 7 such that y’ =
Sup{x™, x*2}. Thus from (4) we obtain:

7 g, () < It £ () + 6/v2

v, () < In%yl(x) +38/v2,
S

hence
(FloncCol)ovi ) = (10 o), I o)) \ <o

and applying (3), we arrive at

(s (2,010 0) < T (1] ) I 4(2) ) 4.
Therefore (2) is satisfied. m|

In the same way, we can obtain a “dual” family of contradiction measures that
are semicontinuous from above as follows.

Theorem 2. Let S be a continuous t-conorm and let f :[0,1] — [0,1] be a con-
tinuous and non-increasing function such that f(0) = 1 and f(1) = 0. Then the
function Cg 5 : LX — [0,1] defined for each x = (u,v) € LX by

0 if x is L-normal

Cs,r(x) = Sup S (f(u(z)),v(z)) otherwise

zeX

is a contradiction measure that is semicontinuous from above.

Note that, unlike Theorem 1, we have to define the measure Cg ¢ on the L-
normal sets as 0 to guarantee that it satisfies the second axiom of contradiction
measure.

Proposition 1. Let T be a continuous t-norm, let S be a continuous t-conorm
and let f :[0,1] — [0,1] be a continuous and non-increasing function such that

f(0) =1 and f(1) =0, then the following holds:

(a) If X is an infinite universe, then the contradiction measure Cr y is not semi-
continuous from above, that is, Cr ; ¢ CM®*(LYX).



(b) The contradiction measure Cg ¢ is not semicontinuous from below, that is,

Cs.p & CM o (LY).

Proof. (a) Let Pp(X) be the set of all finite parts of X, consider the family
{x*} acppxy CLY \LE defined as follows. For each A € Pp(X)

4 0L, if x € A;
X" (z) = .
(0,1/2), ifz¢ A

For all Ay, As € Pp(X) we have that Inf{x*:, xy42} = x41742 € {x*} 4cp,(x) as
Ay U Ay € Pr(X). Therefore, {x*} 4cp,(x) is a semilattice from above. Moreover,

Cr ¢(x*) =1/2, for all A € Pp(X), and Agg;f(x)XA = x". Thus

1=¢C Inf 4 Sup C A =1/2.
o (AEPF(X)X >#AE77FI?X) 7.1 (X7 /

(b) Let {x"}nen C LX be such that x™(z) = (0,1) for all 2 € X and for each

n € N, then Cg ¢(x™) = S(f(0),1/n) =1 for all n € N. Moreover Sup x"(z) = (0,0)
neN
for all z € X, thus

1= Inf CSJ(Xn) 7& CSJ (Supx") = O7
nelN ncN

as Sup{x™} is L-normal.
neN
Regarding complete continuity, the results are poorer than for continuity, as

stated below.

Theorem 3. Let f : [0,1] — [0,1] be a continuous and non-increasing function

such that f(0) =1 and f(1) = 0. Then the following is satisfied:
(a) The function Cypin, ¢ : LY — [0, 1] defined for each x € L~ by

CMin,r (x) = Inf Min(f(u(2)), v(2))

is a contradiction measure that is completely semicontinuous from below.

(b) The function Cnax, ¢ : L — [0,1] defined for each x € LX by

0 if x is L-normal
Cute £ () = Sup Max (f(u(2)). () otherwise
reX

is a contradiction measure that is completely semicontinuous from above.

We omit the proof of the above theorem because it is a particular case of
Theorems 3.7 and 3.8 given in Ref. 15.



Although Cr ; and Cg ; behave well regarding complete continuity when 7T’ is
the t-norm Min and § is the ¢-conorm Max, both Cp ; € CM s (LX) and Csyr €
CM(ILX) are generally not true. To be precise, we can state the following results.

Proposition 2. Let T be a continuous and Archimedean t-norm, let S be a con-
tinuous and Archimedean t-conorm, and let f :[0,1] — [0,1] be a continuous and
non-increasing function such that f(0) =1 and f(1) = 0. The following statements
are satisfied:

(a) The contradiction measure Cr ¢ is not completely semicontinuous from below,
that is, CTJ ¢ CMCSC(LX).
(b) The contradiction measure Cg ¢ is not completely semicontinuous from above,

that is, CSJ ¢ CMCSC(LX).

Proof. (a) Let us distinguish two cases: T is strict or T is nilpotent
As f is continuous, then there exists a € [0,1] such that 0 < f(a) < 1, and let
B <1 —a. Now we consider x4, x? € X, defined as follows:

KA@) = (a1~ a)
X (@) = (0,6) }\”EX'

Then Sup{x*, x?}(z) = (o, B8) for all z € X, thus Cr ¢(x*) = T(f(a),1 — a) and
Cry(xP) =T(f(0),8) = T(Lﬁ) 3. However,

Cr,p(Sup{x*,x"}) = T(f(@), B) < Min{Cr,s (x"),Cr,s (x")}

as T is strict and because of the choice of o and 3.

Now suppose that T is nilpotent, then 7' = ¢! o Wo (¢ x ¢), ¢ being an order
automorphism. We consider N, o N,, where N, is the strong negation defined by
Ny(a) = ¢ {1 —p(a)) for all @ € [0,1], and Nj is the standard negation, so N,,0 N
is an order automorphism of the unit interval. Thus we can find ag €]0, 1] such that
flawo) = (Vg 0 No)(aw), and let « be such that Sup{a € [0,1]: f(a) =1} < @ < ag
(see Fig. 1(a)). Hence, on the one hand,

p(f(a)) <1 (5)

and, the other hand, as ¢ 1(1 — ¢(1 — @)) = (N, 0 N;)(a) < (N, o Ny)(ang) =
flag) < f(«), then

e(f(a)) +¢(l—a)>1. (6)
Moreover, let 8 be such that 0 < 8 < 1 — «, then
e(B) <ol —a). (7)

Now we consider x*, x® € L¥ such that x*(z) = (a,1 — o) and x®(z) = (0, 3)
for all z € X, thus Sup{x*, x?}(z) = (o, B) for all z € X, and the following holds:



= o (Max {0, o(f(a)) +@(l —a) —1})

© o @) el —a) = 1)

(6) and (7)
>

Cr,r(x

vt (Max {0, (f (@) + @(B) = 1}) = Cr g (Sup {x*,x"'})

Crp (%) = ot (Max 0, 9(F(0)) 1 9(8) 1) 2 Crp (Sup (3™, xP))

(b) Again, we make a distinction between S is strict or S is nilpotent.
Suppose that S is strict. We consider «, 8,y €]0, 1] such that f(«) < f(5), so
a > B as f is non-increasing, and v < 1 — o.. Now, let x4, x? € LY \ LY such that

xAx) = (o, 1 —

o ) e

then Inf{x*, x?1(z) = (8,1 — @) for all z € X. Moreover, as S is strict, then
Cs,r(x*) = S(f(a),1 —a) <S(f(B),1 —a)=Css (Inf {x*,x"})
Cs,1(x") = S(£(B), ) < S(F(B),1 —a) = Cs,y (Inf {x*, x" }).

Now, suppose that S is nilpotent, then S = @' o W* o (p x ), where ¢ is
an order automorphism. Let 8 €]0,1[ such that f(8) = (IV, o N,)(8). Moreover,
because of the conditions satisfied by f, we can choose a such that Sup{a € [0, 1] :

fla) = f(B)} < @ <1 (see Fig. 1(b)), so
fla) < f(B) (8)

and hence 5 < a. Also we consider

O<y<l—a. 9)
As f(B) = (Np o N5)(B) < (N o Ny)(a) = ¢~ (1 = ¢(1 — «)), then
(pof)(B) +¢(l—a) <1 (10)
Op, S Op S
) (o, 1-a) Nego N,
- Sup{ XX L NoN ™~ o
2 Infi{x4x3
(0,
XD X<(6)
i 1-« ‘XA: o, 1-a)
s Y S \
o (&4 1]L 6 o 1lL
(@) (b)

Fig. 1. Geometrical interpretation of proposition 2 for 7' and S nilpotent.



Now we consider x4, x# € LX\L{ such that x*(z) = (o, 1 —a) and xB(z) = (8,7)
for all = € X, thus Inf{x*, x®}(z) = (8,1 —«) for all z € X, and the following
holds:

Cs,s (Inf {x* x%}) = @ M (Min {1, (f(B)) + ¢(1 —a)})
=" o ef(B) + el — )

8)and (10
B o (i 1) + (1~ )]) = B0

9
Cs (Inf [, x"1) S o (Min {1, (£ (8)) + e(1)}) = Cs.5 (7).

3. Obtaining Contradiction Measures from Negations

In Ref. 4 it was shown that, given an IFN N, x = (i, v) € L is N-contradictory
if and only if N(u(x)) +v(z) > 1, for all z € X, where N is the strong negation
associated with A. Thus, if there exists z € X such that x(z) € Ly = {(a1,a2) €
L: N{ai) + as < 1}, then x is not A-contradictory. For this reason we called Ly
the region of non-N-contradiction. Moreover, we noted that the boundary curve
ag =1 — N{ay) delimiting Lyy and L\ Ly is a (strictly) increasing function of ay,
and it intersects with a1 + as = 1 on (aw, 1 — ay), where ay is the fixed point of
N.

On the one hand, the above considerations suggested defining the degree of
N-contradiction of  as how far it is from Ly, with the following meaning:

€1 () = M (0, I (N (ute) + v1) — 1)) (1)

On the other hand, as a function N : [0,1] — [0, 1] is a strong negation if and
only if there exists an order automorphism ¢ : [0,1] — [0,1] such that N(«a) =
o 11 —(a)),'® then y is N-contradictory if and only if p(u(z)) +¢(1—v(z)) <1
for all z € X, thus we can also measure the degree of A'-contradiction of y according
to the formula

00 = Max (0,1 = Sup(ilu() + (1 — (o))} ). 12

Furthermore, we can measure the degree of NV-contradiction of x by calculating
how far x(X) = {(p(z),v(z)) : « € X} is from Ly using the Euclidean distance,
that is,

d(x(X), Ly)
d(0p, L)

where d is the Euclidean distance on R?.

The functions given in Egs. (11), (12) and (13) behave well in the framework
of contradiction theory. In fact, it was proved in Ref. 5 that they are measures of
contradiction. Also C4/ € CM,.(ILX) was proved in Ref. 1.

') = (13)



O]L O]L

N(oy)+o,=1

() M0,

Iy

Region of non-N-contradiction

(@) (b)

Fig. 2.  Geometrical interpretation of measures C{\/, Cé\/, 5{\/ and 5§\/

Now, we are going to introduce other families of measures whose construction
is suggested by (11), (12) and (13). Then, we will analyze what kind of measures
the functions (11), (12) and the new families are.

For each k£ = 1, 2,3 the function Cﬁf somehow quantifies how far x(X) is from

Ly (see Fig. 2(a)). In the same way, we can consider how far Sup x(z) is from Ly,
zeX
(see Fig. 2(b)). Thus we arrive at the following definition.

Definition 4. Let X # § be a universe, and let N be a strong IFN associated
with the fuzzy negation N, given by the automorphism ¢. For each k = 1,2, 3 we
define the function C;¥ : X — [0, 1] as follows. For each x = (u,v) € L

(a) C]V(x) = Max {07 N (Eg? M(@) + Inf v(z) - 1}.

) 600 = Max {01~ (supute) ) — ¢ (1= I wte)) |
. d (Supx(x)JLN)
Cé\[( ) _ rzeX

© 0z, L)

Theorem 4. Let X 0 and let N be a strong IFN, then the contradiction mea-
sures IV, C} defined in Egs. (11) and (12), respectively, are semicontinuous from
below, that is, CY,C) € CM (LX),

Proof. Let us just prove that CY € CM, (LX), as ¢} € CM, (LX) is proved
similarly.

We have to prove the axiom (c.vi). Let {x*}icz C LX be a semilattice from
below, where x* = (u;,1;) for each i € Z. Since C{\[ is antimonotonic, then



On (ut; (x), 7 x)

SuPXi(xo)
8/3 { iel
Infz(xg) — |- ¥4
iel o
dp+ €3 >0 11
8/3{ § : i \i N(a1)+012=l
L 1
wa\ L
0 Sup 4 (xo)

Fig. 3. Geometrical interpretation of the proof of Theorem 4.

ey (Su%) Xi) < CPN(x?) for all j € T. We find that the lower bound C{¥ (Su%) Xi>
o i€

of the set {C{(x*)},_, is actually its greatest lower bound.

i€l
We write dy = Inf {N (Sup ul(x)> + Inf v (z) — 1}, and we distinguish two
zcX icT i€l
cases:

e First, let us suppose that dg > 0, then C{\[ (Sup Xi> = dy. Thus given £ > 0, by
i€l
definition of infimum, there exists xo € X such that (see Fig. 3)

N (Supm(xo)> FInfui(zo) —1 < do+ =. (14)
icT i€l 3

Moreover, as N is a continuous function, there exists § = 6(¢/3) > 0 such that

N(a) = N (Sup pi(wo) || < 2/3 (15)
el

for all o € [0, 1] satisfying | Sup p;(x0) — o < 9.
i€l

On the one hand, given that § = 6(5) > 0, it follows from the definition of
Sup g5 (o) that there exists i; € 7 such that Sup p;(zo) — 0 < 4, (x0) (see Fig. 3).
il el

Thus we can apply (15) with a = p;, (o), obtaining
£
qum»<§+w(mmmm0. (16)
i€l
On the other hand, given £/3 > 0, it follows from the definition of Ig% vi(zo)
that there exists ¢2 € 7 such that (see Fig. 3)

€
v, (o) < 3 + }g{l/l(xo) (17)



Now, since {x‘}ic7 is a semilattice from below, there exists i, € T such that
x% = Sup{x®, x2}. Taking into account that N is a non-increasing function, it
follows from (16) and (17) that

N(uis(ao) < 5+ ¥ (Supaten) ).

£
vi.(wo) < 3 +}g§1fi($o)7

thus also considering (14), we have

OV () = Tnf {N(e, (@) + 11 () =1} < N (Sup m(xo)> T Infuilae) — 14 25
zcX icT i€l 3

< do+£:C{\/ (Supxl) +e.
=98

Therefore, Inf C{ (x*) = CV  Sup x* |.
i€l icT
¢ Second, let us suppose that dy < 0, then C{\[ (Sup Xi> = 0. Now we consider
=98
0 < & < —dp. Thus, as in the first case, we obtain i. € T such that

ot (N (2)) + v, (@) = 1} < do + = <0,
then C7¥(x*) = 0 and therefore the equality of axiom (c.vi) is also satisfied.

Before proving that each function 52\[ , with k& = 1, 2, 3, is semicontinuous from
below, we state a previous result. To simplify the notation, for each x = (u, v) € L~

we introduce X — (/vt7 19) € LX defined for all y € X by X (y) = Supx(z) =
zeX

(SUP w(z), Inf V(x)> = (lvﬁ (), v (y))~

zeX

Lemma 1. If {x'}icr C LY is a semilattice from below, then {)vcl} . cl¥ isa
ic
semilattice from below.

Proof. Suppose that x* = (u;, ;) for all i € Z. Let >v<i17>v<i2 € {)vﬂ} . Thus,
ie

as {x*}iez C LY is a semilattice from below, given i1,ip € T, there exists j =

4(i1,42) € T such that Sup{x®, x®}(z) = x?(x) for all z € X. Then, for all y € X

Sup {X%X”} (y) = Sup {X“(yL X" (y)} = Sup {Sg? X (@), Sél)lgx” (x)}

— Sup { (Sup pa (), Inf v, (x)) 7 (Sup pia (), Inf v, “”) }

zcX zeX

— (Mox{Sup s () Sup )} Min { 1nf 11 (00, Inf v )



— ((up (Mt (s, (o) s (), I (Mo (o) v 1)

h (Eél}? #y(), 1ok vy (x)> = (1 )75 () =)

Theorem 5. Let X # 0 and let N be a strong IFN. The functions 5{\[752/\/ and
Cé\[ given in Definition 4 are contradiction measures that are semicontinuous from
below, that is, C{,C{,C € C M, (ILY).

Proof. First, let us show that 52\/(90 = C?f ()vc) for all y € LY and k = 1,2, 3.

Given y = (u, v) € L, because of the definition of )vc , the following holds:
eFor k=1

cy ()vc) = Max (O&g)f( {N (/vi (y)) + v (y) — 1})

— Max (07 N (E&‘? u(x)) + Inf () - 1) =V (x).

o For k=2
c3” (X) = Max (071 - Sup {e(kw)+e(1-v) })

— Max (071 - {w (Egg u(x)> + (1 ~ Inf ”(x)> }> Y
o For k=3
g ) s )
. _

X —
d(o]ln L./\/) d(O]L7 LN)

Second, we can trivially confirm the axioms (c.i) and (c.ii) for each C~ﬁf , with
k = 1,2,3. Furthermore, from the above considerations, we can guarantee that
(c.i) is satisfied because C?f and C~ﬁf are equal on each IFSs whose L-membership
function takes a constant value, and (c.ii) is satisfied because if x € L~ is L-normal,

H
o
(3]

3

= ().

then )vc is also L-normal.
Finally, let us prove the axiom (c.vi): if {x*};e7 € LY is any semilattice from

below, as, according to the above lemma, {)vc Y7 is also a semilattice from below
and C?f € CM (LX) for each k = 1,2, 3, then

InfCY (x*) = Inf Y (x) —cy <Sup x) —cN (supxi> —cy (supxi> .
el el el el el

The measures of contradiction C?f and C~ﬁf , with k£ = 1,2, 3, satisfy the axiom
(c.vi) of continuity from below, but, in general, they do not satisfy either of the
other axioms of continuity, as the following two results show.

Proposition 3. Let X £ 0, it holds, for any strong IFN N, that the contradiction



measures Ci\a(?ﬁf, with k = 1,2,3, are not completely semicontinuous from either

above or below, that is, Cﬁﬂgﬁf ¢ CM s (L) UCM (LX),

Proof. Let N be the strong fuzzy negation associated with A" and ¢ the automor-
phism that determines N. We consider 0 < o < aepy, where ayy is the fixed point of
N, and let x4, x® € LX be the sets defined by

XA(@) = (0,1 N() } ex
XP () = (1= )

then

Sup{x*, x®}(z) = (o, 1 —N(a))} vre X
Inf{x* xP}(z) = (0,1 - ) .

Thus we have:
(1) €Y ¢ CMso(LX) UCMse(LY): As 0 < o < ay = N(an) < N(a) < 1, then
M (x?) =1-=N(a) >0, (x") = N(a) —a >0 and so
el (Sup{x*,x"}) = 0 < Min{C{/ (x*),¢{' (x*)}
el (Inf{x*, x”}) = 1 — &> Max{C{' (x), ¢ (x*)}-
(2) C ¢ CM oK) UCM 5o (LX): As 0 < o < ay = ¢ 1(1/2) < 1, then
€3 (x*) = Max{0,1 — (¢(N(@)))} = Max{0, p(a)} = p(a) > 0
C (") = Max{0,1 = 2p(a)} = 1 — 2p(a) > 0,
and thus C3 (Sup{x*, x?}) = 0 < Min{C (x*),C} (x*®)} and
C (Inf{x*, X"} = 1 = ¢(a) > Max{c (x*), 5" (")}

(3) CF ¢ CMee(X): On the one hand, as N(0) + 1 — N(a) > 1, then (0,1 —
N(a)) ¢ Ly, where Ly is the closure of L under the usual topology on R?
restricted to L, and so d(x*(X),Ly) > 0. Therefore, C3'(x*) > 0. On the
other hand, as N(a) —a > 0, then (o, 1 — a) ¢ Ly and so d(x?(X),Ly) > 0.
Therefore, C4' (x?) > 0. However, C3 (Sup{x*, x*}) = 0 as (a, 1-N(a)) € Ly.

(4) Y ¢ CMe*(LX): We find that it is easier to consider x ¥, x* € LX defined for
all z € X by xP(z) = Sup{x*, x®}(z) = (o, 1 — N(a)) and x"(z) = (an,1 —
an), thus C (xF) = ¢ (x*) = 0 because (a,1 — N(a)), (an,1 —an) € Ly
However, Inf{x?, x"}(z) = (o, 1 —ay) for all z € X, and as N(a) —ay >0
then (o, 1 — ay) ¢ Ly and thus C4/ (Inf{x”, x¥}) > 0.

(5) C & C Moo (LX) U CM(ILX) for k = 1,2,3: Since €Y (x) = C1Y(x) holds if
x € L¥ is a constant function, then the previous reasoning for replacing Cﬁf
with 52\[ is valid.



Proposition 4. Let X be an infinite set, if N is a strong IFN, then C?ﬂ(?i\/ are
not semicontinuous from above for i = 1,2,3, that is, C{¥,CN ¢ CM**(1LY).

Proof. The idea in this proof is the same as in Proposition 1. If N is the strong
fuzzy negation associated with A" whose fixed point is a, let us again consider the
family of all finite parts of X, Pp(X), where now {x*} 4cpn(xy C L™ \ L§ such
that for each A € Pp(X)

O, ifz € A
X (a) = .
(an,1 —ay), ifzé A

In the same way as in Proposition 1, {x“} AcPp(x) 18 a semilattice from above.
Moreover, we have that C3 (x4) = C¥(x*) = 0 for all A € Pp(X) and for k =
1,2, 3. However,

0= Sup CMN(* CN< Inf XA>CN YB) =1, Vi=1,2,3,
AEPp(X) e ) 7 G AEPr(X) e )

and we obtain the same inequality by replacing C?f with C~ﬁf .

4. Conclusions

In an earlier paper,! we presented an axiomatic model to measure the degree of
contradiction of an IF'S, and we set some conditions to guarantee that a measure
of contradiction has some sort of continuity. However, we did not address the open
problem of finding families of functions satisfying the definitions given in that paper.

The main result of this paper is the construction of a family of functions using
t-norms. These functions turned out to be contradiction measures that are semi-
continuous from below, but not from above. In a similar way, and by means of
t-conorms, we have obtained a family of contradiction measures that are semicon-
tinuous from above, but not from below. Furthermore, both families are completely
semicontinuous if the t-norm is the minimum, and the ¢-conorm is the maximum,
but the result fails when the ¢t-norm or the t-conorm is Archimedean.

Additionally, we have studied the continuity of some families of contradiction
measures defined in Ref. 5, which are associated with strong intuitionistic nega-
tions. We have also introduced new families of measures also associated with such
negations, and we have studied their continuity.

Some of the topics we intend to address in the future are the continuity of these
measures in the case of finite universes; the generalization of this model to the
case where negation is not necessarily strong; the construction of a general model
covering self-contradiction and contradiction among two or more sets; applications
of these measures to inference and decision-making problems.
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