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Abstract

This paper proposes a repairability index for damage assessment in reinforced concrete structural members. The procedure dis-
cussed in this paper differs from the standard methods in two aspects: the structural and damage analyses are coupled and it is
based on the concepts of fracture and continuum damage mechanics. The relationship between the repairability index and the well-

known Park and Ang index is shown in some particular cases.
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1. Introduction

The assessment of the potential damage in a structure
under earthquake loadings has been an important subject
of the reinforced concrete (RC) theory during the last
decades. The generally accepted procedure consists of
making the evaluation in two steps: first, an inelastic
analysis by using some elastoplastic model, and then a
damage evaluation with a postprocessor. The key to this
kind of procedure is the concept of damage index (see,
for instance, [1] for a review of the most used damage
indices). The damage index proposed by Park and Ang
[2] and its modifications [3—5] deserve a special men-
tion. The Park and Ang index has been widely used in
recent years and is probably the main reference on the
subject. It is also used as a comparative reference in
this paper.

However, the two-step approach can be questioned
since it is based on the following paradox: damage
assessment is performed with a structural model that
assumes no structural damages (the perfectly plastic

model, for instance). Of course, damage indices can be
used with any structural model, including those that
characterize damage as well as plasticity. However, if
that is the case, the computation of a damage index with
a postprocessor seems redundant. Additionally, the
definition of damage indices generally includes some-
what arbitrary elements in order to compensate for the
potential deficiencies of the structural model. This is the
case, for instance, with the parameter 3 in the Park and
Ang index.

In other branches of continuum mechanics, damage
and structural analysis are coupled. Those models are
generally based on fracture mechanics or continuum
damage mechanics (a general presentation of the subject
can be seen in [6]). However, those theories are not suit-
able for the analysis of solids as complex as buildings.

Recently, a radically different approach has been
explored in some European and Latin American labora-
tories. This new approach is based on the combination
of fracture and damage mechanics with the concept of
plastic hinge [7-9]. In this paper, the branch of fracture
mechanics that supports this family of constitutive laws
is called lumped damage mechanics. The main idea is
the introduction of an internal variable, also called dam-
age, in order to characterize the loss of stiffness and



strength of reinforced concrete (RC) structural members.
The damage and the structural analysis are coupled and
must be performed simultaneously since the local and
global stiffness matrices of the structure depend on the
damage variables.

This approach differs from the damage models of
beams [10—12] where the stiffness matrix is obtained by
numerical integration layer by layer of the constitutive
laws over the cross-section of the beam. This approach
does not include the concept of a plastic or inelastic
hinge and therefore requires the use of finer finite
clement meshes.

The capacity of the lumped damage models to repro-
duce the behavior of the structure has been shown in the
aforementioned works. It was also suggested tentatively
that the damage variable could be used as an alternative
to the damage index concept. However, the capacity of
the damage variable as a measure of the repairability
and serviceability of the structure was not sufficiently
explored. This is the subject of this paper.

The paper is organized as follows. In the first part,
some basic concepts about fracture and damage mech-
anics are recalled. In the second part, the lumped damage
theory is presented briefly. The third and fourth parts
comprise the core of the paper. They discuss the capacity
of the damage variable as an alternative to the damage
mdex concept, the damage variable is compared with the
Park and Ang index in several cases and some experi-
mental results related to the damage concept are
presented.

2. Basic concepts
2.1. The Griffith criterion

Fracture mechanics is the branch of continuum mech-
anics whose goal is the prediction of crack propagation
in a solid medium. In 1921 Griffith established the basis
of fracture mechanics through the so-called “Griffith cri-
terion” which is described briefly in this section.

Let us consider a crack in a solid subjected to certain
loads far away from the crack. It can be shown that the
clastic stresses at the crack tip tend to infinity indepen-
dently of the load intensity or the geometry of the struc-
ture. Therefore, any conventional stress criterion, such
as Tresca, Von Mises, Rankine, and so on, cannot be
used to predict crack growth. This raises the following
question: if elastic stresses tend to infinity, why are there
cracks that do not propagate?

The answer to this question can be found in an energy
balance during crack propagation. Griffith argued that
crack propagation could only occur if the energy
released upon crack growth is high enough to provide
the energy needed for that propagation. This is the Grif-

fith criterion that can be written as (in the case of dis-
placement controlled loads):
oU
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where U is the elastic strain energy, a is the crack length
and R is the energy consumed in crack propagation. In
the literature, R is called “crack resistance™. Crack resist-
ance can be considered as a material property. However,
it has been found that crack resistance is not a constant
and it depends on crack extension, i.e. R=R(a) [13]. The
term (7 is called the “energy release rate” or “crack driv-
g force™ and depends on the loading and the geometry
of the structure. If the energy release rate G is lower
than the crack resistance R, the Griffith criterion states
that crack propagation cannot occur.

The Griffith criterion can be proved on the basis of
the principles of the thermodynamics [6].

2.2. Continuum damage mechanics

Damage mechanics studies the situation that precedes
the appearance of a macro-crack. That is, the goal of
this theory is the modeling of the process of growth and
nucleation of micro-voids and micro-cracks that lead
eventually to a macroscopic crack. For this purpose, a
new internal variable called “damage™ is introduced in
the following way.

Let A be the area of a face in a volume clement of a
continuum. Let A4 be the areca of the micro-defects. The
damage o of this face is given by:
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It can be seen that the damage variable represents the
density of micro-defects in the material and that it can
take values between zero (no damage) and one (total
damage).

It is clear that the elastic and the plastic properties of
the material must depend on the damage. This influence
can be taken into account by introducing the concept of
“effective stress™ and the hypothesis of “strain equival-
ence”.

Let P be a force normal to the area 4, then the conven-
tional Cauchy stress on the clement is given by:

ng. 3)

The effective stress ¢ is defined in the same way
except that the area which effectively resists the force,
substitutes the nominal area A4:
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With some algebraic arrangements, it is possible to relate
the effective stress with the conventional Cauchy stress:
_ O
o="—. 5
o )
The strain equivalence hypothesis states that any consti-
tutive law of a damaged material can be obtained from
those of the intact material by substitution of the Cauchy
stress by the effective stress. For instance, the elasticity
law of a damaged material is given by:

o=Eg; or o=(1—w)Es, 6)

where E is the elastic modulus and ¢ the strain. Other
equations of the constitutive law, such as the yield func-
tion, can be obtained similarly.

Micro-crack propagation may be described by again
using the Griffith criterion at the microscopic level. In
this case, the strain energy density U is given by
(12)(1—w)Ee?, the energy release rate is defined as
—dU/dw and the crack resistance R is now a function of
the micro-defects density @. Note that the damage vari-
able w has substituted the crack length in the equations
of the Griffith law and that the elastic strain energy was
obtained from the elasticity law (Eq. (6)). The experi-
mental determination of the crack resistance function
completes this damage model.

3. Lumped damage mechanics
3.1. The stiffness matrix of a damaged member

The analysis of buildings under severe overloads
using fracture, damage or any other branch of continuum
mechanics is obviously impracticable. Besides, most of
the results that would be obtained in this way are irrel-
evant. Instead, the concept of a plastic hinge and lumped
plasticity models are used in most engineering appli-
cations. In this section, a family of models that combine
damage and fracture mechanics with the concept of plas-
tic hinges will be described.

Each member of the frame is represented as an assem-
blage of an elastic beam-column and two plastic hinges
as shown in Fig. la. The beam-column is assumed to
remain elastic, even during periods of exceptional over-
load. The constitutive equations are expressions that
relate the history of generalized stresses M=(m;m;,n)
(see Fig. 1b) with the history of generalized defor-
mations ®=(¢,,¢,,0) (see Fig. Ic).

Additionally, two sets of internal variables are intro-
duced. The first one includes the plastic rotations of both
hinges, such as are defined in the conventional theory of
elastoplastic frames: ®P=(¢?,¢?,0). It can be seen that
permanent elongation of the chord is being neglected.
This is a common assumption in RC structures but it is
not a necessary requirement of the model.
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Fig. 1. (a) Lumped plasticity model of a frame member. (b) Gen-
eralized stresses. (¢) Generalized deformations.

The second internal variable is the damage:
D=(d;,d;). The damage parameters d; and d; are similar
in meaning to the continuum damage variable @ in the
sense that they are a measure of the crack density in the
member and they do not represent the actual length of
a crack. Therefore, these variables can take values
between zero and one. However, they are related to
macroscopic cracks, as in fracture mechanics, instead of
microdefects density as in the case of continuum damage
mechanics. The parameter d; is related to the hinge i
while d, measures the damage of the hinge j (see Fig. 2).

Using the methods of continuum damage mechanics,
it is possible to obtain a relationship between stress M
and strain @ as a function of the damage parameters and
the plastic rotations [14]:

. )

@ ®
0<d;<1 0<d<1

Fig. 2. Damage state in a frame member represented by internal vari-
ables.
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E i1s the elasticity modulus, 7 the inertia, A the area and
L the length of the member. Note that S is the stiffness
matrix of a member with two inelastic hinges. If both
damage parameters take the value of zero, then the stiff-
ness matrix takes the familiar form with values of
4 EI/L, in the diagonal, and 2 FI/L outside it. If one of
these variables takes the value of one while the other
remains zero, the stiffness parameters become those of
the matrix of an elastic member with one internal hinge.
In the model, it is assumed that damage parameters
evolve continuously from zero to one. In this way, the
model represents stiffness degradation.

More sophisticated versions of Eq. (7) are possible.
For instance, in [7], it has been proposed to use two
damage parameters in each hinge to represent in a separ-
ate way the damage due to positive and negative
moments. This generalization is important in the case of
earthquake actions since cracks due to moments of one
sign tend to close when the load is reversed.

3.2. The Griffith criterion in a damaged hinge

It 1s now possible to obtain the expression of the elas-
tic strain energy of a damaged member from Eq. (7):

U=3{®-2*}y'S(D){D— D} ®)

Therefore, the expression of the energy release rate of
the plastic hinge 7 is:
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Damage evolution in hinge 7 can be described using the
Griffith criterion that has the following form:

G,=R(d) (10)

where R is the crack resistance of the hinge. It is
assumed that the hinge’s crack resistance depends on the
damage variable d,. One expression for the crack resist-
ance function has been obtained on the basis of experi-
mental results [15]:

log(1-d))
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where G; and ¢, are member-dependent properties of
the hinge 7.

More sophisticated versions of this damage law are
also possible. For instance, it is well known that the Grif-
fith criterion cannot describe crack propagation under
repeated loads since the maximum energy released load
remains constant in that case. Perera et al. [8] have pro-
posed a generalization of the Griffith criterion in order
to include low cycle fatigue effects. In that model, the
crack resistance function depends not only on the dam-
age but also on the number of cycles. Both models give
the same results in the case of monotonic loading. Thom-
son et al. [16] and Picén and Florez-Lopez [17] have
also proposed another model for low cycle fatigue within
the framework of the lumped damage models. Those
models are not described in this paper as the use of the
Griffith criterion is enough to justify most of the results
presented here.

3.3. The yield function of a damaged hinge

The last component needed by the model is the yield
function. This function can be obtained by using the
hypothesis of strain equivalence. The effective moment
on a hinge 7 (i.e. the equivalent of the effective stress
concept) can be defined in the following way:

L m;
;= I-d’ (12)
The yield function can now be written as:
mi
ﬁ=|n~1,.—c¢§|—my=‘l_d—c¢§ —my,=0 (13)

The vyielding criterion states that there may be
mcrements of the plastic rotation only if the yielding
function takes the value of zero.

For d, constant, the yield function (Eq. (12)) charac-
terizes a bilinear behavior in the moment—rotation graph.
When damage and plasticity evolve simultaneously,
straight lines do not represent the behavior of the hinge
(see Fig. 3).

Again, more sophisticated versions of the yield func-
tion are also possible from this basic model [7,8]. Com-
parison between tests and lumped damage models can
be seen in [7-9,15,16].

4. The damage variable as a damage index
4.1. Performance limits

During a structural analysis with the model described
in the previous section, the damage variables of each

member of the frame must be computed since the stiff-
ness matrix of the structure depends on them. However,
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Fig. 3. Moment as a function of the plastic rotation in the lumped
damage model.

there are some questions that arise immediately. For a
given set of damage values, can the structure still be
safely used? Must it be repaired? These are the questions
that the concept of damage index tries to answer.

El-Attar and Ghobarah [18] assert that the perform-
ance of a structure may be defined in terms of five ranges
of damage: no damage, minor, repairable, unrepairable
and progressive collapse. They also state that these
stages of damage can be related to the force—drift
relationship in a static pushover analysis as shown in
Fig. 4.

Some of these limits can be related immediately to
the damage variable. Let us consider a frame member
subjected to a pushover test. The Griffith criterion is
verified for the first time when the moment on a hinge
reaches the value of the cracking moment m,,. The dam-
age variable takes the value of zero up to this time and
starts its evolution for higher values of the moment. The
Griffith criterion gives the following expression for the
constant G,:

_mZL
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The collapse prevention limit of Fig. 4 is reached when
the moment takes the value of the ultimate moment m,,.
At that time, the curve moment as a function of the dam-
age obtained from the Griffith criterion (Eq. (10))
reaches a maximum. Therefore, the following con-
ditions apply:

mil log(1-d,)
6EI(1-dy = 1 14,

2G(1—d,)+q log(1—d,)+q=0 (15b)

Eq. (15a) corresponds to the relation G=R for d=d, and
Eq. (15b) states that the derivative of m? with respect to
the damage is equal to zero at the maximum.

These two equations allow for the determination of
the constants ¢ and d,,. Note that d, is the value of dam-
age that corresponds to the collapse prevention limit of
Fig. 4. The value of d, is always less that one, values
between 0.6 and 0.7 have been found in practically all
the examples carried out by the authors.

In a hysteretic loading, the collapse prevention limit
is reached with values of moment less than the ultimate
moment m,. This is due to the additional energy dissi-
pation during each cycle. However, the value of d, can
still be used for the characterization of that limit since
the stiffness and strength properties of a hinge with dam-
age d, are the same regardless of the loading path fol-
lowed to reach that damage.

The elastic limit of Fig. 4 can also be characterized
by a value of the damage parameter. The yielding of the
reinforcement takes place in the pushover test when the
moment reaches the yielding moment m,,. At this time,
the Griffith criterion is verified with a value of damage
d,, the plastic rotation of the hinge is still equal to zero
and the yielding function (Eq. (13)) takes the value of
zero for the first time. Therefore, the following con-
ditions apply:

(15a)

no| minor |reparaiblefunreparaibleg progressive

damauge damage| damage | damage collapse mzL 2=Gc,+qlog(l—dp) (16a)
g 6EI(1—d,) 1-d,
-.% 1”_12 —m,=0 (16b)
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/
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ICollapse prevention

Repair limit
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Displacement or drift

Fig. 4. Performance limits in a force—displacement relationship, after
El-Attar and Ghobarah [18].

Eq. (16a) corresponds again to G=R for d=d, and Eq.
(16b) states that the yielding function is equal to zero.
Eq. (16a) allows for the computation of d,, and Eq.
(16b) gives the value of the constant m,. The elastic limit
of Fig. 4 corresponds to a value of damage equal to d,,.
The value d, is always greater than zero since d equal
to zero corresponds to the cracking moment and cracking
of the concrete occurs before the yielding of the
reinforcement. Although this parameter shows a larger
variation than d,, d,, around 0.3 is a typical result.



It 1s, therefore, clear that the elastic and the collapse
prevention limits can be characterized by the values d,
and d, respectively. These parameters can be computed
if the cracking, yielding and ultimate moments of the
member’s cross-section are known. These damage
values represent those limits even in the case of hyster-
etic loadings with cyclic energy dissipation.

4.2. Relation between the damage variable and the
Park and Ang index in monotonic cases

The Park and Ang index, as modified by Kunnath et
al. [4], can be written as:

IDZZI}" energy —related term 17
P

where ¢} is the ultimate plastic rotation. Under mono-
tonic loading, the energy-related term can be neglected.
Then, the plastic rotation is given by: ¢,=I¢,. Substi-
tution of Eq. (17) in the yielding function (Eq. (13))
gives (f 1s equal to zero during plastic rotation
evolution):

m
El’: CIDQD;“FWIY (1 8)

At the same time, the Griffith criterion (Egs. (10) and
(11)) states:

m \> 12EI
<l—d> :TR(d) (19)

Eqs. (18) and (19) lead to the following relation:

1 12E7

D:?% TR(d)_my (20)

Finally, the constant ¢ and the ultimate plastic rotation
can be eliminated from Eq. (20) taking into account that
the yielding function (Eq. (13)) establishes the following
relationship between ¢ and the ultimate moment 2,

mu
cgbp:l_du—my 20
Therefore
12E7 "y,
ID: TR(d)—my <l—du_my> (22)

Eq. (22), or Eq. (20), can be used to compute the damage
index I, that corresponds to a value of the damage vari-
able and vice versa. For instance, they can be used to
obtain an estimate of the repair limit in Fig. 4. It is often
accepted that values of I, around 0.4 characterize the
repair limit [18]. Eq. (22) can be used to compute the
value of damage that corresponds to this repair limit.

4.3. Normalization of the damage variable

The use of the damage variable d as a damage index
presents some drawbacks: the performance limits d, and
d, are not the same for different structures, the elastic
limit is not represented by zero and one does not corre-
spond to the collapse limit. In order to overcome these
disadvantages, the following repairability index RI can
be used instead of the damage variable &

_di—d
-

where d 1s the damage on the hinge. Note that the repair-
ability index is simply a normalization of the damage
variable.

A repairability index of one or greater means that
there is no damage or that reparation is not needed. A
repairability index of zero characterizes the collapse of
the hinge in the sense of Fig. 4.

RI (23)

5. Experimental analysis

5.1. Measure of the damage variable in a monotonic
test

In order to verify the concepts presented in the pre-
vious section, some experimental tests were carried out
in the laboratory. An important aspect of this experi-
mental program is the measure of the damage variable.
A procedure that can be used in monotonic tests is
now described.

A specimen that represents a beam-column joint was
subjected to the boundary conditions and the displace-
ment-controlled loading indicated in Fig. 5a. Fig. 6
shows a plot of force against deflection obtained in one
of the tests. The lumped plasticity model of those tests
1s shown in Fig. 5b.

For the case under consideration the following con-
ditions apply:

]
m=0; d;=0; 9p=0;m,=pL/2; d;=d. ¢,=7. 97 (24)
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where p is the force on the column, 7 the deflection, #,
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Fig. 5. (a) Beam—column joint. (b) Lumped plasticity model of the
test.

is the permanent or plastic deflection, the index i corre-
sponds to the simply supported end and the index j rep-
resents the node in the middle of the specimen. The
application of Eq. (7) plus the boundary conditions (Eq.
(24)) lead to the following relation between force and

to measure the continuum damage variable @ during a
uniaxial test [19].

5.2. Comparison with the Park and Ang index

In this section both indices are compared in two cases.
The first test corresponds to the specimen represented in
Fig. 5. The details of the specimen, reinforcement and
loading are described in [20].

The specimen was loaded up to its total collapse (see
Fig. 6). The values of the damage at each elastic
unloading were computed, using Eq. (26), with the
slopes of the lines indicated in Fig. 6 (lines 1 to 8). The
line marked as 0 was used for the measure of the value
of Z, in Eq. (26). This value is Z;=26 kN/mm. These
results are shown in the third column of Table 1. The
maximum deflection after each unloading is indicated in
the second column. The repairability and the Park and
Ang indices are also shown. These values were obtained
from the experimental results using Egs. (23) and (17)
respectively. In the first case, the value of d, was taken
as 0.39 and d, was 0.60. For the Park and Ang index,

deflection: Table 1
Values of damage
B B ., _6El
p=Zd)(1—1,) where Z(d)=(1—d)Z,; ZO_? (25) Line Displacement Damage Repairability Park and
(mm) index Ang index
The term Z(d) corresponds to the slope of the elastic
unloading. From Eq. (25), the following equation can 0 - 0 ! 0
be derived: 1 2.52 0.17 >1 0.02
' 2 5.44 0.39 1 0.05
7 3 9.72 0.44 0.77 0.13
d=1—— (26) 4 15.33 0.49 0.51 0.28
Zy 5 20.56 0.51 0.43 0.42
. . . 6 25.59 0.53 0.32 0.57
Th1§ equation can be used to measure damage evolution 7 3081 0.56 020 0.72
during the test, since the slope Z can be measured from 8 40.63 0.60 0 1
the graph in Fig. 6. This kind of procedure was first used
100
0] 0123 4 5 6 7
80 -
70 4
E 60
- 1
s S0
S
& 40
30 1§
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10 4} I
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0 10 20 30 40 50 60 70 80

displacement (mm)

Fig. 6. Force vs. deflection in the reference test.
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Fig. 7. Numerical simulation of the test reported in Fig. 6.

the value of ¢, was computed with the plastic displace-
ment measured with the unloading number 8.

The numerical simulation of this test is shown in Fig.
7. This simulation was carried out with the model
described in this paper. The specimen properties (£, m,,
m,, and m,) were not computed but taken directly from
the experimental results. Fig. 8 indicates the evolution
of the damage variable, the repairability index and the
Park and Ang index during the simulation. Table 1 and
Fig. 8 can be used to compare numerical and experi-
mental results.

In view of the results observed in the test and the
simulation presented in this section, it seems that a value
of RI~0.5-0.6 characterizes the repair limit of Fig. 4.
This result is presented on the basis of the commonly
accepted limit for the Park and Ang index.

The second example corresponds to a cyclic test

reported in the literature. Fig. 9 shows the results of the
test [21]. The numerical simulation of the test was car-
ried out with a generalization of the model presented in
this paper that is described in [17]. The results of the
simulation are shown in Fig. 10. Fig. 11 indicates the
evolution during the simulation of the damage variable,
the repairability index and the modified Park and Ang
index. Specifically, it used the version of the Park and
Ang index proposed by Kunnath et al. [4]. The value of
the parameter beta used in the simulation is 0.24.

5.3. Behavior of repaired specimens

Several specimens, of the same type as the one
described in Fig. 5, were loaded up to produce different
degrees of damage, as shown in Figs. 13 and 14. After
this loading, the specimens were repaired using a tech-

0,9
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Fig. 8.

Evolution of the damage indices during the numerical simulation.
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Fig. 10. Numerical simulation of the test presented in Fig. 9.

nique commonly used in the reparation of bridges [22].
The procedure consisted basically in the closure of the
concrete cracks with an epoxy resin and the strengthen-
ing of the structure with a carbon fibre reinforced poly-
mer strip (see Fig. 12).

After reparation, the specimens were again loaded up
to strip failure. Figs. 13 and 14 show the results of two
tests. In these figures, the behavior of the reference (the
same as that indicated in Fig. 6) and the behavior of the

Damage indices
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Fig. 12. Strengthening with a composite strip.
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Fig. 14. Behavior of a repaired specimen.

specimen before reparation are also shown. Note that
Fig. 13 corresponds to a specimen that was pre-loaded
up to the reference line number 4 and the curve in Fig.
14 corresponds to a specimen that was loaded up to the
line 5. In the first case the pre-load is within the repair
limit, in the second it is just outside the limit.

It can be seen that the behavior of both specimens is
similar, and is independent of the previous damage state.
That is, as far as the strengthening is physically possible,
the repaired specimen has a much higher strength. How-
ever, with relatively low deformations the strip is pulled
away from the concrete. Thus, the remaining ductility of
the structural member depends mainly on the state of
damage of the pre-repaired specimen. It is, therefore,
important to limit the damage state up to which repar-
ation is allowed.

6. Final remarks and conclusions

It has been shown that a damage variable, after suit-
able normalization, can be used as a damage index. This
new index is applicable only to models within the frame-
work of lumped damage mechanics. In this particular
case, the values needed for an adequate normalization
of the damage are the parameters d, and d,,.

The elastic and progressive collapse limits are very
clearly defined. However, the repair limit is a somewhat
subjective concept. The limit that was proposed in this
paper is simply an adaptation of the accepted values for
the Park and Ang index, but it seems clear that this limit
may depend on the specific repair strategy selected.

The uncoupled, or two-step, approach remains, of
course, useful since it allows the use of simple and fast



structural models in the damage assessment of a struc-
ture. However, it is often necessary to use more sophisti-
cated models with stiffness and strength degradation. In
these cases, it should be possible to compute damage
measures directly from the state of the structure at each
step of the analysis. These damage variables, which are
specific for each model, are more representative of the
predicted state of the structure than the general dam-
age indices.
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