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CONSERVATION LAWS FOR LIQUID BRIDGES

I. Da-Riva

Laboratorio de Aerodinamica, Universidad Politécnica, Madrid, Spain

ABSTRACT

Conservation laws for an inviscid liquid bridge set
into motion by conservative forces are given in in-
tegral form. These laws provide useful information
on the overall motion of the bridge in the presence
of unexpected or uncontrolled disturbances and could,
in addition, be monitored in a computational solu-
tion of the problem as an accuracy check.

Many of the resulting conservation laws are familiar
to fluiddynamicists. Nevertheless, a systematic ap-
proach providing an exhaustive list of these laws
reveals the existence of new conserved properties
hardly deducible in the classical way. Although the
present analysis concerns the. case of axial, and
constant, gravity it can be applied, with minor re-
finements, when the gravity field varies with time
in both direction and intensity.

Keywords: Microgravity, Liquid bridge, Water waves,
Symmetry groups, Conserved densities, Conservation
laws.

1. INTRODUCTION

The idea of looking for groups of continuous trans-
formations with respect to which the equations of
some physical phenomena are invariant was developed
by Birkhoff (Ref. 1). The mathematical algorithm for
seeking the broad group of these transformations
(symmetry groups) for ordinary differential equa-
tions is due to Lie, see the historical account in
the preface to Ref, 2. In recent times a series of
results of general character and applications to
particular problems of mechanics and physics have
been given by Ovsiannikov (Ref. 3), Bluman and Cole
(Ref. 2), and Benjamin and Olver (Ref. 4). In par-
ticular, the problem of water waves in an other-
wise undisturbed ocean is considered in the last
reference.

Conservation laws written in integral form are link-

ed to every one-parameter group of symmetries accord-

ing to a theorem due to Noether which can be applied
to variational problems associated to Euler-Lagrange
systems (Ref. 3). For the priesent purposes a version
of this theorem for Hamiltonian systems (Ref. 5)
looks more adventageous.

2. THE LIQUID BRIDGE

The bridge is a liquid column, more or less cylin-
drical, held by surface tension forces between two
solid supports not too far apart from each other.

The liquid is assumed to be inviscid, and set into
motion from rest by conservative forces. The length
of the bridge is larger than the characteristic
axial length of the surface wave under considera-
tion or the axial distance travelled by the wave
during the observation time.

Gravity action either axial or non-axial, steady or
non-steady can be taken into account.

2.1 The hydrodynamic problem

The hydrodynamic problem is defined as follows. See
Figure 1 for the nomenclature and coordinate frame.

Figure 1. Geometry, coordinate system and fluid ve-
locity components for the liquid bridge
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1) Differential equation for the velocity potential
in cylindrical coordinates
2 2
2% , 3% 134,

5 5 in D (1)

8% _
= 0
3z ar r v 26 n

2) Kinematic boundary condition at the free surface,
r = n(z,6,t),

9¢ o 1 8¢ on
S 22 2220 ong. (2)
3z 5z n° 98 88

3) Dynamic boundary condition expressed as the Ber-
noulli integral on the free surface,

2 Ly, 2
ot 2 T 3z n
- 8,2 - g Xt g-K = F(t)

90y2 :g»<gg>2} -

on 1, (3)

where ¢ is the surface temsion, p the density and
K the local mean curvature of the free surface de-
fined as

., Ng
=2, - Gt s ()

with nR = ¥ n§(1+n2) + ng.

F(t) is the integral of Bermoulli equation, which
is usually eliminated by redefinition of 3¢/dt.

4) Kinematic boundary condition at the solid end
supports, f;(z,0,t,r) = 0, i=1,2,..., if relevant,

af; af; 9 af; 3 1 af; 3
Gk NCLE B RS B NS R R (5)

9t 8r dr 9z 3z o 38 36

In addition, contact angle conditions at the inter-
sections of the free surface with the solid supports
must be stated.

3. INFINITESIMAL ONE-PARAMETER TRANSFORMATION

Let an infinitesimal one-parameter transformation
be defined as:

z% = 7z + ol(z,08,t,r,¢)e
8% = 68 + a2(2,08,t,r,¢)e
% = t + 1(2,0,t,r,¢)e
r¥ = r + 8(z,0,t,r,4)e
% = ¢ + v(z,0,t,r,d)e ,
where ala?, ... are smooth functions defined in R5

and € a small parameter.
Let consider a smooth function F(z¥,8%,t# r¥,¢%),
defined in RS, which varies along the path curve
(or orbit) of an arbitrary initial point z,0,t,r,¢.
For small values of ¢,
e§F = F(z%,0%,t%,r%,¢%) - F(z,0,t,r,¢) =
= v{F(z,8,t,v,d)}e ,

where the vector field

. 3 3
v o= al(zseatars¢)5E'+ a2(z,e,t,r,¢)§6-+
+ 1(z e‘tr¢)—a-+ B(z etr¢)—3—+

3 Va5 a.t aVsit-at s BP

+ Y(z,e,t,r,¢)§% R (6)
is the infinitesimal generator of the one-parameter
group of symmetries (tangent vector field). These
symmetries are obtained by integration of the system
of ordinary differential equations

ot

dz de d dr gg
l:—— 2_—- T ee— = —— =
R P P - P e Y a7

with € = 0 taken as the identity element of the
group.

The action of the group on a function { defined as

¢ = §(z,0,t,0) ,
will be
8§ = 8¢ - v, (§} (8)

where
(Sd) = Y(Z;eatarzﬁ(zaeatar))

and v, is the projection of v onto the space of in-
depenéent variables,

9 3
Vl = al(Z,e,t,I‘,ﬁ)E + G.Z(Z,e,t,r‘,é)-gg- +

3 3
+ T(z,e,t,r,ﬁ)§¥»+ B(z,e,t,r,ﬂ)gg .

In order to calculate the action of the group on
the derivatives of ¢ which appear in Egqs. 1 to 3,
let §, represent k times derivation with respect
to inéependent variables. Application of Eq. 8 to

86 = ak{,(z,e,t,r)
yields
55, 4) = 6(8,4) ~ v, {8, 3, (9)
whereas, by derivating k times
6, (8§) = & [6¢ - v {§}] (10)

Since the left hand sides of Egs. 9 and 10 are equal,
8(8,4) = 8, [66 - v, {§}] + v, {84} . (11)

Eq. 11 will be incorporated into the formula of
prolongation (Ref. 3, pp. 41 and ff),

prv = v + &4 —ng , (12)

where the subscript k 2 1 denotes all the k-th and
lower order derivatives of ¢ with respect to inde-
pendent variables. Eq. 12 represents the tangent
vector field prolonged up to order k to the space
of ¢ derivatives.

3.1 Invariance of the differential equation 1

The infinitesimal criterion for invariance of Eq. 1,
i.e.,
prviA¢} = 0 whenever A¢p = 0 ,

will be explicited by taking into account Egs. 6,
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11 and 12, and by expressing ¢, in terms of second
order derivatives through Eq. 1. This will lead to
and expression which should vanish mo matter the
values of ¢1.. Then the coefficients of the monomials
involving ¢, or products of ¢, must vanish.

Table 1 below gives the coefficients of those mono-
mials which, not being identically nil a priori,
provide information on the functions al, az, T, B
and vy.

Table 1.

Terms Appearing in prv{A¢} = 0

Monomial Coefficient
2 _ ogl
¢z¢zz’¢r¢zr’¢6¢ze/r 2u¢
2 2
¢Z¢Z6’¢r¢er’¢6¢66/r - 20"¢
2
¢z¢zt’¢r¢tr’¢e¢et/r - 2T¢
2
¢Z¢ZI"¢I‘¢I‘I”¢6¢9I’/P - 284)
2 2 2
¢, > 995 9, Yoo
L - 2(a} + B8,)
¢Ze/r2 = Q(Qé + r2a§)
%P/r2 - 2(r2a§ + Be)
ot -2,
2
¢6t/r - 2ty
Spt - 2Ty,
¢ - 2al + B4 orag - opy
27 . 4 r o
2 2,8 8 -
bgg/T -2{.0Le +;} + S +rAg 2ry¢m
B
¢rr - QBr + ot rAR - 2ry¢r
— 1
¢, pol ok 2y,
¢e/r2 - r2Aa2 + 2Y¢6
by - AT
Ay

The differential equations which result from equa-
ting to zero the different coefficients are ful-
filled by the following set of functions:
1
al(z,e,t,r):ao(t)—bl(t)z+c (e,t)r—QCQ(e,t)zr , (13)
o 9 o 1 1 z
a%(z,0,t,r)=b (t) -5y {e (8,0 +c fe,t); -
2, 2
2 z7+r
- e (o, )=/ 1,
() ,

B(z,6,t,r)=—co(6,t)—c1(6,t)z—bl(t)r+c2(e,t)(zQ—PQ),

Y(Z,e,t,l‘,¢) = ¢{C2(eat)r+C13}+Y2(Zaestar) s

with : : :
¢ (8,t) = C(t)cosd + S (t)sine , i=0,1,2.

Cq13, as well as the C; used below, are integration
constants. Subscripts”and superscripts are arranged
so that a cross-checking with the symmetries in the
threedimensional case (Ref. 4) is facilitated as
far as possible.

3.2 Invariance of the boundary condition Egq. 2

To express the invariance of the boundary conditions
onr = n(z,8,t) the vector field v must be prolonged
to the derivatives of n on the free surface (Ref. 4).

9

9
prv, = v, + (8¢, )e — + 3N, — » (14)
S S k’s 3¢k k Bnk

where S indicates that functions involved are to be
calculated on the free surface.

Now, following with the function h
n-= h(Z,e,t)
the same steps as in Eqs. 8 to 11 with {4,
any = y [on - v {B}] + v () , (15)

where
an = B(Zae3taﬂ(zneat)) s

and

3 ]
v, = ul(z,e,t,n(z,e,t))5§~ru2(z,e,t,n(z,e,t))55-+

]
+ T(t)a—t' .
(Recall Table 1 in connection with al, a2 and ).

The invariance of boundary condition Eq. 2 provides
a set of ordinary differential equations, most of
them duplicating those already established. The only
coefficients which are not identically nil, after
taking into account the results from Table 1, are
summarized in Table 2.

Table 2.

. . 1
Terms Appearing in prvS{nt—¢ZnZ-—;E-¢ene+¢r}

Monomial Coefficient
bo/n> s m o Lo |t - 28+
Ng®/M > My > 0 | Ty = 2B, 1Y,
1 _
nz at Yz
2
ng/m ntol - Yy
Bt - Yr

The additional differential equations yield the fol-
lowing expressions for the components of v:
€19*C3

al(z,0,t,r) = a°(t) + 5

z + {Clocose +

+ C,,sinb}r , (16)

11




256

a2(z,0,t,r) = {c%(t)sing - So(t)cose}% te, +

z
cose};',

+ {Closlne - C11

(L) = Cipt + Ch s

B(z,8,t,r) =

1

{Co(t)cose + So(t)sine} - {Clocose +
€15%¢y3
7

+ C, ,sinb}z + 5 ,

11
o o .
¥(z,8,t,r,9) = C,q0 —'{Ct(t)cose + St(t)51n9}r +

+ ai(t)z + ya(t)

3.2 Invariance of the boundary condition Eq. 3

The process is quite similar to that pursued with
Eq. 2.

The very involved expression of -the curvature at the
free surface, Eq. 4, greatly complicates the algebra.
To circumvent this difficulty we first assume ¢ = 0
and calculate the symmetries, testing afterward which
among the obtained symmetries also belong to the sur-
face tension term.

The sole additional equation is
= 1 - 251 -
Y T 800+ gXBcose g ra®sing + (C12 Cis)gzz +

+ ( )gxrcose (17)

€127C1a
After substitution of al, a2and g from Eqs. 16 into
Eq. 17, the following system of ordinary differential
equations result:

c® = ¢ _ Efigifﬁii (18)
vt~ 1082 2 By >
O'_
Ser 7 G118, T CoBy s
o - 3Gy .
tt P P T
3

_ o _ a0
Y, = a (t)gZ C (t)gx >

which can be integrated both when the gs are cons-
tants or known functions of t.

In order to keep the analysis of the results within
reasonable bounds we will restrict ourselves to the
case

g =0,g =g , g time independent ,

this furnishes the following expressions for the
components of v:

3c, ,-C c, ,tC
12 713 2 12 713
al(z,0,t,r) = Cp + Cyt + 5 gt™ + 5 z +
+ {Clocose + Cllslne}r , (19)
€10 2
a2(z,0,t,r) = C2 - {(—E——gt - C7t - CS)sine ~
Cil 2 1
- (—§—~gt - Cgt - C6)cose};-+

. z
+ {Closlne - C cose};—,

11

wo(t) = C3 + C12t ,
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B(z,0,t,r) = {(E%Q-th - Ct - CS)COSO + (S%-:Lgt2 -
- C8t - CB)sine} - {Clocose +
+ Cllsine}z + Siggflg»r ,

Y(z,0,t,r,¢) = Cq +C, gt + g§~gt2 + 33&%;££%~g2t3 +
+ EE;%;Eaggtzd-ng+ {(Clogt—c7)cose +

+

(Cllgt—CS)slne}r +Cig¢

4, RESULTING SYMMETRIES

The Lie algebra of infinitesimal symmetries can be
obtained by asigning arbitrary values to the inte-
gration constants, C,, 02, ., in turn, with the
rest equal to zero.

In the case of axial, constant, gravity these sym-
tries are:

1 ¢ =1 z% =z + € ,
% = ¢ + egt ,

whereas the other variables remain unchanged. This
symmetry represents an axial translation.

2 ¢, =1 8% = 0 + € ,

Rotation around the z axis.
3 C, =1 t =t + e,

Time translation.
b o¢ =1 Pt = dp+ e,

Variation of ¢ level.

5 CS = -1 r¥cosb® = rcosd + e ,
r¥sinf* = rsing ,
X - translation.
6 CG = -1 r¥cosh® = rcosh ,
r¥sing* = rsind + e ,
y - translation.
7 C7 = -1 r¥cosl® = rcosd + et ,
r®sind® = rsind s
. 1 2
$%* = ¢ + ercosd + 5 € T,
X ~ Galilean boost.
8 c8 = -1 r#cosb®* = rcosf§ ,
r¥sinf¥% = psind® + et ,
¢* = ¢ + ersind + %~e2t s
y - Galilean boost.
9C9:1 Z*:Z+€5
. 1 1 2
¢* = ¢ + e(z + §~gt2) tyet,
z ~ Galilean boost.
— ate ot 1 2 il
10 Clo =1 rcoshn = I’COSGCOSE‘f‘(—Q—gt - z) sine ,
r#sing® = rsino , 1 92
2% = zcose-l—rcosSsinE-P-ggt (1-cose),

p* = ¢a+gt{rcosesine+é;gt2~z)ﬁrcosa)},

Gravity-compensated rotation
around y-axis.
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- d
dT) = gtdn + ydn, *n & - = {ydn}

Terms like d{ydn}/dz will have influence only on the
right hand side of Eq. 23, through integration by
parts, and then can be left aside

T1 = gtn + Ny o (25)

If we Fake Co = —13 Ci¢2 = 0 op Cq = -1, Cj#u =0,
we arrive, respectively, to
T2 = ne¢ s TH =mn
With Cq = -1, ija = 0 the following expression re-
sults:
de = - wtdn + ntdw

This equation, together with Egs. 20, indicates that
T3 is the hamiltonian density function the volume
integral of which equals the energy, E, of the sys-
tem.

1 > 1 [
Ty = Z¥V4rBR - S gzn + Z R, (26)
> xx
where nR = i, - (ne/n)le n,i, s (27)

and R was given in connection with Eg. 4.
Taking C5 = - 1, Cj#5 =0

ar, = dfy ;g—e— {nsine}] - ﬁ—gg [yd{nsino}] ,

‘then 5

T5 =y EEE-{nsine} (28)
and, similarly 5

T6 = -y ﬁgg-{ncose}

Ty to Ty can be expressed as combinations of Ty, Tg
and Tg as follows:

T, = tT, , T, = tT (29)

_ 1 2
Tg—‘tT1+{Z—"2—g't }n

Concerning T1g @and Tyq,

~ 1 .2
dTlO = (z - 5 gt )dT5 - ncosedT,

1 2 .
dT11 = (z - §~gt )dTG - nslnedT1 N

from which the following two conserved densities
result,

gtn2C036 + 1-¢(n2)zcose , (30)

12
T = (2-58t)Tg+ 2

ST N

.1 2 2 . 1,20 .
T11 —(z-§gt )T6+ gtn sing + E-w(n )251ne
Finally, when C1p = 3/2, Cy3 = 1/2, Cy = 0 otherwise,
the resulting expressions of dT;, is not an exact de-
rivative of a density.

5.3 Physical interpretation of the conserved densi-
ties

In order to look at the physical meaning of the con-
served densities, the integral in the left hand side
of Eq. 24 will be calculated over part of the free
surface. To this aim, we introduce the simply-con-
nected control volume, D, sketched in Figure 2. This
control volume is bounded by the part, S, of the
free surface plus a permeable, fixed in space, con-
trol surface, T', within the liquid column. Since T

can be chosen at convenience it is supposed to be
normal to the undisturbed cylindrical free surface
at the intersection.

—_—

——— -
/// ~\\\h—‘/
/7
’
|
[
D as
s| [\
|
|
| \
/
| e
R
— -
~ -

Figure 2. The control volume D bounded by a portiom,
S, of the free surface and an arbitrary
surface, T.

Let a vector ? = Fr_{ + Fej{ + Fz-f , be deduced
i i’ i7® 17z
from
7, =0 - p0 8 _ 7 (31)
iT 1T iy iMz-
By Gauss theorem
I, = J T.ndodz = J v-F.dv , (32)
i. ap i i

where the divergence V-?i is given by

_ 1.3 r 3 0 9 4
V_fi—;{—a—r-(rFi) + Fi +B—Z(rFi)}

98

The resulting integrals of conserved densities, I.,
are listed in the following *

I1 = 2gtl - J VZdV , (33)
D
zZ~-momentum.

I, = J rvedV , (34)
D

z-angular momentum.

=
I

1 2 g
(= ¢“-gz)dv + —J Rndedz , (35)
R 2.

kinetic, potential
and surface energy.

I, =2V, mass. (36)

I_ = v.dav , I = v.dav ., 37
5 L) b4 6 L? y (37)

x and y momenta
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I, =tly , Ig=tlc. (38)

I = 2J (z +%gt2)dv - tJ v (39)

D )

IlO:J (z—%th)V av + %gt[ xdl/ —J xVZdV . (40)
D ® D D

_ 1.2 3 -
Ill_J.D(Z—Qgt )Vydv + 2gtL)ch JvDyVZdV‘. (u1)

The physical interpretations attached to these con-
served densities, which are trivial at first, become
more complicated in the last five cases, Egs. 38 to
41, Nevertheless, some information can be deduced
from the corresponding symmetries listed in §4. For
instance, whereas Egs. 37 come from time-independent
x or y translations, Eqs. 38 concern a fluid domain
observed in a frame of reference being translated
with constant velocity in x or y directions. On the
other hand, Iqy and Iyq, Egs. 40 and 41, can be eas-
ily interpreted when g = 0 as representing y and x
angular momenta, respectively. Clearly these angular
momenta are observed in axes accelerating vertically
to cancel gravity.

6. THE CONSERVATION LAWS

The last step in the search for conservation laws
for liquid bridges will consist in calculating time
derivatives of the integrals I;. This will bring to
light the dependence of the conserved densities on
the fluid behavior at the boundaries of the control
volume.

Let T; be a conserved density not explicitly inclu-
ding the variable t, as is the case for T, to Tg.
Differentiation under the volume-integral sign in
Eq. 32, remembering that I' is fixed in space whereas
S is not, yields

dIi > >
e L)v-%itdu + J v-F,(v$-T)Rndedz . (42)

S

Application of Gauss theorem to the first term in
the right hand side of Eq. 42 results in:

dI

F- ] @ +v-F.v$)-ARndedz + | T, TRrdedz .(u3)
t g it 1 r

it

Development of the cases i = 4 and i = 1, the final
results of which are well known (conservation of
mass and of z-momentum, respectively), could guide

in the derivation of the different conservation laws.

When i = 4, Eq. 31 gives ?u, = ﬁr and v-?u = 2.

On the other hand, %Ht = 0 everywhere except on S
where, according to Eq. 2,

EY _ JToNE
Fue = (Vo nR)lr .

Thus, Eq. 42, together with Gauss theorem, yields

a1,

= - 2[ V¢-nRrdodz (41)
at .

which merely indicates that the volume changes in
D are due to the fluid flowing through surface T.

The case i = 1 is a bit more complicated but it
illustrates how to proceed in other cases.

Let us consider the combination T4 - gtTu. Equation

- - + . .
43 with ?i = - ¢lz, \Y fi ¢Z becomes,
dar dar
1 4 _
el et Ep T

= - J (wtiz + wzv¢)-HRndedz - J lpt'KRPdedZ . (15)
s r

Bernoulli's equation reads

v = - %—|V¢]2 + gz - %—K on S (46)

and

1l

1 2 D
wt - §»|V¢| + gz - o on T .
The first of Egs. 46 is again Eq. 3, with g, = 0,
rewritten in a form more convenient for present
purposes.

Bringing Eqs. 46 to Eq. 45 and applying Gauss theo-
rem to the solenoidal vector

1 2r
5 1ve|L, - ¢ vo

yields

dar aI
-1 - =4 = -y -
T qu gt 31 L1¢ZV¢ nRrdedz

- g[ 71 _-ARrdedz + E-J Ki_+naRndedz +
ap 2 o Jg 2

+ EJ p_{ ‘BRrdedz .
P p z

The first and last terms in the right hand side of
Eq. 47 are, respectively, the z-momentum flux and

Z component of pressure forces on T . Application
of Gauss theorem to the vector zi, indicates that
the second term is equal to -gly/2, partially can-
celling a similar term in the left hand side. Final-
ly, the third term is the z-component of the capil-
lary pressure on S, which can be expressed as a line
integral along the intersection of S and T by appli-
cation of Green's formula (Ref. 7).

J Ki +ARndedz = j Pd6 + 0dz , (18)
s Z 58

where P and Q are deduced from

o2 _ 39
0

= K
- n_n

z

@

Taking the mean curvature, K, from Eq. 4,

P_n2+ng B
=—x >, Q=

NzNg

i (49)

The line integral in Eq. 47 should be taken such
that the interior of the surface S lies on the left
when moving along 3S.

The other conservation laws follow in a completely
similar way.

7. CONCLUSIONS
Integral Conservation Laws for surface disturbances

in inviscid liquid bridges have been systematically
obtained. Although the aim of the present exercise
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has been mastering the mathematical routine through
the obtention of physically palatable results, the
same technique can be used in more complicated ca-
ses, for instance, when the gravity field, although
still parallel, is no longer time independent in
both intensity and direction.
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APPENDIX I
Derivation of Egs. 20

Let Ey, Vg and V; be respectively the kinetic, poten-
tial and surface energy of a fluid volume, Dps limi-
ted by a free surface n. The total energy of the
system, E, will be:

E=E

" + Vg + VG

1. Variation of the kinetic energy, Ek.
E = 2| |vel%av ,
k 2 D
n
1 2
§E, = J V8¢ vodV + E’f [ve]”sn ndodz .
Dny n
Application of Gauss theorem to the first integral
in the right hand side yields

- ¢ 1 2
8E, = Jn(6¢5E-R + 3 [v$]“snIndedz .

Being ¢ the velocity potential, ¢, particularized
on n,

sp = 86 + Ly,
then

_ 3¢ 1 2 3¢ 3¢
8E,_ = ijsH-Raw + (5.{v¢| - 5y 3o R)énlndedz

and, finally

SE B
k%% o ,
59 n
8B 9 2 9 9%
A R TR

2. Variation of the potential energy, Vg.

vV =-g J v - g J av .
g z Dy X

Following with the time-independent vector
g7 - gxi
Bp%ty T B

the same steps as with ¢V¢ above, we reach

1 2 3¢ 3
§‘|V¢| -4

I. DA-RIVA

3. Variation of the surface energy, Ve

v, = 9—[ Rndedz
p
n
Now the relevant vector is ;, which on the free sur-

fage, n, is related to the mean curvature, K, through
Ven = K (Eq. 4). Then

(2%

o
8n K

©|a

Adding up the several contributions to the total
energy

SE _ 3¢

Y Bn

SE _ 1 2 3¢ 3¢ ., _ 2
s5n 2 |V¢] ~ 3r on R gzZ By * 0 Ko

On the other hand, Eq. 2 indicates that

whereas Eq. 3,

Oy~ _3% _ 3¢
By an N T Bg% T B X T oK T g Ny

from which Egs. 20 follow.
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