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The aim of the present work is to provide an in-depth analysis of the most representative
mirroring techniques used in SPH to enforce boundary conditions (BC) along solid profiles.
We specifically refer to dummy particles, ghost particles, and Takeda et al. [Prog. Theor.
Phys. 92 (1994), 939] boundary integrals. The analysis has been carried out by studying
the convergence of the first- and second-order differential operators as the smoothing length
(that is, the characteristic length on which relies the SPH interpolation) decreases. These
differential operators are of fundamental importance for the computation of the viscous drag
and the viscous/diffusive terms in the momentum and energy equations. It has been proved
that close to the boundaries some of the mirroring techniques leads to intrinsic inaccuracies
in the convergence of the differential operators. A consistent formulation has been derived
starting from Takeda et al.V boundary integrals (see the above reference). This original
formulation allows implementing no-slip boundary conditions consistently in many practical
applications as viscous flows and diffusion problems.

§1. Introduction

The Smoothed Particle Hydrodynamics scheme (hereinafter SPH) is a Lagrangian
model based on a smoothing of the spatial differential operators of the fluid-dynamics
equations and on their subsequent discretization through a finite number of fluid par-
ticles. The smoothing procedure (which is made at the continuum level) is performed
by using a weight function (also called kernel function) with a compact support whose
characteristic length is the smoothing length h. After the smoothed equations are
discretized through fluid particles, the resolution of the discrete SPH scheme is a
function of both the smoothing length and the mean particle distance dx. In this
framework, the (continuous) equations of the fluid-dynamics should be recovered as
both h and dx/h tend simultaneously to zero.?

The SPH simulations in engineering involve usually solid boundary conditions
(BC) for the velocity field and Dirichlet and Neumann type BC for other fields as,
for instance, the temperature. In the SPH framework, these conditions are tackled
in a number of ways: by using boundary forces-type models;” by modifying the
structure of the kernel in the neighborhood of the boundaries;® by creating virtual



particles inside the solid boundary domain through mirroring techniques. This latter
approach is the main focus of the present work.

The need for virtual particles arises mainly from the incompleteness of the ker-
nel close the boundary. Creating those particles produces an immersion of the solid
boundary into a complete kernel region. Note that Peskin’s” immersed boundary
method (IBM) can be seen as a precedent of these techniques. Differential opera-
tors are then evaluated close to the boundary using these virtual particles, whose
properties are obtained from the fluid region through mirroring techniques.

Unfortunately, the consistency of these operators at the boundary has not re-
ceived much attention in the SPH literature. The present work provides a detailed
insight on this topic by studying the convergence of the SPH smoothing and differ-
ential operators when the different mirroring techniques are used. Similarly to the
work of Colagrossi et al.®) who discussed the influence of the truncation of differ-
ential operators close to a free surface, the present analysis has been performed at
the continuum. Incidentally, we underline that at the discrete level the accuracy of
the different approximations of the viscous terms has been widely discussed.®)9)-13)
Notwithstanding that, our analysis shows some new and important results. First, we
prove that intrinsic inaccuracies arise in the evaluation of the SPH differential oper-
ators and, for some mirroring techniques, the occurrence of singularities is observed.
This problem is also relevant at the discrete level. In Colagrossi et al.'¥) and in Souto
et al.,'® the consistency of the mirroring techniques was studied by performing a
series of numerical test cases. That analysis clearly proved the existence of incon-
gruities in the evaluation of the viscous term close to the solid boundaries. Then,
starting from the work of Takeda et al.,") we derived a novel consistent mirroring
technique. This is accurate up to second-order differential operators and, therefore,
proves to be appropriate for flow in which diffusive/dissipative effects play a relevant
role.

The paper is organized as follows: first, the SPH formalism is presented and the
consistency of the first- and second-order differential operators far from the bound-
aries is summarized. The properties of these operators are, then, explored when
acting on fields defined close to a boundary for a class of mirroring techniques widely
used in practical applications. Intrinsic inaccuracies are found in the computation
of these operators close to the boundaries and, for some flows and mirroring tech-
niques combinations, the occurrence of singularities is detected. Finally, the original
consistent formulation is presented and some numerical test cases are performed in
order to prove the relevance of the theoretical findings in actual applications.

§2. Continuous SPH approximation of differential operators

Before proceeding to the analysis, we briefly recall the principal results about
the consistency of the continuous SPH formulation without boundaries. The fluid
domain is £2 = R? and, therefore, its boundary is 942 = ().

Let W (zx; h) be a function depending on i > 0 defined by

W (x; h) = %W (‘%D , (2-1)



where W : R — R is a nonnegative differentiable function such that:
| / W(|w|)dwwd/ W () v, (2:2)
R4 0

and the constant wy represents the volume of the unit sphere in R?. We also assume
that the function

1 .-
F(r) = =W/ (r), (2:3)
is bounded and nonnegative for r > 0 and that:
sup W (r), suprW’(r), are finite for any « > 0. (2-4)
r>0 r>0

This amounts to saying that W and its derivative decay at infinity faster than any
polynomial function. This condition is satisfied if, for instance, W is a Gaussian
function or has bounded support. Note that

VaW (x;h) = —# F(%) x. (2:5)

In the following we denote by u () a smooth scalar field on R¢.
e The continuous SPH approximation of the velocity field u through the kernel
W is defined as:

(u) (x) := / u (2 )W (x —a'; h) da’. (2-6)
Rd
This expression implies (see, for instance, Colagrossi & Landrini'®):

(u) (x) = u () + O(h?). (27)

e Partial derivatives 0., u are approximated by:

(O, u) (x) = /Rd u (") 0y W (x — a'; h) da'. (2-8)

This formula is equivalent to (2-6) since the hypotheses made on the kernel
ensure that:

(O u) () = Oy, (u) (x) = — /Rd u (') 8m;€W (x —a';h) de
= [ O u()W (x—a';h)de,
Rd Tk

by integration by parts. However, note that (2-8) makes sense even if the
partial derivatives of u are not well-defined. It follows (see, for instance, Hu &
Adams'™) that:

(D) (@) = Doy + O (H2) (29)



e The approximation (Au) for the Laplacian of a function is seldom used. Instead
of it, the following formula due to Morris et al. (M)? and Espanol et al.'®) is
preferred in the SPH framework:

(' —x) - VoW (&' —x; h)
(Au)y () = 2/

2 [u(2') —u ()] da’. (2-10)

/

R4 |/ —x
As proved in Espafiol & Revenga,'® it follows:
(Au)y () = Au(x) + O(R?). (2:11)

Again, note that no a priori assumptions on the smoothness of u have to be
made in order to define (Au),;.

e Finally, let us recall the approximation of the Laplacian of the velocity field
u = (uy, ..., uq) introduced by Monaghan-Cleary-Gingold (MCG)? for incom-
pressible flows:

(Au)yoq () = 2(d +2) / & —2) (u (ch)z_ u(@) VoW (&' —x;h) da'.

R4 |x’ — x|
(2-12)
If the velocity field is unidirectional and only depends on the last variable zg4,
i.e.
’U,(il?) - ('U/(.Td) 707"'70) ) (213)
then the field (Au)y. is of the form:
(D) — ((Aulies 0,0 (2-14)

(for details, see identities (B-3a), (B-3b), (B-4) in Appendix B). This means
that only its first component is not identically zero. Therefore, given a smooth
scalar field u depending on the variable x4, we shall make a slight abuse of
notation and write

(Au)yeg = (Duyiog (2:15)
where u is the velocity field defined by (2-13).

Next, we recall the consistency properties of these approximation schemes. For
the sake of simplicity, we show them for functions u (x) = 2%, p = 0,1, ... depending
only on the last variable.

1. For p = 0, 1 the approximation (u) is exact:

(1y=1, (xq) = 24, (2-16)
while for p > 2,
(ah))y = ab + O (h?). (2:17)
2. The approximation of the partial derivative (9, u) is exact for p < 2:
(O, 1) =0, (Oy,wq) =1, (0y,23) = 224, (2-18)

while for p > 3 we have:

(Opy2h) = pacfl_l +0 (h2) ) (2:19)
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Fig. 1. Unidirectional vector field.
3. The approximate Laplacian is exact for polynomials of degree p < 3 (see Espanol
& Revenga'®)):
(Alng =10, (Do =0 (M), =3, (Aag)h, =6y (2-20)

while for p > 41: ‘
Axh, pp—1)222+0(h?). (2-21)
aiM 4

4. Note that the unidirectional field (2-13) is divergence-free. Then, as proved in
Hu & Adams,'? if u (z4) = 2% is a polynomial with p < 3

<A:E§>MCC = <A.’L‘§>M = A.’L‘g =p(p-—1) :1:2_2, (2-22)
while for p > 41
(Aiffﬂ>M(_:e = (A} m O () =pp-1) 5”{;._2 HO (1?). (2-23)

§3. Analysis of the mirroring models

The most representative mirroring techniques in SPIT are: rows of fixed (bound-
ary velocity) dummy particles (U OM),S) ghost particles with antisymmetric mirroring
(ASM)'%:19 and the Takeda et al.V) imaginary particles. For completeness, we add
to these ones the symmetric mirroring technique (SSM) which is generally used to
mirror the tangential velocity when free slip boundary conditions are imposed.'®)

For the sake of simplicity, we consider unidirectional velocity fields w () defined
in the upper-half plane

RY = {(:B’,md_) eR?:ay > 0},
that are infinitely differentiable and that satisfy a no-slip boundary condition on
Rg : 8]1%”; {(aﬁ",O) x’ e Rd_l} ;

The fact that E)R”ﬁ is a planar boundary is far form being overly restrictive. In fact, a
regular solid surface can be approximated with its tangent plane in the neighborhood



of the fluid particle for A < 1. In this framework, the tangent plane can be identified
with Tq — 0.

This class of velocity fields appear in a number of canonical problems in different
physical contexts as, for instance, unidirectional incompressible fluid flow (Couette,
plane Poiseuille, etc.). Note that heat conduction problems also fit this framework
by replacing the velocity with the temperature field.

In general, such a velocity field has the following form (see Fig. 1):

u(x) = (u(zg),0,...,0). (3-1)
We assume that u (x) satisfies the boundary condition:
u (2/,0) = (u(0),0,...,0) = (Ug,0,...,0),

where Up is the boundary velocity magnitude and, close to the boundary inside the
fluid domain, the component u has the form:

u(wg) = Up + a12q + aza] + .... (3-2)

The mirroring techniques we deal with produce an extension @ (x) of the velocity
field u (x) to the whole space R, Here, we analyze the action of the continuous
SPH approximation of the differential operators introduced in §2 on these mirrored
(extended) velocity fields. Due to the specific form of the velocity fields, this cor-
responds to an extension of the scalar function u (x4), defined only of the half axis
xq > 0, to a function % (r4) defined on the whole real line R. The linear character
of the differential operators considered here, allows us to study independently their
action on each of the summands in the expansion (3-2).

All the mirroring procedures have the property that the constant profile u (z4) =
Up extends to RY as U (xq) = Up. Therefore, in view of the considerations made in
82 we deduce that:

@) («',0) =u(0) = Ug,

and
(0,) (2, 0) = (AT)y (2',0) = (AT)ypoq (27,0) = 0.

Note that the mirroring techniques extend a continuous function on Ri to a con-
tinuous function on R%. Therefore, the SPH approximations () and (9,,7) to
(which is continuous) and 9,7 (which may present discontinuities) respectively, are
always smooth functions on R?. On the other hand, the SPH approximations to the
Laplacian of @, (A%w),; and (A%)y;cq are of the same order of differentiability of @.

Finally, in order to lighten our writing, we introduce the following h-independent
constants that will appear repeatedly in the rest of the article:

Mot [ Py (33)

My [P (i) d. (34)

RY
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Fig. 2. Constant extension UOM.

7y i [ yal W (1)) dy,
Tﬂid

;
Koy 1= [ d
Jrd |y

Note that Cy = 1 and K3 — 1/2(d + 2).
3.1. Constant extension (U0M)

Define the constant extension of u as (see I'ig. 2):

e s | mdm) #ig B0,
e { Up 24 <0.

2
y |
+F (ly|) dy.

This technique is usually referred to as the Dummy Particles (DP) method. Tt
is simple to implement and has been used, for instance, by Monaghan® for modeling

a transient Couette flow.

Since the funection u () only depends on x4, we obtain the following expression

for the boundary values of the different SPH approximations:

@) («,0) = f

d
R+

o 1 ;
{On, 0} (2, 0) 7 [/d w(hya) ye I (|y]) dy — Ug M,
I G R+

- M,
(A (2,0) v} [/ u(hya) P (Jy]) dy — Us—-
| JRe 2

h?

_ 2(d+2 Yo
(Ao (2,0) = 22 |:/Rd u (hya) jllz F(ly|) dy — Ug

|2

w(hya) W () dy + 2,

My

2 |

(3.7)

(3-10)



Details on the derivation of these formulas are given in Appendix B.1. Note that
(Op,w) =0if k # d.

Consider a general polynomial profile u (x) = Up + 2!, with p > 1. The following
expression holds:

~ C
(u) (:c',()) =Up +hp/Rd yﬁW(|y|)dy =Up +hp7p.
+

Using the identities (A-5), (A-6), (A-7) in the Appendix A and the fact that all
differential operators are linear (and therefore, (9,,@) («',0) = (9.,2) («',0) +
(0,,Ug ) (x',0) = (0,20 ) (x',0)), we obtain:

_ _1pChH_
On) a0 =00 [ (gl dy — o L
+
2M; h7t, forp=1,
(A0 (2',0) =207 [ P (lyl) dy — L for p — 2.
RY =2 (p—1)Cp_p, forp>2.
yays
(e (@,0) =2 + 2072 [ () dy
+

2(d+2)Kih™!, forp=1,
= 1, for p =2,
hP=22(d+2) K, forp>2.
3.2. Antisymmetric extension (ASM)
Next we consider the antisymmetric extension of u defined as (see Fig. 3):

{ u(x) xg >0,

2Ug —u(x',—xg) x4 <0.

This is the most widespread method to implement the solid BC. In the SPH
literature it is generally referred to as the ghost particles (GP) method (e.g. 16),
19),20)). The expressions for the boundary values are:

<ﬂ> <$I7 O) — UBv (311)
Ou) ,0) = 7 [ ulbwavar (o) dy= 222 (312)

and
(Aw)y (2,0) = (AT) o (2/,0) = 0. (3-13)

We again refer to Appendix B.1 for a justification of these results.
The polynomial profiles u (x) = Ug + 2%, p > 1, behave as:

<ﬂ> (il?l, O) =Usp,
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Fig. 3. Antisymmetric extension ASM.

(0r) (a0) =201 [y E () dy

}
=k 1p /Rd lyal”™" W (Jyl) dy = h*~"pC,p_1,
R
(the last equality follows from formula {A-7) in Appendix A) and
() (e, 0) = {800 [&,0) = 0.

3.3. Symmetric extension (SSM)

In this section we deal with the symmetric extension of u defined as (see Fig. 4):

() : { u (@) xq > 0,

w(zx', —xg) x4 <0

This procedure is used to enforce a [ree-slip boundary condition along solid
boundaries and, further, is widely applied to mirror the density and pressure fields.!6
Then, for the sake of completeness we include its analysis.

The corresponding formulas for the boundary values are (see Appendix B.1):

() («,0) = 2/w u(hya) W (|y]) dy, (3-14)
(0r,1) (',0) =0, (3-15)
2
(Amyy (2,0) 5 [2 /Rd u (hya) I (|y|) dy —UBMO] : (3-16)

o 2(d +2 yi UpM _
(Moo (@,0) = 2812 {2 [, ueu) (o) dy == ] (3:17)
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Fig. 4. Symimetric extension SSM.

If w(x) = Up + 2% with p > 1, we obtain, using identities (A-5), (A-6), (A-7) in
Appendix A, the following results:

(m) («',0) = Ug + 2hP /d yﬁWﬂy{)dy = U +hPC,
JRd

{8 (e D =T

() (a.0) =40~ | 4P (i) dy
) |

AMy h1, forp=1,
= 2, I'Or p = 2’
}5?3_22 (p — l) Crp_z, for P > 2.

4(d+2) K1h!, forp=1,
(AT poe (2,0) 2, for p = 2,
hP=24(d+2) K, lorp>2.

3.4. Takeda et al.V extension

We define the Takeda et al.!) extension of a function u (24) by:

u () ’ 5 > 0,

.
W 8d) = %y g

S (U(wd)*UB)éJrUB 2g <0,
where 24 > 0 and 2/, € R. Note that this extension procedure is slightly different
[rom those previously discussed. Indeed, it associates to each point x4 in the fluid
domain an extended field @ (a/,, x4) defined for 2/, € R and the extension actually
depends on the point 4. Figure 5 provides an illustration of this procedure.
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Fig. 5. Takeda et al.t) extension.

As done before, let u (24) — 2% 4+ Up with p > 1. Clearly, we have:

s { (:g:fi)p Fip a0

— !
T (ah, 24) 1= d
( Gee o ah s ol <40

Note that for p = 1, we have @ (2}, x4) = 2, + Ug. Now, for p > 2,
@ &,0) = U 117 [ of7 (o) dy:
}
The expression for the derivative is the following:
(00,7 (a/,0) = ! / W5HF (1)) d
Concerning the Laplacian, we obtain:
(AT (@,0) 272 | 5P (wl) dy,
RY
and
(Ao (.0) 2@ +2)07 | il L o)
Then, using the identity (A-7), we conclude that Lh(, bouudcu y values take the fol-

lowing form:
Ug for p — 1,

@) (z',0) = C
(D) Up+h=L forp>1,

1 for p —1,

(O} (',0) = { Jp—1 PCp-1
2

forp>1,



Table I. Summary of the results of §3.5.

Mirroring— UM ASM Takeda et al.?)
P P P
Operator | | 0 1 2 >3 0 1 2 >3(0 1 2 >3
(u) Ug Ug+h Ug+h> Ug +h?|[Ug Ug Ug Ug [Ug Ug Ug+h®> Ug+h?
(D21 0 172 h Pt o 1 A R0 1 h Pl
{Audy 0 1/h 1 w2 1o 0o o oo o 1 hP 2
(Auypyoq | O 1/R 1 P2 o 0o 0o o0 [0 o 1 hP—?
Mirroring— SSM exact
P P
Operator | 0 1 2 >3 0 1 2 >3
(u) Us Ust+h Ug+h® Us+h? | Us Us Us Us
(D 1) 0 0 0 0 0 1 0 0
{Auyy, 0 1/h 2 hP 2 0 0 2 0
{(Audysoa 0 1/h 2 hP—? 0o 0 2 0

Table II. Results with the alternative formulation.

Mirroring— Alternative Takeda exact
P P
Operator | 0 1 2 >3 0 1 2 >3
(u) Us Us Us+h® Us+h?||Us Us Us Us
Do 4) 0o 1 h RPT 0o 1 0 0
(Au)py 0 0 2 hP—2 0 0 2 0
(Aw)yoa 0 0 2 hP2 0 0 2 0

. / . 0 for p =1,
(Atu)yy (f'“’ 70) - { hP=2(p—1)Cp_a for p>1,

. ; - 0 for p =1,
(AT) e (2,0) = { hP=22(d+2)K, forp>1.

3.5. Summary of results

A summary of the results obtained in the previous Sections for a velocity field
of the type:
u(z) = (Ug +25,0,..,0), 24>0,

as xq approaches the boundary x4 = 0 is presented in Tables I and II. We highlight
the following facts:

1. All the mirroring techniques considered in the present work are consistent in
the sense that the exact boundary value of the velocity field is recovered as the
parameter h tends to zero.

2. When a linear field is mirrored by means of the UOM and SSM models, the
boundary values that are obtained for the second derivatives are divergent as
h approaches zero. This means that they are inadequate for modeling viscous
flows. The reason for this singular behavior is that both the UOM and SSM ex-
tensions of a linear field have a discontinuous first derivative. As a consequence,
their second derivatives produce delta functions concentrated on x4 = 0.



3. The ASM model gives second derivatives that are null at the boundary, regard-
less of the velocity field considered. This is due to cancellation properties in
the integrals defining the SPH approximations and are a consequence of the
symmetry of the kernel.

4. The same reasons are responsible for the lack of accuracy on the computation of
the first derivatives of a linear field extended by the UOM and SSM techniques.

5. Takeda et al.V) provides similar results to ASM model with the very significant
difference that boundary value of the second derivative of a quadratic field is
not null and equals half its exact value.

6. The results obtained using the MCG viscous term do not present any significant
difference with M term ones.

7. Each mirroring technique that produces an extension that is twice differentiable
produces satisfactory results for differential operators of order at most two.
Anyway, note that this approach is very expensive from the computational
point of view.

§4. A novel consistent formulation

In view of the results presented in the previous section, it is clear that none of
the considered mirroring techniques allow the first- and second-order SPH operators
to converge towards the correct solution when the velocity field has the form (3-1).
Anyway, note that the Takeda et al. approximation is consistent up to order one and
only fails to give the correct value of the SPH Laplacians on polynomials of order
two by a constant factor. A natural way to put remedy to this flaw is to properly
renormalize the differential operator. Then let us consider the following functions:

Inig (2g) = % (AT) (2, 24)

1

Invica 2 () = > (AT \1oq (2, 24) -

In the above expressions, T stands for the Takeda et al. extension of the quadratic
field v (xq) == :E?l 4 Ug. Recall that:

2 /
iy @) +Us 2, >0,
v <md’md> - { xzqrl, +Us 2, <0,

and, for instance:

1
Ly (2q) = 2 [/ o (g + hya)* F (|y|) dy
Yq-=—x4g

1
vaa [ =) Pal)dy ot [ F(al)dy] = o RGah),
ya<—zq/h Rd

where the remainder R (xq,h) = h™lxzg fyd>—md/h yaF (|y|) dy tends to zero faster
than any polynomial as h — 0.



Note that
1
L2 (0) = Lvcg 2 (0) = 5

We can therefore define the modified Laplacians:

(Au)y (2, 2q)
Lo (2q)

(AU (&, 2a)
Lyvica,2 (2q)

(M) (2, 2q) =

(AT gy (2, 24) =

which clearly satisfy:
(AT)y (2, 0) = (AT (2,0) = 2,

as desired. This result is of great importance since the novel formulation proposed
here, being consistent, allows a correct implementation of the no-slip boundary con-
ditions in those problems where the viscous or diffusive terms play a determinant
role. Hereinafter the consistent formulation will be named Renormalized Takeda
formulation.

§5. Pouseuille flow

The steady plane Poiseuille flow can be described in R? by the mathematical
expression (see Batchelor?D):

Auy) — %, (5-1)

where u is the first component of the unidirectional velocity field v = (u,0), VP
is a constant pressure gradient that drives the flow between the two parallel plates
towards the increasing x; values and p is the dynamic viscosity. The boundary
conditions used for this case will consider Up = 0 for simplicity. The parallel plates
will be set at z5 = 0 and x> = 1 consequently the boundary conditions can be
expressed as:

The solution to this problem for a pressure gradien
expression:

t, VTP = —2, is given by the

u(xa) = x2(l — x32). (5-2)

The Pouseuille flow is a sufficient paradigmatic example that presents enough gener-
ality and contains the inconsistencies detected in the formulation described before.
The solution of a Pouseuille flow is a superposition of a linear velocity field (p = 1)
plus a quadratic velocity field (p = 2).



Constant extension (UOM) Constant Extension (UOM)

AU 7 h
Fig. 6. UOM extension. Left: Laplacian of (5-2). Right: dependence on h of the Laplacian at the
boundary.

5.1. Laplacian of the velocity field for a Pouseuille flow

Here we check how well the Laplacian of the analytical solution (5-2) is ap-
proximated when the mirroring-techniques described in the previous sections are
adopted. Similar calculations have been already performed in Souto et al.'®) for the
linear Couette flow and for a quadratic field, but in that work the evolution of the ki-
netic energy was the only variable monitored for the Pouseuille flow. The Laplacian
has been evaluated at 200 equidistant points in the interval [0, 1] and the parameter
h is varied.

Figure 6 displays the Laplacian of (5-2) when the UOM extension is used. In the
left panel, the exact result, that is Au = —2, is recovered far from the boundaries
while the solution diverges as h decreases. To better inspect the dependence of
Laplacian on the parameter h, the right panel show the Laplacian at the boundary
(that is, at x5 = 1) using the logarithmic scale. Consistently with the summary
shown in Table I, the behavior shows a 1/h dependence.

In Fig. 7 all the other possible extensions have also been plotted. The ASM ex-
tension reproduces the correct value in the inner domain but it presents an incorrect
zero value at the boundary. The SSM extension suffers from the same inconsistency
shown by the UOM formulation. The Takeda extension reproduces the correct value
in the inner boundary but it fails near the boundary where it goes to —1 instead
of —2. Finally, the Renormalized Takeda formulation is able to reproduce the cor-
rect value in the whole domain. All these results are in good agreement with those
presented in Tables I and II.

5.2. Numerical simulations of Poiseuille flow

In this section numerical simulations will be used as a “cross checking” for the
theoretical conjectures shown before. A time dependent plane Poiseuille flow can be

described in R? by the mathematical expression, see:2V
ou(xo, t

where p and u are the fluid density and fluid viscosity respectively.
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Fig. 7. Laplacian of (5-2) for the different extensions: ASM, SSM, Takeda et al.? and the Renor-
malized Takeda extension.

Equation (5-3) has been discretized according to the standard SPH formulation
in the physical interval [0,1]x[0,1]. Two error sources will be present in the follow-
ing calculations:? first, due to the use of a kernel smoothing function and second,
coming from the evaluation of integrals as finite sums. Time integration has been
performed using a Leap-frog second order scheme?? and the selection of the time
step has been based on the viscous diffusion and acceleration terms.??) Periodic con-
ditions have been implemented for the inflow and outflow boundaries. For top and
bottom boundaries UOM, ASM and SSM extensions have been imposed after every
predictor and corrector loop, while in the Takeda extension the boundary conditions
are imposed locally in the viscous force calculation loop. Under the assumption that
the flow is horizontal, the discrete SPH form of Eq. (5-3) is (see Basa et al.29)):

duig,
dt
where the subscript a refers to the particle that carries over the considered property

and IT, represents the viscous interaction. The kernel will be a normalized Gaussian
kernel with a support of 3h:23)

— VP, + 1, (5-4)

2
_ab
e hn?

W (rap, h) = ¢ 172 when  rg < 3h (5-5)

0 otherwise,




where h is the smoothing length, 74, = 7, — 7 and rq = ||7es|| is the Euclidean
distance between the two particles. Here, the Morris viscosity model (M)? has been
used. If the viscosity is constant and a Gaussian kernel is used (see Eq. (5-5)), the
term ITM has the form:

dumy W
I = = 3 melL VW = — Y =2y, (5-6)
bEN, ben, Pal®

in which m is the mass, vap = uq — usp, b is an a neighbor particle, V,Wy4 is the
gradient of the b-centered kernel with respect to the coordinates of particle a and
N, is the set of particle a neighbors.

In each simulation the parameter h is varied while the ratio dx/h is kept constant
(dx/h = 1/40). The values used for the h parameter are h = 10/512,20/512,40/512
(UOM and ASM) and h = 40/512,80/512,160/512 (Takeda and Renormalized Takeda
formulation). The stopping criteria used to quit the simulation is:

max{u; ™! — g} <107, (5:7)

K2

where uf is the velocity value of the fluid particle ¢ at the time step k.

The equation has been simulated in time until the stopping criteria is reached or
12000 time steps are completed. The steady state is reached when the pressure gradi-
ent is balanced with the viscous force for all fluid particles. The initial velocity used
for the fluid particles is equal to the exact analytical solution u®(xg) = —%%2(1—%2)
in the interval (0, 1) and no particle row is set either at 9 = 0 nor at 2 = 1. In
the following simulations the values of the pressure gradient and dynamic viscosity
were: VP = —9.8 and p = 0.744.

When the UOM extension is used, the viscous force calculated according to the
Laplacian operator has a strong 1/h dependence near the boundaries (see Table 1
and Fig. 6). As a consequence, the viscous force felt by the fluid is not computed
correctly as h varies. Let us denote by uf and (Au*), the velocity and the Laplacian
of the velocity at the k-th time iteration for the particle closest to the boundary
respectively. At the zeroth time step, the Laplacian of the exact solution is evaluated
at the boundary and, consistently with the results highlighted in Table I, gives a
constant expression plus an extra term f that depends on 1/h and acts on the
boundaries as a driving shear force, see figure 6 for a better comprehension of the
1/h dependence.

VP

(Auo)b = 2

+/, (5-8)

where [ = #%.

Assuming u = 0, this spurious force f creates a local acceleration near the
boundaries that increases the local velocity near the boundary as:

P 1 M
up = up + At (—VP + VT + uf) = —AVP (5 + f) — el (5-9)
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Fig. 8. (color online) UOM extension. Velocity profiles for different values of the parameter h at
xzy — 0.5, right: full picture, left: zoomed view in the neighborhood of 3 =1 (green line).

This extra velocity uzmtm" is confined near the boundary and prevents the exact
analytical solution to verify the discretized equation. At the next time step, a dis-
continuity at the boundary caused by the extra velocity uf™”®" and the zero extended
field is present. This type of discontinuities are not included in this paper. However,
calculations similar to the ones performed in §3 reveal that the Laplacian of such
a velocity field gives an extra term at the boundary that is equal to Mg'u,zmtm’l 1h2,

Denoting this term by g, at the first time step we get:
(VP
(Aut), ()(

20
Consequently the next time step, the velocity variation at the boundary is:

) O (5-10)

du VP . "

— | ==VP+0O{— | +u(O(f)+9). (5-11)
dt /. 2

To obtain the stationary state all forces must be balanced. This requires that the

driving forces —VP + O(%) equilibrate the opposite viscous forces p(O(f) + g).

As a consequence, when the stationary condition is attained, a residual velocity is

accumulated near the boundaries. This velocity u§™" ™ has to satisfy:
Mouy {=VP M,
> Q o -VP—|. 512
K h2 2 T h oLt

This means that when the steady state is reached, a slip velocity u;""*™ ~ O(h) |
O(h?) remains as an error in the stationary state. Remarkably, the inconsistency
due to the UOM extension has been removed thanks to the presence of the extra
friction term g and the residual velocity u;*"*" tends to zero when the smoothing
length h decreases.

In FFig. 8 the velocity profiles for three different values of h interpolated at the
middle line 2; = 0.5 are shown near the boundary x3 = 1. The h dependence of the
velocity profiles can be observed when this kind of extension is used, as h is increased
the velocity value is greater at xz = 1.



Analogously when the SSM extension is used, the viscous force has also a strong
1/h dependence near the boundary. This causes that the pressure gradient is not cor-
rectly balanced specially near the boundaries where the velocity values over-predict
the expected zero value. As before, the result of the first Laplacian applied to the
exact solution is a constant expression plus an extra term f that varies as 1/h where
the boundary is extended and acts as a driving shear force. This force will create an

extra velocity uzmtm’l. The SSM extension will produce an extended field that will
approach uzxtm’l at both sides of the boundary. Consequently, no discontinuity is

produced at the boundary and there is no balanced force g = 0. As a consequence
the velocity grows without convergence and the non-slip boundary condition is lost
in the process. Therefore, the SSM extension it is not a suitable approach in order
to enforce this boundary condition.

When the ASM extension is used, the viscous force has no dependence on 1/h,
and it is just incorrectly calculated at the boundary where it value goes to zero. The
result of the first Laplacian applied to the exact solution is a constant expression
that tends to zero where the boundary is extended,

(Au®)y = 0. (5-13)

Due to incorrect calculation of the Laplacian the pressure gradient is not balanced
near the boundary by the viscous force. Assuming ug = 0, the lack of friction near
the boundary creates a local extra velocity u®"®! as:

up = u) — AtVP = uf"r !, (5-14)

Similarly to the UOM case, uzxtm’l is confined near the boundary and does not allow
the exact analytical solution to verify the discretized equation. In the subsequent
time step, a discontinuity generates at the boundary between the extra velocity

us™ ! and the asymmetric extended field. The Laplacian of this extra field g is
proportional to Moflhfmm’1 /h2.

(Au')y = (Au)y + (Au"?), = g. (5:15)

Consequently the next time step, the velocity variation at the boundary is:

d M, extra,l
(d—?> — VP + % (5-16)
b

To obtain the stationary state the forces —VP and pg must be balanced. As a
consequence, the presence of a slip velocity uiztm’" is necessary to produce a force g
that acts in the opposite direction to the driving shear —V P, creating a local friction
that equilibrates the global momentum. As a result when the stationary condition
is obtained a residual velocity is always accumulated near the boundaries. At the

equilibrium state, this velocity uiztm’" should be as

\VA 2 ueztra,n
YE_ W
I h?

M. (5-17)
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Fig. 9. (color online) ASM extension. Velocity profiles for different values of the parameter h at
z1 = 0.5, right: full picture, left: zoomed view in the neighborhood of o =1 (green line).

extra,n

This means that wu, ~ O(h?) remains as an error in the stationary state.

In Fig. 9 the velocity profiles for three different values of h interpolated at
21 = 0.5 are shown. If we zoom the velocity profiles near the boundary we can
observe that they have a h? dependence when the ASM extension is used.

When Takeda’s extension is used, the result of the first Laplacian applied to the
exact solution is a constant expression that tends to one, see Table I,

(Au), = Z—i. (5-18)

Assuming ug = 0, the lack of friction near the boundary creates a local extra velocity

as:
s ~_extra,l
U .

I
In the subsequent time step, a discontinuity occurs at the boundary between uimtm’l
extra,l

and the extended field. The Laplacian of this spurious field at the boundary u; ,

denoted by g, is proportional to Moug™" "' /h?

up = u — AtVP + At (5-19)

(D) = (Ba)y + (L), — o(Z—f) 1y (5.20)

Consequently the next time step, the variation of the velocity at the boundary is:

du VP
— ) =-vpP - . 21
(dt)b A\ +O< 5 >+ug (5-21)

To obtain the stationary state the forces —VTP and pg must be balanced. This
requires that the force pg is opposite to the driving shear V—QP and creates a local
friction that equilibrates the global momentum. As a result when the stationary
condition is attained a residual velocity is always accumulated near the boundaries.
This velocity u;*"*"™ should be as:

vP ule)ztra,n

TR M. (5-22)
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Fig. 10. (color online) Takeda extension. Velocity profiles for different values of the parameter h
at x1 = 0.5, right: full picture, left: zoomed view in the neighborhood of x2 = 1 (green line).
The velocity values out of the fluid domain are not representative due to the local character of
the boundary condition.

extra,n

Similarly to the ASM extension, this means that u, ~ O(h?) and remains as an
error in the stationary state.

In Fig. 10 the velocity profiles for three different values of h interpolated at
x1 = 0.5 are shown. It must be taken into account that the velocity values out of
the fluid domain are not representative due to the local character of the boundary
condition.

Finally, if the Renormalized Takeda formulation is used, the result of the first

Laplacian applied to the exact solution is VTP everywhere.

(D), = 2 (5-23)
7
which balances exactly the pressure gradient in all the fluid domain. The differential
equation is well solved and the boundary condition matches for all h values, see
Fig. 11.

This example permits to show that most of the extension (UOM, ASM and
Takeda) present a h or a h? dependence when they are implemented. Consequently, it
seems that the damage is restricted to areas of size h in the vicinity of the boundaries.
A problem of order A is not always a small problem in SPH, due to the fact that in
many situations a distance h contains a number of particles ~ h/dx where wrong
fluid mechanics is performed. The Renormalized Takeda formulation eliminates the
h dependence and the velocity profiles match the expected boundary conditions.

§6. Flow past a circular cylinder

Here we analyze the evolution of the flow past a circular cylinder and compare
the results obtained by using the various formulations and mirroring techniques
studied in the previous sections. In all the cases, Re = UD/v = 200 (D is the
cylinder diameter, U is the incoming velocity and v is the kinematic viscosity) and
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Fig. 11. (color online) Renormalized Takeda extension. Velocity profiles for different values of the
parameter h at x; = 0.5, right: full picture, left: zoomed view in the neighborhood of s = 1
(green line) . The velocity values out of the fluid domain are not representative due to the local
character of the boundary condition.

Table III. Flow past a circular cylinder: comparison between the Renormalized Takeda formulation
and the experimental and numerical results available in the literature (Re = 200).

Cp CrL St
Weiselsberger®® (exp.) 1.28 - -
Wille?” (exp.) 1.30 - -
Henderson®® (num.) 1.36 - -
Zhan et al.?® (num.) 1.41 - -
Ng et al.?® (num.) 1.373 £0.05 0.724 -
Lecointe & Piquet®” (num.) 1.46 £ 0.04 0.70 -
Braza et al.*? (num.) 1.40 £ 0.05 0.75 0.20
Willamson®» (exp.) - - 0.197
Roshko®® (exp.) - - 0.19
Kovasznay® (exp.) - - 0.19
spatial resolution: D/dx — 20 40 80 20 40 80 | 20 40 80
Renormalized Takeda 1.31£0.03 1.454+£0.05 1.48+£0.05|0.48 0.65 0.69(0.21 0.21 0.21

we consider only the Laplacian formula of Monaghan et al.®) (see formula (2:12)).
The adopted numerical scheme is described in detail in Marrone et al.2) while the
boundary conditions used to model inflow and outflow are defined in Federico et
al.?) The circular cylinder is placed at 3D from the inflow, at 13D from the outflow
and at 5D from the side-boundaries. Along these, free slip conditions have been
imposed.

Figure 12 shows some snapshots of the flow evolution around the cylinder during
one vortex shedding period. Both stream and vorticity lines are displayed and the
simulation has been performed using the Renormalized Takeda formulation described
in §4.

To make the analysis more quantitative, Table III provides the drag and lift
coefficients (C'p and C7f, respectively) and the Strouhal number St predicted by nu-



Fig. 12. Stream lines and vorticity contours around a circular cylinder for Re — 200 (D is the
cylinder diameter and 7" is the vortex shedding period). The Laplacian of the velocity field has
been modeled using the Renormalized Takeda formulation.

merical simulations and experimental measurements available in the literature for
Re — 200. These are compared with the results obtained by using the Renormal-
ized Takeda formulation for three different spatial resolutions. This analysis shows
that the novel formulation rapidly reaches converged values for C'p, (', and St and,
[urther, that these values are in good agreement with those available in the literature.

With respect to the Renormalized Takeda formulation both the UOM and ASM
technigues show some inaccuracies. Specifically, the UOM technique underestimates
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Fig. 14. Minimum separation angle as predicted by using the Renormalized Takeda formulation
(left panel) and the ASM mirroring technique (right panel). Here, D/dxz — 80.

both the drag and lift coefficients (see Fig. 13) and, therefore, seems to be less accu-
rate in the prediction of the global loads and global quantities in general. Conversely,
the ASM technique shows some inaccuracy in the description of the local features of
the flow. For example, it tends to underestimate the minimum separation angle (see
Fig. 14). Wu et al.*® predicted this angle to be around 107 degrees (both exper-
iments and numerical simulations were performed) while the simulations with the
ASM technique shows an angle of about 99 degrees. In this case, the angle predicted
through the Renormalized Takeda formulation is around 109 degrees and, therefore,
is in good agreement with the results of Wu et al.®



§7. Conclusions and future work

A rigorous mathematical description of the effect of extending unidirectional
velocity fields by mirroring techniques to impose no slip boundary conditions in SPH
has been presented. The analytical extension has been performed by using the most
representative mirroring techniques, namely dummy particles, ghost particles with
symmetric and antisymmetric velocity mirroring and the Takeda et al.) boundary
integrals. The behavior of the most common operators (function approximation,
gradient and Laplacian) of the SPH continuous approximation of the fluid mechanics
equations have been analyzed using a general differentiable flow field. On the basis of
the fact that the exact representation of the SPH operators should be recovered when
the smoothing length parameter h tends to zero, the dependence of these results on i
has been studied. According to the calculations performed, the following conclusions
can be drawn:

1. The SPH approximation of the velocity fields is consistent in all the extensions.

2. Inconsistencies in the SPH integral representation of the differential operators
(gradient and Laplacian) have been found for linear and quadratic fields near
the solid boundary. Such inconsistencies are caused by the extension of the
velocity field to the whole domain which creates a point at the boundary where
the first and/or second derivative are not well defined. For some combinations
of flow fields and mirroring techniques, they can appear either as incorrect val-
ues on the evaluation of those operators (average value between discontinuous
derivative at both sides) or as singularities (presence of Dirac delta functions
at the boundary). These results do not depend on the viscosity model used. As
a consequence, this means that in some cases there is no convergence towards
the exact equations as the resolution and the number of neighbors are simulta-
neously increased in the numerical computations (e.g. Colagrossi et al.'¥ and
Souto et al.!?))

3. The Renormalized Takeda extension permits a consistent redefinition such that
all the operators converge towards the correct values. This original result shows
that in those problems where the Laplacian operator plays an important phys-
ical role, a consistent implementation of the no-slip boundary conditions is
possible.

The theoretical inconsistencies summarized above are the main cause of the inac-
curacies observed in the numerical test cases of §85 and 6. This further proves the
relevance of the present study for practical applications of SPH schemes.

Acknowledgements

The research leading to these results has received funding from the FEuropean
Community’s Seventh Framework Programme (FP7/2007-2013) under grant agree-
ment n225967 “NextMuSE” and from the Spanish Ministry for Science and Inno-
vation under grant TRA2010-16988 “Caracterizacién Numérica y Experimental de
las Cargas Fluido-Dindmicas en el transporte de Gas Licuado”. This work was also
partially supported by the Centre for Ships and Ocean Structures (CeSOS), NTNU,



Trondheim, within the “Violent Water-Vessel Interactions and Related Structural
Load” project. All the authors want to thank Dr. Antonio Souto-Iglesias for the
valuable discussions and ideas during the development of this work.

Appendix A
Integral Identilies

1. By symmetry, since F' is a radial function,
[ o rshay o (A1)

for any function ¢ such that ¢ (y1, .., Yk, .-, ¥a) = —¢ (y).
2. Another useful identity is the one concerning the second moments of F (|x|).
By definition,

o F (|2]) = =0, W (|]) (A-2)
and integration by parts gives:
[ atr(ahde = = [ 20,17 (e de 1 (A3)
R R
therefore, summing over k we get:
/ lz|? F (||) dx = d. (A-4)
R4

3. Now, we compute the moments of F (|z|) on the half-space RY. After using
(A-2) and integrating by parts, we find that the first moment is given by:

/ :EdF(|ZlZ|)dilZ/ W (|2'|) da'. (A-5)
R4 RE
+ 0
In view of (A-3) and the radiality of the integrand, the second moment equals:
1
/ A (el de = (A-6)
d

R+
Finally, combining (A-2) and integration by parts, we have for p > 2:

/ xle(|:c|)d:c—/ 2710, W () da
R% R4

~G=1) [ a7 (el iz = P2 [ e (el de. (A)

4. The following integrals appear when dealing with the Monaghan-Cleary-Gingold®)
approximation of the Laplacian.

2,.2
/ " p (el d o = ——
R

a |x)? d+2
2,.2
Ty 1
Fla)de = —— A8
/Ri el e = s (A%)



x? 1
[, hr(ahdz — 5 [ F(al)da.
d |x | Rd

/RﬁF dwzd/ (|z|) daz. (A-9)

For the sake of completeness, we prove the identity (A-8). Note that, using the
generalized spherical coordinates and using (A-4), we get:

22 o0 d
/Rd |1|dF(| |)d:c/Sd1 efegde/o LB () dr = w—d/gd1 036240,
(A-10)

where wg denotes the volume of the (d — 1)-dimensional sphere. Therefore, it
suffices to compute the spherical integral on the right hand side of (A-10). B
symmetry, we have that:

2

d
wq = /Sd1 > 03] do—=d(d—1) /Sd1 020240+ d | 0do;  (A-11)
j=1

gd—1

and, applying a rotation of angle 7/4 on the plane containing the directions 6;
and 04, we get:

1 7r 7]? 1 2
202 10 _ 2 gyt T T _ L 2 2
/Sd1 02602d0 = /Sd1 {(91 03) 5 sin 3 + 6164 cos 2} a0 = /Sd1 (63 — 62)° do.
(A-12)
Collecting terms of the identity above, we conclude that:

1
/S L 0202d0 = 3 /S . 01de. (A-13)

This, together with identity (A-11), gives:

212 Wd
- — A'14
/Sdl o3 — T (A-14)

and the result follows immediately.

Appendix B
—— Alternative Equivalent Representation
of Contlinuous SPH Operators

In this appendix we gather some equivalent formulations of the continuous SPH
approximations of differential operators that are useful in deriving the main results
of this article.

o [irst-order derivatives. After a change of variables, expression (2-8) may be
rewritten as:

Ony (@) = iy [ o) e (B ae @




o /R (et hy) e () dy. (B-1b)

e The Laplacian. Analogously, the expression (2-10) for the Laplacian can sim-
plified as follows:

(Au)y () = % /Rd (u(z) —u(x)) F <|$I ; $|> dx’, (B-2a)
2] et by @) Pyl do (B.2)

o The Monaghan-Cleary-Gingold® Laplacian. The j*™ component of the Lapla-
cian (2-12) of the velocity field w can be written as:

<Au>{/ICG (z)

D [ el b p () ) e s
Rd

hd+2 |.'L'l o .'L'|2 h
2(d + 2 (u(x+hy) —u(x
SR [ v R ED by yay. (1:30)
h Jpa Y
Consequently, it follows that:
2(d+2 2
oo @)~ LG [ o b ) Lop Gy, (5
and '
(Au)ljeq =0, forj=2,..d. (B-5)

Let us compare the formulas for the SPH Laplacian (B-2b) and (B-4) with the
well-known exact formula based on the mean:

_

Aulz) =53 Li /|y|g1“<””+hy> dy —u ()| +0 (%), (B6)

where, recall, wy stands for the volume of the unit sphere in R?. Note that this
formula can be obtained by replacing the function F'(J&|) with the characteristic
function of the unit ball in R¢.

B.1. Derivation of the main resulls

In the following, we deduce the various expressions presented in §2.
1. Constant extension. The expression for the derivative is the following:

0 @,0) ~ 5 [ ulbwur (ahdy—"2 [ wr(ubay. B0

Consequently, the expression (3-8) is obtained from the identity (A-5). Regard-
ing the approximations of the Laplacian, we get:

(Aw)y («',0)
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- _ / ) P () = U / iF<|y|>dy]

| [, F (s ay— %/Rdmyody] ,

+

(AT)yeq (2,0)

2 i) /Rdu(hyd)%F(lyl)derUB/ ﬁF(IyI)

(o) || ﬁFOdey]

2@%2) /R w (hya) ﬁquDdy Ug /R |z| <|y|>dy]
2(%2) /Rd (hyd)—T (ly)d 2d/ (|z[) d ] (B-8)

the last identity being a consequence of Eq. (A-9).
. Antisymmetric extension. We now derive the expressions for the boundary
values for the ASM mirroring.

) (&0) = [ty W () dy + [ | 20— ()] 7 (1) dy

- zUB/ W (lyl) dy = Us.
R

The derivative is given by

(02,) (',0) h/ (o) P (1) dy = 5 | (20 =) P (1) dy
_ Eéiu(hyd)de(lyl)dy—%Ai yaF (ly]) dy, (B-9)

where the identity (A-5) has been used to get the last equality. The approxi-
mations of the Laplacian behave as:

(AT} (a,0) = ,f(/ o) Flyl) dy = | (o) P () dy

£

w20 [ P(udy—Us [ F<|y|>dy> -

£



An analogous reasoning gives (Aw)y. (2/,0) = 0 for the Monaghan-Cleary-
Gingold® approximation.

. Symmelric extension. The formulas for the SSM mirroring are derived in the
following. Since % is even in x4, we get

@) (a0 =2 [ uChys) W (1) d.

£

Now,
1 1
(Oz) (2, 0) = 5/ u(hya) yal (yl) dy — 5 | u(hya) yaF (|yl) dy = 0.
Ri Ri

The Laplacian behaves as:

(At (2',0)

- (/Riumydwaywdw [ uh) Py dy — U /Rqudey)

R+
- [2/&1 (o) F () dy — U /RdF(Idey] |

For what concerns the Monaghan-Cleary-Gingold approximation of the Lapla-
cian, using identity (A-9) we get:

(AT (2,0)

2(d +2 2 2
SpLhs) 2/ u(hyd>y—12F<|y|>dy—UB/ F (lyl) dy
h r{ vl v |y]
2(d+2 2 U,
—(hQ ) 2/ u(hyd>y—12F<|y|>dy—§/ F(ly|) dy| .
RY lyl R4
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