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Abstract

The optimum quality that can be asymptotically achieved in the estimation of a
probability p using inverse binomial sampling is addressed. A general definition of
quality is used in terms of the risk associated with a loss function that satisfies cer-
tain assumptions. It is shown that the limit superior of the risk for p asymptotically
small has a minimum over all (possibly randomized) estimators. This minimum
is achieved by certain non-randomized estimators. The model includes commonly
used quality criteria as particular cases. Applications to the non-asymptotic regime
are discussed considering specific loss functions, for which minimax estimators are
derived.
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1. Introduction

The problem of sequentially estimating the probability of success, p, in a se-
quence of Bernoulli trials arises in many fields of science and engineering. A stop-
ping rule of notable interest, first discussed by Haldane (1945), is inverse binomial
sampling, which consists in observing the random sequence until a given number r
of successes are obtained. The resulting number of trials, N, is a sufficient statistic
(Lehmann and Casella, 1998, p. 101), from which p can be estimated. The appeal
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of this rule lies in the useful properties of estimators obtained from it. Namely, pre-
vious works have shown that the uniformly minimum variance unbiased estimator,
given by (Haldane, 1945) .

A r—

P=x—7 (1)
satisfies the following properties. Its normalized mean square error E[(p — p)?]/p?
has an asymptotic value for r > 3, namely 1/(r —2); and E[(p — p)?]/p? is guar-
anteed to be smaller than this value for any p € (0, 1) (Mikulski and Smith, 1976).
Similarly, the normalized mean absolute error E[|p — p|]/ p is smaller than its asymp-
totic value, given by 2(r —1)"2exp(—r+1)/(r—2)!, forany p € (0,1) and r > 2
(Mendo, 2009). In addition, given ty, U > 1 and r > 3, under certain conditions
this estimator, as well as the modified version p = (r—1)/N, can guarantee that, for
p arbitrary, the random interval [p /11, pls] contains the true value p with a confi-
dence level greater than a prescribed value (Mendo and Hernando, 2006, 2008).

The results mentioned apply to specific estimators, defined as functions of the
sufficient statistic N. A natural extension is to investigate whether the quality of
the estimation can be improved using other estimators. The most general class is
that formed by randomized estimators defined in terms of N. This includes non-
randomized estimators as a particular case. This problem is addressed by Mendo
and Hernando (2010), using the confidence associated with a relative interval as a
quality measure. It is shown that the confidence that can be guaranteed for p asymp-
totically small has a maximum over all estimators. Moreover, non-randomized
estimators are given that can guarantee this maximum confidence not only asymp-
totically, but also for p € (0, 1) arbitrary.

A further generalization is to consider arbitrary estimators with an arbitrary def-
inition of quality. The present paper pursues this direction, focusing on the asymp-
totic regime. Namely, quality is defined as the risk associated with an arbitrary
loss function. The allowed loss functions are restricted only by certain regularity
conditions, which are easily satisfied in practice (and which, in particular, hold for
all the previously mentioned examples of quality measures). Using this general
definition of quality, the asymptotic performance as p — 0 of arbitrary estimators
in inverse binomial sampling is analyzed. As will be seen, the quality that can
be asymptotically achieved has a maximum over all estimators. Furthermore, this
maximum can be accomplished using certain non-randomized estimators, whose
form is explicitly given.

Section 2 contains preliminary definitions and observations required for the
main results, which are presented in Section 3. Section 4 discusses these results,
and considers applications in the non-asymptotic regime. Proofs of all results are
given in Appendix A.



2. Preliminaries

The following notation will be used. Let k() denote k(k—1)---(k—i+ 1), for
keZ,ieN; and k9 = 1. Given r € N, the probability function of N, f(n) =
Pr[N = nl, is
(n—1)r=1

(r—1)!

The upper and lower (not normalized) incomplete gamma functions are respec-
tively denoted as

f(n)= pPr(—=p"", n>r (2)

[(s,u) = / o Lexp(—71)dr, (3)
u
Y(s,u) = / o exp(—1)dt = T(s) — (s, u). )
0
In addition, the functions ¢ (Vv) and y(x, Q) are defined as

v~ lexp(—v)

‘P(V)ZW, veRT, S
Q" —-Q
W(X,Q) :Ha X7QER+' (6)

Given a function A, the one-sided limits lim,_,,- 2(x) and lim,_,,+ h(x) are
respectively denoted as h(a—) and h(a+). Given two functions hy,hy : RT —
RTU{0}, h(x) is O(hy(x)) as x — oo (respectively as x — 0) if and only if there
exist a,M € R such that hy(x) < Mhy(x) for all x > a (respectively for all x < a).
Similarly, & (x) is @(hy(x)) as x — oo (respectively as x — 0) if and only if there
exist a,m,M € R such that mhy(x) < hy(x) < Mh,(x) for all x > a (respectively
for all x < a).

The quality of an estimator p is measured by the risk (expected loss) N =
E[L(p/p)] associated with a non-negative loss function L : R — R* U {0}, pro-
vided that this expectation exists. The function L is defined in terms of p/p, rather
than p. This is motivated by the fact that a given error value is most meaningful
when compared with p, and therefore commonly used quality measures are most
often normalized ones.

The loss function is assumed to satisfy the following.

Assumption 1. For any x1,x; € RY with x, > x1, L is of bounded variation on
[x1,x2].



Assumption 2. For any x1,x, € R™ with x; > x1, L has a finite number of discon-
tinuities in [x1,x3).
Assumption 3. The loss function has the following asymptotic behaviour:

1. There exists K € R such that L(x) is O(xK> as x — 0.
2. There exists K' < r such that L(x) is O(xX") as x — oo,

These restrictions are very mild. Note that the loss function L is not required
to be convex, or continuous; however, being of bounded variation implies that its
discontinuities can only be jumps or removable discontinuities, i.e. L has left-hand
and right-hand limits at every point of its domain, and these limits are finite (Carter
and van Brunt, 2000, corollary 2.7.3). All quality measures mentioned in Section 1
can be expressed in terms of functions of x = p/p for which Assumptions 1-3 hold.
Namely, L(x) = (x — 1)? corresponds to normalized mean square error; L(x) =
|x — 1] to normalized mean absolute error; and given pp, t > 1,

L(X) _ {O if x € [1/“27“1]7

1 otherwise

(7)

corresponds to 1 minus the confidence associated with a relative interval [p/ U, pu].

Since N is a sufficient statistic, for any estimator defined in terms of the ob-
served sequence of Bernoulli variables for which E[L(p/p)] exists, there is a pos-
sibly randomized estimator expressed only in terms of N that has the same risk
(Lehmann and Casella, 1998, p. 33). Therefore, attention can be restricted to es-
timators that depend on the observations through N only; however, randomized
estimators need to be considered in addition to non-randomized ones.

The set of all functions from {r,r+1,r+2,...} to R is denoted as .#. A
non-randomized estimator p is defined as p = g(N), with g € #. A randomized
estimator 1s a positive random variable p whose distribution depends on the value
of N. The distribution function of p conditioned on N = n will be denoted as
IT,,. The randomized estimator is completely specified by the functions I1,,, n > r.
Denoting by .#4 the class of all functions from {r,r 4+ 1,r+2,...} to the set of
distribution functions, a randomized estimator is defined by a function G € .% 5
that to each n assigns II,. Clearly, non-randomized estimators form a subset of
the class of randomized estimators. Throughout the paper, when referring to an
arbitrary estimator without specifying its type, the general class of randomized
estimators (including non-randomized ones) will be meant.

The risk will be explicitly denoted in the sequel as a function of p, that is, n(p).
For a non-randomized estimator defined by g € .#, the risk n(p) is given by

n(p) = 2f<n>L<g<n>/p>. ®)

4



Depending on L, g and p, this series may be convergent or not; however, bound-
edness of g is sufficient to ensure that the series converges for all L satisfying As-
sumptions 1-3 and for all p. In general, for possibly randomized estimators,

[}

n(p)= X £ [ L0/p)dIL0). ©)

n=r

where the integral is defined in the Lebesgue-Stieltjes sense. Assumptions 1-3
assure that this integral always exists; however, it may be finite or infinite. Besides,
even if it is finite for a given p and for all n, the series in (9) does not necessarily
converge for that p. According to this, for an arbitrary estimator and for p given,
n(p) may be finite or infinite; however, there exist estimators that have a finite risk
for all p.

An arbitrary estimator may not have an asymptotic risk, i.e. lim,_,o 7 (p) need
not exist in general. Therefore, the asymptotic behaviour of an estimator should
be characterized by limsup,_,,1(p). The significance of the limit superior lies in
the fact that it is the smallest value such that any greater number is asymptotically
an upper bound of 1(p). That is, given any 1o > limsup,_,,1(p), there exists
0 > 0 such that n(p) < ng for all p < J; and no such § can be found for 1y <
limsup, o7 (p)."

According to the preceding discussion, a desirable asymptotic property of an
estimator is that it achieves a low value of limsup,,_,,1(p). In order to character-
ize how low this value can be, the infimum of limsup,_,,7(p) over all estimators
should be determined. A related question is whether there is an estimator that can
attain this infimum. As will be seen, the answer to this question is affirmative, that
is, the infimum is also a minimum. This implies that there exist optimum estima-
tors from the point of view of asymptotic behaviour; moreover, they can be found
within the class of non-randomized estimators, as will also be shown. To obtain
these results, the following approach will be used. It will be first established that
for a certain subclass of non-randomized estimators, lim,_,o7(p) exists and can
be easily computed. Secondly, it will be proved that lim,_,o 7 (p) has a minimum
value over the referred subclass. Thirdly, this minimum will be shown to coin-
cide with the unrestricted minimum of limsup,,_,, n(p) over the class of arbitrary
estimators.

For ng = limsup =0Tl (p) the result may hold or not depending on the estimator and loss func-
tion; for example, it holds for (1) and normalized mean square error, as mentioned in Section 1,
whereas it obviously does not hold for a constant loss function.



3. Main results

For a given loss function L, the set of all functions g € .% such that lim,_,on(p)
exists for p = g(n) is denoted as .#,. The set of functions g € .# for which
lim,,_,.. ng(n) exists, is finite and non-zero is denoted as .%,. Observe that the
definition of .%, generalizes that given by Mendo and Hernando (2010), which
assumes a specific loss function, namely (7). The result in Theorem 1 to follow
establishes that .7, C .%,, and explicitly gives lim,_,on(p). For any g € .7, with
lim,, o ng(n) = Q, let

= [ ovL@/v)dv. (10)
0

Equivalently, i can be expressed as

A= [ v oL (an

by means of the change of variable v = Q/x (both expressions are used in the
proofs of the results to be presented). By Assumptions 1 and 3, these integrals exist
as improper Riemann integrals, and have a finite value. It should be observed (and
is exploited in the proofs) that they can also be interpreted as Lebesgue integrals
(Apostol, 1974, theorem 10.33).

Theorem 1. Consider r € N. For any loss function satisfying Assumptions 1—
3, and for any non-randomized estimator defined by a function g € %, the limit
lim,_,o N (p) exists and equals 7 given by (10) (or (11)).

According to this, the asymptotic risk of an estimator defined by any function
g € #y depends on this function only through €, i.e. only the asymptotic behaviour
of g matters. Furthermore, under an additional assumption, it can be shown that the
asymptotic risk is a C! function of Q.

Assumption 2°. L has a finite number of discontinuities in R™.

It is evident that Assumption 2’ implies Assumption 2. While more restrictive,
Assumption 2’ is satisfied by a large class of loss functions, including the men-
tioned examples.

Proposition 1. Given r € N, a loss function satisfying Assumptions 1, 2’ and 3, and
an estimator defined by a function g € F,, the asymptotic risk §j is a C' function
of Q € R™, with

dn _ (< dy(x,Q)



Denoting by 1|, the asymptotic risk corresponding to Q and r given, this derivative
can be expressed as

dﬁ’r o r(f”r_ ﬁ|r+1)

dQ Q '

Within the restricted class of non-randomized estimators defined by .%,, it is

natural to search for values of Q that yield low values of the asymptotic risk 7.
Depending on the loss function, there may be or not an optimum value of Q € R™,
in the sense of minimizing 7]. Theorem 2 to follow establishes that, under certain
additional hypotheses (represented by Assumption 4), 77 indeed has a minimum
with respect to Q2.

(13)

Assumption 4. The loss function satisfies the following properties:

1. There exists & € R such that L is non-increasing on (0,&) and

/:de>0. (14)

xr—i—l

2. There exists &' € R such that L is non-decreasing on (&' 00) and one of
these conditions holds:

(@) L(¢'—) <L(&'+).

(b) There ist € N such that L is of class C' on an interval containing &' and

d'L

| =0 fori=12,..1—1, (15)
x=&'
d'L
(-1t —=1  >o. (16)
dx' |,

The next proposition gives a sufficient condition that may help in assessing
whether a given loss function satisfies property 1 in Assumption 4.

Proposition 2. If there exist A € R and B, s such that

L(x)—A
lim L

x—0 x5

inequality (14) holds for some & € R™T.

=B withBs <0, s<r, 17)

Theorem 2. Given r € N and a loss function satisfying Assumptions 1, 2°, 3 and 4,
consider the class of non-randomized estimators defined by functions g € . De-
noting Q = lim,_,.ng(n), there exists a value of Q which minimizes the asymptotic
risk 7) among all Q € R,



This theorem indicates that in the stated conditions, and restricted to the class
defined by .#,, there is an optimum value of Q from the point of view of asymptotic
risk. This optimum is not necessarily unique. In the sequel, n* will denote the
minimum of 7] over the class of estimators defined by .%,, and Q* will denote any
value of © which attains this minimum, that is,

= [ oL@ /vydv. (18)
0

Assumption 4 holds for a wide range of loss functions, and in particular for
those corresponding to normalized mean square error, normalized mean absolute
error, and confidence associated with a relative interval. It is not difficult, however,
to find a loss function for which the assumption does not hold, and for which 7 does
not have a minimum over the class defined by .#,. For example, given Aj,A, > 0,
let

0 ifxE[l/[Jz,‘ul],
L(X): Ay ifx< l/l.tz, (19)
Ay ifx >y,

which is a generalized version of (7). Substituting (19) into (14), it is seen that
property 1 in Assumption 4 is satisfied if and only if

A
< ()", (20)
2

while property 2 holds irrespective of A; and A;. On the other hand, for Q € R,
substituting (19) into (10) and computing d7] /dQ gives

dij QT (Arpy "exp(—Q/ 1) — Aspiexp(— Qb))

= . 21
dQ (r—1)! @
This implies that 7] has a single minimum over Q € R, located at
1 —log(A;/A
o — "og(pipp) —log(A1/A2) 22)

o — 1/

This value is positive if and only if (20), or equivalently property 1 in Assumption 4,
is satisfied. Thus, if this property does not hold, 7 is monotonically increasing for
Q € R™, which implies that there is not an optimum  within R™.

Under the hypotheses of Theorem 2, the optimum value of € for the considered
r,i.e. QF, satisfies, by Proposition 1,

— =0 (23)



(or equivalently, using the notation in the referred proposition, 1|, = 1|,41). Thus
if (23) has only one solution, it must be equal to Q*. If there are several solutions,
at least one corresponds to the absolute minimum of 7], although not necessarily all
of them do.

According to Theorem 2, if the loss function satisfies Assumptions 1, 2°, 3 and
4, any non-randomized estimator defined by a function g € .%; with lim,,_,.. ng(n) =
Q* minimizes limsup,,_,o 1 (p) within the restricted class of estimators represented
by #,; but not necessarily within the class of all non-randomized estimators, or
within the general class of possibly randomized estimators. However, under slightly
stronger conditions this turns out to be true, as established by the next theorem.

Assumption 3’. The loss function has the following asymptotic behaviour:

1. There exists K < r such that L(x) is ®(xX) as x — 0.
2. There exists K' < r such that L(x) is ©(xX') as x — oo,

Assumption 3’ replaces Assumption 3, in the sense that each of the two prop-
erties in Assumption 3’ implies the corresponding one in Assumption 3. The new
conditions are only slightly more restrictive, and are still satisfied by a large set of
loss functions, in particular by those previously mentioned as examples.

Theorem 3. Given r € N and any loss function satisfying Assumptions 1, 2°, 3" and
4, limsup,, oM (p) has a minimum over the general class of estimators defined by
F g, and this minimum equals .

Corollary 1. Under the hypotheses of Theorem 3, any non-randomized estimator
defined by a function g € F with lim, e ng(n) = Q* minimizes limsup,_,o1(p)
among all (possibly randomized) estimators based on inverse binomial sampling.

Theorem 3 and Corollary 1 show that, under the stated assumptions, an esti-
mator can be found within the class defined by .%, that is asymptotically optimum
over the general class represented by % 4.

4. Discussion and applications

Since p is unknown, it is desirable to have an estimator that guarantees that
the risk is not larger than a given 1 for p arbitrary, or at least for all p within a
certain interval; that is, such that n(p) < ng for p in some interval (py,p>), with
0 < p1 < py < 1. If p; =0, the estimator is said to asymptotically guarantee that
the risk is not larger than ng; if, in addition, p; = 1, it globally guarantees that the
risk is not larger than 1.



The results presented in Section 3 generalize the asymptotic analysis by Mendo
and Hernando (2010), which considers the specific loss function (7), to arbitrary
functions satisfying the indicated assumptions. The importance of these asymptotic
results lies not only in the fact that in many applications p is small, but also in
the observation that asymptotic behaviour sets a restriction on the risk that can be
guaranteed. This restriction is represented by the following proposition (which is a
straightforward generalization of Mendo and Hernando (2010, proposition 1)) and
its corollary.

Proposition 3. If an estimator has a risk n(p) not larger than a given 1y for all
p € (p1,p2), then necessarily limsup,,_, , n(p) < no for any po € [p1, p2].

Corollary 2. Given r € N and a loss function that satisfies Assumptions 1, 2°, 3’
and 4, for any g < n* and py > 0, no estimator can guarantee that 1n(p) < ng for
all p < p».

According to the results in Section 3, if Assumptions 1, 2’, 3’ and 4 are satis-
fied, any estimator defined by g € %, with lim,,.ng(n) = Q* can asymptotically
guarantee that the risk is not larger than n* + € for any € > 0, whereas Corollary 2
states that no estimator exists with this property for € < 0. It remains to be seen
if there exist estimators that asymptotically guarantee that n(p) < n*; and, par-
ticularly, if this guarantee can be global. The answer to these questions depends
on the loss function under consideration. Since a general analysis seems imprac-
ticable, a separate study needs to be carried out for each loss function. Several
important cases are discussed next, including the loss functions already mentioned
as examples.

4.1. Confidence

For the loss function given by (7), n(p) equals 1 —c(p), where ¢(p) =Pr[p/u, <
p<pw|=Pr[p/u <p < puy] is the confidence associated with a relative interval
defined by u, tp > 1. Let ¢ = 1 —n*, which represents the maximum confidence
that could be guaranteed to be exceeded. The analysis by Mendo and Hernando
(2010) shows that assuming r > 3, the inequality ¢(p) > ¢* can indeed be asymp-
totically guaranteed for any u;, U, and globally guaranteed if (1, 1 satisfy certain
conditions.

4.2. Mean absolute error

For L(x) = |x — 1|, risk corresponds to normalized mean absolute error. Con-
sidering an estimator p = g(N) with lim,_,.ng(n) = Q, and for r > 2, (10) gives

10



the asymptotic risk
_ °° 2(I'(r,Q) —QI'(r—1,Q)) Q
prm— - 1
L /o o) (r—1)! b

and it is straightforward to show that (23) reduces to I'(r — 1,Q) = (r—2)!/2. This
equation has only one solution, which thus corresponds to Q*. Interestingly, for
p=Q%/(n—1) with r > 2, numerically evaluating 1 (p) suggests that this estimator
may globally guarantee 1(p) < n*. However, proving this conjecture remains an
open problem.

" (24)

Q
——1‘dv:

4.3. Mean square error

The function L(x) = (x — 1)? corresponds to normalized mean square error.
This loss function lends itself easily to non-asymptotic analysis. Considering an
estimator p = g(N) with lim, .. ng(n) = Q, and assuming r > 3, (10) gives

= o \’ Q? 20
N /0 ¢(V)(v ) O e Yy Ry >
and thus (23) has the single solution ©Q = r — 2, which is the optimum value for
Q, i.e. Q. From (25) the resulting n* is 1/(r —1). As established by the next
proposition, an estimator can be found that globally guarantees that the risk is not
larger than n*, namely

r—2
h= . 26
N_1 (26)
Proposition 4. Given r > 3, and for any p € (0, 1), the estimator (26) satisfies
E[(p—p)] _ 1
p? r—1°

The following corollary is obtained from Theorem 3 and Proposition 4.

(27)

Corollary 3. For r > 3, the estimator (26) minimizes sup ¢ 1)E[(p — )%/ p?
among all (possibly randomized) estimators based on inverse binomial sampling.

Thus the estimator given by (26) not only minimizes limsup,,_,o E[(p — )%/ p?,
but also sup,c(o ) E[(P — p)?]/p?, i.e. it is minimax with respect to normalized
mean square error. Therefore, from the point of view of guaranteeing that the nor-
malized mean square error does not exceed a given value, (26) is optimum among
all estimators based on inverse binomial sampling.

Comparing the estimators (1) and (26), the former can only guarantee E[(p —
p)%]/p* < 1/(r —2), whereas the latter guarantees E[(p — p)?]/p> < 1/(r —1).
This better (in fact, optimum) performance is obtained at the expense of some bias;
namely, it is easily seen that (26) gives E[p]/p=1—1/(r—1).

11



4.4. A generalization of confidence
According to Mendo and Hernando (2010, proposition 3), for the loss function
(7), given Q € R and assuming that r > 3, uy > Q/(r—+/r) and tp > (r++/r+

1)/Q, the estimator
Q

P=N11 (28)
globally guarantees that 17(p) is smaller than its asymptotic value 7. Taking into
account that, in this case, 11(p) = Pr[p < p/uo] +Pr[p > pu,] and that the proof
given in the cited reference considers the terms Pr[p < p/u,] and Pr[p > pu,]
separately, it can be seen that the same result holds for the loss function (19) with
A1 =0 or Ay = 0. Furthermore, the result can be generalized to any loss function
that can be approximated as a (possibly infinite) sum of functions of this form. This
is the content of the next proposition.

Proposition 5. Given r > 3 and Q € R™, consider a loss function for which As-
sumptions 2°, 3’ and 4 hold and that satisfies the following:
1. L is constant on an interval [0, V'], with

v < 2 v > 2
Tr+r+1’ “r—
2. L is non-increasing on (0, v].
3. L is non-decreasing on [V’ o).

(29)

B

In these conditions, for any p € (0,1) the risk nN(p) of the estimator (28) satisfies
N(p) <, with 7 given by (10) (or (11)).
It is noted that conditions 1-3 of Proposition 5 imply that Assumption 1 neces-
sarily holds, and also imply that L(v—) > L(v+) and L(v'—) < L(v'+).
The following result, analogous to Corollary 3, is obtained for the estimator
Q*
h = . 30
P=N+1 G0
Corollary 4. Given r > 3 and a loss function that satisfies Assumptions 1, 2°, 3’
and 4, let Q* be as determined by Theorem 2. If conditions 1-3 in Proposition 5
hold for some v, V' with

QF QF
v ——— V> ,
Tr+r+1 T r—\Jr
the estimator (30) minimizes SUP e (0,1) N (p) among all (possibly randomized) es-
timators based on inverse binomial sampling.

€1Y)

This establishes that, under the stated hypotheses, the estimator (30) is mini-
max, i.e. minimizes the risk that can be globally guaranteed not to be exceeded.

12



Appendix A. Proofs

The following definitions are necessary:

1= p\V/p—rr=l
q)(pvv):%n(v_ip% p€<071)7 VGR+7 (A.1)
’ i=1
¢ = / /m(p(v)L(Q/v)dv, Q,6 cR (A2)

Lemma 1 (Mendo and Hernando (2010, lemma 1)). Forany v e R*, 0< ¢ (v) < 1.

Lemma 2. Given vi,v, € R with v, > vy, for v € [vy, V2] the function ®(p,V)
converges uniformly to ¢(v) as p — 0.

Proof. The lemma is equivalent to the result that ®(p;, v) converges uniformly on
v € [v1, v2] for any sequence (py) such that p; € (0,1), pr — 0, which is proved by
Mendo and Hernando (2010, lemma 3). [

Proof of Theorem 1. The risk n(p) tends to 7 for p — 0 if and only if n(py) con-
verges to 7] for every sequence (py) such that p; € (0,1), py — 0 (Apostol, 1974,
theorem 4.12). Consider an arbitrary sequence of this type. Let n* = 1n(p;), and
let f; denote the probability function f for p = py. Defining ¢ (v) = ®(py, V), it
is seen from (2) and (A.1) that fi(n) = prc(npx).

From property 1 in Assumption 3, there exist K € R and M; ,x;. € R™ such that

L(x) < My xX  forx < xp. (A.3)

Without loss of generality, it will be assumed that K < 0. On the other hand, prop-
erty 2 implies that there exist K < r and M{ ,x{ € R such that

L(x) < M{xX" forx>x. (A.4)

The risk nk is expressed from (8) as

n* = f fe(n)L (@) : (A.5)

n=r pk

Given a, B € R™ with B > «, let the set I; be defined as

Le=A{la/pl; la/pe] + 1, B/ Pl }- (A.6)

Under the assumption
, (A7)

S| R



which implies that minf, = |a/py| > r, the following definition can be made:

M =Y fi(n)L (g(—”)> : (A.8)

nel; Pk

The proof will proceed as follows. With a suitable choice of o and 3, and for
k sufficiently large, the term n(’)‘ can be made arbitrarily close to 7, as will be
seen. On the other hand, the difference n* — n(’)‘ will be decomposed as the sum
of three terms, each of which can be made arbitrarily small for sufficiently large k.
Adequate bounds will be derived for each of these four terms, and then the bounds
will be suitably combined to show that ¥ tends to 7j as k — oo.

In the following, np; will be denoted as V,, x. Assuming

o
< — A9
Pk_r_|_17 (A.9)

(which obviously implies (A.7)), it is easily seen that for n € I, v,k is contained in

the interval I given as
ro (04
1= . A.10

[r+ 1 L r+ 1] ( )
Lemma 2 implies that the sequence of functions (¢) converges uniformly to ¢ for
v € I; that is, given gypir > 0, there exists kypir such that |¢x (V) — @ (V)| < €upir for
v €1, k> kypit. Thus fi(n) = pr® (Vi k) + PikBunif,n With |Ounir | < Eunit for n € Iy,
k > kypir. In these conditions, since ¢ (v, x) > 0 (Lemma 1), (A.8) can be expressed

as
=Y. Px®(Vas) (1 + ;unif’")) L (g(n)) : (A.11)

nely (Vn,k Pk

On the other hand, since ng(n) — Q as n — oo, given &g > 0 there exists negt > r
such that |ng(n) — Q| < & for all n > neg, ie. g(n) = (Q+ Oesin) /1 With |Oes | <
Eest- Therefore, assuming

<2, (A.12)

Nest
which implies that min/; > neg, (A.11) can be written as

euni n Q+Ges n
6 =Y, Pkf (Vi) (1 FRLLLE )L (—t> . (A.13)

nely ¢ (vn,k) Vi k

Denoting my = minye; @ (v), which is non-zero because of Lemma 1, it stems from
(A.13) that

euni Q 6es n
o = (1 + f) Y ko (Vay)L (%) (A.14)

m¢ nEIk n7k
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for some BOypir With |Oynif| < Eunif-
Assuming €. < /2, and taking into account (A.9), it follows from (A.6) that
for n € I, both Q/v,, ; and (& + Begt 1) / Vi i are contained in the interval

; Q 3(7’—1—1)(2
"[2<ﬁ+a/<r+1)>’ 2ra } (A1)

According to Assumption 2, L has a finite number of discontinuities in I’. Let d
denote this number. Each of these discontinuities, located at xy,...,x;, may be
either a jump or a removable discontinuity. Let

JZ(

Thus J represents the contribution of all discontinuities to the total variation of L
onl’.

The function L on the interval I’ can be decomposed as the sum of a continu-
ous function L. and a piecewise constant function Lq, the latter of which has dis-
continuities at xp,...,x;. By the Heine-Cantor theorem (Apostol, 1974, theorem
4.47), L is uniformly continuous on I’. Since |Bestn| < €est, it follows that for any
€cont > 0 there exists Ocont such that |Lc((Q + Oestn)/Vik) — Le(R/ Vik)| < Econt for
Eest < Ocont, for all n € I, and for all k. Regarding Lg, let

Q+6 Q
Uk:{nelk|Ld <M> ¢Ld( )} (A.17)
Vi k vnk

FOI‘ nec Ik \ l]k,
‘l (Sz eest,n) L ( >
Vn,k ‘I’l7k

La((+ Ocstn)/ Vak) —La(8/Vnx)| can be at at most J, and thus

) G)
Vi .k Vi .k

Let xx denote the number of elements of Uy divided by that of ;. Taking into
account that the latter is less than (f — &) /pr+3 < (B — a+3)/px and that the
function ¢ is upper-bounded by 1 (Lemma 1), from (A.18) and (A.19) it follows
that, for €.gt < Oconts

Q + Ouser @
Y 2o (Vax)L (%) — Y (V)L <vn,k)

nely ) nely

+

lim L(x)—L(x;)

X=X~

lim L(x)—L(x;)

x—x;t

) . (A.16)

< Econt- (A.18)

For each n € Uy,

< 8c0nt + J. (A. 19)

< (B—o+3)(€ont+Ixx). (A.20)
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It is easily seen that limj_.., ¥x can be made arbitrarily small by taking & suf-
ficiently small. Thus, given &g, there exist Ogisc, kgisc such that y; < €gisc for
Eest < Odiscs kK > kgisc. Consequently, for €es¢ < min{Scont, Odisc } and k > kgisc,

Y Ped (V)L (%) — Y Pt (Vag)L (vQ )

nely nk nely n.k

< (B—0a+3)(&ont +JE€disc)- (A.21)
From (A.14) and (A.21),

n§ = (1 + ?;“if) [Z Pr9 (Vs )L (vQ

(P ne]k }’l,k

) (B — a4 3) (Beom +8iic)

(A.22)
with |Ocont| < Econts | Odisc| < Edisc- The sum over n in (A.22) tends to f(f o(v)L(Q/v)dv
as k — oo. Thus for any g, > 0 there exists kj,; such that for all k > ki,

¥ motnar (o) - [Lote (2 av

nely nk
and therefore (A.22) can be expressed for k > max{kgisc, kint } as

0. B Q
ok = (1 i m¢f> [ [Come (7) Qv+ B+ (B — 0+ 3) (Beom +Jedisc>}
o
(A.24)
with |Oi| < Ene- In addition, given any &gy, there exist Qi Prait With Prail > Qail
such that | — folz O(V)L(Q/V)dV| < g for 0 < a < 04ait, B > Prait- Thus, in these
conditions,

< Ent, (A.23)

6 ni —
ng = <1 4+ f) [ 4 Btail + Oint + (B — ¢ + 3) (Bcont + J Bdisc)] - (A.25)

me

with |6taﬂ’ < &tail-
The difference n* — n(’)‘ can be expressed as n{( + né‘ + né‘, where

Nest—1

=Y fimL (g;—'z)) (A.26)
Lo/ pi]—1

m= Y fiL (iﬁ—’?) (A.27)

s = f(n)L (@) : (A.28)
[B/pir]+1 k



Regarding the term T]{‘ , from (2) it is seen that

nrflp;;
Jiln) < =1 (A.29)

and therefore

Nest—1

1,.r n'= 1 r nes—1
o<ni< ¥ ”r_f)"!L(g(”)) Pest Pe oy g, ( ) (A.30)

n=r Pk l"—l n=r

The fact that lim,,_,..ng(n) exists and is finite implies that the function g is upper-
bounded by some constant M,. For g(n)/pi > x{ , (A.4) implies that L(g(n)/px) <

M (Mg/pk)K/. On the other hand, g(n)/py in (A.30) is greater than m, = min{g(r),g(r+
1),...,8(ness—1)}; and for g(n) / px € (mg, x| ], Assumption 1 implies that L(g(n)/py)

i1s lower than some value Mé, where both mg and Mé depend on neg. Thus, for the
range of values of n in (A.30),

M M¥ max{M' MX' .M’
L(@) < max{ —oE Myt < { =t g}. (A.31)
Pk P Py

The sum in the right-most part of (A.30) is either empty or else it contains neg — r <
nest terms. Therefore, using (A.31),

r ! Ak’ !
Mest rnaX{jWLZWg 7Mg} r

G (a32)

0<nf<

Regarding né‘, the sum in (A.27) is empty for a/p; < nest + 1. If it is non-
empty, since n > neg, the term g(n)/px can be written as (Q + Ocst,n)/ Vi With
|Ocst.n| < €est- Therefore, taking into account (A.29),

la/pi] -1
k Pk r—1 Q+ 6est,n

Since &g < /2, it holds that Q/2 < Q+ Ocs, < 3Q/2, and thus for the range of
values of n in (A.27)

3Q Q+ eest’n Q Q
> > > —.
2Vuk Vi k 2V 2a

(A.34)

Therefore, assuming Q/(2a) > x| , for n within the indicated range it stems from
(A.4) that

Q+ 6. QO+ 60 \ K 30 \X
L (—t e“’") <M (—t “"”) <M ( ) . (A.35)
n.k




Substituting (A.35) into (A.33),

M] (3Q/2)K p L M 1 (30/2)% oK

0<nt A.36
I PR TR R (1) (A.36)

Consider g;; > 0 arbitrary. Since K’ < r, defining

(r—1)tel, \ V0
ol = (—tal, (A37)
t*“ M (3Q/2)K
it follows from (A.36) that for any o < « taﬂ

0<ns<ely. (A.38)

As for ngc, taking into account that (1 — pk)l/l’k < 1/e, from (2) and (5) it is
seen that fi(n) < px@®(Vax)/(1 — pr)". In addition, (A.12) implies that n > neg for
any n within the range in (A.28). Thus

c Q+6
o<nf<c—LE ¥V gL (M) . (A.39)
=P gt ik
Since &4 < Q/2, o 0o 9 9
< 2 Oestn (A.40)

< —.
2Vn7k Vn7k 2Vn,k 2ﬁ

Thus, assuming 3Q/(2f) < xr, and taking into account that K < 0, it stems that
for n within the indicated range

Q+6 Q+6 K Q \X
L (M) <M (M) <M ( ) _ (A.41)
vn,k Vn,k 2vn7k

If it is additionally assumed that p; < 1/2, the factor 1/(1 — py)” in (A.39) cannot
exceed 2". Therefore
k 2K QF - r—K—1

0<n3 < 1)1 Z DIV, k exp(—Vui)- (A.42)
© [B/pk]+1

The sum in (A.42) tends to I'(r — K, ) as k — co. Thus, given g, > 0, there exists
k! such that for k > k!

nt 1nt

0< Z PV K exp(—vik) <T(r—K,B) + &y (A.43)
[B/p]+1
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In addition, since I'(r — K, 3) is positive and tends to 0 as 8 — oo, for any et’éﬂ >0
there exists f7,; such that 0 < I'(r — K,B) < g/, for B > B/, Therefore (A.42)

can be written as < «
2 ML Q

0< k < —
I Py

To establish that n* — 7, it suffices to show that for any &y > 0, there exists kg
such that |n* — 7j| < & for all k > ky. With the foregoing results, and taking into
account the dependencies between the involved parameters, this is accomplished as
follows. Given & > 0, let

(&lait + Ent)- (A.44)

€
Eril = 30- (A.45)

This determines the values 0,; and Bi,;. Likewise, taking

&
Stlaﬂ = 3 (A46)
determines ¢/, and taking €., such that
2r—K MLQK £
o STy (A47)
determines f37;,. The values a and f3 are selected as
. Q
O = min { Oltail (Xt/aib _/} ) (A.48)
L
3Q
B = max {ﬁtaila ol 2—} : (A.49)
XL

(Note that, since PBri > O4ail, (A.48) and (A.49) imply that B > «.) From o and
B, the intervals I and I’ are obtained, and the values my, d and J can be computed.
Taking

&
€int = 5 (A.50)
determines kjn;. The parameter &,;f is selected such that
4€y\ Euni €
(1‘7 + —0) onlf _ 20 (A51)
9 m¢ 9

which determines kypn;r. Next, €on¢ is chosen such that

&
(B—a+3)€cont = 30 (A.52)
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from which oy is obtained. Taking &gz as
E

Eise == (A.53)

determines Ogisc and kgisc. Choosing any &g smaller than min{€/2, Scont, Sdisc }

determines 7y, from which mg and Mé can be obtained. Let k.5 be such that for

all k 2 kes[
nkhy maX{M£M§ ,Mé} x &

< =, A.54

(r—1)! P =7 (A9

Let k., be chosen such that (A.12) holds for all k > kL, and kiyery such that (A.9)

est»
holds for all k > kjpery. The parameter ei/m is chosen as

/

Eint = Eails (A.55)

which determines ki’m. Finally, let kconst be such that p; < 1/2 for all k > kconst. Tak-
ing ko = max{kint, k., kunif, Kest, Kes: Kdiscs Kintervs kconst }» the following inequalities
are obtained for k > ky. From (A.25), (A.45) and (A.50)—(A.53),

4¢€ 4€0\ Euni 5¢&
k= 0 — 0 unif 0
- — — =—; A.56
M0 n|<9+(n+9)m¢ 5 (A.56)
from (A.32) and (A.54),

0<nf< %; (A.57)
from (A.38) and (A.46),

0<ni< %; (A.58)
and from (A.44), (A.47) and (A.55),

2

0<nk< Tg". (A.59)
Inequalities (A.56)—(A.59) imply that | — 7| < & for all k > ko, which concludes
the proof. [

Proof of Proposition 1. By Assumption 2’°, let D be the number of discontinuities
of L, occurring at points x; < xp < --- < xp. The asymptotic risk 7] can be expressed
as Y2 o i; with

flo = /0 ' w(x, Q)L(x)dx, (A.60)
= [ W QLEdy, i=1,....D—1, (A61)
Mp = / ) W(x, Q)L(x)dx. (A.62)
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Giveni=1,...,D—1, let L;(x) be defined for x € [x;,x;+1] as

L(x)7 Xi <X <Xjy1,
Li(x) = ¢ L(xj+), x=ux;, (A.63)

L(xiy1—), X=Xit1,

and let T;(x,Q) be defined for x € [x;,x;11], @ € RT as T;(x,Q) = w(x,Q)L;(x).
Clearly, the integral in (A.61) does not change if y(x, Q)L(x) is replaced by T;(x, Q).
The function T; is continuous on [x;,x;+1] X R, because it is the product of con-
tinuous functions. The function d7;/dQ is similarly seen to be continuous. This
implies (Fleming, 1977, corollary to theorem 5.9) that #); given by (A.61) is a C!
function of Q, with

df; (%t 9T (x,Q) dy— /Xi+1 dy(x,Q)

X

Regarding 7o, let Ty (x, Q) = w(x, Q)L(x) forx € (0,x;11], Q€ RT, and Tp(0,Q) =
0. It is clear that Ty is continuous on (0,x;] x RT. In addition, its continuity at any

point of the form (0,Qg) can be established as follows. Let A be any value such
that 0 < A < Q. For Q € (Qp—A,Qo+A) and x > 0, Tp is bounded as

(€0 +4)"exp(— (R0 —A) /x)L(x)

0 <Tph(x,Q
< Tolx Q) < Xt (r—1)!

(A.65)

Property 1 in Assumption 3 implies that the right-hand side of (A.65) tends to O as
x — 0. Thus there exists § > 0 such that 0 < Tp(x, Q) < e for0 <x < §, |Q— Q| <
A. This shows that Tj is continuous at (0,Qg), and thus on [0,x;] x RT. Using
analogous arguments, d7y/dQ can also be seen to be continuous on [0,x;] x R*.
This implies that 7 is a C ! function of Q, and (A.64) holds for i = 0 if the lower
integration limit is replaced by 0.

As for Mp, let T(x,Q) = y(x,Q)L(x), and consider the function 7' (x,Q)/Q".
This function and its partial derivative with respect to Q are continuous on (xp, o) X
R, and satisfy the following bounds:

T(x,Q) L(x)

0< Qr <Xr+1(l"—1)!’ (A66)
(T (x,Q)/Q") B exp(—Q/x)L(x) L(x)
0> Q T XP2(r—1)! >_xr+2(r_1)!' (A.67)

The right-most parts of (A.66) and (A.67) are integrable on (xp,), because of
property 2 in Assumption 3. This implies (Fleming, 1977, theorem 5.9) that 7jp /Q"

21



is a C! function of Q, and therefore so is flp; in addition, dfjp/dQ satisfies an

expression analogous to (A.64) with the integration interval replaced by (xp, o).
The preceding results assure that d7) /dQ = ZiD:o df;/d€ is continuous and can

be expressed as in (12). The equality (13) readily follows from (6), (11) and (12).

[
Lemma 3. Forany a,c € R", b€ R,
QP exp(—Q/x) QP lexp(—Q/a) o1 Q
dQ/ xetl dv= ac +(b—c) "ea
(A.68)

Proof. Applying the change of variable x = Q/v, the integral in (A.68) can be
expressed as

= Qb Q Qfa Q
/ de / QP evelexp(—v)dv = Q¢ (c,—>, (A.69)
a X a

from which (A.68) follows. ]
Lemma 4. Fors € R,

Y(s,u) 1

lim _— (A.70)
u—0 ut s
fim LW (A.71)

1T exp(—1)

Proof. These equalities respectively follow from Abramowitz and Stegun (1970,
equation 6.5.29) and Abramowitz and Stegun (1970, equation 6.5.32). [

Lemma 5. The upper incomplete gamma function (3) satisfies for s,w €N, v € R"

s—1

Y (s— 1) Dvkexp(—v), s> 1,

I(s,v)=4 (A.72)
Y (s—)EF Uvkexp(—v) +W(v), s<0,
k=s—w

where W (v) is O(vS ™" lexp(—Vv)) as v — o,

Proof. The expression for s > 1 is equivalent to Abramowitz and Stegun (1970,
equation 6.5.13).
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For s <0, the stated result follows from recursively using the identity (Abramowitz
and Stegun, 1970, equation 6.5.21)

[(s,v)=(s— DI(s—1,v)+ v lexp(—v) (A.73)
w times and taking into account the equality (A.71) from Lemma 4. 0

Lemma 6. Fort € N, u e 7Z,

L[t oy — =D (1) — 1
;)(].)J( NP1 ]_{(—1)’—111, . (A74)

Proof. The equality

1
> (t.)j“‘)(—l)” = {O’ Zi; (A75)

j:O J t!7

is easily shown to hold for k € N by applying the binomial theorem to (x — 1),
differentiating k times and particularizing for x = 1. The term j(u — j)‘~" in
(A.74) can be expressed as 22:1 aij *) for appropriate values of the coefficients ay;
furthermore, it is easily seen that a; equals (—1)~!. Thus

1

L (i e -y ga)en w

j=0

If i <t —1, the inner sum in (A.76) equals O for all k£ within the range specified in
the outer sum, because of (A.75). If i = ¢, all values of the index k give a null inner
sum except k = ¢, which gives a;#! = (—1)~1¢!. This establishes (A.74). O

Proof of Proposition 2. Assume that (17) holds. Let € = —Bs/(4r), which is posi-
tive for the allowed values of B and s. From (17), there exists 6 such that |L(x) —
A — Bx*| < &x® for all x € (0,8). This implies that for any & € (0,5), and for
E<x<9,

L(E)—L(x) > B(ES —x*) — 2ex* = BES — (B+2¢)x". (A77)
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Therefore

[,

ey
- [ [T
> BE* / +28)/;x,dfﬂ+/:wdx (A78)
Rl ISy SR
r&lfs et (ij)%;s - (ft)?;s | w dx

Denoting by C the sum of the terms in the right-hand side of (A.78) which do not
depend on &, i.e. the second, third and fifth, and substituting the value of &,

®L(§) — L(x) Bs
[Pt g timre am

Taking into account that —Bs and r — s are positive, and that C is independent of &,
from (A.79) it is seen that there exists & € (0,5) such that (14) holds. ]

Lemma 7. Under the hypotheses of Theorem 2, there exists Qq such that di /dQ <
0 for all Q < Q.

Proof. Let £ be as in property 1 in Assumption 4. Since L is non-increasing for all
x smaller than &, the function ¢ defined as

E(X)Z{L(x)—L(é) for0 <x< & (A50)

0 forx > §

is non-negative and non-increasing. From (10) and (11), 71 can be expressed as
o+ &+ & with

lo= /Q y 0(v)L(E)dv, (A81)
&1 = o O(v)L(Q/v)dv, (A.82)
&= /é v(x, Q)L(x)dx. (A.83)
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Each of these terms can be interpreted as the risk associated with a certain loss
function for which Proposition 1 applies.

Since ¢ is non-negative and non-increasing, for v fixed the integrand in (A.82)
is a non-negative, non-increasing function of Q. This implies that {; is a non-
increasing function of Q, and thus d{; /dQ < 0.

Regarding the term &,

ddo _ Q" Texp(—Q/8)L()

= — A.84
dQ Er(r—1)! ’ (A-84)
which implies that
. dy/dQ L(&)
1 =— . A.
ano QT Er(r—1)! (A.85)

As for {, from (A.83) it follows that

& rQr1 /°° exp(—Q/x)L(x)dx QF /°° exp(—Q/x)L(x)dx
: : '

dQ ~ (r—1)! X+l C(r=1)! X2

(A.86)
Interpreting the integrals in (A.86) as Lebesgue integrals, and noting that exp(—Q/x) <
1 for Q,x € R™, Lebesgue’s dominated convergence theorem (Apostol, 1974, the-
orem 10.27) assures that

i ["SRCQOL) L)

(A.87)

and similarly for the second integral. This implies that the first term in the right-
hand side of (A.86) dominates the second for Q asymptotically small, i.e.

. d&/dQ > L(x)
£121£n>0 Q-1 (r—l)!/g xt (A.88)
From (A.85) and (A.88),
. d(l+&)/d  L(S) r * L(x)
slzlgl() Qr-1 - ér(r—l)!—’_(r—l)!/g xr+1dx

(A.89)

L [HOS,

(r—1)!Je X+l '

Combining (A.89) with the inequality (14) from Assumption 4, the limit on the
right-hand side of (A.89) is seen to be negative. This implies that there exists
such that d(§p+ §)/dQ < 0 for Q < Q. Taking into account that d&; /dQ < 0, it
follows that d7f /dQ < 0 for Q < Q. O
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Lemma 8. Under the hypotheses of Theorem 2, there exists Q, such that dfj /dQ >
0 for all Q > Q..

Proof. If condition (a) of property 2 in Assumption 4 holds, let H be chosen such
that 0 < H < L(&'4+) — L(§'—). By definition of L(&’—), there exists & such that
L(x) € (L(§'—)—H,L(&'—)+H) for all x € (§ —h,&E"). If condition (b) holds,
it stems that there exists & such that (—1)~'d’L/dx’ is positive and continuous for
x € (&' —h,&"). Thus, let h be selected as has been indicated.
From property 1 in Assumption 3, there exist K € R, My and xp < &’ — h such
that
L(x) < My xX  forx < xp. (A.90)

The asymptotic risk 7} can be expressed from (10) and (11) as §)+ &+ &+ 85+ 4
with

= [, vl (A91)

¢ = /0 " (e Q)L () dx, (A.92)
&'—h

G= 7 v QL (A.93)

= [, Wl LE ) d (A9%)

/ Q/é/ !/

G= [ ey —LE ). (A.95)

Each of these terms corresponds to the risk associated with a certain loss function
which satisfies Proposition 1.

By property 2 of Assumption 4, L(x) — L(£’+) is non-negative and non-decreasing
for x > &’. An argument analogous to that used for {; in Lemma 7 shows that the
term §; given by (A.95) is non-decreasing with Q, and thus

d&

— >0. A.96

dQ — ( )
According to Lemma 3, d{;/dQ is given by

dgl  LEDQ exp(~Q/E)

o Er(r—1)! ’ (A7

Computing

g, [x rQ”lexp(—Q/x)L( ) /XL Q" exp(—Q/x)
dQ  Jo i (r—1)! 0o xt2(r—1)!

L(x)dx  (A.98)
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and using (A.90) it stems that

'dCl' MyrQ! /XL exp(—Q/x) ML QY /XL exp(—Q/x)
0

—_— dx
Q| = (r—1)! xr 1=K +(r—l)! o xt2K

The integrals in (A.99) can be bounded as follows. Let A = (x, + &' —h)/(2(&' —
h)). It is seen that A and 1 — A are lower than 1. Let the function v; : RT U
{0} = RU{0} be defined as v;(x) = exp(—AQ/x) for x > 0 and v;(0) = 0. Since
exp(—A€Q/x) — 0 as x — 0, v; is continuous on [0,x]. In addition, the function
vy : RU{0} — RU{0} such that

dx. (A.99)

exp(—(1—-21)Q/x)

va(x) = IR (A.100)
for x > 0 and v,(0) = 0 is non-negative and integrable on [0,x; |. Thus, the mean
value theorem (Fleming, 1977, p. 190) can be applied to the first integral in (A.99)
to yield:

L exp(—Q/x) L
JA PO 4o = | r@m@dr =it [“n@a @on

for some xp € [0,x1]. Actually, xy cannot be 0, because that would give O in
the right-hand side of (A.101), whereas the left-hand side is greater than 0. Thus
Xm € (0,xp]. Similar arguments can be applied to the last integral in (A.101) to
obtain

*Lexp(—(1 —2)Q/x) exp(—(1-24)Q/xp)
/O xr+lfK dx = AL x;nr—H —-K (AlOZ)

with x/,, € (0,x.]. Maximizing the right-hand side of (A.102) with respect to x|, €
RT gives

L exp(—(1—A)Q/x) r1—K\" " Kexp(—(r+1-K))
/0 1K dr < x 11 Orr1-K

(A.103)
Combining (A.101) and (A.103),

/XL exp(—Q/x) dx < x (r+1—K) 1 Kexp(—(r+1 —K—|—7LQ/xm))
0 1=K = (1—=2)Q)+1-K

(A.104)
The second integral in (A.99) is bounded analogously:

xLexp(—Q/x)dx<xL(r-|—2—K)’+2*Kexp( (r+2-— K—l—?LQ/x”))
/0 2K = (1= 1)Q)r+2-K
(A.105)
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with x/, € (0,x.]. From (A.99), (A.104) and (A.105),
dg| < Mpxpr(r+1—K)H1-KQKk2exp(—(r+1-K+AQ/xn))
Q| — (1—A)+1=-K(r—1)!
+MLXL(I‘—I—2—K>r+2_KQK_26Xp(—(I’+2—K—|— AQ /X))
(1—=A)+2-K(r—1)! '
It is easily seen that xy /A, x] /A < xp < &' — h. It thus follows from (A.106) that
d

4
dQ

(A.106)

< 00K 2 exp(—Q/(E' — 1)) (A.107)

where Q is independent of €.

For d{}/dQ, by Assumption 1, let M be an upper bound of L in the interval
(xL,&" —h). An argument based on the mean value theorem can also be applied
here; in fact, it is slightly simpler than in the preceding paragraph because in this
case the lower integration limit is greater than O:

d&, <Mr£2’1/5’hexp(—9/x)dx+ Mo /glheXP(—Q/X)
dQ |~ (r—=1)! Jy Xt (r—1)"!Jy X' t2
_ MO —h—x1) <FCXP(—Q/XK{) +QGXP(—Q/X§K')>

(I’— 1)! xg{qul xﬁ{/r+2

dx

(A.108)
with X x! € [xp, &’ — h]. Therefore

dgp| _ M(§'—h—x)
dQ x "t (r—1)!

<r+ 2) Q" lexp(—Q/ (&' —h)). (A.109)
XL

To compute the derivative of Cé, it is necessary to distinguish cases (a) and (b)
of property 2 in Assumption 4. In case (a), since L(x) € (L(§'—)—H,L(§'—)+H)
for all x € (§ —h,&’), the mean value theorem assures that there is some 6 €
[L(§'—)—H,L(§'—) + H] such that

! & ¢
o _ [5 W)y g g [0 V)
dQ E'—h aQ E—h aQ
/ (A.110)
6 d & Qrexp(—Q/x) dx
C (r—=1)1dQ Jer—n xr 1 '
Applying Lemma 3,
dgy _ 6Q" ' [ exp(—Q/&")  exp(-Q/(§'—h))
e = ST
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Using (A.96), (A.97), (A.107), (A.109) and (A.111),

o (L(E'+) —0)Q  exp(— Q/ﬁ')jL
dQ_ Em(r—1)!

O (Qiexp(—Q/(&'—h))) (A.112)

with ¢ = max{r,K —2}. Since h >0 and 6 < L(&'—)+H < L(&'+), from (A.112)

it follows that ©@/&') di LE+) -6
. [exp i +)—
1 —_— | > > 0. A.113
Qlirio( Q- dQ) = Er(r—1)! &.113)

In case (b), since d'L/dx" is continuous on (&' —h,&’), Taylor’s theorem (Apos-

tol, 1967, volume 1, theorem 7.6) can be applied to express L(x) forx € (§' —h,&’)
as

L =2+ P g 3 (e ana
N AV

where 6’ is the value of d’L/dx" at some point within the interval (§' —h,&"). The
choice of h assures that (-1)“9’ is positive. Substituting (A.114) into (A.91),
differentiating and making use of Lemma 3 and (4) gives

- L (8 v () oo

o () e |- (2) " exp(-/)

J=
r

+(e2) Cexp(—Q/(&' )
A8 o)

The identity Y, () (~1)""/ = 0 implies that

(e (8) - £ () e

(A.115)
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and thus (A.115) simplifies to

dgg _ L(g'—)e! (_exp(—ﬂ/ﬁ’) n eXP(—Q/(é’—h)))
dQ (r—1)! g (&' —n)

e E (e
5 G e () (agt))
(A.117)

From Lemma 5, Q/~'T'(r — j,Q/&’) for j < r— 1 is given by

- Q r—1 (I’—j— 1)(r7k71)Qk71
QJ ll"(r—],?> :exp(—Q/g’)IE’j 2= , (A.118)
whereas for j > r and for any w € N
_ [9) r—1 (r—j— 1)(r—k—1)Qk—l
QJ—‘r(r— ',-) =exp(—Q/&’ :
+0(Q " 2exp(—Q/E")).
Replacing &' by &’ — hin (A.118) and (A.119) it is seen that
i—1 . Q r—2 !/
QT e O (Q “exp(—Q/(&'—h))). (A.120)

Setting w = in (A.119) and substituting (A.118)—(A.120) into (A.117) yields

g L(E)Q exp(-0Q/¢)

dQ Er(r—1)!

0’ ex (—Q/él) min{¢,r—1} £\ /t—‘r_l (r_ '_1)(r—k—1)Qk—1
(rp—l)!t! (-)J(_é) ]kgj : ]

J

J=0

t £\ i r—1 (r_j_l)(r—k—l)gk—l
+,-Z_,(f)’( iy o

k=r—t

+0 (" exp(—©/E))
(A.121)
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(the term O(Q " 2exp(—Q/E’)) could be substituted by a lower-order term if
t < r, but this is unnecessary for the proof). Since (r — j — 1)(’*"*1) =0 for k <
J < r, the summation range of the first sum over k in (A.121) can be extended from
k=j,...,r—1tok=min{0,r —1},...,r— 1. On the other hand, the second sum
over j is empty if t < r. Thus the second sum over k only appears if # > r, and in
this case min{0,r —t} = r — . Therefore the lower limit in the latter sum can also
be expressed as k = min{0,r — ¢t }. With these changes, (A.121) is rewritten as
dgy _ L(E'—)Q " Texp(—Q/&")  &"7'0exp(—Q/¢)

dQ Emr(r—1)! (r—1)!t!
r—1 k—1 ¢
Q t\ . . ke _j A.122
v (2) n ()it ey (2
k=min{0,r—1} Jj=0
+0(Q " Zexp(—Q/&").
From Lemma 6, the inner sum in (A.122) equals O fork=r—t+1,r—t+2,...,r—
1 and (—1)""'¢! for k = r —t. If t < r, the terms with index k =0,1,...,r —¢—1
are O(Q" " 2exp(—Q/&’)). Therefore
dfg _ L)@ Texp(=Q/8) (=112 Texp(-Q/8)
dQ Er(r—1)! (r—1)!
+0(Q " Zexp(—Q/E").

(A.123)
Using (A.96), (A.97), (A.107), (A.109) and (A.123), and considering that L(§'—) =

L(&'+),
dn _ (=118 e’ Texp(—Q/&) 2 :
— > o —-Q . (A.124
Since (—1)'~16’ > 0, this implies that
. (exp(Q/8)dn _ (=1)1E e
1 — | > 0. A.125
gﬂ( o1 )~ =Dl (A.125)
As a consequence of (A.113) and (A.125), in either case (a) or (b) of property 2 in
Assumption 4, there exists Q;, such that dfj) /dQ > 0 for Q > Q. O

Proof of Theorem 2. From Lemmas 7 and 8, there exist Qo, Q;, such that, denoting
by 7|, the value of 7} corresponding to a given Q,

Mg >Mlg, forQ<Q, (A.126)
Mo >lg forQ> Q. (A.127)
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Proposition 1 implies that 7] is a continuous function of Q. Therefore, this function
restricted to the interval [Q, )] has an absolute maximum (Apostol, 1974, the-
orem 4.28). Because of (A.126) and (A.127), this is the absolute maximum of 7
over RT. O

Lemma 9. Under the hypotheses of Theorem 3, given ¢ € RY, { as defined by
(A.2) is a continuous function of Q € RT.

Proof. From Assumptions 1 and 2’, L is continuous except possibly at a finite num-
ber of points, where it can only have removable discontinuities or jumps. Since
removable discontinuities do not have any effect on the integral in (A.2), they can
be disregarded. Thus in the following it is assumed that L only has jump disconti-
nuities. Let D be the number of discontinuity points, located at x; < x; < --- < xp.
The function L can be decomposed as the sum of L. and Lq, where L is continuous
and Lq is piecewise constant with jumps at xq,...,xp. Accordingly, { = {. + 4,
where {. and {4 are given as in (A.2) with L replaced by L. and L respectively.

For any Q' # Q, let {’ denote the right-hand side of (A.2) with Q replaced by
Q/, and let { and £ be defined similarly. For € > 0 arbitrary, it is necessary to find
8 > 0 such that |§' — {| < € for | — Q| < §. Consider an arbitrary & € (0,Q).
Since L. is continuous, by the Heine-Cantor theorem (Apostol, 1974, theorem 4.47)
it is uniformly continuous on the interval [(Q — &)/(ro),(Q+ 8y)o/r]. This in-
terval contains the values Q/v and Q'/v for |Q' — Q| < &, v € [r/o,rc]. By
virtue of this, defining & = €/(2r(c — 1/0)), let 8. < & be chosen such that
|Lc(Q'/v)—L(Q/V)| < & forall | Q' —Q| < &,V € [r/o,ro]. Taking into account
Lemma 1, it follows that

ro
-Gl < /r/a L(Q/v) ~L(Q/v)[dv < r (a— %) e=5 forl@—Q| <8

(A.128)
By construction, there exists an upper bound My on |Lg(x)|, x € RT. Since
L4(Q/Vv), considered as a function of v, has jumps at Q/xy,...,Q/xp, associated
with each discontinuity point Q/x; there is an interval of values of v for which
La(Q'/Vv) # Ly(Q/Vv). The width of this interval is |Q' — Q| /x; < |Q' — Q|/x, and
|Lqa(Q'/v) — Lg(Q/ V)| < 2Mjy for v within this interval. There are at most D such
intervals contained in [r/0,ro], and for any value of v not belonging to any of
these intervals it holds that Ly(Q'/v) = Lg(/v). Using Lemma 1 again, it is seen
that |§] — {4| < 2DMy4|Q’ — Q| /x;. Thus there exists &g such that

€

5 for[Q —Qf < &. (A.129)

G — &l <
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Taking 6 = min{J, 84}, it follows from (A.128) and (A.129) that
€ ¢
=l ll—Glt|G -l <5 +5=¢ for|@-Q[<8,  (A130)

which shows that { is a continuous function of Q. 0

Lemma 10. Under the hypotheses of Theorem 3, and with § defined by (A.2),
n-¢_,

lim limsup n-¢ = lim limsup —— =
0= 00 0% oo ¢

(A.131)

Proof. According to property 1 in Assumption 3’, there exist K < r and my , My, x|, €
R+ such that my xX < L(x) < My xX for x < xp, that is,

m(Q/V)K < L(Q/v) <ML(Q/V)E forv>Q/x. (A.132)

Similarly, property 2 implies that there exist K’ < r; m{ ,M{ € R™; and x| > xi_
such that

m} (V)X < L(Q/v) < ML(Q/V)X  forv<Q/x]. (A.133)

From Assumption 1, L is of bounded variation on [x,,x{ ], and thus there exists M
such that L(x) < M for x € [x,x] ], that s,

L(Q/v) <M forQ/x{ <v<Q/x. (A.134)

The case Q — 0 is analyzed first. Given ¢ € R™, it will be assumed that
Q < rxp,/o. Under this assumption, any v within the integration interval in (A.2)
exceeds Q/xr.. Thus, applying (A.132),

‘> mLQK/m v K= lexp(—v) dv — m QK(C(r—K,r/o)—T(r—K, rG))'
r/c (r—1)! (r—1)!
(A.135)
The difference j — { can be expressed as” {1 + & + &3 + {4, where each term is
an integral as in (A.2) with the integration interval respectively given as (0,Q/x] ),
(Q/x],Q/x1), (Q/xL,r/0) and (ro, ). In the first case, (A.133) implies that

MO y(r—K',Q/x])

61 < =1 ;

(A.136)

2Note that this decomposition, and the one to be used for Q — oo, are different from those used
in the proofs of Lemmas 7 and 8 respectively, although the same notation is used for simplicity.
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and thus

G M Q5 Ky(r—K',Q/x)

& m(T(r—K,r/o)-T(r—K,ro))
Using the equality (A.70) from Lemma 4, and taking into account that K, K’ < r by
Assumption 3’, it is seen that the right-hand side of (A.137) tends to 0 as Q — O.
Since {; and { are both positive, this implies that

(A.137)

lim = =0. (A.138)

As for the term {,, using (A.134),

M(y(r,Q/xL) —y(r,Q/x1)) o My(nQ/x)

< A.139
G < (r—1)! r—1! (A.139)
and thus <
MQ™ Q
& _ 1 Q/x) . (A.140)
{ my(I'(r—K,r/o)—-T(r—K,ro))
Using (A.70) again, and taking into account that K < r, it stems that
lim é =0. (A.141)
Q—0 C

Regarding the third term, (A.132) holds for all v within the integration interval,
and thus

M QK (y(r—K,r/o) —y(r—K,Q/x.)) - ML QXy(r—K,r/o)

< A.142
3 (r—1)! (r—1)! (8.142)
Therefore Iy K
& LY(r=K,r/0) . (A.143)
C mL(F(r—K,I"/G)—F(I’—K,I’G))
Similarly, the fourth term satisfies
M QKT (r— K
g < M=K r0) (A.144)
(r—1)!
and therefore VT X
G LL(r—K,ro) . (A.145)

{ my(T(r—K,r/o)—T(r—K,ro))
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From (A.138), (A.141), (A.143) and (A.145) it follows that

fim sup n—2_ < My (y(r—K,r/o)+T(r—K,ro))

o0 ¢ “m(T(r—K,r/o)-T(r—K,ro)) (A.146)

The right-hand side of (A.146) is seen to converge to 0 as 6 — oo, and thus so does
the left-hand side. This establishes the first part of the result.

The analysis for Q — oo is similar. Given ¢ € R™, it is assumed that Q >
rx; 0. The difference 1) — { is expressed as §j + ¢ + &} + {;, where each term
is an integral as in (A.2) with integration intervals respectively given as (0,r/0),
(ro,Q/x), (/x),Q/x1) and (€ /xr,, ). Arguments analogous to those used for
Q — 0 establish that

imsu n—¢ M (y(r—K',r/o)+T(r—K' ro))
lQ:oop C = M£(F(F—K',r/6) _F(T—K/,}’G))'

(A.147)

The right-hand side of (A.147) is seen to converge to 0 as 0 — oo, and thus so does
the left-hand side. This establishes the second part of the result. [

Lemma 11. Under the hypotheses of Theorem 3, considering £ and 1) as functions
of Qe RT, {/N — 1 uniformly on R™ as 0 — oo

Proof. The result is equivalent to the statement that for any € > O there exists
op such that [7/{ — 1] < € for all Q € RT and for all 6 > oy. Consider € >
0 arbitrary. Let R(o) and R'(o) respectively denote limsupg_,o(7] — §)/¢ and
limsupg_,.. (7 — &) /. Since L is a non-negative function, from (A.2) it is seen that
¢ is a non-negative, non-decreasing function of ¢ for any Q. By Lemma 10, R(0)
and R'(0) tend to 0 as 6 — oo, and thus there exists o7 such that R(o7),R' (01) <
€/2. By definition of R(0), there exists Qg such that the following inequality holds
(note that the left-hand side is a function of ¢ and Q):

n-¢ € _

T<R(Gl)+§§8 for Q < Qpy, 0 =o07. (A.148)
The non-decreasing character of { with o implies that (A.148) also holds for o >
o1, that is,

”T_C<s for Q < Qy, 0 > 0. (A.149)
Analogously, there exists Qf > Qg such that

ﬁ - C !

TS fr@>0f 020 (A.150)
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According to Lemma 9, for ¢ fixed, { is a continuous function of Q € [Qy, Q{)],
and therefore it has an absolute minimum on that interval, which will be denoted
as S1(0). The non-negative and non-decreasing character of { with ¢ implies that
Sy is also a non-negative, non-decreasing function. In addition, S (o) > 0 for all
o greater than a certain value ¢;. This can be seen as follows. By Assumption 3’,
L(x) is non-zero for all x outside a bounded interval. If ¢ is sufficiently large,
i.e. greater than a certain o, for any Q € [Q, 96] the integration interval in (A.2)
contains a subinterval where L is non-zero, which gives { > 0. Thus S| (o) > 0 for
O > 0.

By arguments similar to those in the above paragraph, 7] — {, considered as a
function of Q, has an absolute maximum on [Qy, 96]; and this maximum, denoted
as $(o), tends to 0 as 0 — co. Therefore, defining S(c) = S»(0)/S; (o) for o >
02,

(M1—2¢)/¢ <S(o) for Qe [Qy,Q), 0> 0n; (A.151)

and S(0) — 0 as 0 — oo. Thus, for the considered &, there exists 03 > 0, such that
S(o) < € for 6 > 3. Combined with (A.151), this gives

(T_'[—C)/C<8 fOI‘QE[Q(),Q6], o > 03. (A.152)
From (A.149), (A.150) and (A.152), choosing 6y = max{oj,03} is sufficient to
satisfy |11/C — 1| < € for Q € RT, 0 > o). This completes the proof. O

Proof of Theorem 3. The result will be proved by contradiction. Assume that there
exists a possibly randomized estimator p with limsup,_,,1(p) < n*. This implies
that there exist 6 < 1 and a probability pg such that the estimator has

n(p) <6n* forall p < pe. (A.153)

For n =rr+1,..., let I, denote the distribution function of p conditioned on
N =n.
By Lemma 11, let o be selected such that

ro

¢ (V)L(Q/Vv)dv > \3/5/ O(VIL(Q/v)dv forallQeRT.  (A.154)
c 0
In particular, this implies that

/m ¢(V)L(Q/v)dv > Ven* forall Qe R™. (A.155)

o

Given vy, v, with v, > v; > 0, according to Lemma 2, ®(p,v) — ¢(v) uni-
formly on [v, v»] as p — 0. By virtue of this, let p; < pg be such that

|D(p,v)—0(v)| < (1-V0)¢(v) forallp<pi,velr/o,rc]l. (A.156)
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Letu = [ro/p;]. Taking into account that lim,,_,e. (Y., 1/n—logw) = 7, where y
is the Euler-Mascheroni constant (Abramowitz and Stegun, 1970, equation 6.1.3),
it is easy to see that

r/(op)] P . ou=lg
lim - —log— +log——) -—. (A.157)
p—0 ,;4 n 08 p B G opi n; n
This implies that there exist A > 0 and pj, such that
Lr/(op)] 1
Y ~ g s 2 for all p < pj. (A.158)
n—u N1 p

Let A and p{, be chosen such that (A.158) holds, and let p{; be defined by the
equation N
P1
log - Te (A.159)
Since A >0 and 6 < 1, it follows that pjj < pi.

Let po = min{pj,, p, }. For a given n, the measure associated with the distribu-
tion function I, is obviously finite, and thus sigma-finite. This implies (Billings-
ley, 1995, theorem 18.3) that for each n the integral in (9), considered as a function
of p, is measurable with respect to Lebesgue measure. In addition, since p; < pg,
it stems from (A.153) that the series in (9) converges for p < pj. This assures
(Billingsley, 1995, theorem 13.4(ii)) that n(p) restricted to p < p; is measurable.
Therefore, the integral

x— [Mw)y, (A.160)
po P
exists in the Lebesgue sense, and according to (A.153) it satisfies

P d
x<on [ L=onrl0g. (A.161)
po P Po

Substituting (9) into (A.160),

X = ppl y (/ L(y/p)dT,(y )) dp. (A.162)

I’l r

Defining v = |r/(opo)], it is clear from (A.162) that

/Po (/ o y/p (y)) dp. (A.163)
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Since both measures in (A.163) are sigma-finite, and both the inner and outer in-
tegrals are finite, the order of integration can be reversed (Billingsley, 1995, theo-
rem 18.3), which gives

X> Z/ (/ —y/p) >dHn(y). (A.164)

Making the change of variable v = np in the inner integral and taking into account
that f(n)/p = ®(p,np), (A.164) becomes

X > Z / (/ ®(v/n,v)L (ny/v)dv) dIT, (y). (A.165)
For u < n < v itholds that npy < r/oc and np; > ro. Therefore
X> Z / (/ ®(v /n,v)L (ny/v)dv) dIT, (y). (A.166)

For v € [r/o,ro] and u < n < v it holds that v/n < p;. Thus (A.156) gives
®(v/n,v) > v/6¢(v). Substituting into (A.166),

X > fZ / (/ ny/v)dv) dIL,,(y). (A.167)
From (A.155), the inner integral in (A.167) exceeds \3/511*, and thus
L |
X>0"n* Y - (A.168)
n—=u n

Since pg < p and po < pj < p1, (A.158) and (A.159) give

p1 A
> 7L+10g—>log (1——) V610 g—. (A.169)
Z Po log(p1/pp)
Substituting into (A.168),
X > 0n*log 2t (A.170)
po’
in contradiction with (A.161). This establishes the result. ]

Proof of Proposition 3. The proof is analogous to that of Mendo and Hernando
(2010, proposition 1). 0
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Proof of Proposition 4. For the considered estimator,

E[(ﬁ—p)z]_(r—2)2E{ 11 2(r—-2)
PP (N—1)%] p

The equality

1
E[N_JH. (A.171)

1 p
E —

{N -1 r—1
directly stems from the fact that (1) is unbiased. On the other hand, according to
Mikulski and Smith (1976), for p € (0,1)

_ 201 _ 2
r—1 } L-p)

N < (A.173)

(A.172)

Var [
From (A.172) and (A.173),

it () el <o ans

Substituting (A.172) and (A.174) into (A.171), the desired result (27) is obtained.
O

Lemma 12. Given r > 3 and Q € R™, considering the loss function (19) with
A1 =0, Ay >0, if W > (r++/r+1)/Q the risk of the estimator (28) satisfies
N(p) < 1 for any p € (0,1). Similarly, for the loss function (19) with A; > 0,
Ay =0, if U1 > Q/(r—/r) the inequality n(p) < 1} holds for any p € (0,1).

Proof. The stated results follow from the arguments used in the proof of Mendo
and Hernando (2010, proposition 3). [

Proof of Proposition 5. The result will be proved by approximating the loss func-
tion as a sum of terms of the form (19) with A{,A; > 0 and using Lemma 12. It
may be assumed without loss of generality that L(x) = 0 for x € [v, V], because if
L(x) = C within that interval, defining L'(x) = L(x) — C the risk corresponding to
L is expressed as C plus the risk resulting from the loss function L', which satisfies
the hypotheses of the proposition.

Let € > 0, and suppose for the moment that L is unbounded on the interval
(0,v). This implies that for any i € N, the set Vg ; = {x € (0,v) | L(x) > ie} is
non-empty. In fact, since L is non-increasing on (0, v), V¢ ; is an interval. Let x¢ ;
be defined as the supremum of V ;, and let

e ifx<xgj,
le i(x) = ’ A.175
871( ) {0 otherwise. ( )
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If L is bounded on (0, v), the sets Vg ; are empty for i greater than a certain value.
In this case, the corresponding /¢ ; functions are defined as the null function. In a
similar manner, for L unbounded on (v',), let V¢ ; = {x € (V',) | L(x) > i€},
which is again non-empty interval; let xJ, ; be its 1nﬁmum, and

if x >
Gim=4 17 e (A.176)
0 otherwise.

If L is bounded on (v’,0), for i greater than a certain value the sets V, ; are empty,
and the corresponding (; ; are defined as null. Let L ;(x) = le i(x )+£f€ ;(x) and
Le(x) =Y | Le i(x). By construction, for all x € R,

0<L(x)—Le(x) <e. (A.177)

Each function L ; satisfies Assumptions 1-3, and therefore a risk can be defined
considering Lg; as the loss function. This risk will be denoted as n¢ ;(p). The
function L, also satisfies Assumptions 1-3. Let n¢(p) denote its corresponding
risk,

Zf )Le(g ZZf )Le.i(2(n)/p) (A.178)

n=rij=

For each n, the inner series in (A.178) converges absolutely; namely, to f(n)L¢(g(n)/p).
In addition, from (A.177) it is seen that L¢(g(n)/p) < L(g(n)/p), and this implies
that the outer series in (A.178) is also absolutely convergent. This allows inter-
changing the sums over n and i (Apostol, 1974, theorem 8.43), which gives

e(p) =Y nei(p). (A.179)
i=1

Theorem 1 assures that 1¢ ;(p) has an asymptotic value fj¢ ;, given by

lea= [ 0(V)Les(@/V)av, (A.180)
Similarly, n¢(p) has an asymptotic value
fle :/0 O(v) Y Lei(Q/v)dv. (A.181)
i=1
Since Lg; is a nonnegative function for all i, the monotone convergence theorem

(Athreya and Lahiri, 2006, theorem 2.3.4) implies that the sum and integral signs
in (A.181) commute, and thus

e = Y e.i- (A.182)
i=1
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From Lemma 12, n¢ ;(p) < e ;. Combined with (A.179) and (A.182), this gives

Ne(p) < e. (A.183)

On the other hand, from (A.177) it stems that

0<n(p)—ne(p) <e, (A.184)
which in turn implies
0<nN—ne<Le. (A.185)
From (A.183)-(A.185),
Np) <ne(p)+e<net+e<n+e. (A.186)

Since (A.186) holds for € arbitrary, the desired inequality n1(p) < 7 follows. [
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