A semi-Lagrangian micro-macro method for viscoelastic flow calculations
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ABSTRACT

We present in this paper a semi-Lagrangian algorithm to calculate the viscoelastic flow in which a dilute
polymer solution is modeled by the FENE dumbbell kinetic model. [n this algorithm the material derivative
operator of the Navier-Stokes equations ( the macroscopic flow equations ) is discretized in time by a semi-
Lagrangian formulation of the second order backward difference formula{ BDF2 ). This discretization leads
to solving each time step a linear generalized Stokes problem. For the stochastic differential equations
of the microscopic scale model, we use the second order predictor-corrector scheme proposed in [22]
applied along the forward trajectories of the center of mass of the dumbbells. Important features of the
algorithm are (1) the new semi-Lagrangian projection scheme: (2) the schemne to move and locate both
the mesh-points and the dumbbells: and (3) the calculation and space discretization of the polymer
stress, The algorithm has been tested on the 2d 10:1 contraction benchmark problem and has proved to
be accurate and stable, being able to deal with flows at high Weissenberg { Wi) numbers; specifically, by

adjusting the size of the time step we obtain solutions at Wi =444,

1. Introduction

Micro—macro models for polymeric flows couple the continuum
mechanics equations for conservation of mass and momentum
{macro-scale) to the equations derived from the kinetic theory viaa
coarse-grained description of the molecular configurations (micro-
scale). Numerical algorithms directly based on the kinetic theory
for complex fluids have been developed since the 1970s, but due
to the fact that the simulations are very demanding from a com-
putational standpoint, they have become available only after the
development of supercomputers. For the deterministic version of
the micro-macro models one needs to solve a very high dimen-
sional partial differential equation system in both position and
configuration spaces, As another candidate approach, stochastic
simulations have the virtue of being dimension-independent and
parallel in nature, with the additional advantage that no ad hoc
constitutive equation for the polymer stress is needed to close the
model. Therefore, this is a very promising approach for multiscale
simulations of complex configurations such as polymer chains, Laso
and Ottinger [1] seem to be the first in designing a numerical algo-
rithm for stochastic simulations of polymer flows, the so-called
CONNFFESSIT idea (C alculations O f N on-N ewtonian Flow: Finite
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E lement and § tochastic 5] mulation T echnigue). Applications of
this approach to dumbbell models of dilute polymer solutions are
reported in [2] for two-dimensional stationary flows and [3.4] for
two-dimensional non-stationary flows, for liquid crystalline poly-
mers in [5] and for free surface flows in [6] and [7]. The advantages
of such a method have had an important impact in the develop-
ment of numerical micro-macro models; however, as recognized
by [4.8]. there are still some difficulties, such as the tracking of the
“molecules” and the calculation of the polymer stress tensor, that
have to be addressed to improve the efficiency and accuracy of the
numerical calculations. A step forward in that direction is repre-
sented by the technigue of Brownian configuration fields of Hulsen
et al. [8], the adaptive configuration fields of Gigras and Khomami
[9], and by the Lagrangian particle method (LPM) of Halin et al.
[10] and Wapperom et al. [11]. (For additional details, see e.g., the
revision by Keunings on micro-macro methods [12]).

[n the present paper, we improve previous micro-macro
approaches [2-7] by implementing new schemes at both macro
and micro levels. For the macro level, we use a second order in time
backward difference formula (hereafter, BDF2) semi-Lagrangian
scheme in combination with P2{P1/P1 finite elements for space dis-
cretization; that is, the velocity is calculated with quadratic finite
elements whereas the pressure and the polymer stress are both
calculated wich linear polynomials. As for the micro level, (1) we
calculate more accurately and more efficiently the trajectories of
the individual dumbbells by implementing a second order in time
adaptive scheme which prevents the dumbbells from leaving the
flow domain through impervious walls; and (2) we consider that
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the polymer stress is a piecewise linear continuous function whose
point values are calculated by applying Kramers’ expression for the
polymer stress on the finite volume associated to each vertex of the
elements. Semi-Lagrangian schemes to deal with the convective
terms are not new in the realm of viscoelastic flows, in particu-
lar in numerical integrations of models based on the continuum
approach, because several researchers such as [13-16], just to cite a
few, have used semi-Lagrangian schemes or schemes based on the
backward method of characteristics; however, to the best of our
knowledge, this is the first time that the micro-macro approach
is combined with semi-Lagrangian schemes. The result is a robust,
accurate and highly stable method that is able to perform numerical
simulations at high Weissenberg numbers in the 10:1 contraction
flow example.

The layout of the paper is as follows: in Section 2 we formu-
late the micro-macro FENE model equations whose dimensionless
version is presented in Section 3.Section 4is devoted to the descrip-
tion of the numerical methods. The results of the numerical tests for
the 10:1 contraction flow are reported and commented in Section
5. Conclusions are set in Section 6.

2. The micro-macro model governing equations

In this paper we focus on two-dimensional viscoelastic
incompressible flows modeled by the Kinetic theory approach:
specifically, we shall use FENE dumbbell model to account for the
dynamics effects at the micro-scale. In this context, a dumbbell
is thought of as an object composed of two Brownian beads con-
nected by an entropic spring. We consider the flow of a constant
density diluted solution of polymeric liquid in a bounded domain
D < E? with boundary I” during a time interval [0, T]. The bound-
ary I is composed of various pieces on which different types of
boundary conditions are imposed, Thus, I" = T''u ™ u I°, where
', s, I'* denote inflow, solid and outflow boundaries, respec-
tively, and such that ' n M =g, IMniM=gand MHnl® =w.
The model consists of two sets of equations; one set, corresponding
to the macro-scale, is formed by mass and momentum conserva-
tion equations of the flow; and the other set, corresponding to the
micro-scale, is based on the kinetic theory of the molecular con-
figurations to display a more or less accurate description of the
flow-induced dynamics upon the non-interacting peolymer chains.

2.1. Macro-scale equations

Forthe sake of simplicity, we shall consider no body forces acting
on the flow, so that the governing equations are the following;

pg—?+Vp=n3Au+V-rpian[0,T],
V.u=0in Dx(0,T].

(1)

These equations are to be solved subject to the initial conditions

ux, M =ug(x) vxeD {2)

and the boundary conditions
u(x,t)=0o0n 7 ¥,

—pn+nsg—:: =g(x,t) on [ vr, (3)
—n-uX.ty=a(x.t) on [ vt

Here, u and p denote the flow velocity and the hydrodynamic pres-
sure, respectively; p is the constant density of the solution; n is
the unitary outward normal vector at the boundary; g and a are
known data;: D/Dt = /3t +u- V represents the material deriva-
tive operator: the total stress tensor t is defined as = : + 7

. T ., .
the Newtonian stress tensor t; = ns(Vu + (Vu)r) . with n; being
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Fig. 1. The 1(:1 planar contraction geometry for the *'dumbbells’ FENE model.

a constant viscosity coefficient, is the solvent contribution to the
stress; and 7, is the polymer contribution to the total stress that
results from the anisotropic orientation and stretch of the polymer
chains. This contribution is the dynamic link between the micro-
and macro-scales, and is calculated by Kramers' relation [17] from
the configurations obtained as solutions of the micro-scale model.
Note that, since 1 is constant, we have by virtue of the divergence
free condition that V. 1 = n; Aw.

2.2, Micro-scale equations: the FENE dumbbell modet

The polymer solution is modeled as a flowing suspension of non-
interacting dumbbells that are transported by the flow, At time ¢,
each dumbbell is characterized by the position of its center of mass
X(ry and the elongation vector Q(t), see Fig. 1. By the action of the
macroscopic flow, the dumbbells experience three forces: the first
one is the drag force due to the differences in velocity between
the dumbbell and the surrounding flow particles, the second force
is the elastic force due to the spring stiffness, and the third force
is the so-called Brownian force due to the thermal agitation that
is modeled as a Brownian motion. Using Newton's second law, we
have that the following stochastic differential equations govern the
dynamics of a dumbbell;

dX(t) = w(X(r), t)de (4)
and
4@ = [koxee). o)) - %F(Q(t))] de + 4k§@dW(rL (5)

where ¢ is a friction coefficient; kg is the Boltzmann constant; &
stands here for the absolute temperature; & = [Vu)T is the trans-
pose of the velocity gradient: F{Q) denotes the elastic force acting
on the spring due to elongation: and W{t)is a vector of independent
Wiener processes that accounts for the Brownian contribution to
the dumbbell dynamics, Note that Eq. (5} is the Lagrangian formu-
lation of the stochastic differential equation for each dumbbell, For
the FENE model, the elastic force F{Q{r)) is expressed as

HQ(t)
FQ(t)= ———=—+ 6
(@) 1= 1012/ 11Ql12 ©)
where H is the Hookean constant for the spring force, Qg is the
maximal extension of the elongation vector ¢, and | - | denotes

the modulus of a vector. To solve Eq. (5) it is customary to
introduce the non-dimensional elongation vector Q' defined as

Q') = +/kg®/HQr). In doing so (dropping for simplicity the
superscript'), Eq. (5) becomes

dQ = |k(X(£),t) Q(r) - %%} dt + \gdwm, (7)

where b = H||Qu|? /(ke®) and X = ¢/{4H). So that the equations of
the dumbbells we have to solve are Egs. (4) and (7) plus the initial



conditions for the location of the center of mass and the configu-
ration vectors of the dumbbells, The polymer stress tensor is given
by Kramers' formula as

Tp = —nlpBl+niF(Q) 0 Q). (8)

where n is the number density of dumbbells, I denotes the identity
tensor, and {) is the ensemble average in Q) space.

2.2.1. Initial conditions for the stochastic Egs. (5)and (7}

The initial condition for the connector vector @ is drawn from
the equilibrium distribution (« = 0} represented by the probability
density function

(1 — Qi /b
27b372B(3/2, (b + 2)/2)
0

itQ? < b, (9)
otherwise,

Y{1IQ) =

where B(3/2, b + 2/2) is the so-called Euler beta function, Since
(| Q ) is symmetric, then Qs isotropic and its direction is obtained
by random sampling over the surface of a sphere of radius r: the
modulus of Q is calculated by the rejection method [18] to generate
random deviates for a probability density function f(r) = 47v2yr{r).
The initial dumbbells are uniformly randomly distributed over
the domain. The von Neumann acceptance-rejection method was
employed for the extraction of random numbers satisfying the dis-
tribution f(r) with an upper constant M = 0.65. Computation of the
random unit (director} vectors needed in the equilibrium distribu-
tion was carried out by means of the method proposed by Knop
[19]. and all the uniformly distributed random variables were gen-
erated by the “mt19937" algorithm of Matsumoto and Nishimura
[20], available from the GNU Scientific Library [21].

3. Non-dimensional equations

To better understand the role played by the different mecha-
nisms taking part in the phenomenology modeled by Eqgs. (1)-(8),
it is convenient to introduce non-dimensional variables and formu-
late the micro-macro scale equations in a non-dimensional form.
For the macro-scale equations, we consider the following non-
dimensional variables (denoted with the superscript!): (a*,¥') =
L~Yx, )y ut =U-lu; ¢ =T ' pt = p/{pU?), where L and U are
the characteristic scales for space and velocity, respectively, and
T. = L/U is the characteristic macroscopic convective time scale.
Next, forthe microscopic equations we define the non-dimensional
variables Q" = +/kg®/HQ; r* = T 1t = (4H/ &)t = (1/3)t, where T,
is the mesoscopic relaxation time of the spring. Once Egs. (1), (4)
and (5) are non-dimensionalized, they have the form (dropping for
simplicity the superscript*)

Du 1-w
Re (E+Vp) =05Au+( Wi )V-rp, (10)
V.u=0,

in D x {0, T] for the macro-scale, whereas for the micro-scale

p={FRIaQ -1 (11)

dX(t) =u(X(r), r)dt,

1 Q)
2WET —1Q(e)2 /b

ag = [K(X(t},r)‘Q(t}— ]dr—l— ! -dW(t).
f

T
(12)

where Re =(pUL)/n: is the usuval Reynolds number of the
Navier—Stokes equations; here # is the total viscosity coefficient
considered as a sum of the coefficient #; and a coefficient 5, due to
the polymer, Wi = T, /T. = tU/(4HL) = LU/L is the so-called Weis-
senberg number; this number is a measure of importance of the

memory of the polymer with respect to the macroscopic convective
time, & = #;/(#s + 1p). And b = H||Qg||2/(kz )} is the finite extensi-
ble parameter that represents the maximum extensibility allowed:
in our FENE model, we shall set nkg@ = (b + 5)1p/(bA).

4. Numerical formulation

We introduce in this section the numerical methods we have
developed to integrate the micro-macro-scale equations. The
numerical difficulties associated with the problem are the follow-

ing:

(1) For the macro-scale equations, we have on one side the typ-
ical difficulties posed by the conventional time dependent
Navier-Stokes equations; specifically, the non-linear terms
included in the material derivative Du/Dt, and the constraint
V -u = 0: and on the other side, the calculation of the polymer
stress tp.

{2) Asfor the micro-scale equations, the main difficulty is the accu-
rate and stable integration of [t equation for the elongation
vectors Qfr) along the trajectories of the dumbbells.

Although the order we arrange the calculations in our algorithm
at each time step is to integrate first the micro-scale equations and
then the macro-scale equations, we shall start by describing the
time integration scheme of the macro-scale model.

4.1. Time integration of the macro-scale equations

We divide the time interval | =(0,.T| into N sub-intervals
fn=(tn. ths1], 0 =1t = N — 1 of equal length At, and note that, for
{x,t}in D x (0, T), the material derivative Du/Dt can be expressed
as Duxt) _ WXGET). Dl where X(x,t; 7) are the characteristic
curves or (fluid trajectories), which, assuming that the velocity vec-
torw(x, t} is continuous in time and Lipschitz continuous in space,
are the unique solution of the system of equations

{ BEED _ yxex,e:7), 1), (%)

dar
X(x.t;t)=x.

Equivalently, we can write Eq. {13) as
t
X{x,r:s}:x—f u(X(x, s;7), 1)dr (14)
X

for all £,sel and for all xD. Then, at each time instant &;,q,
we approximate along the characteristics X(x, t;4; t} the mate-
rial derivative by the BDF2 formula; specifically, using the notation
E(X, tn) = g™(X), or occasionally and if confusion does not arise, g",
we have

Puix,r) . 3ut! - Aui(X(x, tortital)
Dt M=t = 2A¢
un—l[x(x! Grtrs tno1)) 2
SAT + O( A<}, {15)

where X(X, f;,1:tm)and X(X, tp 1ty )denote the positions at time
instants t; and t,_;. respectively, of a particle that at time r,,,; will
be at X. Therefore, they are solutions of Eq. (13) whent =t,,; and
T =ty and T =t,_q, respectively. It is ¢lear in Eq. (15) that forx <D
one needs to calculate X(x, t,,1:ty) and X{(X, t;,1:t;_1) in order to
evaluate w't1(x), Postponing the description of the method to cal-
culate such positions up to the next section, we have the following
time integration scheme for the macro-scale equations, which is
formally O{ At?):
Given u?(x)and u'(x), forall xe Dand foralin=1,... ,N -1



(1) Caladate X(X, r, 1 ta)and X(X, tn1; th_1) by solving numerically
Eq.(13) or, equivalently, Eq. (14),
(2) Calculate

WHX(X, thy1ita)) and WP (XX, tys 6io1))

and set
W(X) = WX(X, tapr:tn)) and @771 (x) = w" (XX, thyertao1)).
{16)
(3) Solve the generalized Stokes problem

3pu™1 - 2Atp AU 4 2ALTprH]
= p(40"(X) — " (X)) + 241V T,
v url+l =0,

w1 =0 on I, (17)
n+1
—Pn+1ﬂ+”sauan =gn+1 on )r'o,

L -n _ui‘l+| _ ai‘l+| On Ff.

Woe have termed problem (17) the generalized Stokes problem
because it is mathematically and numerically equivalent to a gen-
eralized Stokes problem with the forcing terms provided by the
polymer stress tensor and the known value p(4a"(x)—a" ' (x)).
Next, we describe the time integration scheme for the micro-scale
equations,

Remark 1. Since the BDF2 scheme needs u" and u™ ! to update
u™!, we calculate u! with a single step scheme, such as the
Crank-Nicolson or Euler implicit schemes,

4.2. Time integration of the micro-scale equations

Since the formulation of the stochastic equation (7) for the elon-
gation vector Q(t) is along the trajectories of the center of mass X(¢)
of the dumbbells, then we have to calculate such trajectories by
solving for each interval f;, 0 = n = N - 1, the equations

aXt
O —uXi),0) 1 20 2 0, as)
X(tp)eD is a datum,
or equivalently
t
X(r)=X(rn)+/ uX(t), 1Mt =ttty {19)
tn

The system (18), which is formally the same as the system (13) of
the characteristic curves, has a unigue solution. Next, we integrate
Eq. {7} along the trajectories X(t) applying the second order {weak
sense) semi-implicit scheme of [22], the stability of which has been
analyzed in [23]. Thus, using the notation X" = X(ty), Q" = Q"(X")
and " = #(X"), we calculate Q™ by the following splitting proce-

dure:

Al n n n_l Q' l

Q =07+ Ar [;c Q 21—]_“in|sz + AAW’ {20)
and

Qﬂ+| (1+ 1 At

At it 1
- =y - n+_xn+l .
E ||Q”+'||2fb) T3 ¢

At . . A QP 1

To solve for Q™! we take modulus on both sides of Eq. (21) and
obtain the cubic equation

QM — RuQ™ N — b (1 + %) Q™| + bR =0, (22)
where R is the modulus of the right hand side of Eq.(21). This cubic
equation has one root in the interval (0, vb); thus, when solving Eq.
{22} we choose the root which is in that interval and then goback to
Eq.(21)to solve for the components of Q7T At this point, we must
note that in Eq. (22} we have ™! = [Vu““(X"*']}T. but u™+1(.)
is not known yet; so that, we extrapolate this value by the second
order extrapolation formula u™'{.) = 2u”(.) - w*~1{.). Hence, we
calculate &1 as

1 = VX - v xm ) (23)

Once we know Q't!, we proceed to calculate z,"*! applying (8).
The Wiener process AW is the one proposed by [22] for schemes
of second order, namely

AW:\/E(Y—%) {c,(y_%)iq], (24)

where Y is a stochastic variable uniformly distributed in [0, 1] x
[0, 1] = [0, 1]. and the constants ¢y and ¢, satisfying all the condi-
tions for the moments of Y, have the values ¢; = 14.14855378 and
¢z = 1.21569221, The time integration scheme is the following:

Given (for each dumbbell) Q° and X°, and u? (see initial conditions),
then for each dumbbelf and foralln=1, ... N -1

(1) Calculate k™ = (Vu“(X”})T,
(2) Calculate X! by solving numericaily Eq. (18) or equivalently Eq.
(19), and x™*1 by formula (23).

{3) Calculate Ehe components Oanu making use of Eq. (20).

(4) Calcutate Q" || by solving Eq. (22) and choose the root which is
in (0, VD).

(5) Cafculate the components of Q™' making use of Eq.(21).

(6) Cafculate z,"+! applying formula (8).

Remark 2. One may argue that integrating the macro-scale equa-
tions with a second order scheme will not significantly improve
the accuracy of the solution versus that obtained with a first
order scheme, such as the Euler implicit scheme used by many
researchers, since the main component of error committed in
the calculation of the macro-scale variables is contributed by the
approximation of T,™*! via an ensemble average that is described
below, and the statistical error of such an average is O{1/vM), M
being the number of dumbbells used in the average. Admitting that
such an argument is true, we, nevertheless, use the BDF2 scheme
for the following reasons: (1) to be consistent in terms of numerical
convergence with the second order scheme employed to integrate
the stochastic equations along the dumbbells trajectories; and (2)
because from a computational point of view, the cost of the BDF2
scheme in terms of memory and CPU time is marginally higherthan
that of any first order scheme.

4.3. Finife element formulation

Qur next concern is the formulation of the time discretization
schemes in a finite element context. To this end, we shall use
unstructured meshes composed of quasi-uniformly regular trian-
gular elements T;. 1 < j = NE, where NE is the number of elements
of the mesh. The set Dy, = {T;, 1 = j = NE} denotes a uniformly reg-
ular partition of D such that DU I” = Uy ;.5 T;. The triangles T; that
are in the interior of I} have straight sides, whereas those triangles
which intersect the boundary /" may have curved sides, One has to
make additional assumptions on curved triangles. Pi(T;) denotes



the set of polynomials (or polynomial-like functions) of degree < m
defined on the triangle T;, The type of finite elements we employ for
space discretization of velocity and pressure is the so-called Taylor-
Hood P; /Py element, that is, quadratic polynomials for velocity and
linear polynomials for pressure on each triangle T;; this element is
known to be stable in the sense that it satisfies the inf-sup condi-
tion. As for the polymer stress tensor, T, we shall use P;-element,
that is, linear polynomials. So that, we are now in a position to
define the finite element spaces for velocity, pressure and polymer
stress tensor associated to the partition Dy,.
Velocity:;

B2 .
Vi = {va e DY vl e Po(T), 1 <5 < ME .

and
Vig = {VyeVy vyl =0},
Pressure:

Qy = {ay € C¥D) 1 quly; € P1(T}), 1 = = NE}.
Polymer stress tensor:
Sa = {53, COD)! tsplr eP(TY 1 = j < NE).

Here, C°(D) means that the functions are bounded and continu-
ous up to the boundary; P (T; ]l2 means that the two components of
the velocity vector are piecewise polynomials of degree 2, whereas
P1(1})4 denotes that the four components of the stress tensor are
piecewise linear polynomials. Let MV be the number of velocity
nodes in the mesh, and let MP be the number of pressure (also poly-
mer stress tensor) nodes inthe mesh. Then, any vy, € V5, 95, € Oy, and
Sy €8y, can be represented as

AV
Vp = va(pf ’
i=1

MF
=) Q. (25)
k=1

P

sh = Zsk w’u
k=1

where {@;e;, @;e7), {¥,) and [(We1e, rejey, Preve;, Yiere; )}
denote the sets of global basis functions of the finite element
spaces Vyg. Qy and S, respectively; Vi = (V. V%) Qy, and §, =
(5116 S12k: Soaps Soap) are the sets of nodal values of vy, gy and sy,
respectively; and e; and e; denote the elements of the canonical
basis of E2,

4.3.1. Finite element formilation of the generalized Stokes
problem (17)

Assuming that at the instant  t;, w, and

time
wie Vg, pl e Qy, 707" €S, are known, we wish to find uj*! ¢ Vig

and p*! € @ such that —n - wi*! = a™*1 on [, and for any v, € Vi
and g, =@y
3(pult!, vy)) + 20T, Vvy),
—2A0pRY Y vy, = (o(40] — ) ),
+2At (g™ vy}, +280(V - it vy,
(V. uit! qp), =0,

n—1

(26)
o

where the following notation has been used: {a,h)D=fDa-
bdx. (Va, Vb), = fn Va:Vbdxandi{a.b)p. = frv a-bds.

Fig. 2. Bijective transformation X(-, to41, &) ofelement T; and fixed partition Dy, onto
element T;” and virtual partition D;:.

Remark3. [nEq.(26),u;(x)and ﬁE"l (X) ¢ V', are the finite element
approxXimations to

WHX) = W(X(X, 5 ) and &)%) = (XX, b ),

These approximations are calculated by the semi-Lagrangian
method that is explained next.

Remark4. [ncontrastwith other micro-macro algorithms, which
calculate (u',:Jr1 . p;{“ )y using the value of the polymer stress tensor
at the previous time step &;, making the whole scheme be O{Af),
we use Ty in order to be formally consistent with the second
order BDF2 discretization of the material derivative.

Remark 5. Notice that the bilinear form for the velocity u’f:’rl is
symmetric and positive definite, so that we solve Eq. (26) by the
Uzawa-preconditioned conjugate gradient algorithm of [ 24].

4.3.2. Semi-Lagrangian calculation of Et}l(x) whenf=n—1andn
There are different approaches to approximate w(x) =
uwi{X(x, ;. 1: 7). For instance, on one side, we have the so-called
Lagrange-Galerkin method (also known as Characteristic-Galerkin
method) introduced in [25] and [26], and further analyzed in [27]
for the incompressible Navier-5tokes equations and [28] for the
scalar linear advection equation; or the weak Lagrange-Galerkin
of Bengue et al. [29]. These methods are specifically formulated
in a finite element framework since they perform a L2-projection
of W(X(x, t,,1; ) onto V;,, and they have been used in viscoelas-
tic flow by [13,15] and [16], just to cite a few. On the other
side, in a finite difference context, we have the so-called semi-
Lagrangian methods that were first introduced in the numerical
weather prediction community by Robert [30], and since then they
have become a standard scheme in numerical weather prediction
models, Roughly speaking, the idea of the semi-Lagrangian schemes
when they are applied in combination with finite differences (or
finite volume methods) for space discretization consists of comput-
ing the departure points (or feet of the characteristics) X(x, t,.1: )
for the grid points {X;} of a fixed square uniform grid and then cal-
culating ﬁ;[x,-} by interpolation of degree = 2. However, recently
Bermejo and Carpio [31] have devised a semi-Lagrangian scheme
more consistent with the finite element methodology based on
the Galerkin projection, and it is this semi-Lagrangian scheme
that we use to calculate uL(x}. Briefly speaking, the idea of the
new semi-Lagrangian Galerkin projection scheme, hereafter, SLG
scheme unless otherwise stated, consists of first generating a vir-
tual partition 0¥, which is the image of the fixed partition Dy,
by convecting backwards in time the elements T; of the fixed
mesh: specifically, let D = {y e B? : y = X(X, to,1: §), ¥X €D}, then
we define D! = {1}" c b 1}” =X(T;), 1 =j = NE}, where Xf['!}} is
a shorthand notation for X(X, tn11, ;). for any x in T;. Therefore,
T}."‘ is the image of T; by the action of the bijective transformation
X(-. tyy1: ;). See Fig. 2, where it is shown that, for ! = 1t and At suf-
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Fig. 3. Relation among triangles T, T; and TJ.‘” through the bijective transformation
X(-, tur; Ty ), bijective mapping F;‘(i). and invertible affine transformation F{X).

ficiently small, the triangle 1}?’" may intersect several elements Ty,

of the fixed partition D,. Moreover, Fig. 3 shows graphically (1)
the relation of T; with TJ?’” through the bijective transformation
X(X. tye1:ta): (2) the relation of TJ.*" with the triangle of reference
T, whose vertices are (0, 0, (1, 0) aAnd (0, 1), via the bijective map-
ping FJ“()"{): and (3) the relation of T with T; through the invertible
affine transformation F;(X). Secondly. we consider the finite ele-
ment space V} associated to the partition D;':

v = v e oD

2 .
VI €Dy Villp e PT)), 1 = < NE),

where for any x e T; and y = X(X, t;,1; ;). we can define
PAT Y = tp' (W) s p'(y) =

The definitions of UJ‘J and PQ{T“) imply that if {{ e, $;e ]l}]W
is the set of global basis functu:uns of W, then we can define
a set {(Pile, (Dr."eg}}:f: of global basis functions for U;’ as fol-
lows: for xeT; and ¥ = X(x, rnH:r,}eT}". (@;’[y}ﬂrjd = {(D,-(x}}hj

p{x} with p(x)eP:(T})}.

and (Q‘-?T."{yk}ﬂr_,[ = ((D,-[xk}}hrj: ik, where x;, are the mesh points
r
for velocity. So that, to any function \r;‘l‘ £ V;’.

MY
Vi =) vi'ely)

i=0
there corresponds a function ir‘;,(x} €V, such that

MV

T = > Vi x).

i=0
Next, we consider u’ {X(X. typ1: )} this is a continuous function
defined on D;“ that does not belong to Vj | We approximate it on
this space by the function u;‘l’(y)! ¥ = XX, ty1; {;), which is the L2-
projection of ul (X(X, tny1; &;))onto V. Inother words, (uy!, vi)_, =
it
(ul (X(X, toi1; ), vi),. or equivalently, given that for any inte-
it
: ¥ o + NE ¥
grable function G* defined on D}/, fDF: GHyidy = ijl ij' G*(y)dy.

we can set

NE
> f N vily)ay = Z f wy)-viwdy, wilev).
j=1

Noting that, in general, 1}** are curved triangles, which

are not computationally feasible to generate, then the SLG
scheme approximates the integrals fr_,g G*(y)dy by ffd G {y)dy.
1 1

2, o

X" (ajz)

Fig. 4. Affine transformation FJ!’()“;) and linear approximation T:i“ to TJ.‘“_

where T* are straight side triangles whose vertices are:
by = X(ay1, tarrs ). by = X{ap, try ) and by = X(ag, ey o),
with {a;, &3, a;3} being the vertices of T;, See Fig. 4, where it is
shown that T" is a linear approximation to the curved triangle T.‘“,

2
Toevaluate f,uf*l“(y} vii(y)dy, we consider that u} [y}lT[ el (T) ,
= o Viiu(y). where {Jriy)} is

the set of local basis function for the set of polynomials Pz(’?j’)

(Gily)er, dily)er);

s0 that we can write u;“(y)|r_;
r

defined on T’ and for 1 =i = 6 we set Vi{(y) =
hence, we have

f ul'(y) - viiy)dy = ZW.‘,{,V‘,{J f Bily)di(y)dy

i =1
+f d'
E i, (Vi Vo

f]-,[ :(¥)d;(y)dy denotes the local mass matrix for the
]

1=i=6,

I
where mlk =
element TJ.’, Making use of the invertible affine transformation Fj’ :

T — 1/, see Fig. 4, we can evaluate the coefficients rﬁ:.k as it is usual
in finite element technology; that is

,k—f¢a(y}¢r(}')dy fé&ﬂ%(ﬁﬂpldx (27)

where [ denotes the Jacobian determinant of the transformation
r

Fj’. which is constant for each element Tj’. and {@y(R)} is the set of

basis functions for the set P5(T) of polynomials defined on the refer-
ence triangle T, To evaluate ff, ul (v) - vi{(y)dy, we set, fori =i <6,
;

VFTI = {(E»,-(y}el , t}b,-[y}eg ), and making use of the affine transformation
FJ.” and quadrature rules we have that

r§ = (r:1 s 152} = ‘[[(Ij{lh(y}’ Ufzh(y)}é)l'(y)dy =
T

1
/T (8, (LR, v, (FURIBAR)

T | d
4

(28)
ngp

1;;| > g (EHRe ), vy (FlRe iR ),
g=1

where ngp denotes the number of quadrature points of the rule, and
(X;, @) is the g th quadrature pair, denoting the quadrature point
and its corresponding weight, respectively; for ¢;(X) e Po(T) we use
Hammer's rule of 7 points [32]. The key point in Eq. (28] is the eval-
uation of{tr’m(yg], v‘zh(yg}], ¥q =F;()‘(g). because we must identify



i

Fig. 5. The quadrature point X; has as image in T“'}." the point §, which is in a fixed
mesh element.

the element T, of the fixed mesh that contains ¥, and then calcu-

late [lr’m(yg), v’zh{yg)}, making use of the element of reference Tasis
usual in finite element technology (see Fig. 5). To perform this task,
locate the element and calculate the interpolation in this element,
we have developed a new search-locate algorithm for unstructured
triangular meshes based on the one presented in [33], which is able
tolocate the element containing a point given by the Cartesian coor-
dinates (xq. x3)and then calculate the reference coordinates (X, %3)
of this point (Fig. 6 illustrates the capabilities of this method to
search and locate points in unstructured meshes on multiply con-
nected domains). We must remark that the approximation of 1}*” by
TJ.“ introduces the significant difference that the calculation of the
points Pj.n(ﬁg} is done very efficiently, and so is the identification
of the elements T;, wherein they are located, because the search to
find out T is local in the sense that if we know, by previous calcu-
lations, the element T}, that contains, say X"(a;; ): then, when both
At and u| are sufficiently small, F}n(ig) must be either in the same
element Ty, or in a neighbor element. Fig. 5 illustrates the situation.
In contrast with Lagrange-Galerkin methods, for which one needs
to solve the system (13} for each quadrature point in the element
T, or for interpolatory semi-Lagrangian schemes of [34] and [35]
where the system {13} is numerically solved for each mesh-point,
in the SLG scheme one has to solve (13) only for the vertices of
the triangles, what means a large saving in CPU time. Details on
the numerical analysis of the SLG method as well as a comparison
of its performance on typical pure convection problems and the
Navier—Stokes equations with Lagrange-Galerkin and interpola-
tory semi-Lagrangian schemes can be found in[31]. An algorithmic
description of the SLG projection scheme is as follows:

1E] T T T T T T
LT
<17 |
o s
SR
N
LT A
T o)
Q2K F”“‘éb .
KRG
n . .
—02F -
—pat -
0.6k 4
‘_D-J{A -1.2 -1 -8 0.6 =04 =02 ] 02 n4

Fig. 6. The search-locate algorithm starts at point{ - 1. 185, —0.03749) and after 164
steps finds out the element containing the point {-0.01816, 0.09047), The fgure
shows the path followed by the algorithm.

Assuming that the velocities ujl e Vo are known, find ﬁﬁ, sV,
through the following steps: Forj=1,2, ..., NE

{1} Calculate the element 'T;.f by solving Eq. (13), with x = ay, 1 =
k = 3 being the vertices of the fixed mesh element T;.
(2) Caleulate the elemental mass matrix MJ’ by Eq.(27)and assem-

ble it in the global mass matrix N,
{3) Calculate r: by Eq. (28) and assemble it in the vectors I?l"1 =

by solving M"(¥}, V) = (R, R.).
(5) Setiil eV, as

RV
00 =D (V,,@,(x), V@), (29)

i=1

4.3.3. Caleulation of the backward and forward trajectories of the
flow

At each time instant ;.. we have to compute the departure
points X(X, t,,1: ty) and X(X, t;,1; ty_1) of the characteristic curves
of the material derivative operator, as well as the points X(f;.1)
which are the positions of the center of mass of the dumbbells,
Looking at Eqs. (13)-(14) for X(X. t;,1; ta) and X(X, t,, 12 tq_1): and
{18)-(19) for X{tn,1). we note that the calculation of X(X, tyy1; ta).
XX, ty,1; ty_1) consists of solving backwards in time for all x < D,
whereas the calculation of X{t,,,) represents for each dumbbell
the solution forward in time of the same system of ordinary dif-
ferential equations; therefore, we shall apply the same numerical
method to calculate the solutions X(X. tqy1: tn), X(X, tny1 th—1) and
X(t;11). There are a number of numerical methods that can be used
to perform these calculations, for instance, considering only explicit
schemes, we have the families of Runge-Kutta methods of order
= 2, or some predictor-corrector schemes of order = 2: however,
based on the experience of [36] and our own one, we find satisfac-
tory the second order scheme described in [34] which combines
the scheme 2 of [36] with our new search-locate algorithm for
unstructured meshes.

Calculation of X(X. tpy: ) whenf=n—1lorn

Recalling Eq. {14) and approximating the integral by the mid-
point rule up to O{ At?), we can set

XX, top1: )= X — Atup{X(X;, fop13 6 4 Pap), 4+ thy), (30)

where t*y = (n + 1 — At/ 2, and the points X; are the vertices of the
triangles of the fixed mesh. Since all the variables are calculated at
time instants nAt, we have to approximate both X(X;, f1: 8 + Py
and wy(-, £+ ¢*,) in this formula. The approximation of wy{-, t;+
vy is caleulated via the second order extrapolation formula

3 1
j“h(',fn)— juh(',rn—l}, l=n,

uh(" ri‘l)s

upl-, 2yl = (31)

f=n-1,
whereas in order to approximate X(X;, t,,.1; {; + %y} we note that
X(X;, tre1: tny1 ) = X;. 5O that we can write

1
i(xi+x(xnfn+lifn})s f=n,

X(X;, tny13 0y + Py} = (32)

XX, thy13ta ), l=n-1.

Hence, defining &(x;, fy+1: ) = % — X(X;, tu1: 4r). we have, by a
Taylor expansion up to order O{At?), that X(X;, tap1:t + &) =
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Fig. 7. Time adaptive scheme to compute X{-, foq: t) (panel {a)), and X{i,,, ) (panel (b)),

X - %s(x,,rnﬂ:q), Substitution in Eq. (30) yields the following
equation to calculate &(X;, ty,1; ;) up to order O{ Ar3);

1
(X, tnyrs fr) = Atug(X; - js(x,-, B 01, G 4 ). (33)

This equation has a unigue solution if [37]

To overcome the last two problems in the calculation of
X(%;, the1: ), we shall implement an adaptive version of the for-
mulae (30}—(35)(see Fig. 7}, Thus, noting that for any integer m = 1
we can write up to order O{ At3):

XX, tip 1 tag1 — 20, ) = Xi = 200 (X(X;, trgr s i — P b

At max |[Vujx)| <2 (34) tas1 = Prim ) (36)
(X,tn)e B 2!
. N ) _ nilAe -
where B, is a neighborhood of the points x; such that  Where Boim = G2, (1) = 27~ so that, when L = n — 1 = (i) = 2,

X(X;. tyy1: t) € B;. Thus, assuming that At and uj! satisfy this condi-
tion, we make use of Eq.(31) to calculate the solution of Eq. (33) by
a fixed point iterative procedure that will stop when either a toler-
ance To! or the maximum number of iterations, KMAX, are reached.
Both Tof and the integer KMAX are supplied by the user. Then, we
have that for each i:

XX, tnpri 1) = X — &(Xp, tag1: 6y). (35)

Several remarks are now in order:

{1) Let &(X;, tyy1; &) be the k-iteration of the fixed point iterative
procedure as per Eq. (33), then we need to identify the ele-
ment that contains the point X; — $&l*~1(x;, 7,1 ;). and then,
by finite element interpolation, evaluate

1 4
uy(X; — 53“_”(3‘{! Pt B)s G+ Dy)

on such an element. We do this by using the new search-locate
algorithm.

{2) Note that for some points X;, the criterion for the convergence
of the iterative procedure may impose a restriction on Ar that
should unnecessarily penalize the size of At for the overall
calculation.

(3) It can be shown theoretically that the trajectories X(X;, tnp1;¢)
cannot leave the domain D through a solid wall because on it
the velocity is zero; however, due to numerical errors, for Af
not sufficiently small, some trajectories leave the domain: since
the numerical errors depend on the size of At, then by taking
it sufficiently small we ensure that no trajectory will cross over
a solid boundary.

and when ! = n = n(l) = 1. Then, setting
Xy tny 13 tna — 200 ) = X% — X(Xi  thy1 i gy — 2005)
and arguing as above, we obtain
&%y, tay 13 b — 2090)
5 )
® a1 — Pom ). (37)

&(Xis a1 et — 2000 ) = 28 Wp(%; —

Now, applying the fixed point iteration procedure we will find the
unique solution of Eq. (37 if

n{fAt max
2™ (Xt Bind

vulx)| < 1. (38)

So that, for each x; one can control the convergence of the itera-
tive procedure by increasing nt. The important point here is that
different x; have different values of ##,,,. This same method can
also be applied to prevent the trajectories from leaving the domain
through solid walls. We implement this time adaptive version in
Algorithm 1.

Forward calculation of the points X;(r,, 1)

We now calculate the position of the center of mass X;(f,,, ), for
alli=1,...,Ng dumbbells in the domain, in an analogous manner
to that used when computing X{X, t,1:t) for I = n— 1 or . Since
both methods share a similar structure and implementation, we
just provide the time adaptive procedure as laid out in Algorithm
2.

Algorithm 1.  Scheme for the adaptive calculation of X{X;, tn1: 1)
whenl=n—-1lorl=n
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Algorithm 2. Scheme for the adaptive calculation of X;{t,_1 ).
Data: Xt ) cenler of mass of i-th dumbbell at f,,. Tol, KMAX, m =1

1

2

L - T I )

10

12
13
14

15
16

1k
18
19
20
21
22
b2

2d
25
Z6

Data: x;.4-th vertex of the triangle ;. Tof KM AX m = 1.
Resull: X{x; Ly 4), fer i —m—lorf—w.
for j=1to ¥F do

fori=1to I do

™ = 29, (x,, i)

=H

el
if x; — 2“ ¢ £ /% Through solid boundaries
then
m=m+1:
do 3
ond
fork=1to KMAX do
{k—1]
2
|€['c}_ [B-1) &)
i i & = :
= 1)” = Tol Ax; — e ¢ D /» Through solid
£

ik
g — 2ty | X —

gt — Vot

if

boundaries
then
m—m—1;
do 3
olse
X [xe taeli tnyl — 2'ﬂuim] =% - Egk)
end
if x;, — E,{k) & [} /* Through solid boundaries
then
=1
do 3
end
end
fors=m-1toldo
X(xé:ltral];ltu 11— ?ﬁﬂis) -
% — 20 - (X (3 B 13 Bl — Pe) 2 brgl — Pha)
cnd
and
cnd

Result: X(t,.1).
for i =1 to A; do

24¢
e — ot (Xelt) )
0

if {0+ s?‘ ¢ D /+# Through selid boundaries
then

m=m-+1;

do 2
end
for k—1to KMAX do

el;k) _ 2AL ﬁ,'“- b ﬂr)

i
o B Xilta) + bt om

SE;H _ Sgk 1}” (%]

if E‘[_k—l)”

boundaries
then
o=+ 1;
de 2
else

AL
X; (?‘»n + '2._’“) — Xiltn) + Ex['k)
end
"

5 ¢ 7 f» Through solid houndariea

i Xt +
then
m—m+ 1L
do 2
end
cnd
for s=m—1to 1l do

244 2Ad At AL
X; (ﬁu +t ) =X () + o (Xs (?fn + ?) s + ?)
end

end

= Tal A X (t,) + % ¢ ) /* Through solid

*/

wef

*/

*f

*/

*/

Remark 6. Note that all dumbbells leaving the domain are re-
entered in it, by sampling from a parabalic distribution in the case
of the planar contraction 10:1 so as to obtain their spatial posi-
tion. As for their configurations, they are extracted from the initial
distribution indicated in Eq. (9).

4.3.4. Computation of the transpose of the velocity gradient
tensor K

The transpose of the velocity gradient, & = {Vu,,), is aterm that
must be calculated with care because it appears in the stochas-
tic differential equation of the elongation vector Q. As such, it
must satisfy certain regularity conditions to guaranty the existence
and uniqueness of the solution [22]. Since uy <V is a piece-
wise quadratic vector valued function, then a direct calculation of
[Vu;,)r yields a discontinuous piecewise linear function that does
not belong to Sy. In order to calculate & as a Lipschitz continuous
function in 8, we recover x as the L2-projection of(Vuh)T onto Sp.
Thus, setting for all time tj

MP
K(x) = Zx}‘ 7%
i1

]T

(39}

where k] = ([ (%)), 1 = m., ! <2, wehavethatforallj. 1 =j = MP,

/ic"‘l/jdx:f(Vuh)TWjdx‘
o 2]

Hence, we calculate the tensor values (:cﬂﬂ[x]-}) by inverting the so-
called mass matrix. Noting that the mass matrix is symmetric and
very well conditioned, this operation is trivially done by using a
preconditioned conjugate gradient method.

(40)

4.3.5, Computation of the polymer siress tensor Tp

The calculation of the polymer stress tensor , at each point
(X, t) is done according to formula (8). [n the stochastic approach,
the ensemble average is approximated by averaging over the
individual realizations of the stochastic process Q(t)which are solu-
tions of Egs. (20) and (21). In doing so, we must note that each
realization is the solution of the stochastic equation along the tra-
jectory of the center of mass of a particular dumbbell; so that, by
calculating such a solution we can get at each time instant ty a
discrete set of values {Q"(X[") & FQ" (X" ), _, Ny with the points
{X["} being located in the spatial demain D. With this information
we must devise an scheme to calculate a polymeric stress ten-
sar depending on both time and space, and belonging to the finite
element space Sy, [n this respect, it is worth mentioning some of
the schemes proposed in the past; for instance, the scheme of [4]
consists of dividing each element {rectangle) into two triangular
subelements within which the polymer stress tensor Tp is calcu-
lated applying formula (8) and taking the ensemble average over
the dumbbells contained in such a subelement, assigning this value
to the barycenter of the triangle, so that the polymer stress is a
piecewise constant function in space. [n the scheme proposed in
[10] the palymer stress is calculated in each element by perform-
ing a linear least squares fit to the values of the stress associated
to the particles carrying the dumbbells contained in each element,
s0 that the polymer stress is now a piecewise linear discontinuous
function.

We propose in this paper the following scheme. First, we divide
each triangle of the mesh into three subelements by joining its
barycenter with the mid-peints of its edges, the area of each one of
these subelements is equal to Area of T3, Next, for each mesh-point
x; that is a vertex of a triangle, we consider the region A; formed by
the union of the subelements of all triangles sharing x; as a vertex,
see Fig. 8. Let s be the number of those subelements Ay, 1 <! <5,

note that A; = UiAy and D = UjA;, and therefore, Area (A)=3",_,



Fig. 8. Area A; associated to the vertex X; in the calculation of the stress 7.

Area (Ay], and Area (D} = Z;T; Area (A;). Let Ny be the number of
dumbbells that at time t;; are located in the subelement Ay; then,

applying formula (8) we calculate

N
W = nkﬁ(a(%!ZQ;"(x;") ® FQ"(X™) - 1) (41)
i=1

and set for all X in Ay
m nr
Tp (x}h” =Tpi -

This means that rf'(x) is a piecewise constant function that does

not belong to 5. We calculate Tp] in Sy, as the {2 -projection of Tp(x)
onto §y,. Specifically, let

MF
LR = )T Wx), (42)

=1

where rpjm = {rpg;(xj)}, 1 =q,r =2, thenforeachj

f T dx = / T Fe, (43)
o o

Since 7p™ ¥, is a polynomial of degree 1 in each triangle of the mesh,
we can compute the integrals by means of a first order accurate
quadrature rule such as the Gaussian rule of one point {(barycen-
ter of the triangles). This quadrature rule calculates exactly the
right hand side of Eq. (43); as for the left hand side, the integral
is equivalent to lump the mass matrix. Thus, the procedure yields

¥
1
l'pjm = m (HZ:A['ea(Aﬂ}tp}“) . (44}
=1

4.4 An algorithmic presentafion of the semi-Lagrangian
micro-macro method

We have given a thorough description of our new semi-
Lagrangian micro-macro method, separated into a time discretiza-
tion part, a finite element formulation of the equations arising from
the time discretization of the Navier—Stokes, and stochastic equa-
tions. From this description it is clear that at each time instant
we calculate the velocity vector u}}*' , the pressure pz”, the elon-

gation vectors Q"' the trajectories X"*' of the dumbbells, )+
and so on: however, in order to facilitate the comprehension and
the existing interrelation of the different parts of the algorithm, we

summarize its description in a step-by-step presentation,

(1} Choose At and generate the mesh Dy,.
(2} Let Ny be the number of dumbbells uniformly and randomly q‘r;—
tributed in the domain at time to. Assuming that uf, {Q?}J.:l

N, .
and {xf}j_‘j1 are known, perform the first time step to calculate

M N
ul, ph Q) X)) and <) Then
(3)Forn=1.2,....N:

(3.1} For each dumbbell, apply Algorithm 2 to calculate its center
of mass x;'“, the element T, where it is located, and estimate

x"+‘(xj“+') by the extrapolation formula (23}x"+‘(xj'.1+1 Y=
2xn(xi_‘l+l )= xn—l(xi_‘l+l .
i i
{3.2) For each dumbbell, selve Eqs. (20)-(22)to obtain the elongation
vectors Q1

(3.3) Calculate the polymer stress tensor tp’,:“.

(3.4) Apply the semi-Lagrangian projection algorithm to calculate
u, ﬁE". Note that the semi-Lagrangian projection algorithim
makes use of Algorithm 1 fo calculabe the departure poinis
{(X(a;. tq_y). [ = 1, 2}, of the vertices {a;} of the friangles.

{3.5) Solve the generalized Stokes problem (26) fo calculate u

n+1

Py
(3.6) Calculate x™+! by applying formulas (39) and (40).

n+1

4 and

Remark 7. Our method to calculate the solution of the micro-scale
model is somewhat similar to the Lagrangian particle method (LPM)
presented in [10], in the sense that both methods solve stochas-
tic equations (in Lagrangian formulation) along trajectories; in our
case, the trajectories correspond to the center of mass of the dumb-
bells, whereas in LPM the trajectories are described by the motion
of particles, each one carrying a given number of dumbbells n;.
The difference between our method and LPM is, however, the fol-
lowing. OQur method considers that a given number of dumbbells
Ny is initially uniformly randomly distributed over the domain;
whereas LPM considers a given number npyy of particles initially
uniformly distributed in each element of the mesh. Since in a mean-
ingful calculation, npare < Ny /NE, then the number of trajectories
to be calculated is presumably much higher in our method that in
LPM, and therefore, our method may require longer time to solve
the micro-scale equations. To this respect, we must say that in our
method the calculations of the trajectories of the dumbbells and
the location of their final positions over irregular meshes repre-
sents 20-25% of the time required to calculate the solution of the
micro and macro-scale equations per time step on a single proc-
cesor of a Dual Core AMD Opteron Processor 265 at 1.8 GHz, 1 MB
cache, 4 GB RAM, compiled with no optimization flags; whereas
the predictor-corrector algorithm spends about 40-50% of that
time. Now, if one takes npge = 0(10), ng = 0{10%) and Ny = (10%)
then, roughly speaking, our micro-macro algorithm may require
about 20% more of CPU time that LPM with uncorrelated ensem-
bles. In order to illustrate the performance of our semi-Lagrangian
micro-macro method as for the CPU time is concerned, we say that
the calculations on mesh M with Ny = 10° and 1.6 - 10° time steps
need 110 days, or equivalently, an average of about 6 seconds per
time step.

5. Results and discussion

The stability and convergence behavior of the new method were
assessed by performing a series of calculations in the abrupt, planar
10:1 contraction for increasing values of the Weissenberg number
Wi.

[n all results reported below the calculation was started from
a spatially uniform distribution of molecules, the configurations
of which were initialized from the known equilibrium distribu-
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Fig. 9. streamlines for Wi = 11 (panel {a}}, Wi = 6t (panel (b)), Wi = 222 (panel {c}}, Wi =333 (panel {d}} and Wi = 444 { panel {e}).

tion (9). A parabolic velocity profile was imposed at the inlet and
a sufficient channel length ensured that a fully developed veloc-
ity profile was achieved three diameters upstream of the reentrant
corner. Independent runs at increasingly larger values of Wi were
performed and continued until 104, Apart from the transient evo-
lution, velocity, stress and melecular configuration fields at the
steady state were obtained by averaging overthe last five relaxation
times, Qutflow boundary conditions were free stress according to
(3). Following [38]Wi is defined as

wi=2.Y, (45)
where I/ = 6.6 x 1073 and £ = & x 10-3 are the mean velocity and
channel width at the outflow, respectively. [n all cases the follow-
ing parameters and material properties were kept constant at these
values: Ny =10t =100 =107 2Pas; p=100kem3:h=
50,0 =0.2; ¢ .. = 1073 ms~!; where Ny is the size of the global
ensemble of FENE dumbbells in the domain and v, is the maxi-
mum in the parabolic velocity profile at the inlet. Mesh M1 is used
for most calculations. The upstreamf{downstream channel lengths
were set at 8 and 30 times the upstreamf{downstream channel
widths, respectively.

In addition to that, two increasingly refined meshes M2, M3, and
also increasingly larger molecular ensembles (between N,; = 107
and N; = 107 molecules) were used for convergence tests, Table 1
shows MV, MP and NE for each of the meshes, Time integration
steps were varied between 1072 {mesh M1)and 1.25 x 10-3 (mesh
M3). The symmetry of the domain with respect to its mid-plane was
deliberately not exploited, and all calculations were carried out in

Table 1
Velocity nodes MV, pressure nodes MP and number of elements NE for all three
considerad meshes M1, M2 and M3,

Mesh MV MP NE

M1 4,511 1179 2,154
M2 17,367 4511 8,616
M3 69,737 7637 34,464

the whole domain. The reason for making the extra computational
effort due to ignoring domain symmetry, was to assess the quality of
the solutions obtained also with respect to symmetry, i.e. to verify
that the method rigorously produced symmetric {apart from sta-
tistical fluctuations) solutions, and eventually to observe the onset
of oscillatory behavior as Wi was increased.

The highly stable character of the method was confirmed by
its ability to produce converged solutions up to values of Wi as
high as Wi = 444, which were also stable with respect to mesh
refinement. An actual Wi upper limit for convergence could not
be found, since computation times increased greatly with Wi and
were discontinued before any numerical instability could be found
{see Table 2),

Table 2

Integration time step Af{ as a function of the Weissenberg number Wi,
Wi 11 66 222 333 444
At (~10-%5) 10 5 2.5 1.25 1.25
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Fig. 10. Elongational component of the rate-of-strain tensor for Wi=
11.66, 222, 333 and 444,

The stability of the method makes it possible to follow the
growth of the vortex region at steady state with increasing Wi,
From the streamline plots in Fig. 9, major changes in the stream-
line pattern, and appreciable growth of the recirculating regions
are evident as Wi increases from Wi=11 to Wi= 222, How-
ever, as Wi goes beyond approximately 200, streamlines and
vortex size remain almost constant. Velocity gradients (Fig. 10
shows the j1;; extensional component) also saturate beyond Wi =
200,

In Fig. 11 the evolution of the vortex with Wi at steady state is
characterized in agraphical way by plotting the separation line, and
the migration of its stagnation point as Wi increases. Error barsindi-
cating the statistical uncertainty in the position of the stagnation
point are included in the plot for Wi = 4, 11, and 66, For higher Wi,
the error baris smaller than the symbol. [t can be observed that the
stagnation point of the vortex (A) moves appreciably upstream and
towards the center of the channel as Wi grows. The line separating
the recirculating region from the flowing fluid also moves rapidly
as Wi increases up to approximately 200, after which value it stalls
up to the maximum value investigated (Wi = 444). We also charac-
terized vortex size quantitatively by the ratio X* = 2x¢/L (Fig. 12),
wherex; is the horizontal {x) distance between the stagnation point
on the wall and the re-entrant corner, [n addition to its size, vortex
intensity was also characterized by its flowrate, defined as the total
volumetric flowrate being recirculated in the vortex at steady state.
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Fig. 11. Migration of vortex stagnation paint for increasing values of Wi
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Fig. 12. Size and intensity of vortex as a function of Wi, {a) Left axis is vortex size,
defined as the horizontal distance between the contraction and the detachment
point of the separation line. Right axis is dimensionless vortex flowrate, as indicated
by Eqs. (463 and (47). (b} Figure inset for the planar contraction,

This flowrate was computed as the integral

B
fu-nds
A

over the straight line from (internal vortex stagnation point) to {on
the channel wall, immediately below A}, as indicated in the inset of
Fig. 12{b}, where u is the local velocity and n is the local unit vector
normal to the line A-B. Likewise, in Fig. 12{a) we have considered
the dimensionless vortex intensity
¥ Qvf)rrex

° Qinter ' 47
wWith Qiper = 4 x 1073 m2 571 being the total flow entering the chan-
nel, [t is remarkable that, while vortex size grows monotonically
and reaches almost asymptotic behavior after Wi = 200, its inten-
sity measured by (46), goes through a maximum at Wi ~ 100 and
subsequently decreases to an asymptotic value of about 80% of its
maximum value, [n all cases, the recirculating flowrate in the vortex
remains below 1% of the fluid flowrate traversing the contraction,
although the extent occupied by the vortex grows appreciably with
Wi,

The increase in vortex flowrate, which is a global, integral
measure, is a direct consequence of major changes in the veloc-
ity profiles in the vortex, [t was found however that the velocity
field within the vortex maintains a high degree of geometric self-
similarity over the whole range of Wi investigated, as can be seen
in Fig. 13. In this figure, the horizontal velocity profile along the line
B-A-D(asdefined in Fig. 12} is plotted as a function of the ordinate,
made dimensionless by dividing through the distance between the
points B and D, Horizontal velocity u, is also made dimensionless by
dividing through u, at point D. Although vortex size and intensity

Quorten = (46)




Fig. 13. Circulation velocity profile in vortex as a function of Wi along line A-B,
where A is the stagnation point of the vortex (determined at steady state) and B lies
on the domain boundary.

vary appreciably and in a very non-linear fashion, their velocity
profiles virtually collapse on a single curve when suitably made
dimensionless.

It also follows from the previous quantitative vortex description
that, as vortex grows, the shape of the effective domain through
which the non-stagnant fluid flows (i.e, total domain minus vortex}
departs more and more from the shape of an abrupt contraction,
and tends toresemble a rectangular-triangular (cylindrical-conical
in axisymmetric contraction flow) channel.

Inspite ofthisloss in cross sectional areaclose tothe contraction,
the total pressure drop (Fig. 14) decreases monotonically, i.e. since
the volumetric flow rate is constant, the vortex has a mildly drag-
reducing effect for the contraction flow. Drag reduction is caused
by the smoother effective flow domain and by the shear thinning
behavior of the FENE fluid, but partly also by the replacement of a
no-slip boundary condition at the rigid wall by a velocity-continuity
boundary condition at the vortex separation line.

As a consequence of the less abrupt effective contraction, the
influence of Wi on the velocity profile along the symmetry axis is
to damp the peak at the contraction proper (Fig. 15; in each panel
of this figure, a single error bar has been plotted at x ~ 0.6 as a
measure of the size of statistical fluctuations),

The modulus of the FENE polymer contribution to the stress ten-
soralong line E-F(inset Fig. 12(b))at steady state is plotted in Fig. 16
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Fig. 16. Modulus of FENE polymer contribution to the stress tensor along line E-F
for Wi =11, 66, 222, 333 and 444,

for five selected values of Wi, Again, the strongest variation with
Wi found up to approximately Wi = 200. The shear contribution
{(Fig. 17) shows similar behavior. [t is noticeable that while 1p;
downstream decreases with Wi due to shear-thinning, the large
spike in 142 at the contraction proper (x = 0.48) caused by the
large velocity gradient close to the re-entrant corner has an almost
constant intensicy of 0.06.

[n Fig. 18, the contour lines of the modulus of the FENE polymer
contribution |r,,| to the stress tensor are plotted in the neighbor-
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Fig. 17. Shear component of FENE polymer contribution to the stress tensor f.r]‘,?}
{Pa) along line E-F {see inset of Fig. 12(b}) for Wi = 11, 66. 222, 332 and 444,
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hood of the contraction. An interesting qualitative change takes
place as Wi increases from Wi = 66 (panel (b)) to Wi = 222 (panel
(¢, Maximum values of polymer stress are found, as expected, at
the contraction. At low Wi, two local maxima are found symmetri-
cally located about the centerline, at y =~ +0.002. These maxima are
caused by FENE molecules flowing close the walls in the upstream
region and thus undergoing large shear flow. However, as Wi
increases, the two maxima merge into a single, centrally located
maximum. This maximum in the modulus of the polymer stress
comes now from the elongational contribution of FENE molecules
flowing along the centerline and being subjected to strong elonga-
tional flow. This qualitative change at high Wi could not be observed
in previous studies [4] in which only the two symmetric maxima
were detectable before the numerical method failed to converge.
The merger of the two local maxima into a single, central one is a
consequence of the change in shape of the effective flowing domain,
whose contraction {defined by the separation lines) becomes dras-
tically less abrupt. This geometric change leads to a diminished
shear strain rate intensity for molecules flowing closer to the wall,
and to an increased extensional strain rate intensity for molecules
flowing along the centerline,

Pressure contour line plots {Fig. 19) show the already observed
[4] transition from approximately Newtonian (Wi =11) to a dis-
tinctly viscoelastic pressure field (Wi = 444).

For the highest value of the Weiseenberg number Wi = 444,
we have represented the x and y components of the configuration
vector Q at four different positions of the 60% of height stream-
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Fig. 19. Isalines of pressure in the neighborhood of the contraction for increasing
values of Wi = 11 (a) and Wi = 444 (b).

line (initially at {0,0.018)) of a cloud of N =5 x 10° dumbbells
being evolved with the velocity field (see inset of Fig. 20(e)). The
combined effects of shear and elongational stresses as the cloud
progresses through the contraction can be noticed in Fig. 20{a-d).
Just after passing the contraction, panel {c), a majority of the
dumbbells in the cloud are extended close to their maximum
length according to the FENE parameter b = 50, as can be seen in
Fig. 21,

[n this figure we show the probability density of the (square)

end-to-end distance |Q 2 at each selected position of the cloud of
dumbbells, with the left vertical axis displaying the density for {(a)
and (b}, and the right vertical axis being applied to {c} and (d}, so
as to highlight the difference in the scales, [t is interesting to note
how the distribution in Fig. 20(b) {just before reaching the con-
traction) evolves into the very sharply peaked distribution at point
{c) (right after the contraction). This is a consequence of the very
strong extensional character ofthe flow in the vicinity of the sudden
contraction. [t is also remarkable how the characteristic sigmoidal
cloud of configuration points (Fig. 20(a)) evolves into the straight,
almost horizontal cloud (panel (¢)) due to the strong extensional
flow. Axes scales in this latter panel differ by a factor of 10, so
that the configurational cloud is virtually horizontal, Most dumb-
bell connector vectors are almost parallel to the symmetry axis of
the exit channel. Further down the exit channel, connectors retain
their high elongation, but the configurational cloud tends to regain
the sigmoidal shape characteristic of a simple shear flow,
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6. Conclusions

[n this paper, a new semi-Lagrangian micro-macro method
for viscoelastic flow calculations has been presented, The method
makes use of the semi-Lagrangian projection method to reduce the
Navier-Stokes equations to a Stokes problem, employing quadratic
polynomials for the velocity and linear for both pressure and poly-
mer stress tensor; a new search-locate algorithm to cope with
particles scattered over unstructured, unconventional meshes has
beendevised as well. For the stochastic equations of the micro-scale
model, the second order predictor-corrector scheme presented in
[22]is applied along the forward trajectories of the center of mass of
the dumbbells. The polymer stress tensor is computed using a pro-
jection method that employs piecewise constant functions over an
“influence” region around each mesh node.

The method is tested on a benchmark problem, namely, the
planar contraction flow 10:1. The stable character of the method
allows to compute at Weissenberg numbers as high as 444, showing
remarkable elastic effects and a profound change in the rheological
behavior of the fluid.

Acknowledgmenis

Financial support by the EC through contracts G5RD-CT-2002-
00720 and NMP3-CT-2005-016375, partial support by CICYT grant



MAT2006-04029, and support from the Barcelona Supercomputing
Center and the high performance computational cluster Magerit at
CesViMa UPM is acknowledged.

References

111 M. Laso, H.C. Ottinger, Calculation of viscoelastic flow using molecular models:
the CONMFFESSIT approach, | Mon-Mewtonian Fluid Mech. 47 {1993} 1-20.

121 K. Feigl, M. Laso, H.C. Ottinger, The COMNFFESSIT approach for solving a two-
dimensional viscoelastic fuid problem, Macromolecules 28(1995)3261-3274,

|13] M. Laso, M. Picasso, H.C, Ottinger, 2-D time-dependent viscoelastic flow caleu-
lations using CONNFFESSIT, AIChE J. 43 (4) (1997) 877-892.

|4] M. Laso, M. Picasso, H.C, Ottinger, Calculation of flows with large elongational
components: COMNEFESSIT calculation of the flow of a FEME fluid in a planar
10:1 contraction, in: H. Kausch, H. Nguyen (Eds.), Flexible Polymer Chains in
Elongational Flow, Springer, Berlin, 1999, pp, 101-136.

5] C.C. Hua, J.I. Schieber, Application of kinetic theory models in spatiotempo-
ral flows tor polymer solutions, liquid ciystals and polymer melts using the
COMNNFFESSIT approach, Chem, Eng. Sci. 51 (1996) 1473-1485.

|81 J. Cormenzana, A. Ledda, M. Laso, B. Debbaut, Connffessit calculation of free
surtace viscoelastic flows, | Rheol 45 (1} (2001) 237-258,

171 E. Grande, M. Laso, M. Picasso, Calculation of variable-topology free surface
flows using COMMNFFESSIT, |. Non-Newtonian Fluid Mech. 113 (2003} 127-145,

18] M.A. Hulsen, A PG, van Heel, B.H.A.A. van den Brule, Simulation of viscoelastic
flows using Brownian configuration fields, J. Non-Newtonian Fluid Mech. 70
(1997) 79-101.

19] P.G. Gigras, B. Khomami. Adaptive configuration felds: a new multiscale sim-
ulation technique for re ptation-based models with a stochastic strain measure
and local variations of life span distribution, |. Non-Newtonian Fluid Mech. 108
(20023 99-122.

|10] P. Halin, G. Lielens, R, Keunings, V. Legat, The Lagrangian particle method
for macroscopic and micro-macro viscoelastic flow computations, ). Non-
Newtonian Fluid Mech, 79 (1998) 387-403.

[11] P.Wapperom, R. Keunings, V. Legat, The backward-tracking Lagrangian particle
method for trasient viscoelastic flows, ], Non-Newtonian Fluid Mech, 91 {2000)
273-295.

112] R.Keunings, Micro-macro methods forthe multiscale simulation of viscoelastic
flow using molecular models of kinetic theory, in: DM, Binding, K. Wal-
ters (Eds.), Rheology Reviews, British Society of Rheology, 2004, pp. 67-
98,

[13] T.N. Phillips, A.). Williams, Viscoelastic flow through a planar contraction using
a semi-Lagrangian finite volume method, J. Non-Newtonian Fluid Mech, 87
(1999) 215-246.

[14] LP. Aguayo, P.M, Phillips, TN, Phillips, H.R, Tamaddom-Jahromi, BA. Snigecey,
M.F. Webster, The numerical prediction of planar viscoelastic contraction flows
using the pom-pom model and higher-order finite volume schemes, |. Comput,
Phys. 220 (2007) 586-611.

|15] A, Machmoum, D, Esselacui, Finite element approximation of viscoelastic fluid
flow using characteristics method, Comput. Methods Appl. Mech. Eng. 190
{2001} 5603-5618.

|16] M. Fortin, D. Esselaoui, A finite element procedure tor viscoelastic fows, Int, [
Numer. Methods Fluids 7 (1987) 1035-1052.

[17] R.B. Bird, O, Hassager, R.C, Armstrong, CF, Curtiss, Dynamics of Polymeric Lig-
uids, vol. 2, Kinetic Theory, 2nd ed., John Wiley and Sons Inc., New York, 1987,

[13] ]. Yon Neumann, Yarious techniques used in connection with candom digics,
Nat. Bureau Stand, 12(1951) 36-38,

[19] R.E. Knop, Random vectors uniform in solid angle, Commun, ACM 13 (1970)
326-327,

[20] M. Matsumoto, T. Nishimura, Mersenne twister: a 623-dimensionally equidis-
tributed uniform pseudo-random number generator, ACM Trans. Modell
Compuat, Simul, 8 (1998) 3-30,

[21] M. Galassi, ]. Dxavies, ]. Theiler, B. Gough, G. Jungman, M. Booth, F. Rossi, GNU
Scientific Library Reterence Manual, 3rd ed., Network Theory Limited, 2009,
htt p: { fwewewe gnu.orgfsofiware fgslf.

[22] H.C. ntinger, Stochastic Processes in Polymeric Fluids: Tools and Examples for
Developing Simulation Algocithms, Springer, Berlin, 1996,

[23] W.P. Petersen, A general implicit splitting for stabilizing numerical simulations
of 1to stochastic ditferential, S1AM |. Numer, Anal. 35 (1998} 1439-1451.

[24] EJ. Dean, R. Glowinski, On some finite element methods for the numerical sim-
ulation of incompressible viscous flow, in: M.[}. Gunzburger, R.A. Nicolaides
{Eds.), Incompressible Computational Fluid Dynamics, Cambridge University
Press, New York, 1993, pp. 109-150.

[25] |. Douglas, T.F. Russell, Numerical methods for convection dominated diffu-
sion problems based on combining the method of the characteristics with
finite element or Anite difference procedures, SIAM |. Numer. Anal. 19{1982)
8§71-885,

[26] €. Pironneau, On the transpon diffusion algorichm and its applications to the
Mavier-5tokes equations, Numer. Math. 38 {1982} 309-332.

[27] E. siili, Convergence and nonlinear stability of the Lagrange-Galerkin method
for the Navier-Stokes equations, Numer. Math. 53 (1988) 459-483,

[28] KW, Morton, A. Priestley, E. Siili, Stability of the Lagrange-Galerkin method
with non-exact integration, M2AN Math. Model. Numer. Anal. 22 {1988)
§25-653,

[29] |.P. Benque, G, Labadie, |. Ronat, A new finite element method for the
Navier-Stokes equations coupled with a temperature equation, pp. 295-301,
in: T, Kawai (Ed.}. Proceedings of the 4th International Symposium on Finite
Element Methods in Flow Problems, Morth-Holland, Amsterdam, 1982,

[30] A.Robert, A stalle numerical integration scheme for the prinitive meteotclog-
ical equations, Atmos, Ocean, 19 (1981} 35-46.

[31] R. Bermejo, ). Carpio, A semi-Lagrangian-Galerkin projection scheme for con-
vection equations, IMA ). Numer. Anal,, doi; 10,1093 fimanum/dim044,

[32] AH. Stroud, Approximate Calculation of Multiple Integrals, Prentice-Hall Inc,
Englewood Clitfs, W), 1971,

[33] A Allievi, R, Bermejo, A generalized particle search-locate algotithm tor arbi-
trary grids, |. Comput. Phys. 132 (1997} 137- 166,

[34] A.Allievi, R, Bermejo, Finite element modified method of characteristics for the
Navier-5tokes equations, Int. J. Mumer. Methods Fluids 32 { 30000 439- 464,

[35] M. Falcone, R. Ferretti, Convergence analysis for a class of higher-order semi-
Lagrangian advection schemes, S1IAM |, Numer, Anal. 61 (1998) S09-940,

[36] . Temperton, A.N. Staniforth, An efficient two-time level semi-Lagrangian
semi-implicitintegration scheme, 0. . R, Meteorol Soc, 113{1987) 1025-1039.

[37] LM.G. Gutiérrez, R. Bermejo, A semni-Lagrangian level set method for incom-
pressible Mavier-5tokes equations with tree surface, Int, |, Murmer. Methods
Fluid, 49 {10} {2005} 1111-1146.

[38] T.N. Phillips, R.G. Owens, Computational Rheology, Imperial College Press,
2002,


http://www.gnu.org/software/gsl/

