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Abstract—The aim of this paper is to discuss whether there are
structural problems in three of the most representative velocity
mirroring techniques used to force no-slip boundary conditions
(BC) in SPH for Newtonian incompressible flows. We refer
specifically to fixed fluid particles, ghost particles, and Takeda
et al. [1] boundary integrals. In Newtonian incompressible flows,
the viscous related terms in the momentum conservation equation
depend on the evaluation of the Laplacian of the velocity field.
In order to analyze such techniques, the continuous version of
the Laplacian approximation by Morris et al. [2] and Monaghan-
Cleary-Gingold [3] viscous terms has been considered. It has been
shown that there are intrinsic inaccuracies in the computation
of the Laplacian close to the boundaries and the onset of
singularities in such evaluation for some flows and mirroring
techniques combinations. The impact of these deviations in the
SPH simulation of viscous flows is not clear at this stage.

SyYMBOLS
MVT Morris et al. viscous term [2]
MCGVT Monaghan-Cleary-Gingold [3] viscous term
BC Boundary condition(s)
FFP Fixed fluid particles
GP Ghost particles
ASM Anti-symmetry model for velocity mirroring
UM Zero velocity mirroring model

1. INTRODUCTION

The modeling of no-slip BC plays an important role in
the simulation of many important physical phenomena like
boundary layers, separation, transition flows, etc.., and in the
computation of important magnitudes in Engineering like the
viscous drag force. Our aim with this paper is to discuss
whether a set of very representative mirroring techniques of
the velocity field used to force no-slip BC for Newtonian
incompressible flows have essential problems in doing so, at
the continuous level of the SPH formulation. In Newtonian
incompressible flows, the viscous related terms in the mo-
mentum conservation equation depend on the evaluation of the
Laplacian of the velocity field, which presents difficulties in
general, and in particular, close to the boundaries. Therefore,
the analysis should focus not in the value of the velocity
at the boundary but in the value of the Laplacian. Although
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some general results are outlined, the analysis presented here
is treats mainly linear and quadratic velocity fields.

In a previous paper [4], we had already started the study
of this problem by analyzing the accuracy of the continuous
version of Monaghan-Cleary-Gingold viscous term [3] for
the evaluation of the Laplacian of quadratic velocity fields.
The ghost particle (GP) technique had then been considered.
The analysis had a limited scope but some incongruities in
the evaluation of the Laplacian close to the boundaries were
shown. In the present paper, such analysis is extended by using
as well the general formulation of Espafiol and Revenga [5]
for the computation of the Laplacian. The SPH discretization
of such term leads to the well know Morris et al. viscosity
term [2]. On top of this extension, fixed fluid particles as well
as the evaluation of the boundary effects with Takeda et al
[1] integrals have been considered.

The paper is organized as follows: first, the field equations
and the SPH formalism considered is presented and discussed.
Second, the selected implementations of no-slip BC techniques
are introduced. Third, two 2D given velocity fields are consid-
ered in order to check the performance of the viscous terms
at the continuous level close to the boundaries. Finally the
evolution of a plane Couette and Poiseuille flows is studied in
order to assess the validity of the conclusions obtained from
the previous analysis.

II. (GOVERNING EQUATIONS
A. Field equations

The aim of this paper is to deal with Newtonian incom-
pressible flows. The incompressible Navier-Stokes equations
in Lagrangian formalism are hence taken as the field equations:

Dr Du vV.T
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In these equations, p is the fluid density and g is a generic
external volumetric force ficld. The flow velocity, u, is defined
as the material derivative of a fluid particle position r. T is
the stress tensor of a Newtonian incompressible fluid:

T =-pI + 2uD, )
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in which p is the pressure, ID is the rate of deformation tensor
-ID = (Vu+Vu')/2 - and p is the dynamic viscosity. With this
notation, the divergence of the stress tensor, T is computed as:

V-T=-Vp+ uVu. 3)

The computation of the viscous effects is therefore directly
related with the computation of the Laplacian of the velocity
field, as aforementioned.

B. Boundary conditions (BC)

In order to close the system of equations (1), it is necessary
to specify the BC. The fluid domain is denoted as Q and its
boundary is denoted as 0€. Only solid boundaries (no free
surface), on which a no-slip BC is imposed, are of interest for
the present study. Such condition is expressed in the equation
(4) in which V;q designates the boundary velocity.

u = Vi Yr € 9 @

III. TuE conTiNnUOUS SPH MoDEL
A. General

In order to introduce the notation, a brief description of
prominent aspects of the SPH formulation is presented (see
[6] for a comprehensive review). The SPH continuous model
is based on the filtering (smoothing) of any generic flow field
f with a convolution integral over the fluid domain Q

() = fg JEOYWE —r;hdv’ ®)

W' — r; h) is a weight function, (kernel in the SPH lexicol-
ogy), which in practical applications has a compact support
Q(r). h (usually referred to as the smoothing length) is a
characteristic length of Q(r) (figure 1). Even for kernels
without compact support, like the Gaussian one used in some
of the analysis of the present paper, the value of 4 indicates
to what extent the closer points to r matter in the integral
5. The smaller %, the larger weight of nearest points. h is
considered strictly constant in this paper in the sense that its
spatial and time derivatives are therefore identically zero. The
weight function W(r' — r, h) is positive, radial centered in r
and decreases monotonously with the distance s = |r — 7’|
The kernel in this study is supposed to be isotropic, which
implies that depends only on the distance s. In the limit as
the smoothing length & goes to zero, the original field of the
convolution integral (5) should be recovered. In order to be
so, the kernel W must integrate to one [7]. Such a property
is not satisfied when the kernel domain is not completely
immersed inside the fluid domain [7], which is a quite common
configuration for those particles within a specific distance from
the domain boundary 0Q (figure 1).

If the smoothing procedure is applied to the differential ope-
rators of the governing equations (1), shortening the notation
{(fY(r) by {f), the SPH continuous formulation of the Navier-
Stokes equations is obtained. In this work, we focus on the
momentum equation.
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Fig. 1. Configurations of the kernel support Q(r) with respect to the
fluid domain boundary.

B. Continuous SPH viscous term

Espanol and Revenga [5] deduced a general expression for
second derivatives that can be particularized for the Laplacian
of the velocity field as:

¥ -nVWE —r,h)

2 —
(Vu)(r) = 2 i

Q
The derivative VW’ — r, h) refers to the variable r. It takes
the compact form (8) due to the kernel isotropy.
r—-r dwW
¥ —r ds

[y —u@®] dV’' (7)

VW@ —r,h) = -

®)

If u(r) and u(r’) are respectively shortened as u and u’, the
integral (7) is abbreviated as:

Vuyr) =2 f woudw )
Q

¥ —r ds

When seen from the discrete point of view, this viscous term
gives contributions to the Laplacian parallel to the velocity
differences between interacting particles. The straightforward
discretization of this term is the Morris et al. [2] one and we
will refer to it hercafter as MVT.

There is another well known possibility that derives from the
artificial viscosity term [6], [8], [9] in which the contributions
to the Laplacian are radial. Hu and Adams [10] demonstrated
that when the fluid is assumed to be incompressible, this term
can be obtained from Espafiol and Revenga [5] formula. The
continuous SPH formulation of this second expression takes
the following form.

Viuyr) f [u(r’) —u()] - —7)
2d+2) Jo

=P
where d is number of dimensions. With the notation of formula
(9), we get to the following expression in 2D:

W -u-(v-r
I = )P
Cleary and Monaghan [9], [11] were the first to use this term
as a shear viscosity. The term will be referred to hereinafter as
MCGVT, using the authors’s initials and the fact it was devised

in Melbourne, home of the old beautiful MCG stadium.

In regards to the order of the smoothed approximations (5),
(7) and (11), we refer the reader to references [5], [6], [10]
respectively.

VW —r,h)dVv’ (10)

(Vu)(r) = -8 r —r)‘;—‘z/dv', (1D
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Fig. 2. Sketch of the interpolation support near a solid boundary

IV. No sup BC IMPLEMENTATIONS
A. General

Although there have been recently some new more sophisti-
cated formulations [12], [13], the most representative models
for no-slip solid boundary conditions in SPH are: Rows of
fixed (zero velocity) fluid particles (FFP) [3], ghost particles
(GP) [14], [15] and the Takeda et al. [1] imaginary particles.
These techniques are discussed in the next sections. They ar
based on defining a virtual velocity field across the boundary,
which later enters into the SPH summations. This may affect
not only the no-slip BC but others like the Neumann BC on
the pressure or even the normal velocity one. The analysis of
these issues is left for a future study.

B. Fixed fluid particles (FFP)

No specific treatment of no-slip is necessary when modeling
solid boundaries with fully interacting fluid particles that
are assigned the solid boundary velocity. This technique is
straightforward to implement and has been used for instance
by Monaghan [3] for modeling a transient Couette flow. The
fixed fluid particle (FFP) is, from the continuos perspective,
equivalent to the GP technique taking the velocity of the GP
as zero (UOM). Therefore, its study will be contained in the
one dedicated to the GP.

C. Ghost particles (GP)

One of the most widespread method to treat the solid BC
is based on the use of the so-called ghost particles (e.g. [14],
[15]). In the GP technique a set of fictitious particles mirror,
one by one, the actual fluid particle properties with respect
to the solid boundary (figure 2). The normal velocity of the
GP is obtained by linearly extrapolating the normal velocity
of the original fluid particle in such a way that the normal
velocity at the wall will be the normal velocity of the wall.
This is formalized in the equation (12), in which n is the
unitary normal of the solid boundary, pointing outwards of
the fluid domain Q, U,, is the solid boundary velocity, and u¢
and u” are respectively the ghost and fluid particle velocities.
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Fig. 3. GP arrangement (dx is the typical particle spacing)

u®-n =20, —u") n, (12)

The difficulties arise from the implementation of the tangen-
tial no-slip BC, physically related with the effects of viscosity
at the boundaries. A first possibility, consistent with the GP
normal velocity definition, is an anti-symmetric mirroring of
the tangential flow velocity with respect to the solid boundary.
This approach will be referred to as the ASM procedure
and has been formalized in equation (13) in which 7 is the
tangential -to the solid boundary- unit vector.

w1 = (ZUW—MF)‘T,

13)

In the second procedure, it is assumed that the GP have the
same tangential velocity as the solid boundary. This procedure
will be designated as UOM and it is expressed mathematically
with the equation (14).

G

uw-r=U, 1, (14)

The practical consequence of the mirroring procedure is that

a new set of GP is created at every time step, which enter
into the summations as if they were fluid particles. The initial
arrangement of the particles in an SPH simulation, which
will be mimicked to perform the numerical integrals of the
Laplacian, is presented in figure 3.

With the ASM procedure, it is posible to demonstrate that
the computed Laplacian on the solid boundary is null both
for MCGVT and MVT. This is a consequence of the fact that
the global velocity field (that is, the velocity field of the fluid
particles on one side of the boundary and of the GP on the
outwards side) is odd with respect to the solid boundary. Since
the the rest of the factors in the integrand, are as whole, an
even factor themselves, the smoothing integral returns a null
integral. A rigorous demonstration of this matter is left for
future studies.

D. Takeda et al. [1] model

No-slip BC were treated by Takeda et al. [1] by analytically
estimating the influence of imaginary particles at the other
side of the boundary, for which an anti-symmetric velocity
field has been imposed. Due to this fact, this model could be
thought, from the continuous point of view, to be equivalent to
the GP technique with anti-symmetric modeling (GP-ASM).



Nonetheless, this is no the case; in the GP-ASM model, the
fluid particles, all “see” the same GP at the other side of
the boundary. In the Takeda er al. [1] model, the imaginary
particles velocity field is different for each fluid particle,
obtained by mirroring the fluid particle velocity vector.

V. REsurrs
A. General

In order to check to what extent the selected implementa-
tions of the no-slip BC are able to correctly reproduce the
Laplacian of a specific problem, we have selected a set of
2D tests cases. They comprise on one side two given velocity
fields and two realistic fluid dynamics problems. In the given
velocity cases (a linear and a quadratic ficld), the continuous
version of Laplacian operators for the MVT and MCGVT
has been evaluated near a solid boundary with an “exact”
numerical integration (using a Gaussian kernel) and assessing
the dependence on h. The exact values of the Laplacian for
those given flows should be recovered as h goes to zero.
Since the results in the computation of the Laplacian for these
imposed velocity fields show some inaccuracies close to the
solid boundaries, it makes sense to check to what extent those
inaccuracies may affect realistic flows. To do so, two well
known solutions of the Navier Stokes equation, plane Couette
and Poiseuille flows have been considered, and have been
simulated with a standard SPH code. They have a steady state
solution which is either linear or quadratic and this makes them
good candidates for the tests. The exact steady state solution
has been imposed as initial condition to see to what extent
this condition is compatible with the SPH modeling of viscous
terms and solid BC.

In the SPH simulations of the present paper, in order to
make the simulation coherent with the Navier-Stokes exact
solution hypothesis, the pressure terms have been removed
from the momentum equation. Furthermore, vertical velocities
are made zero. Since the results of the given fields indicate
that the viscous terms MVT and MCGVT perform similarly
at the continuous level, and for the sake of brevity, MCGVT
results have not been included in this part. A 3k support
renormalized Gaussian kernel [16] has been used. The particles
initial configuration is a regular lattice (figure 3).

B. Linear field

1) General: A linear horizontal velocity field u(y) = y is
considered. The exact value of the velocity Laplacian uy, is
therefore zero. The solid boundary is supposed to be at y = 0.

2) GP: As anticipated in section IV-C, the ASM SPH
approximation of the Laplacian should be exactly zero for
a linear velocity field. This has been actually the case in the
numerical computation. The results are quite different for UOM
model. The Laplacian is not zero and therefore incorrect, as
can be appreciated in figure 4, where the evaluation of u,, near
the solid boundary (y = 0) for the linear flow is presented.
There is actually a singularity with 1/4 in the numerical
evaluation of this integral as can be appreciated from those

figures, by noticing that as / halves, the value of the Laplacian,
as y goes to zero, doubles. This conclusion is independent of
the viscosity model (MVT or MCGVT).

3) Takeda et al. [1] model: The solution is exact for the
linear field since in this case, Takeda et al [1] model is
equivalent to the GP-ASM model.

C. Quadratic field

1) General: A quadratic field of the type u(y) = y*/2, near
a flat solid boundary (y = 0), is considered. The exact value
of the velocity Laplacian uy, is identically equal to 1.

2) GP: The ASM model provides, coherently with what
was anticipated in section IV-C, a null (incorrect) value of
the Laplacian at the boundary, but converges to the exact
one as the interpolation point moves away from the boundary
(figure 5). The results for UOM technique are incorrect at
the boundary (0.5 instead of 1) but no singularity is found,
contrary to what happens with the linear field (see section
V-B2). Preliminar tentative analysis indicate that the singular-
ity onsets only for linear field. Also in the UOM technique, as
the evaluation point moves away from the boundary, the result
converges to the exact one. These conclusions are independent
of the viscous term model (MVT or MCGVT) as can be clearly
appreciated in figures 5, ©.

3) Takeda et al. [1] model: The solution is not exact for the
quadratic velocity field (figure 7). The value of the Laplacian
is actually halved close to the solid boundary, but at least it is
not identically zero, as with the GP ASM model. It is relevant
that this is the case, since the Takeda et al. [1] model is based
as well on a kind of anti-symmetrization of the velocity field.
MVT and MCGVT perform similarly.

D. Plane Couette flow

1) General: The evolution from rest of a Couette flow was
treated by Monaghan [3] finding satisfactory results for the
velocity field using FFP. We depart from the steady state
solution and assess whether this linear field is accepted by the
SPH simulation. The energy is transferred through the viscous
stresses from the wall onto the fluid mass till a point where the
viscous dissipation equals the energy transfer from the walls.
The flow is considered x—periodic, x being the longitudinal
channel coordinate. The transversal coordinate is noted y. The
elementary fluid domain is taken as D = (—L/2,L/2] x [0, B],
with L = 2, B = 1. The motion is induced by the constant
velocity U,, displacement of the top wall. The exact stationary
laminar solution does not depend on x nor on the viscosity;
the exact velocity field has zero vertical component and linear
horizontal one.

u@)=U, -y

A laminar regime with Reynolds number 32 (like in reference
[3]) is considered in the simulations. The Reynolds number
is based on the top boundary velocity, U,, and the channel
width B, all equal to one. Density p is also taken as one. The
simulation is stopped when, after n, consecutive time steps (71,
of the order of 10), the condition expressed in equation (106),

(15)
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relative to the kinetic energy FEy, is fulfilled, with Ey being its
exact value.

'
£, - E

k. < 0.00001 (16)

0
A convergence analysis, both as 4 and dx/h simultancously
tend to zero is provided in order to establish the validity of
the conclusions at the continuous level.

2) GP: The ASM model accepts the exact solution exactly,
as expected, and no perturbation occurs in the velocity field.
Coming to the UOM, the exact solution is not accepted by
the model. The walls do not transfer enough energy to the
fluid which in turn dissipates more energy from viscosity. As
a consequence, the total kinetic energy of the fluid diminishes,
as can be seen in figure 8(a), corresponding to MVT. From
that curve it seems that as the smoothing length tends to zero,
the deviation of kinetic energy from the exact onc tends as
well to zero. Nonetheless, if we focus on the very first section
of figure 8(a), by zooming on it (fig 8(b)), it can be seen that
the slope of all the curves is constant and finite. This could
mean that full convergence to the exact solution might not take
place, regardless of the resolution.

3) Takeda et al. [1] model: The solution is exact for this
problem, coherently with the results of this technique for the
given linear field, discussed in section V-B3.

E. Plane Poiseuille flow

1) General: As in the Couette test case (section V-D),
the flow is considered x—periodic in the velocity field. The
elementary fluid domain, the notation, and the SPH imple-
mentation are the same like in that case. Only the stopping
criterium is modified, changing the right hand side of the
inequality (16) to 1e-6, due to the evolution of the flow being
slower. The motion is induced by an uniform pressure x-
gradient 0P/dx. The velocity profile of the exact stationary
solution is presented in equation (17).

_APyy - D)
u = ox 2u

amn

A laminar regime of Re = 10 has been chosen for these
simulations. The Reynolds number Re is based in this case
on the maximum velocity of the steady-state solution Uy and
the channel width. The pressure gradient has been taken as -1
and the fluid density has been taken as +1.

2) GP: Similarly to section V-D2 a convergence analysis
using as indicator the kinetic energy is the main source of
evidence for the assessment of the performance of the no-
slip implementation models. Again, the initial condition is the
steady state solution and we seek to assess how well this
exact solution is accepted by the SPH model in regards to
the accuracy of the no-slip implementation models. Results
for MVT are presented in figures 9-10. In both ASM and
UOM mirroring models, the deviation of the kinetic energy
with respect to the exact one seems to converge to zero, as /i
goes to zero. Convergence is slow both for ASM and UOM
models, though faster for the ASM model. The deviations of
ASM simulations from the exact solution are smaller (around
10 times) than those of the UOM simulations, as can be
appreciated from a comparative look at figures 9(a) and 10(a).
Furthermore, the slopes of all the curves seem to tend to zero
(figures 9(b) and 10(b)), contrary to what happened for the
UOM in the plane Couette case.

In regards to the velocity field, a comparison with the exact
solution for both mirroring models can be found in figure 11,
computed with 2 = 0.02 and dx/h = 0.5. With these values,
there are 100 particles in the span of the channel and the
number of neighbors per particle is around 110. The errors
are negligible for the ASM model (smaller deviation in kinetic
energy from the exact solution as aforementioned). The errors
are small but larger for the UOM, accordingly with a larger
deviation in kinetic energy from the exact solution.

3) Takeda et al. [1] model: For the sake of brevity, and
due to preliminar results indicating that the performance of
this model may be qualitative and quantitatively similar to
ASM model, an in-depth research on Takeda et al. [1] model
performance for plane Poiseuille flow is left for future studies.
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Poiseuille flow: Kinetic energy, MVT, GP-UOM
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Fig. 11. Poiseuille flow: velocity, MVT, h/B = 0.02, dx/h = 0.5

VI. CoONCLUSIONS AND FUTURE WORK

The aim of this paper has been to discuss whether there
are some fundamental problems in the the most representative
mirroring techniques of the velocity field used to force no-
slip boundary conditions in SPH for Newtonian incompressible
flows. We have specifically treated fixed fluid particles, Takeda
et al. [1] boundary integrals and more specifically, ghost parti-
cles. Two equally representative viscous terms in its continuos
integral form, namely Morris et al. viscosity term [2], and
Monaghan-Cleary-Gingold [3] have been studied. No relevant
difference has been found between them at the continuous level
but it remains as future work the implications of our findings
in their performance at the discrete level.

Basically lingcar and quadratic velocity flows have been
considered. Though some hints are provided, extending the
results to more general velocity fields is left for future studies.
For the linear flows, it has been shown that both the ghost
particle anti-symmetrization technique and the Takeda et al.
[1] provide exact results, while for the zero velocity model,
a singularity with the inverse of the smoothing length in the
viscous term arises.

In regards to the quadratic velocity field, it has been shown
that the ghost particle anti-symmetrization technique leads to
an identically null (incorrect) value of the viscous terms at
the boundary. A generalization of this result to any velocity
field for the anti-symmetrization technique is left for future
studies. Though quite similar in essence, the Takeda et al. [1]
technique performs better in this case, providing a result which
is not correct but which is not either zero at the boundary. The
zero velocity model gives in this case an inaccurate result at
the boundary but no singularity arises, as for the lincar field.

We have tried to assess the influence of these findings
in realistic fluid dynamics problems with a plane Couette
and Poiseuille flows. The kinetic energy has been analyzed.
Though some differences have been found that deserve further
study, it seems that with that integral magnitude (kinetic

energy), the singular behavior is not observed, and that conver-
gence to the exact solution seems feasible for all the models
under study, though further work has yet to be done in order to
clearly confirm such statement. It is left also for future studies
the relevance of this study for practical SPH implementations
with limited number of neighbors and disordered particles
configurations
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