SINGULAR LANGMUIR-HINSHELWOOD REACTION-DIFFUSION
PROBLEMS: STRONGLY NONISOTHERMAL CONDITIONS*

JOSE M. VEGAT

Abstract. The steady state reaction-diffusion problem for a permeable catalytic particle is considered,
when the reaction rate is of the Langmuir-Hinshelwood type and the activation energy is large. It is shown
that there are multiple solutions for the Damkdohler number belonging to a certain interval. An arbitrarily
large number of solutions appear for symmetric particles: (a) in two dimensions if the adsorption effects
are sufficiently important and the reaction order is negative, and (b) in three dimensions. An asymptotic
analysis provides approximate analytical expressions for the response curves and for the multiplicity bounds.

1. Introduction. Let us consider a catalytic decomposition of the type A -
Products in a permeable particle. For the chemical reaction to be catalyzed by the
solid, the reactant A must be adsorbed at the walls of the pores of the particle. This
adsorption-reaction process may be modelled by a kinetic law of the Langmuir-
Hinshelwood type. The governing equations are obtained from the principle of
continuity applied to the reactant and to the enthalpy. After suitable nondimensionali-
zation, they may be written in the form (see Aris [1])

£f£+ié£=_l_(£i+ié_t)= . c"exp(Fu-1)/1)
dx* xdx B \dx* xdx {14+ K.c exp (—Fa(t—1)/)}°

where ¢ >0 is the concentration of A, >0 is the temperature and x is the distance
to the center of the particle. The particle is assumed to be an infinite slab, cylinder
or a sphere (f =0, 1 or 2 resp.) and only solutions having the same symmetry as the
particle are considered. In addition to the symmetry condition at the center,

dc _dt

1.2) = =0 atx=0,

(1.1)

Robin type boundary conditions are imposed at the surface

dc _dt
(1.3) a(l—c)—a, y(1—¢)_dx

The parameters B, ¥, 7., K., v and o are positive, while the reaction orders n and p
are assumed tobe n, p=1. _
The observable reaction rate per unit volume, ¢, which is given by

atx =1,

T dc

7=G+0(3)
is of physical importance because it gives the intensity of the particle as a sink of
reactant. The curves ¢ —® (for fixed values of the remaining nondimensional para-
meters of the problem) are called response curves.

System (1.1)-(1.3) has received considerable attention in the chemical engineering
literature (see [1], [4], [5] and references given there). It adequately represents CO
oxidation over platinum catalysts, which is the main reaction in automotive pollution
abatement efforts. There is experimental evidence that the oxidation of several
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hydrocarbons, such as ethylene and propylene, over noble metal catalysts may be
represented by similar models.

Numerical computations of (1.1)-(1.3) were made by Carberry and Hutchings
[2] and by Schneider et al. [3] for n =p =1, and by Smith et al. [4] for n =1 and
p = 2. Their results suggest that (1.1)-(1.3) has multiple solutions for ® in a certain
interval if ¥ - 8 exceeds a certain critical value or if K, is sufficiently large and n <p.

Pereira and Varma [5] gave lower and upper bounds of the multiplicity interval,
the former appeared to be too conservative for large values of K.

An asymptotic analysis of the limit ¥ - 8 > o for Arrhenius kinetics (p = 0) was
made independently by Urrutia and Lindn [6] and Kapila et al. [7], [8]. For the
Dirichlet problem (o =» =c0), they showed that the response curve is S-shaped in
slabs and cylinders, while for spheres it has a spiral shape (as in sketch 3 in Fig. 1b),
with an arbitrarily large number of solutions for certain values of ® and sufficiently
large values of ¥ - 3.

The limit ¥ - 8 ->0 and K, >0 was considered by Vega and Lifidn [9]. For
o =v =00 and the slab geometry, it was shown that ¢ depends monotonously on &
if n = p while the response curve is S-shaped if n <p; for cylinders (spheres) ® depends
monotonously on ¢ if n =p (n Zp +(11-+v2)/7) and the response curve has a spiral
shape otherwise.

In this paper, (1.1)-(1.3) will be analyzed in the limit

(1.4) j-B=0, B=0(1).
Additional assumptions about the order of magnitude of the parameters are
(1.9) 0. %sw, L xi-00)

as taken from their usual values in practice.

In § 2, (1.1)-(1.3) is reduced to a simpler problem with boundary conditions of
the Dirichlet type, which is analyzed in detail in §§ 3-6. The results do match with
those of references [6]-[9], namely, the response curve is S-shaped for j =0, j =1 and
n=porj=1,n<p and K, sufficiently small, while it has a spiral shapeif j =1, n <p
and K, is sufficiently large or if j =2. Finally, the results of §§ 3-6 are used, in § 7,
to analyze (1.1)-(1.3).

2. The Dirichlet problem. When the concentration and temperature are non-
dimensionalized with their values at the surface of the particle, the boundary conditions
(1.3) become of the Dirichlet type. To attain this reduction, the following variables
and parameters are used:
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(2.1)
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where ¢; =¢(1) and ¢, =¢(1). (1.1)-(1.3) is then written in the form

en Ly L(@T ) 60y e T b/
' dx® x dx B \dx* x dx {k+yexp(—va(T-1)/T)}’°
dy _dT_
dx dx

(2.3) 0 atx=0, y=T=1 atx=1,



where the boundary condition at x =1 is a consequence of the definition of y and T.
The observable reaction rate is now defined as

. dy) ¥
. =(7+ —_— =—,
(2.4) v=G+1(3Z) =%
The boundary conditions (1.3) and the so-called Prater relation,
(2.5) T=1+p(1-y),

which is easily obtained from the first equation of (2.2), lead to the following
expressions for ¢, and ¢;:

= 2
(2.6) a=ltmin) » -ttt

-1

As we shall see in detail in § 7, the response curves ¢ —® of the Robin problem
(1.1)-(1.3) may be obtained, via (2.1) and (2.4)-(2.6), from the curves ¢ —¢ of the
Dirichlet problem (2.2)-(2.3), which will be analyzed first, in the following sections.

The relation (2.5) allows us to write (2.2)—(2.3) in terms only of the concentration y:

d’y jdy_ - YaB(1-y) |\
@7 g wde * (k+1)p(k Ty exP(_1+3(1—y)))
A vB(1—-y)
2 exP(l«FB(lﬂ-y))’
2.8) (j—i’)=0 atx=0, y=1 atw=1

Ify =0(1), thenc;' ~1,~1 (see (1.4), (1.5), (2.6)) and
=78 5>1,

as will be assumed in §§ 3-6. This may be no longer true for ¢ sufficiently large. But
for ¢ »1, B« 1 and yB8 = O(1), the response curve is given, in first approximation, by

1 AR ¢ \Pexp (=(y +pya)B/(1+8))
2.9 e (b4
@9 #7=5 k17 e ) ((1‘+1)) Forlits Y8/ (148D
where
z uﬂe*u
(2.10) fnpm,z)—j'0 =

as may be obtained by an agymptotic analysis of (2.7)-(2.8) (see Murray [10]).
Observe that vy,8 < 7,8 is a quantity of order O(1) for ¢ [0, oof.

3. The ignition regime. This regime describes the branch OA of the response
curve in Fig. 1, and corresponds to the distinghished limit ¢*>~ ¢ ~ (y8)~'. When the
expansions

(3.1) ¢”=(B) " Ao(1+(¥B) 81+ ),
(3.2) y=1-(vB)"'go—(¥8) (2B —a)(1+go) +Bgs— 81 +Bg) + - -,
1+v.8
a=p -n

k+1
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F1G. 1. Sketch of the response curves for the Dirichlet problem (2.7)-(2.8). (a) Slabs and spheres, (b)
cylinders for n >p (curve 1), n <p and u —» 0 (curve 2) and n <p and n >0 (curve 3).

are inserted into (2.7)-(2.8), go and g; are found to be given by

(3.3) g6 +ix 'gb=—Aoexp (go),  £6(0)=go(1)=0,
gl +ix 'gi =—Aoexp (go)g1 — 284,

(3.4)
g1(0)=0,  Bgi(1)+2B-a =4

The problem (3.3) has been considered in a number of works, beginning with Endem
[11]; see [1] and [12] for further references. It is well known, in particular, that (3.3)
may be reduced to a canonical initial value problem by use of the appropriate variables.
This is a consequence of the invariance of the differential equation and the boundary
condition at x =0 under the continuous group of transformations

(3.5) Ao=>aiMo, go=>got2as x->ai e .

In the new variables,

(3.6) wo=—(j+1)xgo, 8o=Aox*expgo, s=go(0)—go,

which are chosen to be invariant under the group and to take meaningful values at
x =1, go=0 (see (3.9) below), (3.3) is written as

(3.7) By i P, Wogpanydiog,
ds wo ds wo
3.8) li %=ﬁm%=z(j+1) ass 0",

(3.9) wo=—(j+1)go(1), Bo=Ao ats=go0).



For j =0 and 1, the initial value problem (3.7)—(3.8) has the solutions

j=0: J_cjo1=\/%=e—”2argCh(e”2),
.

j=1: wo=e"*0,=8(1—e"*?),

while for j =2 no closed-form solution of it is known (see Steggerda [13] for precise
numerical results). It is easily seen that, for j =2, the solution of (3.7)-(3.8) spirals
around the critical point (wo, 8o) = (6, 2) of the phase plane as s »00. A graph of the
curve wo— Gy is given in Fig. 2.
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FIG. 2. The curves wo— 8¢ satisfying (3.7)-(3.8).

The linear problem (3.4) can also be reduced to a canonical initial value problem
because, again, the differential equation and the boundary condition at x =0 are
invariant under the group (3.5). If §, is not properly chosen, (3.4) becomes singular
when A, equals any of the relative extrema of the function 6, = 84(s). A proper choice
of §, is made if, for example, it is taken as an unknown by imposing an additional
condition on g;. We chose the additional condition

(3.10) g1(0)=0

which is invariant under the group (3.5).



When using the variables

(3.11) w1=—(f+1)xg1, 6.=g1,
which are invariant under (3.5), the problem posed by (3.4) and (3.10) is written as
dwl 5 8061 dﬂ; Wi
—=(1-j% + 1+ —+ -
dS ( J’ ( ) wo 2""0: ds OJU’
w1 . 91 - 1 +
lim 4(I+1) 11m52—3+], ass—>07,
(3.12) w1=—(f+1)gi(1), 61=g1(1) ats=ge0).
For s - o0, the following asymptotic behavior is found:
Foif w, y 2! s
=% @ms)” " s

j=1 (ﬂ-)lé, 9_1__) 1
s s

J=2: w10, 6,->—4.

Now, from (2.4), (3.1), (3.2), (3.9) and (3.12), the following parametric representa-
tion of the response curve is readily obtained:

(3.13) ¢”=(yB) 651 +(vB) ' [2B ~a +B6:(3)]+ -},
(3.14) ¥ = (v8)'wo(8) + (¥B) *[(2B —a)wo(§) + Bwi(5)]+ - -
where § = go(0). The upper multiplicity bound, or ignition limit, ¢g is the value of
¢ which is obtained for §=3§; where § is the value of § at the first maximum
of the function 6= 64(5) (s =1.187, 1.386 and 1.608 for j =0, 1 and 2):
(3.15) j=0: #7=0.879(yB) '[1+(v8) (2B —-a—0.9528)+- - -],
j=1: ¢1=2.000(y8)"'[1+(y8)"'(28-a—-0.9108)+ -],
(3.16) i=2: $1=3322(y8) ' [1+(yB) '2B—-a—0.8698)+" - -].
The concentration profile for a point of the response curve, i.e. for a value of §

in (3.13)-(3.14), may be also found from (3.2), (3.6), (3.9), (3.11) and (3.12). It is
given parametrically by

y=1-(y8)"'5-5)—(v8) (2B —a)E—s)+B (5 —5)*]+

_ [32_8)] " xp [(—Sgﬂ] for s €[0, 5.

The asymptotics (3.13)-(3.14) break down as § - o0, which occurs, in Fig. 1, as
one ascends the segment IA for j =0, 1, and as one approaches the point A for j =2.
Since this breaking down occurs, for j = 2, at a position which approaches A as y8 -,
the maximum number of solutions of (2.7)—(2.8), i.e. the number of turns of the
response curve around A, is expected to increase for increasing values of y83.

4. The extinction regime. The solution in this regime provides the part PC of
the response curve in Fig. 1. The asymptotic analysis to be used here is of a type
which is well known in the combustion literature (large activation energy asymptotics,



see Clarke [14]), and quite similar to that presented in [6], [7] and [8] for Arrhenius
kinetics. For the sake of brevity only the results will be given.

A typical concentration profile consists of three separate parts: a reaction region,
for |x —x,| ~(yB)~", where y ~(y8)”", an internal equilibrium region, for 0=x <x,,
where yBy vanishes to the leading order in (y8)"', and an external frozen region, for
x, <x =1, where y ~ 1 and the reaction term vanishes to all algebraic orders in ('yB)_].
Matching between the reaction and frozen regions yields

4.1) @ =2"2A[1+(yB) 181+ - ],
1 B s . B .
(4.2) lﬁ—T‘:;: ifj=0, lfl—lnxr ifj=1, "[l_l—x, ifj=2,
where
2 -9
4.3) b2

o= G+ 1Ay,
5 20 +B)Bry B+B)Ansry + PYaBAM2s

' XN 280Ap App
2_ o187 (v +PYa)B
(4.4) A —(k+1)( ” ) exp( 1+8 ),
__kyB Yal3
N _(1+3)2e"p(1+3)'
(4.5) Anpzfnp(l-"; 00), fup(va Z)ZJ‘U %5_‘%;2‘1'“’

B,, = Lw (\/f——""‘i”‘ Al 1) dz.

np

(4.1) and (4.2) give ¢ and ¢ in terms of the reaction region location x, and can be
seen as a parametric representation of the response curve  —¢. (4.1) shows that, for
j=1 and 2 there is a minimum value of ¢, corresponding to x,=¢ " and x, =3
respectively, and given by

(4.6)

o1 2ol 1 2p  BU+B)Auzp +PYBAN ) |
i $z=i (1+1’B (2(1+B) By + = )+ )
. 2 8T 1 2p  BU+B)Anirp +PYBAR2p 1) ,

j=2 ¢h=- (1+YB(2(1+3)B,.,,+ - )+ )

For j =0, ¢ depends monotonously on x, and its minimum is reached at x, = 0 (negative
values of x, have no meaning). However, (4.1) has been obtained with matching
conditions at the left of the reaction region which are valid only if x, > (y8)™".
Therefore, the precise determination of the lower multiplicity bound, or extinction
limit, ¢g, requires us to analyze the problem more carefully if j =0, as will be done
in § 5.

For j =1 and 2, the asymptotics (4.1) break down as x, - 0, which occurs in Fig.
1 as one descends the segment EC and comes into the middle regimes, which will be
analyzed for cylinders in § 6. The description of the spiral part AC of the response
curve for spheres, which is similar to that of the case p =0 (see [8]), will be omitted



for the sake of brevity. For j =0, 1 and 2, the analysis above remains valid when x,
approaches 1, as may be easily seen; therefore, (4.1)-(4.2) give the upper branch of
the response curve in Fig. 1 also for ¢*- o,

The concentration at the center, y(0), is determined below from a more detailed
analysis of the equilibrium region. For matching purposes we need the asymptotic
behavior of the solution at the left of the reaction region, which is given by

@7  momls z=exp(\/§(§ a\/p%)+o(l))+0(-yﬁ) r—

0

. 2/(1-n)
(4.8) n>1: z=(12 \/(ni?‘)’ =€+o (g)) +0(yB)™" as¢-»>-o0

where
L2uP 1
= e dz,
(4.9) “ L( o 'flp(l-"az)) i

T | 1 1
bp=J ( —— ——)dz+ —
1 WAL Vi, 2) JA4,
The inner variables in the reaction region, z and ¢, are

Y8 _ B
a+p2” T a+py?

(4.10) z= (x —x,).

4.1. Concentration at the center of the particle. For simplicity in the presentation
we consider only the spherical geometry, j = 2. It is necessary to distinguish two cases:
n=1landn>1.

If n = 1, the concentration is exponentially small in the equilibrium region. (2.7)
and the boundary condition at x = 0 may be written in this region as

dz 2dz dz

(4.11) d{ é’ d{ z+0(z%), d—£=0 at =0,
where z is given by (4.10) and
__ Y8 Ao 4
(=i Vo (e e G )

Since z vanishes to any algebraic order in (y8)™" in this region—see (4.13) below—
O(z?) can be ignored in (4.11), whose solution is then

(4.12) =z(0)¢"'She.
Matching of (4.7) and (4.12) yields

1 2 + N
@13) y0) =2y 25 exp (—y 22 (2 4] B B0 L 45
u’ w? \(1+8) 2 (1+8)* V2A,
where the definition (4.10) of z has been taken into account. Ao, 8, @, and b, are

given by (4.3) and (4.9). (4.13) shows that, if u -0,

yB/(1+B)* )
(1-x)V2uPA,/

y(0)~exp (-



Since w”A 1, >0, the concentration at the center takes extremely small values if yx is
small (i.e. K, is large). This fact explains the numerical difficulties encountered by
Pereira and Varma [5] in this regime.

If n>1, (2.7) and the boundary condition at x =0 may be written, in the
equilibrium region, as

2
Ao, 2dv%_.n L 0)=1, 0h(©0)=0
dn” m dn

(4.14)
where

4.15) vo= ( ON" 21+ 0(a))

(n+1)/2 A
+O(a), ”((113)2) L

(0)
and a =(yB8)7", (¥8) 'In (yB) or (y8)*" ™ depending on whether 1<n <3, n =3
or n >3, as obtained by higher order matching considerations.

The solution of the initial value problem (4.14) becomes unbounded as 7
approaches a certain value n, = 5,(n). The asymptotic behavior of v,, for n >7,, is
found to be

1/(n—1)
n)'z) (1+0(n,—n)).

(4.16) = (2(" L)

Matching of (4.8) and (4.16), via the definitions (4.10) and (4.15), yields

1 2, (n+1)/(n—-1) P 3 1/(n—1)
yo-(C207 T (B a0

5. Extinction for slabs. The part BD of the response curve in Fig. 1 will be
described now. The concentration profiles are to be as those encountered in § 4. The
equilibrium and reaction regions will be coupled and a detailed analysis of the former
will be necessary to calculate the response curve, which will be described in terms of
the concentration at the center of the particle. We shall distinguish two cases, n =1
andn>1.

5.1. The case n =1. The response curve will be described in terms of the para-
meter
_ (B y(0)
(1+8) u’
Then ¢, qs2 and the location of the reaction region x, are considered as unknowns.
We shall seek the expansions

_(dy _ ln(‘YB) L.
(5.1) v (dx)x 1 =T v8 ‘YB ’
) ln‘YB 62 e
(5.2) 62=2 a..3(1+a1 el )
(5.3) x,=\/;(1;’!f) (G yﬁ+nl+%+ )

where A” is given by (4.4). A part of the matching conditions among the three
regions is anticipated in the form of the expansions (5.1)-(5.3).



Equilibrium region. When using the variables

_e"y B
(1+8) w’ (1+8)’

(2.7) and its boundary conditions at x = 0 can be written as

d*w Ao ( In(yB8) 28+ (p>+u’+2pu +p)w?
=22 w1 (u+p)==+86, + +)
di* u’ R e v8 2yB

w(0)=1t, w'(0)=0,

This initial value problem has a closed-form solution. Its asymptotic behavior for large
¢, i.e. for large w, is found to be

ﬂ/g_"( 2w * 1 p( )
(= A lnt 4w2+ +\/yﬁ 3 r+2+

(5.4)
GBS 2w N, () s
2 2 (In =+ )+YB( P ),
Reaction region. Equation (2.7) can be written as
&_ ze © ln('yb’) 3 z?
= o (140 2 (s p - pras 2) + )

in terms of the variables z and £, given by (4.10). This equation can be solved by
quadratures. After introducing the appropriate constants of integration for the match-
ing with the equilibrium region to be possible, the following asymptotic behaviors are
found:

@ In® (y8)
&= \flnz+ao+\/.__ \/..f_+ v

(5.5) 32
lnyﬁ) sx\f as (N 2 N,
In (Z(A:) T )+
as z >0,
z b, a; In® (v8)
=t agyg——+" '+ +
s Vaheds, O V2A, e B
In (yB) (61 z
56) - e T
5 Y8 (2 V2A0A 1, )
i ﬁ(l+B)AOA3p+p‘yaﬁAoA3_p+1_62AOA1p—a3 . .
7.6‘( (2804 1,)"? 2]+
as z >0

where A,,, a, and b, are given by (4.5) and (4.9). Matching of (5.4) and (5.5) yields

2,2

a __ [u (20+m (45)) a’ ot
V2A, &\ h 2 24, 4

0

(5.7) ap+

Two additional relations involving «; and a, are not written here; they would be
necessary only if higher order terms in the expansions (5.1)—(5.3) were considered.



Frozen region. Since the second member of (2.7) vanishes to any algebraic order
in (yB)_l, for x, =x ~1, (2.7) and the boundary condition at x = 1 are written as

d2
E’z’=0, y(1)=1.

Matching between the solution of (5.8):

(5.8)

In 713 'Ifz
1 ( . )
y=g tx—1 - 78 'YB
and (5.6)—via the definitions (4.10) and (5.2)—leads to
(5.9) V2hoA =1, __1____311/ ,
6_2 3 p+1
/) ) +az— 24,

(5.10)

From (5.7), (5.9) and (5.10) we get
Ao=(2A41,)7",  81=2¢1=(1+B)V2u"A,,

22

A Az,
+B(1+8) =2+ pyf —22,

=24+
82=2¢n, pAl A, A,

Y2=—(1+B) VA, (a,,+b,,+\/5;_"ln %’)
A further substitution into (5.1) and (5.2) gives a parametric representation of the

response curve, which is as the branch BD in Fig. 1. The minimum of §,, corresponding
tote =(2A 1,,)3"4(1 +B)-u® " gives the extinction limit

(1+(1+3)J '“("B)

2
¢k = 2A1p
A3.p+1+ P‘ﬂzré

5.11 s (gus £+ .
5.11) (Ba+m G2+ prp= ot sE2E

B
—2(1+B)2\/A—1p(ap+bp+\/ﬂ_pln%€)) g )

5.2. The case n >1. The analysis is similar to that of the case n = 1. The response
curve is described in terms of the parameter

t=y(0)s %
¥, ¢ and x, are expanded as
(512)  g=doteds+ -, ¢*=A"A(1+eb1+ "), x, =€+ ")
where A is given by (4.4), and
(1 +,6)2 2(n+1)/(3n+1)
AT



In the equilibrium region, (2.7) and the boundary conditions at x =0 are

d*w  Agw" dw
1 —— =1+, =t, —=0 at{=0,
(5.13) PTG ( ), W dc at{
where
w=¢ ', L=¢'x.

The asymptotic behavior, as w - 00, of the solution of (5.13) is

(5.14) L= M(c tufn)/z_2w(1"‘”2_,"+1w—(3n+n/2+. . )
. = " n-1 3n+1

0

where

Cn = j (w" ' =172 dw.
1

In the reaction region, (2.7) can be written as
ﬁ_z_ _Apz"e™
d&®  (u+z)°

in terms of the variables z and £, given by (4.10). The asymptotic behavior, as z >0,
of the solution of (5.15) is

- 2 (n+Du® 12 .
=y g 2 7

(5.15) (Lkgat: 1)

0
(5.16)
+£( 2a ((n+1)ﬂv)3/22—(3n+1)/2+_ . ) I
3n+1 2A¢

Matching with (5.14) yields

i /(n+1)#p (1-n)/2 _ Ao n+1
(5.17) L= —Sr Cut . a= —ﬂ—~—-——~—~(n+1)#pr .

0

The asymptotic behavior, as z -» 0, of the solution of (5.15) is

£ _(a1_+81ALA,,_p )+

Emtfiey Lo
V2A0A,, (280A,,)°"

In the frozen region, (2.7) and the boundary condition at x = 1 are again (5.8), which
has a solution

y=x+eg(x —1)+---.
Matching with (5.16) yields
(5.18) ViBoAn=1, di=f=ar+Dy

(5.17) and (5.18) give 1, Ap and 8, in terms of ¢t. A further substitution into (5.12)
leads to the representation of the response curve:

[(n+1)u?

d=1+¢ (n ZA)F- c"t{l—n)/2_+_. v
0

A2

24,

P ——— n+1
(1 +6(2\/(n +1)u’A,, c,,t“_"’/2+t—) s )

2
9 (n+Du"A,,



The minimum of ¢2, corresponding to
te=((n+1)(n—-112u* A2/ Pt
gives the extinction limit ¢.

6. The intermediate regimes for cylinders. The concentration at the center of
the particle, y(0), was close to 1 in the ignition regime, and it was small compared
with (1/,6)_1 in the extinction regime. Intermediate values of y(0) will be considered
now. The distinguished limits y(0)~1 and y(0) ~ (y8) " will be treated separately. If
i ~vB the response curve differs only quantitatively from that of the Arrhenius
kinetics case, and the solution is unique in those regimes (see [7]). We shall consider
smaller values of w, i.e., u =o(yB). It will be assumed that 8 =o(1) to simplify the
presentation of the analysis.

6.1. Lower intermediate regime. In this regime, the concentration at the center
is
-1
y(0)=yo>(vB)
and ¢ is such that the parameter

§2= y§"  (1+8(1-yo)’ (_(Y+P'Ya);6(1_y0))
¢ (k +1)° ¥B 1+B8(1-yo)

vanishes to any algebraic order in (vB) .
The concentration profiles consist of two regions. In an inner core, the inner
variables

(6.1)

, =YY o)
(1+B(1-yo)’

=%
a

are used to write (2.7) and the boundary conditions at x =0 as

d’z 1dz_ _( (n—p)z—pu, _dz _ =
62) A+ o= (1+—73YO 4 ) 2=27=0 at{=0.

(6.2) can be solved by quadratures. Its asymptotic behavior, as ¢ -» 00, is found to be
-1 n—p
(6.3) z=4In¢{-2In8+---+(yB) (4—y—ln§+---)+-~
0
In an outer frozen region, y ~x ~1, the second member of (2.7) is exponentially

small. When taking into account the boundary condition y(1) = 1, the solution in this
region is found to be

(6.4) y=1+¢1“7x+~-.

Matching with (6.3) yields

(1+B(1-yo)*(, ,n—p
. = 1 i
(6.5) g=8 vB ( "By )
2_1 o (¥Byotp—n)l=yo)\ . .
(6.6) & ‘se"p( 2(1+B8(1-yo)’yo )(H .



Substitution of (6.6) into (6.1) leads to

8yo " ((YBYU+p—n)(1—yo)_ ¥B(1—yo) )(1+- )
¥B 21+B8(1—-yo)yo 1+B(1-yo) '

(6.5) and (6.7) describe parametrically, through y,, the branch AB in Fig. 1b, and
show that the response curve is monotonous—and therefore the solution is unique—in
this regime if n >p; if n <p, there is a minimum value of ¢, i.e., a lower multiplicity
bound ¢,,, which corresponds to yo,, = p—-n)/yB+---.

(6.7) ¢*=

6.2 Upper intermediate regime. The response curve will be described in terms
of the parameter

(1+p)*
e e 0,
T " y(0)
and ¢ will be such that
2 2 (LB _(y+pva)B
(6.8) a=¢ “(k+1) (—1’3 ) exp( —~——-——~1+B )

vanishes to any algebraic order in (y8) . Asin § 6.1, the concentration profiles consist
of two regions. In an inner core, (2.7) and the boundary conditions at x =0 are written
as

d’z 1dz z"e™ dz

T ey VOO 2mn =0 atg=0

(6.9)

in terms of the variables ¢ = x/a and z = yBy/(1+B)".
The asymptotic behavior of the solution of (6.9), as { » 0, is

(6.10) z=b(r)(In{—c(r))+o0(1).

In a frozen region, y ~x ~ 1, the second member of (2.7) is, as in § 6.1, exponentially
small. The solution in this region is given by (6.4) again, and the matching with (6.10)
yields

2
v=2 L8 071,
Y8
— 2. 7B 2 _
6.11) & —exp( TS 2c(f)+0(5)).
Substitution of (6.11) into (6.8) leads to
2 _ n—p-—1 _ YB Z‘Yﬁ

(6.12) ¢ =(yB) exp( 1+ﬁ+(1+B)2b(r)+2c(7)+0(3))'

The analysis of the functions b = b(r) and ¢ =c(7), in the Appendix, shows that
there are multiple solutions in this regime. The response curve is as that in sketch b
of Fig. 1. Observe that the number of solutions is arbitrarily large for sufficiently small
value of & and ¢ = ¢., where ¢, is posed by (6.12) with (b, c) = (b, c.).

7. The Robin problem. The Robin problem (1.1)-(1.3), under the assumptions
(1.4)-(1.5), will be analyzed below. For the sake of brevity, only the spherical geometry
(j =2) will be considered. The response curves, which are as those sketched in Fig.
3, are obtained from the results of §§ 3—4, via the transformations defined in § 2.
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F1G. 3. Sketch of the response curves for the Robin problem (1.1)-(1.3) in spheres and d <3 (curve 1)
ord >3 (curve 2).

7.1. The ignition regime. This regime appears as ¢y ~ ®” ~ (#8)"". A substitution
of (2.1), (2.4) and (2.6) into (3.13) and (3.14) yields the following parametric rep-
resentation of the response curve:

1+K.)
(7.1) (Dzz%ﬁo(s)exp (ﬁ"’gf))(l +o(1)),
=22 (1401
B

This representation shows that the response curve in this regime has the same shape
as that of the Dirichlet problem. The ignition limit ®; is obtained by differentiation
of (7.1); it corresponds to s = s; +0(1), where s; is the smaller root of the equation

.
3
A plot of ®; vs. v, as calculated from (7.1) and (7.2), is given in Fig. 4.

(72) 60(S1)+ (IJU(SI)=2V.

7.2. The extinction regimes. There are two distinguished regimes which corre-
sponds to the so-called extinction regime of the Dirichlet problem.
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F1G. 4. Ignition limit for the Robin problem in spheres.

7.2.1. First extinction regime. The first regime to be considered corresponds to
i < g. It gives the part AB of the response curve in Fig. 3. A substitution of (2.1),
(2.4) and (2.6) into (4.1) and (4.2), and elimination of the parameter x,, gives the
following representation of the first approximation of the response curve:

.__ K& ¥B_\"T (7 +pYa)B\ W +3)* (¥ +p¥a)B
q’"sAn,,(,u)((Hé)z) e"p( g ) e ( 31+8)%

where

§)a+o(m)

o1 T8 2
=K. (1+E)2CXP(1+E)'

It shows that the solution is unique in this regime if
3(1+8)%v
(7.3) d=—""-"=<
(Y +P7a)B
while there are three solutions of the problem for @ in a certain interval ]dJE, df
otherwise. The multiplicity bounds @} and ®; corresponds to ¢ = ¢ and ¢ = ¢/, where

- 3(d-1)£v94%>-30d +9
Yer= ) .

A plot of the multiplicity bounds vs. 4 is shown in Fig. 5.

y

7.2.2. Second extinction regime. The second distinguished regime corresponds
to  ~a >» 1. Substitution of (2.1), (2.4) and (2.6) into (2.9) yields, in first approxi-
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FIG. 5. Bounds of the multiplicity interval of the first extinction regime for the Robin problem in spheres.

mation,
2an+1 - 2
2_0'8" exp(=¥)( & \ exp(e(1+£)/¢)
i) q’ 2 SET e (6/(11£))
(7.5) U =30¢
where

PR, [
Be * T ) Gy
(7.4) and (7.5), which give parametrically the part PA of the response curve in Fig.

3, show that there exist no solution if ® <®g and two solutions if ® > g, where &g
corresponds to £ = £g, which is given by

2 2 e & gw®/(+&)_
ée 1+é&e &8 (1+&2) gu(8/(1+£&R))

é =Ka exp (_y—a):

0.



A plot of dg vs. e for representative values of &, in the case n =1, p =2, is given in
Fig. 6.
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Fi1G. 6. Extinction limit for the Robin problem in spheres (n =1, p =—=2).

8. Conclusions. An asymptotic analysis of the problem (2.7)-(2.8), for yg8 - o,
has been carried out in §§ 3-6. It has been shown that the response curve exhibits
multiplicity in a certain interval [¢g, ¢;]. The response curve is S-shaped for the slab
geometry, while for spheres it has a spiral shape, as in the case of Arrhenius kinetics
(p =0) and large activation energies. For cylinders, it is S-shaped if n =p or n <p
and k' = O(1); for n <p and kyB = O(1) there exists a subinterval of [¢g, ¢;] where
the number of solutions is five at least; as kyB3 — 0 the response curve spirals around



a certain point as in the spherical geometry. Observe that this behavior of the response
curve matches with the results of [6]-[9].

A comparison between the asymptotic values of the multiplicity bounds ¢g and
¢ for j=0 and 2 (i.e., the two terms expansion posed by (3.15), (3.16), (4.6) and
(5.11)) and their numerically computed ones, found in the literature, is plotted in
Fig. 7. Observe that the differences are always under 5% in spite of the moderately
large value of ¥8.
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Fi1G. 7. Ignition and extinction limits for the Dirichlet problem in the case n=1,p=2, y=30,8=.2
and ¥, =0 as calculated in §§ 3-5 ( ) and as taken from [5] (O).

For boundary conditions of Robin type, (1.1)—(1.3) have been analyzed in § 7. It
has been shown that the upper part of the response curve, which corresponds to the
so-called extinction regime, has the same shape as that of the Dirichlet problem or
contains an S-shaped part, depending on whether the nondimensional parameter d



(see (7.3)) is smaller or greater than 3. The remaining part of the response curve has
the same shape as that of the Dirichlet problem. The bounds of the several multiplicity
intervals are plotted in Figs. 4-6.

Appendix. The functions = > b(r) and 7 - ¢(r) are defined as

— i 29 — 1y ( Aﬁ)
=ity - O Se
where z = z({) is given by
dz 1dz_z"exp(-z) dz
Al e z=7, —=0 at{=0.
.l LT ey noagt e
A.l. The limit g > 00, As 00, it is easily seen that
- | A . T
b—4(1+“ (1' l+‘r)+ )’
N ol L 1. 8(1+1)
€= 1‘”‘+4(r 1+7)+2I“ ot

Observe that, for n <p, b=b(r) has a minimum which is reached at r,=

p/n-1)+

A.2 The limit g » 0. The formal limit x > 0 leads to the (regular) perturbation
scheme

(A.Z) Z=ZO+L(,21+"', b=b0+ﬂb1+"', C=C0+’J.Cl+

where the leading order terms

— E‘Eﬁg) T _Eﬂ(_ﬁ
(A.3) ol M g culr) = lim (In ¢ bo(r))’
d’20 ldzo_ .-
(A4) e
(A5 2=, =0 at=0

The curves by—co are shown with solid lines in Fig. 8, as obtained from numerical
integrations of (A.3)-(A.5), for representative values of n —p. If n —p>1, (bo, co) =
(00,00) as 7> 0; if n —p <1, (bo, co) = (boo Coc)s Where by, and co. corresponds to the
solution z¢. of (A.4) which satisfies

lim (2¢/(1=n —p)? Pz =1.

This critical point of the curve bo—co is approached with a constant slope if
n—p=0;if n —p <0, the curve spirals around the point as 7 - 0.

For —1<n —p <1, there exists a second type of solutions of (A.1). They consist
of three separate regions. In an internal region, { <({,, z vanishes to the leading order;



Fi1G. 8. The curves - (b(r), c(1)) for u > 0.

in an external region, { > {,, and z = zo+0(1), where z, satisfies (A.4) and

dZ()
Z0 d{ 0 at C {0.
These conditions have been obtained from the matching conditions of the two above-
mentioned regions with a thin region which separates them. The corresponding curves
bo—co are shown with dotted lines in Fig. 8, for representative values of n —p. As
{0~ 0, these curves approach the critical point (bg,, co.), With a constant slope if
n —p =0, and with a spiral behavior if n —p <0.



An asymptotic analysis of the case n —p =—1 shows that the remaining part of
the response curve is as that of the sketch in Fig. 8, consisting of four distinct segments.
Observe that the curve b —c¢ has the same shape as that of the case —1<n —p <0.
The analysis, which is fairly involved, is not presented here for the sake of brevity.
Only the results of the limiting case n —p = —1 are given:

Segment CE.
bo+O(lne)? ifby #0,
(A.6) b= -1
bo+2TNE) | oaney? b =0,
boCo
Ine)”! L}
PN Lo P ifb) 0,
bobh
(A7) =1 2regline)!
co— 0l _4O(ne)?  ifby=0,
bgCo
where

e=—(nu)"’

and bo(7) and co(r) are defined by (A.3). Observe that the distance between this
segment and the segment BC is of the order of (In e) ' In particular,

N T ’
bM~4(1 F+0lne) )

Segment EF.

(A.8) c=In (b\/g) +2v (b;2)+8 (4;b)+2b" In(2(6-2)+0@@™ Y

with b € ]2, 4[ and v defined by
(4—b)exp(4(4—5)) =2¢ ‘(v +4) exp ((2—b)v).

In particular,
e =2 lnl+71n 2-4+0(Ine)".
E

Segment FG.
b=2+D(a)+O0(e Ine),
c=3In2e+E(@)+elne+ae+0(e Ing)’

where a € ]—00, [ and D(a) and E(a) are defined by

D(a)=1irgE, E(a)=lirg(D(a)s~u),
d’u exp (—u) . u _
F*T, Elil‘(!]l;—ln (28)—&“0'“,
= _1 k+1
d="3 (1]

0 n—k'



In particular,

bm=2+1.822e+- .

Segment GH.

L (€ 1,02 ﬂ
c~2(1n(2)+21nb+3(b_2+1n 5 +d,.+.577)+0(e).

In particular,
Cm =4(In 2e) +Ve+O(e Ing)).

Observe that the asymptotics (A.2), (A.6) and (A.7) break down for sufficiently
small values of 7; a refined analysis of the neighborhood of the point (b, c.) would
give the number of turns of the curve # —¢ around the critical point (which, of course,
is finite for any small, but fixed, value of u and increases with ,u_l). Dotted lines in
the case n —p = —1 correspond, in Fig. 8, to numerical computations of (A.1).
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