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Abstract 

The influence in the stability of long liquid bridges supported between two elliptical-shaped disks of their main axis relative ori­
entation is investigated. A numerical continuation method capable of finding equilibrium shapes, both stable and unstable, is used to 
calculate a series of equilibrium shapes supported by disks of increasing eccentricity for different relative orientation of the disks 
axis. The stable or unstable character of each of the shapes is calculated to determine the position of the stability limit and its 
character. 
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1. Introduction 

A liquid bridge is a model widely used to study the 
fluid configuration present in the crystal growth tech­
nique. The first configuration studied in literature was 
a cylindrical shape held between two parallel, coaxial 
circular disks of the same diameter. The response of 
the mentioned configuration subjected to various distur­
bances has been studied, including the calculation of the 
equilibrium shapes and their stability limits (Slobozha-
nin and Perales, 1993; Slobozhanin and Alexander, 
1998; Lowry and Steen, 1997; Marr-Lyon et al., 1997; 
Gonzalez and Castellanos, 1993; Mahajan et al., 1999; 
Parra et al., 2002; Luengo et al., 2003). The influence 
of different perturbations on the stability of liquid 
bridges has been extensively analyzed from both the the­
oretical and the experimental point of view. 

Leaving apart non-mechanical disturbances, some 
works dealing with non-axisymmetric supporting disks 

have been published, two of them dealing with the equi­
librium shapes of liquid bridges between non-circular 
supports (Martinez et al., 2002a,b), one dealing with 
the asymptotic stability of long liquid bridges between 
noncircular disks (Meseguer et al., 2001) and another 
in which the stability and the equilibrium shapes of a li­
quid bridge held between a circular and an elliptic disk is 
studied (Laveron-Simavilla et al., 2003). In the last two 
papers mentioned it is demonstrated that the influence 
on the stability limit of perturbations like an axial grav­
ity and the existence of noncircular supporting disks can 
interact in the way of balancing each other. The destabi­
lizing effect of an axial gravity can be counteracted by 
placing the liquid column between noncircular disks. 
The present paper studies a liquid bridge configuration 
held between two parallel and coaxial elliptic disks, ana­
lyzing the influence of the angle formed between the 
main axes of the disks, the excentricity of the ellipses 
and a gravity parallel to the disks. The stability limits 
and the equilibrium shapes of the configuration are 
calculated using a numerical method already imple­
mented for analyzing stability problems of non-axisym­
metric liquid bridges held between circular disks 



(Laveron-Simavilla and Perales, 1995; Laveron-Sima-
villa and Checa, 1997) and here adapted to the particu­
larities imposed by the non-axisymmetric boundary 
conditions. 

2. Formulation 

The fluid configuration considered consists of a mass 
of liquid of volume V held by surface tension forces be­
tween two parallel, coaxial, elliptical disks placed a dis­
tance L apart. The disks' bigger and smaller semi-axes 
equal to RQ(\ + a) and RQ(\ — a), respectively, and the 
directions defined by the two disks' bigger axes form 
an angle <P, The liquid bridge is subjected to an acceler­
ation g = gu, being q> the angle formed by the lower 
disk's bigger main axis and the direction of the acceler­
ation, and u the unit vector in the direction of the accel­
eration as sketched in Fig. 1. 

The equation governing the steady shape of the liquid 
bridge is obtained by expressing the equilibrium between 
the surface tension forces and the local pressure forces at 
the free surface of the liquid. This equation can be writ­
ten using dimensional parameters and variables, as 
follows: 

GM(F) +P- ApgFcos9 = 0, (1) 

where M(F) is twice the mean curvature of the interface, 
F = F(z, 9) is the equation for the liquid bridge inter­
face, Ap the density difference between the liquid bridge 
and the outer bath, a the surface tension, and P is a con­
stant related to the origin of pressure. The boundary 
conditions and constraints express the azimuthal period­
icity of the interface shape, F(z, 9) = F(z, 9 + 2n), the 
constant value of the liquid bridge volume, and that 
the bridge surface is anchored or pinned to the edges 
of the supporting disks. 

Let, in a general case, F(±L/2, 9) be the shape of the 
supporting disks. If the following characteristic length, 
associated to the disk shape, is introduced: 

R 
1 

2n 
F(±L/2,9)d9, (2) 

then, taking R as characteristic length of the problem, 
and defining F = F/R, z = z/R, Eq. (1) can be written as 

M(F)+P-BlF cos 9 = 0, (3) 

where P has been made dimensionless using alR, B\ is 
the lateral Bond number, B\ - ApgR2/a, and 

Fig. 1. Geometry and coordinate system for the liquid bridge 
configuration considered. 

is twice the dimensionless mean curvature. The sub­
scripts z and 9 indicate derivatives with respect to these 
variables. 

For the disk configuration considered in this paper, 
the boundary conditions expressing that the bridge sur­
face is anchored or pinned to the edges of the supporting 
disks are: 

F(z = -L/2, 9) 

F(z = L/2, 9) 

#o(l - a2) 

(l+fl2-2flcos2(0+< ?>))1 / 2 ' 
\, (4) *o(l - «2) 

(1 + a2 - 2a cos 2(0 + q> - <P))1/2 ' 

The boundary conditions at the disks can be ex­
pressed in dimensionless form as 
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F(z = A,9) = 
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whereas the azimuthal periodicity condition and the vol­
ume preservation condition are 

F(z,6 + 2n)=F(z,6), (6) 

A pin 

dz / F2 d6 = 2nAV. 
A JO 

(7) 

In the above expressions V is the dimensionless volume, 
V = V/(nR2L), and A = LI(2R) is the slenderness. 
Although the numerical analysis allows to consider 
any volume, in the subsequent sections the volume of 
the liquid bridge will be fixed to that of the right cylinder 
of the same slenderness and radii equal to that of the 
equivalent circular supporting disk, which means V - 1. 

3. Numerical method 

An algorithm, based on a continuation method (Kel­
ler, 1987) capable of over-passing bifurcation points and 
turning points was developed using a finite-difference 
method, and was used (Laveron-Simavilla and Perales, 
1995; Laveron-Simavilla and Checa, 1997) to obtain 
the bifurcation diagrams and equilibrium shapes of 
non-axisymmetric liquid bridges with circular support­
ing disks subject to non-axisymmetric perturbations such 
as a lateral acceleration and a misalignment of the disks' 
axes. In a latter work (Laveron-Simavilla et al., 2003) the 
stability and equilibrium shapes of a liquid bridge held 
between a circular disk parallel and coaxial to an elliptic 
disk subjected to an axial acceleration was studied, it was 
found that in some cases both effects counteracted in the 
way of enlarging the stable region in the parameter plane. 
In this paper, the algorithm is extended to liquid bridges 
held between elliptic disks in the presence of a lateral 
acceleration in order to study the influence of the angle 
formed by the ellipses' main axes, the acceleration direc­
tion and the lateral Bond number. 

The method is based on linearizing the formulation 
(Eqs. (3), (5), (6) and (7)) around a known solution 
(F0(z, 9), P0), by seeking solutions of the form 

F(z,6)=F0(z,6)+f(z,6)+o 

P = Po+p + o(^-
(8) 

where \flF0\ <C 1 and \p/Po\ <C 1. The leading terms ob­
tained from Eq. (3) give an equation for f(z, 9) 

o-y2 U- 3AQ 3AS B-Wf+{c-W'+(bJ-i)f" 
-Efzz + Gfee+Hfze+Po+p+B^Fo+f^ose^, (9) 

where A, B, C, D, E, G, H, O, Q, S, and T are known 
functions of F0(z, 9) and consequently of the point con­
sidered on the interface. 

The leading terms obtained for the boundary condi­
tions and the constraint that determines the reference 

pressure are 
rA r2n ,-A fin 

dz F0(z,6)2d6 + 2 dz \F0(z,6)f(z,6)]d6 
J0 J-A Jo 

(10) 
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= 0, 

(11) 

= o , 

(12) 

(13) 

where if (F0(z,6),P0) were an exact solution of the prob­
lem, in Eqs. (9)—(13) some terms would cancel each 
other, but all terms have been retained because 
(F0(z,ff),P0) will only be an approximation to the solu­
tion in the iterative scheme. 

A finite difference scheme has been developed charac­
terizing the mesh as the intersection between the free 
surface and the planes 

'2/ 
z = A[-j-\), 7 = 0 , 1 , . . . , / , 

6-
2n 

7TT i, i = 0,l,...,I. 

Doing so, the system (9)—(13) yield a linearized finite-dif­
ference equations system which can be written as follows: 

+ <t>,(fj:i-fUl-f^+fj:l)+p = %, 
i = 0,...,I, 7 = 0 , . . . , / , (14) 
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where the coefficients atJ, /?,-,-, ytJ, bi}, q>y, <\>i}, \jjtj, a{] and A 
are functions of the values F'0J, and P0. 



i — i — i — i — i — i — i — i — r If no further modifications were made, the algorithm 
would destabilize when crossing any critical point (both 
turning points and pitch-fork points). To stabilize the 
algorithm, a new equation needs to be included. With 
the method modified in this way a sequence of equilib­
rium shapes is obtained whether they are stable or 
unstable. The details of the numerical methods used to 
locate bifurcation and limit points in the families of 
equilibrium shapes are identical to those outlined else­
where (Laveron-Simavilla and Perales, 1995) and will 
not be repeated here. 

The extra equation added to stabilize the method de­
fines the arc-length parameter. Two different arc-length 
parameters are defined, one to evolve in the parameter 
measuring the eccentricity of the supporting disks, a, 
and another one to evolve in the lateral Bond number, 
B\. In both cases the arc's origin needs to be periodically 
actualized because of the error introduced with the dis­
cretization. To define the arc's origin a second known 
configuration of the family is needed, the procedure used 
in each case studied is explained in detail in the follow­
ing section. The integration must therefore always start 
from two known configurations in order to define the 
starting point and the advancing direction along 
the bifurcation diagram. It is also important to start 
the integration with known stable shapes because the 
numerical method can determine a change in the stabil­
ity character but not the stability character itself. If 
starting from a stable equilibrium shape, a parameter 
can be increased (or decreased) to obtain a sequence 
of stable equilibrium shapes until a bifurcation or a 
turning point is encountered. 

Fig. 2. Bifurcation diagram for four liquid bridges with slenderness 
A - 2.96, 3.0, 3.08 and 3.1. The area of section z - All is represented 
versus the parameter measuring the eccentricity of the supporting disks. 
Stable branches are plotted with solid lines, whilst unstable branches 
are represented with dashed lines. The bifurcation points are repre­
sented with a square. Equilibrium shapes (a), (b) and (c) correspond to 
A = 2.96 and a = 0.2005, 0.4201 and 0.4326, respectively. Equilibrium 
shapes (d), (e) and (f) correspond to A = 3.1 and a = 0.0828, 0.1762 and 
0.2683, respectively. Shapes (c) and (f) are unstable. 

3.15 

Fig. 3. Stability limit of a liquid bridge held between equal, coaxial 
and parallel elliptic disks, being a the parameter measuring the 
eccentricity of the ellipse. 
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Fig. 4. Influence of the twist of the supporting disks in the equilibrium shapes. All the configurations correspond to A = 3.02. Equilibrium shapes (a), 
(b) and (c) correspond to 0 = 0 and a = 1.669, 0.2355 and 0.3421, respectively. Equilibrium shapes (d), (e) and (f) correspond to 0 = TT/5 and 
a = 1.670, 0.2355 and 0.3421, respectively. Equilibrium shapes (g), (h) and (i) correspond to 0 = TT/2 and a = 1.674, 0.2359 and 0.3425, respectively. 
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Fig. 5. Maximum values of the lateral Bond number, Bh and the 
parameter measuring the eccentricity, a, that liquid bridges of different 
slenderness can withstand. 

4. Results 

In the following the influence of the eccentricity of the 
ellipses, the angle formed by their bigger axes, and the 
lateral acceleration are analyzed. 
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Fig. 7. Three perpendicular views of two stable equilibrium shapes of 
a liquid bridge with A = 3.0, (a) a = 0.2957, Bx = 0.0952, <Z> = 4TT/5, (b) 
a = 0.2993, Bx = 0.0943, <Z> = 1 ITC/20. 

Fig. 6. Maximum values of the lateral Bond number, Bh and the 
parameter measuring the eccentricity, a, that liquid bridges with 
A = 3.0 and 0 = TT/, 19TT/20, 3TT/5, 3TT/10, TT/5 and TT/10 can withstand. 

All curves collapse in a single one within the numerical method 
accuracy. 

4.1. Absence of lateral acceleration 

It is well known that there is a critical slenderness for 
cylindrical liquid bridges for which a bifurcation is 



encountered. That is the slenderness corresponding to 
the minimum volume stability limit. For values of the 
slenderness greater than the critical the liquid bridges 
are unstable. The same type of bifurcation exists for li­
quid bridges held between elliptic supporting disks, 
being the value of the critical slenderness smaller as 
the parameter a, which accounts for the ellipse eccentric­
ity of the disks, increases. 

The main branch of the bifurcation diagram obtained 
by representing the area of section z - All as a function 
of the parameter used to measure the ellipse eccentricity, 
a, is shown in Fig. 2 for several values of the liquid 
bridge slenderness. The stable branch is represented with 

a solid line, the bifurcation point is represented with a 
square and the unstable branch is represented with a 
dashed line. The equilibrium shapes corresponding to 
yl = 3.1, A - 2.96 and three different values of the 
parameter measuring the eccentricity of the supporting 
disks are also represented in the figure, the first two 
equilibrium shapes for each slenderness are stable con­
figurations, whilst the others are unstable. It can be seen 
from the figure how short liquid bridges can withstand 
greater deformations without breaking. Fig. 3 shows 
the relation between the critical slenderness and the 
parameter measuring the eccentricity of the ellipses. 
Although there is an asymptotic study done for 

Fig. 8. Stable equilibrium shapes of liquid bridges with A - 3.0. The first three shapes correspond to <P = 4TT/5, (a) a = 0.1015, B\ - 0.1016, (b) 
a = 0.2134, Bi = 0.1012, (c) a = 0.2957, Bx = 0.0952; and the last three correspond to 0 = HTT/20 and (d) a = 0.0997, Bx = 0.0989, (e) a = 0.2041, 
Bx = 0.0995, (f) a = 0.2993, Bx = 0.0943. 
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Fig. 9. Maximum values of the lateral Bond number, Bh and the 
parameter measuring the eccentricity, a, that liquid bridges with 
A = 3.0 and 0 = 2TT/3 and cp = TT/2, 7TT/18, 31TT/90 and TT/3 can 

withstand. 

non-axysimmetric supporting disks (Meseguer et al., 
2001) the results here obtained cannot be compared to 
the analytical ones because only the first order effect 
was retained in the paper, the term retained there is re­
lated to the difference in area of the supporting disks and 
not really to their shape. 

The equilibrium shapes and stability limits have also 
been calculated varying the angle formed by the main 
axes of the supporting disks, $, but no significant differ­
ences where found in the values of the critical slender-
ness varying this parameter. Several stable equilibrium 
shapes are represented in Fig. 4 for different values of 0. 

4.2. Influence of lateral acceleration 

The influence of a lateral acceleration is here consid­
ered, being the angle formed by the principal axis of the 
supporting disk, $, and the angle formed by the lateral 
acceleration and the main axis of the lower supporting 
disk, cp. The equilibrium shape of a stable liquid bridge 
held between elliptic supporting disks is calculated using 
a cylindrical initial shape (a- B\- 0) and evolving in the 
lateral Bond number, Bh The initial equilibrium shape 
for a ^ 0 is one calculated evolving in a. The second ini­
tial equilibrium shape required (B\ — 0, a ^ 0) cannot be 
calculated from any analytical expression given by an 
asymptotic analysis, therefore the equilibrium shape cal­
culated for the previous value of a, and B\ — 0 in the pre­
vious iteration in B\ is used. The evolution is again done 
in the lateral Bond number, B\, until a bifurcation point 
is encountered. 

The stability limits for liquid bridges of different slen-
derness, 0 = 0 and cp - 0 are plotted in Fig. 5. Both per-

Fig. 10. Stable equilibrium shapes of four liquid bridges with A = 3.0, 
and 0 = 2TT/3 and (a) <p = TT/2, (b) <p = 7TT/18, (C) <p = 31TT/90 and (d) 

cp = 7l/3. 

turbations, a and B\, cause a des-stabilizing effect which 
reduces the stable region. 

In order to study the influence of the twist of the sup­
porting disks, the stability limits have been calculated 
for a liquid bridge with A = 3.0, the acceleration point­
ing in the direction of the bisector of the angle formed 
by the bigger main axes of the supporting disks 
(cp = 0/2). In this particular case, it has been found that 
the stability limit does not depend on the twist of the 
disks, 0. All the bifurcation points lie on the same curve 
irrespective to the value of $, as represented in Fig. 6. 
Three different views of an almost unstable liquid bridge 
with yl = 3.0 are represented in Fig. 7 for two values of 
0. Several stable equilibrium shapes are represented in 
Fig. 8, corresponding to two different values of the twist 
of the liquid bridge and for several values of the param­
eter measuring the eccentricity of the supporting disks, 
a, and the lateral Bond number, B\. 



The effect on the stability limit of changing the direc­
tion of the acceleration for a liquid bridge with A - 3.0 
and $ - 2n/3 is represented in Fig. 9. The figure shows 
that the stable region becomes smaller as the angle be­
tween the acceleration and the bigger axes of the lower 
supporting disk decreases, being minimum for <p - till 
and maximum for <p - 4>/2. Four equilibrium shapes 
corresponding to <P = 2TT/3, BX = 0.110, a = 0.2041, 
A - 3.0 and q> - n/2, 1nl18, 31TT/90, TT/3 are represented 
in Fig. 10. 

5. Conclusions 

To summarize, the combined effect of lateral Bond 
number, shape and twist of the supporting disks have 
been analyzed numerically. A particular shape of the 
disks (being both disks equal) has been considered and 
the equilibrium shapes and stability limits calculated. 
It is interesting to observe how the twist of the disks 
does not affect the stability limit. Breaking the symmetry 
by changing the direction of the lateral acceleration 
changes the stability limit. The most stable configuration 
correspond to the acceleration pointing in the bisector of 
the angle formed by the bigger main axes of the support­
ing disks (<jo = $/2), as the liquid bridge is rotated the 
configuration becomes less stable. 

The shape of the sections z = cte of the liquid bridge 
are nearly circular far from the supporting disks; azi-
muthal variations due to the non-circularity of the sup­
porting disks are barely present at the middle sections of 
the liquid bridge. That is the reason why the twist angle 
of the supporting disks does not change the stability lim­
its in absence of lateral acceleration. The trend to elim­
inate azimuthal variations when moving away from the 
supporting disks lead to a narrowing of the liquid bridge 
in the plane containing the bigger main axis of the near­
by supporting disk and a widening in the plane contain­
ing the smaller main axis of the disk. Near the 
supporting disks there is also a neck that gets narrower 
as the parameter measuring the eccentricity of the disks 
increases. Therefore the narrowing of the liquid bridge 
in the direction of the bigger main axes increases as 

the parameter measuring the disks' eccentricity increases 
making those directions the most unstable ones. 
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