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The stability of the relative equilibrium of an isorotating axisymmetric liquid bridge between two 
equal-radius coaxial disks under zero-gravity conditions has been investigated in detail. The free 
surface is assumed to be pinned to the edges of the disks and in equilibrium and only perturbations 
compatible with this pinning are considered. In the plane of the dimensionless variables 
characterizing the liquid bridge length and the liquid bridge volume, the stability regions for a set 
of values of the Weber number have been calculated. The stability region structure and the nature 
of critical perturbations change when the Weber number, W, passes through the values W0 

(2.05<^0<2.06) and Wx (2.44<^!<2.45). It has been found that, for W< W0, the stability region 
is connected, and the neutral stability may take place with respect to nonaxisymmetric perturbations 
as well as to axisymmetric ones. In the latter case, it has been established whether the critical 
axisymmetric perturbations are reflectively symmetric or reflectively antisymmetric about the 
equatorial plane. When the increasing Weber number passes through the value W0, the stability 
region breaks into two disconnected parts. The first exists for all Weber numbers larger than W0. For 
the states belonging to the boundary of this part, only nonaxisymmetric perturbations are critical. 
The second part exists only for Weber numbers between W0 and Wx. Its boundary is determined by 
the states that may be neutrally stable to nonaxisymmetric perturbations or to axisymmetric ones. 
The characteristics of the shape of the neutrally stable surfaces have been calculated for a wide 
range of the Weber number. 

I. INTRODUCTION 

The system analyzed consists of a liquid mass of volume 
v forming a liquid bridge between two circular coaxial disks 
of the same radius r0, which are spaced a distance 2h apart 
(Fig. 1). The gas-liquid-solid contact lines are pinned to the 
edges of disks. The whole system rotates uniformly around 
the disk's axis with an angular velocity co in the absence of 
gravity. The liquid is thus subject to a centrifugal force field 
and surface tension forces and is under an equilibrium with 
respect to a rotating reference system (such an equilibrium is 
called a relative equilibrium). 

This equilibrium state is characterized by the following 
dimensionless parameters: the slenderness, A, the relative 
volume, V, and the Weber number, W, which are defined as 

A = - V=—^r, W=—^. (1) 
r0 2-nr0« 2<x 

Here p is the liquid density and <x is the surface tension. 
Let us consider the problem of the stability of an axi­

symmetric equilibrium state of a viscous liquid bridge, as­
suming that the contact lines remain still pinned to the edges 
under perturbations. As usual, perturbations must satisfy the 
condition of liquid volume conservation. 

The principle of minimum potential energy is to be used 
as the basis for the solution of the stability problem. The 
matter of the validity of this principle for the equilibrium 
state of an isorotating capillary liquid is worthy of notice. 

The definition of the concept of the liquid equilibrium stabil­
ity and the definition-based proof of the direct statement of 
the principle of minimum potential energy (serving as an 
analog of Lagrange's stability theorem) were first presented 
by Lyapunov.1'2 Lyapunov considered an equilibrium state 
(absolute or relative) for an ideal liquid and a viscous liquid, 
however, without considering surface forces. The extension 
of these results to the case of a capillary liquid was carried 
out by Rumyantsev3'4 and Samsonov.5 

The reciprocal statement of the above-mentioned prin­
ciple (if the second variation of potential energy can take 
negative values, the relative equilibrium will be unstable) for 
a viscous isorotating capillary liquid was proved by 
Rumyantsev.3'4 It should be pointed out that, for a relative 
equilibrium of an isorotating liquid, the reciprocal statement 
is valid only in the case of a viscous liquid, unlike the rest 
state, where this statement is valid both for a viscous liquid 
and for an ideal liquid (Rumyantsev, Vladimirov, and 
Kopachevskii3'4'6-11). 

For an ideal isorotating liquid, if the second variation of 
potential energy takes negative values, a gyroscopic stabili­
zation may be observed. The conditions for this stabilization 
are well studied for isorotating mechanical systems without 
energy dissipation (see, for instance, Appell12). Examples of 
a gyroscopic stabilization for an isorotating ideal capillary 
liquid were obtained by Hocking and Michael,13 Gillis and 
Suh,14 Ross,15 and by Chandrasekhar.16 

Thus, the principle of minimum potential energy allows 



FIG. 1. Geometry and coordinate system for the isorotating liquid bridge 
problem. 

us to find the neutrally stable equilibrium states of an isoro­
tating liquid only when the effect of the viscosity is consid­
ered. 

Additionally, it is assumed that the angular velocity of 
rotation of the disks remains equal to w in a perturbed mo­
tion. In this case, the expression for the potential energy has 
the form 

U=US-- pw2 r2 dCi, (2) 
2 Ja 

where Us is the potential energy of surface forces, Cl is the 
domain occupied by a liquid, and r is the distance from the 
axis of rotation. The stability criteria obtained by minimizing 
of the functional (2), as a rule, are more rigorous than in the 
case of the free evolution of a system when its angular mo­
mentum remains unchanged. For axisymmetric equilibrium 
surfaces, this difference appears when axisymmetric pertur­
bations are the destabilizing ones. If nonaxisymmetric per­
turbations are the critical ones, the stability criteria in both 
cases are the same411 

In analyzing the stability problem for an isorotating liq­
uid bridge, the data for the limiting case W=0 related with 
axisymmetric weightless liquid bridges at rest are useful. 
This case has been studied fairly well both 
experimentally1719 and theoretically. As a result of the theo­
retical analysis carried out by Gillette and Dyson20 (stability 
to axisymmetric perturbations) and by Slobozhanin2111 (sta­
bility to arbitrary perturbations), the boundary of stability 
region has been constructed in the (A, V) plane. The bound­
ary consists of two nonintersecting branches (upper and 
lower) along which V^>°° as A^°° for both of them. 

A number of particular results related with the stability 
of an isorotating weightless liquid bridge under the above-

mentioned assumptions are known. The simplest problem 
concerns the stability of a cylindrical liquid bridge. Here the 
critical value of the Weber number is found to be 

^ = 7 7 2 / ( 8 A 2 ) (0<As=77v5/2), (3) 

1 (TT2 \ ITTV3 \ 

As far as we know, this result was first obtained indepen­
dently by Samsonov5 and by Slobozhanin22 as a particular 
case of the solution of the more general problem on stability 
of an isorotating liquid cylinder. However, an English trans­
lation of the above-mentioned results was published only as 
late as 1987.11 In western literature23 a similar result ob­
tained by Hardy and Coriell24 (the stability to axisymmetric 
perturbations) and by Fowle et al25 (the stability to arbitrary 
perturbations), was more known. 

The formulas (3) and (4) determine the critical value of 
W with respect to nonaxisymmetric perturbations and with 
respect to axisymmetric perturbations, respectively. In the 
indicated intervals of A values, the corresponding type of the 
perturbations is critical. It is not difficult to establish the 
similarity between the formulas (3) and (4) and the result of 
the investigation on the stability of an infinite isorotating 
liquid column with respect to arbitrary perturbations.26 

The first theoretical results related to the critical states 
with F # 1 were obtained by Brown and Scriven.23 For the 
values A.=\ and A=l , they constructed the dependences 
W(V) in the intervals 0.6=SFssl.6 and 0.39=SFssl.4, respec­
tively. 

For W=0.l and W=0.5, a major part of the boundary of 
stability region in the (A,V) plane was calculated by Barmin 
etal21 

The determination of the critical values of the param­
eters for the equilibrium states with a prescribed value of the 
angle /30 (fi0 is the angle of inclination of the axisymmetric 
surface profile in the point of contact with the lower disk; see 
Fig. 1) is of interest for the problems of space technology. In 
relation to the physical properties of semiconductor materi­
als, the values of /30 equal to or slightly smaller than 90° are 
of prime interest for the study of the growing of single crys­
tals by the floating zone method. For /?=90°, it has been 
established that only cylindrical surfaces may be stable; any 
other surfaces are either critical or unstable.28 For /?0=80° 
and 75°, the dependences A(W) and V(W) 
(0.000125=sr=s343) for the neutrally stable states were cal­
culated; here the nonaxisymmetric perturbations are critical 
always.29,30 

In the above-mentioned papers the stability of an isoro­
tating liquid bridge is studied with respect to arbitrary per­
turbations. Particular results on the stability with respect to 
only axisymmetric perturbations were obtained by Ungar and 
Brown31 and by Martinez, Perales, and Gomez.32 However, 
such perturbations are not necessarily the most dangerous.11 

The problem of the bifurcation of the critical equilibrium 
states of an isorotating liquid bridge is directly connected 
with the stability problem. This problem was studied by 
Brown and Scriven,23 Ungar and Brown,31 and Vega and 
Perales.33 



The bifurcation of the critical cylindrical states was con­
sidered in detail. This is especially true in regard to the un­
perturbed bifurcation, when the value of V for the bifurcating 
family is equal to 1. Using the asymptotic methods, it was 
established23'31'33 that a subcritical bifurcation takes place 
when the stability is lost with respect to axisymmetric per­
turbations as well as to nonaxisymmetric perturbations. 
Thus, in this case both axisymmetric and nonaxisymmetric 
bifurcated equilibrium families are unstable. The results of 
an asymptotic analysis are valid only in the vicinity of the 
critical values of the parameters. A finite element method23'31 

allows us to obtain examples of a numerical solution of the 
unperturbed bifurcation problem for a prescribed value of A 
and values of W that differ significantly from the critical 
value. 

The case of V=l is singular.23 The fact is that a cylin­
drical shape of liquid bridge exists for any values of A and 
W. The results of the asymptotic and the numerical analyses 
of the bifurcation problem for F # 1 show that the nature of 
bifurcation when the stability is lost with respect to axisym­
metric perturbations depends on whether these perturbations 
are reflectively antisymmetric or reflectively symmetric 
about the equatorial plane z = h. In the latter case the critical 
state presents a limit point and, for values of W that are 
larger than the critical value, the axisymmetric equilibrium 
states corresponding to prescribed values of A and V does 
not exist.31 Hence, it is important to define the type of the 
critical axisymmetric perturbations. 

The examples of a numerical solution of the bifurcation 
problem presented by Brown and Scriven23 show that, when 
the loss of stability of an axisymmetric liquid bridge is due to 
nonaxisymmetric perturbations, a subcritical bifurcation or a 
supercritical bifurcation takes place depending on the value 
of V. 

In summary, in spite of the existence of particular results 
on stability and in-depth investigations of the more compli­
cated bifurcation problem, it should be concluded that the 
full picture of the stability of equilibrium states of an isoro-
tating liquid bridge remains vague. The aim of the present 
paper is to clarify this picture and to carry out a systematic 
investigation of the stability of an axisymmetric isorotating 
liquid bridge with respect to arbitrary perturbations. 

II. LIQUID BRIDGE EQUILIBRIUM SHAPES 

Let us place the origin of the cylindrical system of co­
ordinates (r, d,z), rigidly bound to the disks, at the center of 
the lower disk and let us point the z axis upward (Fig. 1). 
The shape of an axisymmetric equilibrium surface of a liquid 
bridge in parametric form r(s),z(s) is described by the so­
lutions of the following system of differential equations:11 

r"=-z'{pr2 + q-z'lr), z" = r'{pr2 + q-z'Ir). (5) 

Here s is the arclength of a profile (a meridian section 
8=const) of an equilibrium free surface and primes denote 
derivatives with respect to s; it has been assumed that the 
fluid domain Cl remains to the left as we move along a pro­
file in the direction of increasing s. The quantity p is equal to 
pco2/(2(j) and has the dimensions of (length)~3, and 
q = (P — P0)/o- is a constant proportional to the pressure dif­

ference between the reference pressure, P, inside the liquid 
bridge at the axis r = 0 and that of the surrounding gas, P0. 
The system (5) is equivalent to the Young-Laplace equation. 

Let us introduce the dimensionless variables 

R = rpm, Z = zpm, T=spm, Q = qp~m. (6) 

Then the system (5) assumes the following form: 

R"=-Z'/3', Z"=R'/3', (3'=R2 + Q-Z'IR.^ (7) 

Here /3=/3(T) is the angle measured from the R axis to the 
tangent to the equilibrium profile that is directed in the sense 
of increasing r and primes denote derivatives with respect to 
T. 

Integrating the second equation of the set (7) and taking 
the third equation into account, we obtain 

Z'R = \RA+l
1QR2+A0, (8) 

where 

A0= - jR0- iQR0+R0Z'0, 

and the subindex " 0 " refers to the values at the initial point. 
The analysis of the relation (8) together with the (obvi­

ous) definition of the arclength R'2 + Z'2 = \ allows us to 
prove34 that the solutionR(T) always has at least one station­
ary point and that the solution of the system (7) in the (R,Z) 
plane is reflectively symmetric about the horizontal straight 
line passing through this point. Generally the functions R(T) 
and Z'(T) are periodic. However, for any Re (Re is the value 
of R in the stationary point) when Q=-R2

e+R~e
l the verti­

cal straight line R(r)=Re is the solution of the equilibrium 
equations and, furthermore, there exist a value of Q for 
which, after self-intersection, the integral line tends mono-
tonically on both sides to a vertical straight line as an asymp­
tote. If Re < 2(3V2) and Q = 2R~X-\R\, then the integral 
line crosses orthogonally the Z axis. Results of the investi­
gation of the integral line shape depending on the values of 
Re and Q with full details were presented by Slobozhanin.34 

Let us choose the profile point located at the edge of the 
lower disk as the initial point r =0. Then the equilibrium 
liquid bridge shape is determined by solutions of the equa­
tions (7) with the initial conditions 

R(0)=R0r R'(0) = cosp0, Z(0) = 0, 

(9) 
Z'(0) = sin/?0, /?(0) = /?0. 

These solutions must satisfy the conditions 

R(rl)=R0, Z(T1) = 2H, I lR2Z' C!T=2HR2
0V. 

Jo 
(10) 

Here TX is the value of r at the end point of the profile, and 
the quantities R0 and H, according to (1) and (6), are equal to 

R0 = r0p
m=Wmr H=hpm = AWm. (11) 

The conditions (10) define the values TX, /?0, and Q in 
terms of the parameters (1). Of course, the obtained liquid 
bridge shape should not cross the solid disk. 



III. SOLUTION METHOD FOR THE STABILITY 
PROBLEM 

According to the principle of minimum potential energy, 
the stability problem for the relative equilibrium of a liquid 
bridge under the allowed perturbations (satisfying the condi­
tion of volume conservation and the condition of fixed con­
tact lines) can be reduced to the determination of the sign of 
the smallest eigenvalue v^ of a known spectral problem:11 an 
equilibrium is stable if i ^ > 0 and is unstable if i ^ < 0 . The 
method of solution of the stability problem for an axisym-
metric equilibrium state, which does not require the calcula­
tion of v^, is also described by Myshkis et al.11 

For an axisymmetric isorotating liquid bridge, the above-
mentioned spectral problem can be reduced to a one-
dimensional boundary-value problem, 

^<p0-li=vcp0 ( O S S T S S T I ) , <p0(0) = 0, 

<Po(ri) = 0, R<p0(r)dT=0, 
lo 

(12) 

associated with the stability to axisymmetric perturbations, 
and to the one-dimensional boundary-value problem, 

^<pl-(\IR
2)<pl = v<pl ( O S S T S T J ) , 

¥>I (0) = 0, 9 1 ( r 1 ) = 0> 
(13) 

associated with the stability to nonaxisymmetric perturba­
tions corresponding to the first harmonic in the polar angle 9. 
Here 

R' 
^(p=(p"+ <p' + a(T)<p, a(r) = 2RZ' + /3 

R 

i l l 

i2_ 

R2 

The reason for this reduction is the validity of the equality 
K„=min{j'01 ^ n } , where v0l and vu are the smallest of ei­
genvalues of the problems (12) and (13), respectively. 

The vanishing of any eigenvalues of the problems (12) 
and (13) is equivalent to the equalities J ? ( T 1 ) = 0 and 
<P 1 1 (T 1 )=0 , where 

@{T) = <POI(T)\ R<P02(T)dT-<p02{T)\ R<pQl(r)dT, 
Jo Jo 

(14) 

.2^01 = 0, 9oi(0) = 0, 9 o i ( 0 ) = l , (15) 

- 2 ^ 0 2 - 1 = 0 , <p02(0) = 0, ^ 2 ( 0 ) = 1 , (16) 

^ 1 1 - ^ 2 ^ 1 1 = 0, 9 n ( 0 ) = 0, 9 i ' i ( 0 ) = l . (17) 

From the properties of v01 and vu (see Ref 11), it follows 
that an isorotating liquid bridge is stable with respect to axi­
symmetric (nonaxisymmetric) perturbations if the function 
S){T) [the function <pxx(T)] does not vanish for 0=sr =s rx. The 
first (with T increasing) point r=rif, where S){T) or <pn(r) 
vanishes (in practice, changes sign) is critical: if T : ( .>T1 then 
an axisymmetric equilibrium state is stable, if 0 < T : ( . < T 1 is 
unstable. The profile for which r^ = TX corresponds to a neu­
trally stable equilibrium state. 

Avoiding the solution of the complicated equilibrium 
problem given by the equations (7), (9), and (10), we shall 

find only the neutrally stable states. To do this, for a givenR 0 

(given W) and a chosen value of the profile slope /30
=Po, the 

numerical integration of the initial value problems (7), (9), 
and (15)—(17) is performed up to the point r=Tif. Since the 
quantity R{T^) depends on Q, the quantity Q must be 
changed until we obtain, for some Q = Q\, a value T^1-1 

= T^ (R o, /SQ1 -1, Q i ) , such that the condition 
R ( T * ) >R o ,0o ) , Q i) = R o is satisfied within the required ac­
curacy. 

The solutions R(r,R0,l3
(Qy>,QX) and Z ( r ; i ? 0 , ^ 1 ) , g 1 ) 

of the problem (7), (9) on the interval 0 Jl) determine 
the shape of the profile of the neutrally stable equilibrium 
surface. This surface is critical with respect to axisymmetric 
perturbations if the function that vanishes in the point T 
= T^1-1 is S>{T) and is critical with respect to nonaxisymmetric 
perturbations if the function that vanishes is <pn(i). The com­
ponent of the critical nonaxisymmetric perturbations normal 
to the axisymmetric equilibrium surface is proportional to 
<PU(T) COS 9. 

The neutrally stable surface constructed in this way de­
termines the coordinates, 

A = 
2R0 • v--

1 

RlA^f) 
* R2Z' dr, (18) 

of one point of the stability boundary in the (A,V) plane for 
a given value of the Weber number, W=R\. Other points 
can be determined in a similar way by changing the value of 

A)-
In an analogous way, the neutrally stable surface for a 

given W might also be constructed by the fixing the value of 
Q and the changing value of /30. 

IV. PRELIMINARY ANALYSIS 

Since the contact lines are circles of equal radius, the 
profile of an equilibrium liquid bridge surface either is re­
flectively symmetric about the horizontal straight line pass­
ing through the "equatorial" point [which coincides with 
one of the stationary points of the function R(T)] or has an 
arclength rx that is a multiple of the period T of the function 
R(T). 

Let us assume that the neutrally stable liquid bridge has 
an equatorial symmetry plane. If the nonaxisymmetric per­
turbations are critical, then, choosing the equatorial point on 
the profile of this surface as the initial point, taking into 
account the form of the equation (17), and the well-known 
Sturm theorem of the separation of zeros for the solutions of 
a second-order differential equation, it can be proved that the 
function <pu(r) is symmetric about the equatorial point 
T=TJ2. If the axisymmetric perturbations are critical, then 
they are either reflectively symmetric or reflectively antisym­
metric with respect to the equatorial plane (the abbreviations 
used by Brown and Scriven23 and Ungar and Brown31 are 
ax.-r.s. perturbations and ax.-r.a. perturbations, respectively). 

In addition, the following statements are useful. 
(a) If P0 = TT/2 and the liquid bridge shape is noncylin-

drical, then <p01=R'(r) and the function S){T) vanishes at 
T =T for the first time. 



(b) If a given integral line of the system (7) has two 
portions that correspond to neutrally stable surfaces, none of 
them can fully contain the other.11 

These statements lead to the following conclusions. 
For the neutrally stable surfaces not being cylindrical 

and having an equatorial symmetry plane, the profile ar-
clength r* is not larger than T. The equality r* = T holds for 
P0 = TT/2. If T{>T, an equilibrium surface with an equatorial 
symmetry plane is unstable. 

Furthermore, it can be proved that ax.-r.a. perturbations 
are critical for neutrally stable noncylindrical equilibrium 
surfaces if and only if /30 = TT/2. In this case, the component 
of the critical perturbations normal to the equilibrium surface 
is proportional to R'(T). 

It is known20 that in the absence of rotation a weightless 
liquid bridge without an equatorial symmetry plane is always 
unstable with respect to axisymmetric perturbations. For re­
gards an isorotating liquid bridge without an equatorial sym­
metry plane, the same conclusion for surface with Tx=nT, 
where n>\, follows from the statements (a) and (b). There is 
no full proof of a similar result for the case TX = T. However, 
it is possible to study this case for almost cylindrical isoro­
tating liquid bridges. To do this, let us represent 

CO CO 

R(r)=R0+^ <?Ri(r), Z(r) = r + 2 e%(r) , 
i=\ i=\ 

CO 

/*(*•)=£+2 ^A(T), 

(19) 
CO CO 

¥>oi(r) = E *•>,•(r), ?02(r) = 2 t?fi(r), 
i=0 i=0 

CO CO 

e = e 0 + 2 JQi, / ? (o )=y+2 f?pi0, 
i = \ *• i = \ 

where € is a small parameter, and the expansions for Q and 
/?(0) are considered as given. The quantities R0 and Q0 are 
connected by the relation 

Q0=Ro1-R2
0. (20) 

Then, the period T and the first positive root /x of the equa­
tion J ? ( T ) = 0 are of the form 

CO CO 

r = 2 eT,-, !x=^Z e'/x,. (21) 

Z = 0 Z = 0 

As a result of rather cumbersome calculations, we obtain 

T0 = /j,0 = 2TrK'lr T1=/J,1=2TTK'3AQ1, 

/x2 = 277K-3{M,K-2Q2
1+M2p

2
w+AQ2}, (22) 

T2 = ^2 + 2TTK-3M3P
2

W, 

where 

K=(2R0 + Ro2)mr A=(l-R»3)K-2, 

Mx = U WAR'1 + UOA2 + 5R~2 + 3K2 - 90R~4K~2), 

M2=U\^ARQ1 + ^A2+5RQ2-5K2-12,RQ4K-2), 

M3 = U-WAR~l + 4A2-5R~2 + 9K2+l&R~4K~2). 

Since M3>0, then /x2<T2 and /x<T. Consequently, the al­
most cylindrical isorotating liquid bridges without an equa­
torial symmetry plane are unstable. 

This statement is valid not only for isorotating liquid 
bridges with V=l. It includes a result earlier obtained by 
Brown and Scriven,23 which proved using an asymptotic 
analysis of the bifurcation problem for a cylindrical state of 
an isorotating liquid bridge that the almost cylindrical liquid 
bridges with V= 1 and without an equatorial symmetry plane 
are unstable. Furthermore, according to the numerical results 
of Brown and Scriven,23 all other axisymmetric shapes, 
which are not necessarily close to a cylinder, with V= 1 and 
without an equatorial symmetry plane are unstable. 

Consequently, only cylindrical states can be roughly 
stable in the cases /30=TT/2 or V=l. For /30 = TT/2, other equi­
librium states are either neutrally stable or unstable, and, for 
V=l, unstable. 

V. RESULTS 

Prior to presenting the numerical results, let us make a 
remark directly related to the subject under consideration. 
For some values of the equilibrium parameters, an inaccurate 
numerical determination of the shape of a neutrally stable 
liquid bridge by means of changing the value of /30 with 
given R0 and Q may lead to the wrong result that 
PO=P1 = TT/2±S[P1=P(T1)1 where <Sis small. 

The equality /30
=A is sufficient to show that this liquid 

bridge does not have an equatorial symmetry plane. How­
ever, with a decreasing integration step, we obtained 
P0=Tr/2±e, p^Tr/2+e, where e^O, and arrived at the 
known result on the neutral stability of a liquid bridge with 
an equatorial symmetry plane, and /30 = TT/2. If calculations 
are not accurate enough, a mistake may arise from the fact 
that for p0 values close to TT/2 the quantities T and /x are 
closely related [that is why the first two terms in the both 
expansions (21) coincide]. In general, as a result of suffi­
ciently accurate calculations, in no case was detected any 
neutrally stable liquid bridge without the equatorial symme­
try plane. 

A. Typical form of the stability region boundary for 
not-too-large Weber numbers (the case l/l/= 1) 

As an illustration, let us first consider the stability region 
boundary in the case W=\. The general boundary, obtained 
if arbitrary (both axisymmetric and nonaxisymmetric) pertur­
bations are accounted for, consists of four parts [the solid 
line in Fig. 2(a)]. 

The upper segment ABC of the boundary determines the 
maximum possible volume V of a stable axisymmetric liquid 
bridge for a given A. The points of this segment correspond 
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FIG. 2. Boundary of the region of stable isorotating liquid bridges for W= 1. 
Axisymmetric and nonaxisymmetric perturbations have been considered in 
(a) while only axisymmetric perturbations have been considered in (b). The 
relevant part of the boundary is plotted with a solid line. The meaning of the 
different labels is explained in the text. 

to the neutrally stable states that are critical with respect to 
nonaxisymmetric perturbations. The dependence V(K) 
reaches the maximum at the point B. 

The right-hand part FEC of the lower boundary is deter­
mined by the neutrally stable states, which are critical with 
respect to axisymmetric perturbations. These perturbations 
are ax.-r.s. perturbations on the segment FE and ax.-r.a. per­
turbations on the segment EC. At the point C, which is com­
mon for the upper boundary and this segment, the quantity A 
reaches its maximum value along the whole boundary. 

The points belonging to the mid-part LF of the lower 
boundary correspond to the neutrally stable states, which are 
critical to nonaxisymmetric perturbations. The segments LF 
and FC touch each other at the point F, where the quantity V 
reaches its minimum value along the whole boundary. When 
approaching along this segment to the point L the value of /30 

for the corresponding critical surfaces is increasing up to the 
value P0=TT in the point L. On further decreasing of A, the 
value of p0 for the neutrally stable surfaces becomes larger 

than 77. However, such surfaces cannot satisfy the geometric 
condition of fitting between flat solid disks. 

Therefore, the left-hand segment AL of the lower bound­
ary is determined by the so-called limiting surfaces. These 
surfaces are characterized by the equality /30=TT and are 
stable. 

Using the case W=\ as an example, it is interesting to 
follow the behavior of the boundary of a stability region 
when only axisymmetric perturbations or only nonaxisym­
metric perturbations are taken into account. The region 
boundary of the stability with respect to axisymmetric per­
turbations is shown in Fig. 2(b). Along its upper part, V—*^ 
as A^O. When moving along the upper part in the direction 
of decreasing V, the value of /30 increases, starting from 
negative values up to a value TT/2 in the point P. The points 
in the segment PE correspond to surfaces with /30 = TT/2. The 
maximum A value takes place for V= 1 and corresponds to 
the cylindrical surface that is critical to axisymmetric pertur­
bations. According to (4), here A = ir/\jl + 2W. When mov­
ing from the point E to the point M, the value of /30 increases 
monotonically from 77/2 to TT. On the segment PE the ax.-r.a. 
perturbations are critical. In all other points of the boundary 
shown by the solid line the ax.-r.s. perturbations are critical. 
Since the surfaces, which are neutrally stable with respect to 
axisymmetric perturbations and have /30>TT and V<\ do not 
satisfy the condition of fitting between disks, then part of the 
boundary must be replaced by the dashed line MA corre­
sponding to the limiting surfaces (with /30 = TT). 

The upper ABCG and the lower LFH branches of the 
stability boundary with respect to nonaxisymmetric perturba­
tions are presented in Fig. 2(a). As approaching to the end 
points G and H along these branches, the equatorial radius of 
a liquid bridge tends to zero [the quantity A 0 appearing in (8) 
vanishes at the end points]. It is intriguing that the liquid 
bridges having a very small equatorial radius may be neu­
trally stable with respect to nonaxisymmetric perturbations, 
although they are clearly unstable with respect to axisym­
metric perturbations. Furthermore, the surfaces, which are 
neutrally stable with respect to nonaxisymmetric perturba­
tions, may have a profile arclength rx that is larger than T. 
The surfaces of this type correspond to the inner points of the 
section CG. Here 032TT</30=TT-/31<TT/2, in spite of the 
fact that V<\. 

B. General case. Evolution of a stability region 

Let us follow the evolution of the general boundary of 
the stability region when changing the Weber number. The 
results of a numerical construction of this boundary for a set 
values of W are presented in Fig. 3. 

Unlike the case W=0,2l-U the stability region for an iso­
rotating liquid bridge becomes closed. When increasing the 
W number the stability region narrows. If 0 < W< W{), where 
2.Q5<WQ<2.Q6, the stability region boundary consists of the 
four parts described above. The largest among the analyzed 
values of W having this structure of the boundary is equal to 
2.05 [Fig. 3(b)]. According to Eqs. (3) and (4), the maximum 
value of A for W= 1/6 is equal to TTV3,I2 and takes place for 
a critical cylindrical surface (V=\). Thus, for W<\, the 
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FIG. 3. Boundaries of the region of stable isorotating liquid bridges. Num­
bers on the curves indicate the value of the Weber number. The limit for no 
rotating (W=0) liquid bridges has also been plotted with a dashed line. 

value of V is larger than 1 at the points of the upper bound­
ary and, for ^< W< W0, this value is smaller than 1 along 
the lower boundary. 

The evolution of the stability boundary as the value of W 
increases near W0 is clear from Figs. 3(b) and 3(c). The 
upper and the lower left boundary branches, related to the 
states that are critical with respect to nonaxisymmetric per-

FIG. 4. Interval of slendernesses, A, and volumes, V, where ax.-r.a. pertur­
bations are critical in the stability limit as a function of the Weber number, 
W. 

turbations, form a neck when the W value is somewhat 
greater than 1. As the W number increases the neck size 
decreases until, for W= W0, a saddle point arises on the 
stability boundary. On further increase of the Weber number, 
the stability region breaks into two disconnected parts. The 
upper (basic) part exists for any value W> W0. There is no 
neutrally stable equilibrium state on its general boundary, 
which is critical with respect to axisymmetric perturbations. 
Here the boundary points correspond either to neutrally 
stable surfaces that are critical with respect to nonaxisym­
metric perturbations or to limiting surfaces. 

As regards the lower part of the stability region, its 
boundary consists of two segments. For the states belonging 
to the upper (lower) segment, nonaxisymmetric (axisymmet­
ric) perturbations are critical. [The lower segment for W=2.1 
is not shown in Fig. 3(c). For W=2.06, it practically coin­
cides with the similar boundary segment related to W=2.05.] 
The lower part is considerably smaller in size than the upper 
part of the stability region. Moreover, it exists on the limited 
interval of the Weber number W0< W< Wx, and disappears 
when W> Wx. According to our calculations, 
2.\\<WX<2.\5. Thus, there exist two disconnected parts of 
the stability region when W0< W< Wx. 

The boundaries shown in Fig. 3 contain all the necessary 
information to follow the evolution of the representative 
points of the stability curve, except for the points that are 
analogous to the points E and L in Fig. 2(a). 

If 0=s^<1.25, the boundary segment corresponding to 
critical axisymmetric perturbations consists of two parts: the 
lower part, where ax.-r.s. perturbations are dangerous, and 
the upper part, where ax.-r.a. perturbations are dangerous 
[the parts FE and EC in Fig. 2(a)]. If \.25<W<Wl the 
ax.-r.s. perturbations are critical along the whole indicated 
segment of the general boundary of the stability region. 

The extent of the boundary segment, where ax.-r.a. per­
turbations are critical, can be determined for W<\.25 from 
Fig. 4. Either of the presented dependences V( W) and A( W) 
consists of two branches. The lower branch corresponds to 
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FIG. 5. Sketch of the possible situations appearing in the neighborhood of 
the point where the change between axisymmetric and nonaxisymmetric 
perturbations appear: (a) W<1.25; (b) W>1.25. 

the points of transition from the states critical with respect to 
ax.-r.s. perturbations to the states critical with respect to ax.-
r.a. perturbations. These points are similar to the point E in 
Fig. 2(a). The upper branch corresponds to the points that are 
similar to the point C. Along the lower branch the values of 
V and A tend to 0.5909 and 2.1283, respectively, as 
W^Q2l-n For W=\25, the values of V and A are equal to 
0.545 and 1.441, respectively. 

The change from critical ax.-r.s. perturbations to critical 
nonaxisymmetric perturbations is characterized by a com­
mon tangent of the corresponding boundaiy segments. Con­
sequently, the section of the lower boundaiy related to the 
states critical to axisymmetric perturbations has a common 
tangent with the upper boundaiy if 1.25 < W< W0, and has a 
common tangent with the segment of the lower boundaiy 
related to the states critical with respect to nonaxisymmetric 
perturbations if 0^W<W0. For W{)<W<WX, the upper 
and lower boundaiy segments of the lower part of the stabil­
ity region have common tangents at both common points. 

The reason for having this common tangent may be ex­
plained as follows (see Fig. 5). The ax.-r.s. perturbations are 
associated with the existence of a limit point in the V— eax _r s 

diagram (where eax.rs represents the amplitude of such a 
perturbation), whereas the ax.-r.a. perturbations (the nonaxi­
symmetric perturbations) are associated with a pitchfork bi­
furcation in the V-eax_ia map (the V—e^.^ map). Then, for 
W<\25 the points where the pitchfork bifurcations occur 
(those corresponding to nonaxisymmetric perturbations and 
ax.-r.a. perturbations) simply cross as A increases [Fig. 5(a)], 
while for W>\25 the point where the pitchfork bifurcation 
corresponding to nonaxisymmetric perturbations occurs 
moves along the curve where the limit point (corresponding 
to ax.-r.s. perturbations) occurs [Fig. 5(b)]. In this latter case 
V*^x 5s V*x~]rs for slendernesses larger, equal to, or smaller 
than that of the common tangent point. 

C. Limiting surfaces 

The coordinates of the point of transition from critical 
equilibrium surfaces to limiting surfaces [like the point L in 
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FIG. 6. Coordinates of the transition point between liquid bridges neutrally 
stable with respect to nonaxisymmetric perturbations and limiting liquid 
bridges. 

Fig. 2(a)] are presented for different values of W in Fig. 6. 
Here, A^O.3611 and F^O.1643 as W^02hU For W=0, 
the point of transition to limiting surfaces (which, simulta­
neously, are the critical surfaces with respect to nonaxisym­
metric perturbations) coincides with the boundaiy point cor­
responding to the minimum permissible value of V. 

The limiting surfaces, satisfying the condition of fitting 
between flat solid disks, exist only if -oo<gsc - w213. For 
- o o < g < - W213, the curvature /3'(T) of the profile, bounded 
by the initial (/30 = TT) and the end (/?i=0) points, is every­
where negative, and, for Q = - W213, it vanishes at the termi­
nal points. If Q> - W213, the curvature is positive in the ter­
minal points and the corresponding surface intersects the 
disk planes in some interior points. 

Figure 7 shows two examples of the line whose points 
correspond to the limiting surfaces with Q^ — W213 for a 
given W value. The larger is W, the larger is the difference 

0 0.05 0.1 0.15 0.2 . 0.25 0.3 0.35 0.4 0.45 
A 

FIG. 7. Lines corresponding to the limiting surfaces for two values of the 
Weber number (W=0.01, l ) . Points L0 and h1 indicate the transition from 
limiting surfaces to critical surfaces, as explained in the text. 



between this line and the corresponding line for W=Q. How­
ever, only the segment of this line, bounded by the point 
(0,1) and the point of transition from the limiting to the criti­
cal surfaces, belongs to the boundary of the stability region. 
Owing to the position of the transition points (the points L0 

and L 1; for W=Q.Q\ and W=\, respectively; see Fig. 7), the 
indicated segments, independently of the Weber number, 
practically lie on a common line, which corresponds to lim­
iting surfaces for W=0. This line represents the left-hand 
part of the lower boundary of the stability region for W=0 
[see Fig. 3(b)]. Here the following relation holds for small 
values of A: 

F = l - A A l | r ? 0(A 3) 
3 l - (23) 

From the above observations it appears that this relation 
should be valid for any Weber number. 

D. Slope of the profiles of critical surfaces at the 
disks 

In this section we will present the values of /30 and /3l in 
degrees. The values of the angles /3=/30 and /3=Pi at the 
lower and at the upper disk are important features of the 
shape of a liquid bridge profile. As remarked in the Introduc­
tion, of particular interest for the crystal growing are the 
values of /30 close to 90°. 

For the stable and the neutrally stable liquid bridges, the 
equality /?0+/?i = 180° holds. The level lines /?0=const for 
the neutrally stable liquid bridges, together with the stability 
region boundaries for different W numbers, are shown in Fig. 
8. The change of /30 along the stability boundary, excluding 
the boundary of the lower part of a stability region for 
WQ< W< WX , may follow one of four different patterns de­
pending on the value of W. The respective examples are 
presented in Fig. 9. 

It is known2111 that /?0=0 along the upper boundary cor­
responding to W=0. When rotation is considered, there exist 
critical states with /30<0. When moving from the point A 
(A=0, V=l) along the upper boundary corresponding to 
W>0, the value of /30 increases from negative values and 
crosses zero in the point whose coordinates are shown in Fig. 
10. If 0<W^l, then the further rise of /30 along the whole 
upper boundary is also monotonic up to the value /?0=90° at 
the point of intersection with the lower boundary (see the 
curve for W=0.l in Fig. 9). For |<^=sl .25, the value of /30 

increases up to a maximum that is larger than 90° and then 
decreases down to 90° at the end point of the upper boundary 
(see the curve for W=\ in Fig. 9). The value of this maxi­
mum increases with the Weber number and is equal to 
106.0° for W=\25. The value /?0=90° at some interior point 
of the upper boundary corresponds to a critical cylindrical 
state, and values /?0>90° to critical states with V<\ [Fig. 
8(a)]. The case 1.25< W< W0 differs from the previous one 
in that the value of /30 at the end point of the upper boundary 
is larger than 90° (see the curve for W=2 in Fig. 9). For 
W=2.05, we obtain that the maximum value of /30 is equal to 
128.0° and the value at the end point is equal to 102.7°. 
Finally, if W> W0, the value of /30 increases monotonically 

FIG. 8. Values of the slenderness and volume of neutrally stable liquid 
bridges with constant angle at the lower disk, /30 (solid lines). Dashed lines 
represent the stability limits for different Weber numbers, W. 

along a major part of the whole boundary up to 180° at the 
point of transition to limiting surfaces (see the curve for 
W=5 in Fig. 9). 

From the above results it follows that, for an arbitrary 
Weber number, when moving along the upper boundary seg­
ment, where Fs=l, the monotonic increase of /30 takes place 
up to a value equal to 90° at the point where V= 1 or at the 



FIG. 9. Typical evolutions of the slope of the liquid bridge surface at the 
lower disk, /30, along the stability boundary. Numbers on the curves indicate 
the values of the Weber number. 

FIG. 11. Values of the slope of the liquid bridge surface at the lower disk, 
/30, at the point of the lower stability boundary, where transition from axi­
symmetric to nonaxisymmetric perturbations appears. 

end point of the upper boundary if V> 1 in this point [see 
Fig. 8(a)]. 

Consider the change of /30 when moving along the right-
hand part of the lower boundary (W< W0) from the point of 
its intersection with the upper boundary. For W<1.25, /30 is 
equal to 90° on the segment corresponding to states critical 
with respect to ax.-r.a. perturbations (see the curves for 
W=0.l and W=\ in Fig. 9). Along the segment correspond­
ing to states critical with respect to ax.-r.s. perturbations, /30 

increases monotonically from 90° up to the value corre­
sponding to the lower point of transition to the states critical 
with respect to nonaxisymmetric perturbations. A similar in­
crease, however, from a value that is larger than 90°, takes 
place along the whole right-hand part of the lower boundary 
when 1.25<W<W0, that is, when there is not any state 
critical with respect to ax.-r.a. perturbations (see the curve 
for W=2 in Fig. 9). The values of /30 corresponding to the 

FIG. 10. Values of the slenderness, A, and the volume, V, in the point where 
/30=0 for the upper boundary. 

lower point of transition from the critical axisymmetric per­
turbations to the critical nonaxisymmetric perturbations are 
shown for different Weber numbers in Fig. 11. These values 
tend to 180° as W—>§. The change of /30 along the right-hand 
part of the lower boundary can also be deduced after the 
lines /?0

=const presented in Fig. 8(b). 
It has already been noted that all states, except the cy­

lindrical, corresponding to /?0=90° are either neutrally stable 
(if TX = T) or unstable (if T{>T). In Fig. 8(a) the horizontal 
segment /?0=90° within the line V=l corresponds to cylin­
drical liquid bridges that are critical with respect to nonaxi­
symmetric perturbations. The other part of the line /?0=90° 
does not have a continuous slope. It passes through the ter­
minal points of the boundary segments corresponding to neu­
trally stable states that are critical with respect to ax.-r.a. 
perturbations. The points, belonging to the unclosed region 
that is bounded by this line and by the lower boundary of 
stability for W=0, correspond to the above-mentioned neu­
trally stable surfaces with /?0=90°. 

For W<W0, along the lower boundary segment corre­
sponding to the states critical with respect to nonaxisymmet­
ric perturbations, /30 decreases initially from the value pre­
sented in Fig. 11 and then increases up to 180° at the point of 
transition to limiting surfaces. Finally, along the boundary 
segment relating to limiting surfaces, /?0 = 180°. 

As regards the boundary of the lower part of the stability 
region for W0< W< Wl, the angle /30 changes monotonically 
along the upper and lower segments, and takes limiting val­
ues at common points of the segments [see Fig. 8(c)]. For 
W=2.06, these values are equal to 102.8° and 141.4°. 

VI. CONCLUDING REMARKS 

Thus, only a rigorous analysis of arbitrary (both axisym­
metric and nonaxisymmetric) perturbations allows one to 
construct the true region of stability for axisymmetric equi­
librium states. Such an analysis has been performed for an 
isorotating liquid bridge between equal disks. As a result the 
stability boundaries in the (A,V) plane have been calculated 



for a wide range of the Weber number, and basic character­
istics of related neutrally stable axisymmetric states have 
been determined. It has been found that there exists the in­
terval of the Weber number values for which the stability 
region consists of two disconnected parts. A similar peculiar­
ity escaped detection in studies of the influence of an axial 
gravity and unequal radii disks on the stability region.35,36 

The following remarks have a direct relationship to the 
problem under consideration. 

(a) First we consider the critical states of an isorotating 
liquid bridge for a given A and a decreasing set of values of 
V. Brown and Scriven23 made the quite right conclusion that, 
for A =1, the loss of stability occurs initially with respect to 
nonaxisymmetric perturbations and then, up to the V value 
for which the critical W number is equal to zero, with respect 
to ax.-r.s. perturbations. However, the conclusion that in the 
case A = | the stability is always lost with respect to nonaxi­
symmetric perturbations is not fully right. The confusion was 
due to the fact that not all critical states were defined. It is 
followed from our results that the loss of stability occurs 
always with respect to nonaxisymmetric perturbations only if 
A<0.3611. 

(b) Based on the principle of minimum potential energy, 
the analysis of the conditions for stable equilibrium of a 
liquid when the contact line coincides with the edge of a 
solid was performed by Slobozhanin and Tyuptsov.3711 It 
was found that the perturbations, under which the contact 
line remains unmoved, are the most dangerous ones if the 
inequalities 

<p>a and if/0>Tr—a (24) 

hold. Here i// and i//0 are the dihedral angles formed by the 
liquid and the gas at the contact line and a is the wetting 
angle, i.e., the boundary angle formed by the liquid at the 
contact with the smooth solid surface. If the first (the second) 
of the inequalities (24) transforms in an equality, then the 
perturbations displacing the contact line along the solid sur­
face toward the liquid (the gas) should be considered as well. 
If at least one of inequalities (24) is replaced by the opposite 
then the equilibrium of a free surface contacting with the 
edge of a solid is unstable. 

Results presented in this paper are obtained if only the 
perturbations under which the contact lines remain immobile 
are accounted for. These results still stand for the perturba­
tions that allow for the contact line displacement along the 
flat surfaces of the disks, if the angle a is equal to zero. If 
a>0, then, according to the first inequality of (24), the 
boundary segment, corresponding to limiting equilibrium 
surfaces with /30=TT, should be replaced by the segment that 
corresponds to the equilibrium surfaces with /30=TT-a (and 
a given value of W). In a similar way, taking into account the 
geometric fitting condition and the first condition (24), the 
stability boundary should be reconstructed in the case when 
the wetted solid surfaces are not flat but convex toward the 
liquid. This case is characteristic for the real shape of the 
fronts of solidification and melting during growth of crystals 
by the floating zone method. To avoid the possibility of con­
tact lines displacement along the lateral solid surfaces, the 
upper boundary should be reconstructed considering the 

shape of these surfaces and the second inequality of (24). 
The boundary reconstruction method considering arbitrary 
perturbations and the shape of solid body having an edge has 
been described elsewhere.29 

(c) It should be noted that the simulation on Earth of the 
equilibrium and stability of an isorotating zero-gravity liquid 
is extremely complicated. The commonly used for simula­
tion of zero-gravity Plateau's method of neutral buoyancy is 
suitable only for an experimental study of the equilibrium 
and stability of a liquid at rest (for an investigation of a 
weightless liquid bridge at rest this method was used suc­
cessfully by Plateau, and later by Sanz and Martinez18 and 
Russo and Steen19). For an isorotating liquid, it may lead to 
qualitatively different results. A convincing critical analysis, 
explaining the unsuitability of the neutral buoyancy method 
for an experimental study of a relative equilibrium of a 
weightless isorotating liquid, can be found in the works of 
Wang, Saffren, and Elleman,38 Brown and Scriven,23 and 
Myshkis et al.11 An additional argument in favor of this criti­
cism is the fact that the deduction12 based on the known 
experimental Plateau's result17 on an existence of stable an­
nular equilibrium shapes of an isorotating free mass of a 
capillary liquid was wrong. By now, this deduction is con­
tradicted by both a theoretical analysis39 and an experiment 
performed in space.38 

As regards the problem under consideration on the sta­
bility of a weightless isorotating liquid bridge, the relative 
experimental Plateau's results17 (reproduced later by Tagg 
and Wang40) and the results of Carruthers and Grasso41'42 

obtained by the neutral buoyancy method are different from 
the experimental results obtained in space and from known 
theoretical results.38'23 

Another method of simulation of zero gravity on Earth is 
based on a reduction of the linear size of the system. It does 
not eliminate fully but only diminishes the influence of grav­
ity. It should be expected that the stability region boundary 
of an isorotating liquid will be modified only slightly if the 
Bond number is small as compared to the Weber number. 
Therefore this method is satisfactory for the study of the 
equilibrium and stability of a weightless capillary liquid iso­
rotating with a relatively high velocity. For an isorotating 
liquid bridge, this method was used by Fowle et al25 Of 
course, the existence of even a weak gravity may essentially 
change the theoretical results connected with the existence of 
the equatorial symmetry plane for a weightless liquid bridge. 
In particular, the bifurcation of the critical states that were 
critical with respect to ax.-r.a. perturbations will become 
unrecognizable.31'33 
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