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Abstract

It is well known that each solution of the Toda lattice can be represented by a tridiagonal matrix .J(¢). Under certain restrictions,
it is possible to obtain some new solution by using the Darboux transformation of J(¢) — C'I. Our goal is the extension of this fact,
which is known for the real lattice, to high order complex Toda lattices as well as to the bi-infinite Toda lattice. In this latter case,
we use the factorization LU for block-tridiagonal matrices.

1 The Toda lattice

Y

We study the construction of some solutions {ay,(t), An(t)}, n € Z, of
the Toda complex lattice

an(t) = A2 (1) — A5 (t)

i) = 22 o) ) [ "7
from another given solution {ay,(t), A\ (t)}, n € Z.
We consider:

1. the semi-infinite problem: S =N, X =0,

2. the infinite problem: S = 7,

In [6] the semi-infinite complex problem was analyzed. In the real, infinite
case, sufficient conditions for the existence of a new solution were given in

7]

The problem: obtain a similar result to the complex infinite Toda lattice.

2 The generalized Toda lattice

In a more general way, when S = N we consider the generalized Toda
lattice of order p € N (see [1]),

Jnn@) — n,n+1<t)J£,n+1<t) - Jn—l,n(wJS_Ln(t)
jn,n+1<t> — %Jn,n+1<t> {J£+17n+1<t) — Jg,n(t)
where we denote by J; ;(t) (respectively .J; j (t)) the entry in the (i +1)-row
and (7 + 1)-column of matrix J(t) (respectively (J(t))?,

a1(t) Ao(t)
Ao(t) ao(t) - |,

(2)

J(t) = teR.

The generalized Toda lattice admits a Lax pair representation, 1.e. a formu-
lation 1n terms of the commutator of two operators,

J(t) = [J(t), K(t)] = J)K (t) — K(t)J(t), where

/ 0 —Jh() —Jgp@) 0 \
Jh@) 0 —Jh()
K(t)=7 | 70 | teR.
0 Ji ()

\ : 0 /
In [2, Th. 1.3], given a solution J(t) of (2), for each C' € C verifying
det(Jn(t) — Cl,) #0, n €N, (3)

we prove the existence of

a1t Nolt) (0 () \
~ ~ L (t) 0 3(t)
TO= | Xott) 3oty . |+ TO=| "7 0
U \ .
verifying

A1) = 13,003,110, an(t) =23, (8) +93,(1) +C }
Az 1(8) = 31 (D73 40(t) s @n(t) = 73,(1) + 13,41 (8) + C

such that .J () is another solution of (2), and ['(¢) is a solution of the
Volterra lattice:

Fotat) = 5Tno1nl) [(P200) + OOl — (00 +- €1 ]

n—1.n—1

3 Relation between the generalized Toda lattice
and some polynomials

The matrix J(¢) t defines the sequence of polynomials given by

Pu(t,2) = (2 — an(t)) Ppy_1(t, 2) — Na(t)Py_o(t, 2), n € N,
P_1(t,2) =0, Py(t,z) = 1.

The main tools in the proof of [2, Th. 1.3]:

a. We have established the dynamic behavior of Py, (¢, 2),
. p
Pn(ta Z) - Z Jg)n_](t))\n—]—l—Q(t) e )‘n+1<t>Pn—]<t7 Z) 3
7=1

b. As was proposed in [6], we use the kernel polynomials (ct. [4])

oy = T3~ LAl St 2)
n y o P C

where C' € C verifies (3). The sequence Q%C) (t,C) satisfies a three-
term recurrence relation whose coefficients define the new generalized

~

solution J(t) = J(t,C)

4 The new solutions and the Darboux transfor-

mation
If we define
[ on(t) Az((?f); . \
1 ao(t) Aot
J<1)(t> B 21 agg(t) ..

\ L

and C € C vertifies (3), then there exist

such that J(t) — C1 = L(#)U(t). The new solution is defined by the
Darboux transformation of J(}(¢) — C1, this is,

being N
(@i(t) Mot 2 \
Wy — |1 a(t) As(t)
J (t) . 1 &3(15) .

5 The infinite Toda lattice

Let us consider (1) with S = Z and take the infinite matrix

~a(t) Aolt)
Ao(t) ap(t) Ai(2)
A(t) aq(t) -

\ o

The infinite Toda lattice admits also a Lax pair representation. However,
in this case it 1s not possible to use directly the sequences of polynomials
associated to J.

Taking 'R, = ( In
‘ f—n+1
recurrence relation

) ,n € N, it 1s possible to change the infinite

and for each: = 1,2, 3,4, ¢,,; 1s a polynomial in 2, degc,,; < n — 1.

Taking I_{ := (é _01> , Wpn =1_1V,, n € N, we can show

[/ _ 2 2
.W”_{Enﬂ En },n:2,3,... (4)
Epi1 =35 n+1(Wnt1 — W)

This is, {W,,, Ey,} is a solution of a semi-infinite matricial Toda lattice, like

(1).

6 The infinite Toda lattice and the Darboux

transformation
We define
2
(V1 E; : \
gB)._ | L2 V2 E3
\ L Vs ) '

Let C' € C be such that

(B)

det (JQn (t)—C]Qn) 40, teR,neN.

Then, we know (see [5]) that there exist two blocked matrices

[ Al \ (fzrl \

1B ._ | 2 A 7(B) ._ Iy Ty

Iy As ’ | I -

such that J(B) — 0T = LB)U(B). We define the blocked Darboux trans-
formation of JB) — CT as

(Vi—Cly, FE? \
7B _ap_yBB_| L Va-ChL B
Io Vo —ClIy --.

We are researching the two following questions:

1. Can we construct a vectorial solution of hte Toda lattice, like (4), from
JB) —cr9

2. Are the (scalar) entries of JB) a new solution of the Toda lattice (1)?
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