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Abstract
A cylindrical liquid bridge supported between two circular-shaped disks in isorotation is considered. The
effect of a lateral gravitational field on the stability of the liquid bridge is investigated. A numerical
method is used to find stable and unstable shapes and to determine the stability limit for different values

of lateral gravity.

1. Intreduction

The behavior of liquid bridges has been widely
studied, both theoretically and experimentally, due
to the use of this configuration in a crystal growth
technique known as the floating zone technique. In
this technique, rotation of the supports is used to
achieve an uniform temperature field.

In this paper a cylindrical liquid bridge
supported between two circular-shaped disks in
isorotation is considered. The effect of a lateral
gravitational field on the stability of the liquid
bridge is studied. Numerical and analytical studies
for the case with rotation and no lateral gravity"?
have been made.

The stability limits and the equilibriom shapes of
the configuration are calculated using an extension
of an already implemented numerical method® .
The numerical method is used to find stable and
unstable shapes and to determine the stability limits
for different values of the lateral gravity.

2. Problem description

The fluid configuration consists of a liquid
bridge as sketched in Figure 1. The liquid column is
held by surface tension forces between two disks of

radius R, placed a distance L apart. Both disks are
parallel and coaxial. The volume of the bridge is that
corresponding to a cylindrical one, V = 7TR§ L. The

liquid bridge is in an lateral gravitational field, and
is rotating at an angular speed Q around the axis
of the disks.

The equation governing the steady shape of the
liquid bridge is obtained by balancing the different
forces at the interface

UM(R)+P+%,0QQRZ+p[g,’RcosH:O ()

where R=R(Z,0) is the equation of the
gas-liquid interface, o is the surface tension,
M(R) is twice the mean curvature of the interface,
P is the pressure difference at the origin, & is the
azimuthal angle, p is the liquid density, and g; is the
lateral gravity.

Equation (1) has to be integrated with the
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boundary conditions

R(+L/2,0)=R, @)

R(Z,0)=R(Z,0+2r) 3)

1 Li2 2r

— j dz ij(z,e)da = LR} )
~L/2 0

Eq. (2) indicates that the liquid column remains
anchored to the disk edges, Eq. (3) comes from the
azimuthal periodicity, and Eq. (4) expresses the
conservation of the volume of the liquid bridge.
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Figure 1. Geometry and coordinate system for the liquid
bridge problem.

Let us introduce the following dimensionless
variables and parameters

A=L/Q2R,), W = pQ*R} / &,
P=PR,/o, F(z,0) = R(z,0)/ R,, (5)
B =plg|R’ /0, z=ZIR,,

where Ais the liquid bridge slenderness, W the
Weber number, P the dimensionless reference
pressure, and B, is the lateral Bond number. The
formulation of the problem then becomes:

M(F)+P+%WF3+B,FCOSH:O (6)

with
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F(U+ FXF, —F)+FF, (F* + F})~2F,(F,+ FF.F )
(Fa+ e+ )"
Q)]
The dimensionless boundary conditions for Eq.
(6) are:

M(F)=

F(xA,0) =1 @®)
F(z,0)=F(z,0+2r) 9)
and

A 2z

[dz [ F?(2,0)d6 = 47A (10)
—A 0

3. Numerical method

An algorithm, based on a continuation method”
capable of stepping over bifurcation points and
turning  points was developed using a
finite-difference method” and used to obtain the
bifurcation diagrams and equilibrium shapes of
liquid bridges subjected to lateral acceleration and
other effects. The stable or unstable character of
each of the shapes is determined to locate the
stability limit. In this paper the system of
equations (6)-(10) is solved by using an extension of
that algorithm adapted to liquid bridges rotating
around an eccentric axis to study the effect of
combined eccentricity and angular rotation.

The method is based on linearizing Egs.

(7)-(11) around a known solution (Fy(z,6),P;) by
seeking solutions of the form

F(z,0)=F,(2,0)+ f(2,6)+o(
P=F,+p+o(|p)),

where|f/Fo|<<1 and lp/POI<<M1. The leading

order terms obtained from Eq. (7) result in an
equation for f{z, 0)

1250 1 0.5\ 534
o {ie{5- ) (- 35) e (325}

+E‘_ﬁ1+éﬁg+]:lﬁg+}3)+p+%W(E]2+2E,f)+ h
+B,(F,+ f)cos§=0

where -

A, B C D,E G, H, (5, O, Sand T are
known functions of E)(Z,H) and P, and thus of

the particular point on the interface. The leading
order terms obtained for the boundary conditions are

f(EA,0)=0 (12)

f(z,0)= f(z,0+27) (13)

i dz [ Fy(z,6) d9+2£ dzL Fy(2,60) f(2,0)]d0 = 4zA
(14)

If (FO (2,0),F,)) is an exact solution of the

problem, Egs. (11)-(14) can be simplified, but all
terms have been retained here because

(F,(z,0),F,) will only be an approximation to

the solution in the iterative scheme used here.

In order to develop a center finite difference
scheme the domain has been characterized by a
mesh, defined as the intersection of the free surface
with the following planes:

2] o
z=AlZL-1|, i=01,.,J, 15
2] .

27

0= 1i, i=0,1,....7, (16)

By doing so, the system (11)-(14) yields a
linearized system of finite-difference: equations
which can be written as follows: ‘

al'/‘fi+ﬂufii*1+yyfji+1+5f‘l+¢ljfjm
(=i~ fia+ D)+ p=wy, i=0,,1, j=0,.,J

17
fo- =0 Sy
fi=1-F, i=0..,01 . @19
fi=1-F,,  i=0,.1 o)
Z Zayf =4 @D

=0 j=0 ;
where the coefﬁments a0 Bys Vs Ops Oy ¢U’ W, a yand

A are functions of F ;and F

The iterative’ scheme is started from--a - known
solutmn(p P, AW =0,B = 0) which is’ mtroduced

into equations (17)-(21). The value of the Weber
number is then increased by a small‘amou’n‘t(W_ Wl)

and the linear terms (f.p) are calculated. IThe new
values o
(F,=F,+f,B,=PF+p,A,W=W,B=0)
are then introduced into equations (17)-(21) to
obtain new corrections( 1, p), and this procedure is

repeated until H f||2+ pr <107 and *'the final

equilibrium shape is obtained
(F=F,+f,B=P+p, A W=W,B=0).

The iteration then repeats with an increased value of

the Weber number (w=w,) givin'g a new

equilibrium shape
(F,=F,+f,B= P+p,AW WZ,B 0).

All equilibrium shapes obtained in this manner ‘are
stored to be used as initial conditions for an iterative
scheme identical to the one just described, but with
increasing values of the eccentricity, e. -Together,
these procedures allow the bifurcation diagram to be
completed.

If no further modifications are made, the
algorithm becomes unstable when crossing a critical
point. To stabilize the algorithm a supplementary
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“equation defining the arc-length parameter needs to
pe included. The details of the numerical method
ysed to locate bifurcation and hmlt points are
‘identical to those outlined elsewhere® and will not
be repeated here. - We only remark that an analys1s
“of the errors of the numerical method was made?,
‘which -indicates that .a minimum number of mesh
f*pomts 1is needed. to. find the complete bifurcation
diagram and that this minimum increases as the
~slenderness of the liquid bridge decreases. The size
of 'the mesh used to obtain the results presented in
”ﬂns paper is IxJ= 19x28

4. 'Results )
_Perales et al. Dooked for a solution of Egs. (1)-(4)
with B~0 of the form: F=1+¢f +o(e), P=1-W/2+ep
+0(g), <<l (small departures from a cylindrical
_liquid bridge), finding the non-zero solutions:
(i) Non-axisymmetric shapes (C-mode)

\ 2
WO:[Z—ﬂK) , fzcosﬁcos(iz),pzo

(i) Axisymmetric shapes (amphora mode)

2
o s
W = —'-i)——l’ = i —_— N :0
A (A] I sm(Asz (

The functions Wo(A) represent in the A-W plane the

curves where ‘the transition between stable and
unstable equilibrium shapes appears. These two
curves have been plotted in Figure 2. The point B,
for which expressions (24) and (25) are equal
(A=+37/2), marks the transition between the
C-mode and the amphora mode instabilities.

Figure 2. Stability diégram for zero lateral gravity.

The bifurcation diagrams are sketched in Figure 3
and Figure 4 for B~0. Note that the bifurcations
are ‘both subcritical and hence that both equilibritm
shapes (the C-mode shape and the amphora mode
shape) are unstable.

If the rotation speed is slowly increased from zero,
one has stable cylindrical shapes until W reaches ¥,

at which point an instability occurs. Thus, for B=0
liquid bridges with A <~37/2 lose stability to a
non-axisymmetric mode and liquid bridges with

A>~f3z/2 lose stability to an axisymmetric mode.
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Figure 4. Bifurcation diagram for A > +/37/2.

With the numerical method we have recovered the
stability threshold for B =0, and we have analyzed

the dependency of this threshold on the lateral
gravity and the angular speed. Figure 5 shows the
variation of the stability threshold for increasing
lateral gravity. The line for B, = 0 corresponds to the

threshold represented in Figure 2. As we can see in
the figure, for small values of the lateral gravity, it
has a somewhat stronger effect on short liquid
bridges (A <+37/2), although for increasing values

of the lateral gravity the stability region is strongly

reduced even for long liquid bridges (A > NEY R, ).
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Figure 5. Stability threshold for different values of B;. The
dashed line marks the transition between a subcritical
pitchfork bifurcation (B) and a turning point (TP).

The analysis shows a complex behaviour of the
instability boundary for liquid bridges. For a given

liquid bridge with A <+37/2 , increasing the
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lateral gravity leads to:

@) A subcritical pitchfork bifurcation (for
BF0).

(i) A ‘tuming point (for 0<B<B,). The
bifurcation diagram has been sketched in
Figure 3.

(ii1) A subcritical pitchfork bifurcation (for By, <
By.

The region in the angular rotation corresponding
to the turning point instability decreases as A
increases, disappearing for A =+/37z/2, the point
where the transition between C-mode and amphora
mode occurs for B=0.

For A >+37z/2 the effect of lateral gravity does
not change the character of the initial instability, as
happened for the C-mode. Instead, a subcritical
pitchfork bifurcation persists, as in the B, =0 case.
The bifurcation diagram has been sketched in Figure
4,

Fig. 5 shows the variation of the stability
threshold for increasing lateral gravity. The dashed
line marks the change of the primary instability from
subcritical pitchfork bifurcation (region B in the
figure) to turning point (region TP in the figure).

T T T T
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0 0.05 041

BI a.15 0.2 025
Figure 6. Effect of the lateral gravity and the slenderness
. on the stability threshold.

Figure 7 and Figure 8 show the bifurcation
diagrams obtained by representing the area of the
section at z=0 and z=A/2 respectively, as a function
of W for A=2.6 and two values of lateral gravity
marked in Figure 5: B=0.1, which corresponds to
the turning point and B=0.25, which corresponds to
the subcritical pitchfork bifurcation. The stable part
of the branches is represented with a solid line, and
the unstable part with a dashed line.

Figure 9 and Figure 10 show the equilibrium
shapes for the cases indicated in Figure 7 and Figure
8, respectively. In Figure 10, equilibrium shapes for
both the main branch and the bifurcated one are
represented. As we can see in both figures, the
stable shapes are non-axisymmetric modes (that is,
C-modes). The behaviour of the equilibrium shapes

for the two possibilities with A <+/3z/2 is as

follows:

@ For both the pitchfork bifurcation point
with B=0 and the turning point with
0<B)<B;, the associated eigenfunction is
non-axisymmetric (that is, a C-mode) so
that the breaking process can be expected to
lead to a non-axisymmetric configuration.

(ii) For the subecritical pitchfork bifurcation
point with B,< B; the associated
eigenfunction is axisymmetric (that is, an
amphora-mode) so that the breaking
process can be expected to lead to a
combined  amphora and  C-mode
configuration. ;
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Figure 7. Bifurcation diagram for A = 2.6 and BI =0.1.
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Figure 8. Bifurcation diagram for A =2.6 and B,=0.25.

Figure 11 shows the bifurcation diagram obtained
by representing the area of the section at z=-A/2 asa
function of W for A=2.9 and B~0.1 (marked in
Figure 5), which corresponds to the suberitical
pitchfork bifurcation. The stable part of the branches
is represented with a solid line, and the unstable part
with a dashed line.

Figure 12 shows the equilibrium shapes: for the
cases indicated in Figure 11.
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Figure 9. Evolution of the equilibrium shapes for A =2.6
along the main solution branch for B, = (.1. Shapes I to

IV are stable while V and VI are unstable..

main brach
Figure 10. Evolution of the equilibrium shapes of a

cylindrical liquid bridge with A=2.6 along the main branch

and the bifurcated one for B, =0.25. Shapes [ to IV are

stable and the rest are unstable.

The results obtained here for liquid bridges in
isorotation in a lateral gravity field can be compared
with those obtained for liquid bridges rotating
around an eccentric axis® 7, as both effects
correspond to lateral forces. The comparison shows
that, although the stability behaviour is similar,
lateral gravity has a stronger effect for long liquid
bridges ( A <+/3z/2 ). For example, liquid bridges in
isorotation with A > 2,7 cannot support lateral
gravity with B, >0.25, that is, they are unstable for
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any value of B, > (.25, while for non-lateral gravity

the same liquid bridges can support eccentric
rotation for any value of the eccentricity, although
the limit value of the rotation rate decreases as the
distance between the axis of the disk and the axis of
rotation increases. The explanation for this is that the
lateral force induced by eccentric rotation is
proportional to the rotation rate, while the force of
the lateral gravitational field is independent of the
rotation rate. '
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Figure 11. Bifurcation diagram for A =2.9 and
B, =0.1.

Figure 12. Evolution of the equilibrium shapes of a
cylindrical liquid bridge with A=2.9 along the bifurcated
branch for B,=0.1. Shapes I to IV are stable and the rest

are unstable

5. Conclusions

The stability limits of liquid bridges in a lateral
gravitational field rotating around an eccentric axis
have been calculated numerically. The numerical
method is used to find stable and unstable shapes
and to determine the dependence of the stability
threshold on the slenderness and the strength of the
lateral gravity.
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The effect of lateral gravity is to drastically reduce
the stability region. Gravity affects short liquid
bridges more, although for increasing values of the
gravitational field the stability region is also strongly
reduced for long liquid bridges.
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