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Abstract

We show, using as a model problem the description of the reaction of a fuel
pocket with the oxygen of the environment, how to derive a system of conservation
equations to describe the evolution of the temperature and concentrations of the
reactants, when these are not initially mixed, or only partially mixed, and the
characteristic reaction time is very short compared with the characteristic diffusion

time.

1. Introduction and formulation

In the analysis of reactive systems, in particular‘of combustion systems, we
find that the characteristic reaction time, t., is often very short when compared
with the diffusion time, tg4, or with the residence time in the chamber. Then, the
reactants (the fuel and oxygen in combustion systems), if fed independently into
the reaction chamber, can only coexist, and with small concentrations, in thin
layers (the diffusion flames of combustion systems), where the chemical reaction
takes place when the reactants arrive by diffusion from opposite sides of the layer.
The products and heat liberated in the layer by the reaction diffuse out in opposite
direction to the reactants; their peak concentrations and the peak value of the
temperature, reached at the thin layer, is determined by the relative values of the

thermal and mass diffusivities of the reactants and products.

The reaction layer becomes infinitely thin in what we call the Burke-Schumann
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limit of infinite chemical reaction rate; namely, in the limit of infinite Damkohler
numbers, tg/t. — 0o. The position of the reaction surface is determined by the
requirement that the reactants must reach the surface in stoichiometric proportions
and have zero concentration there. The problem of determining the position of
the flame surface is a free-boundary problem, which becomes extremely difficult
when, as desirable in combustion systems, the flow is turbulent; then,the velocity

fluctuations give a strongly wrinkled fractal character to the flame surface.

Burke and Schumann {1928) showed how the problem of determining the flame
surface, and the temperature and concentration of the reactants, could be simpli-
fied when the diffusivities of the reactants, Dg and Dy, are equal to the thermal
diffusivity, Dr. In this case, we find linear combination of the reactant concen-
trations and temperature, also called Schvab-Zeldovich coupling functions, not
changed by the reactions, which diffuse through the chamber as conserved scalars.
One normalized form of these conserved scalar is the mixture fraction Z, widely
used in the analysis of turbulent combustion systems, defined so as to be zero in

the air feed stream and 1 in the fuel feed stream. See Williams (1985).

The purpose of this note is to show how it is possible to generalize the Burke-
Schumann technique to deal with cases where the Lewis numbers, Ly = Dp/Dp
for the fuel and Lo = Dr/Dy for the oxygen, are different from unity. For earlier
presentatios of this generalization see Lindn (1991a) and (1991b) and Lifidn and
Williams (1993).

In this note, for simplicity in the presentation, we shall leave out the effects of
convection, and thus limit ourselves to the analysis of reactive-diffusive systems.
We shall illustrate the method by analysing the evolution with time of a pocket of

fuel, of size L, in an unbounded air environment.

If the characteristic reaction time ¢, is very small compared with the charac-
teristic diffusion time tg = L2 /DT, we shall find two stages in the evolution of the
system. A first stage, for times ¢t ~ t., where if the reactants are initially mixed
the reaction will take place, without effects of diffusion, until complete depletion

of either the fuel or the oxygen. Then, in a second much longer stage, the fuel
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remaining in the core of the fuel pocket will diffuse out through the products to
meet the oxygen, coming in the opposite direction. The reaction will occur in a

thin reaction layer that will shrink to diseppear in a time of order tq4.
We shall consider an irreversible chemical reaction of the type
F 4302 — (14 38)Pr+(q) (1)

where s mass units of oxygen are consumed per unit mass of fuel to generate (1+s)
mass units of products and a quantity ¢ of heat. Although it is not essential for
the results of the analysis of the second stage, we shall consider that the mass

consumption rate of fuel per unit volume and time, Wg, follows the Arrhenius law
Wr = pBe ™ E/BTY 5o Yoooy Fo (2)

where yr and yg are the mass fractions of the fuel and oxygen, measured vgith their
maximum initial values Ypg and Ypoo. B is a frequency factor, E is the activation

energy, R is the gas constant, p the density, and T the temperature.

The conservation equations for the mass fractions yr and yg and the tem-
perature, if the density, p, specific heat, ¢p, and diffusivities are assumed to be

constant, take the form

o Dp Wr
G — 2 Ay = Y F
ot YF Lp yF PYFo (3)
0 Dy ! Wg
Y oo — 2T Ao = — 4
at yo Lo vo s pYro (4)
a Wp
—0 pa— f—
3¢ DpAl =~ Yro (5)

Here 8§ = T/Too, with To, the ambient air temperature. The main parameters
are: § = sYrpo/Yoco, the air/fuel mass stoichiometric ratio, and v = qYro/cpToo,
the chemical heat release parameter, together with the Lewis numbers L and Ly.

The reaction term Wg/pYrp will be written in the form
_ 8-1
Wr/pYro = yryoty e ¥ 7 (6)

involving the non-dimensional activation energy E/RTo and the chemical time

to = (YoooB) leE/RT | evaluated at the initial air temperature Tt
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The system of equations (3)-(5) will be solved, for z € R3 and t > 0, with the

initial conditions
t=0: yp=yrr(=z/L), yo=yor(z/L), § =0;(z/L) (7)

where ypr <1, yor £ 1 and @7 are non-negative continuous functions of the space
variable z, involving a scale L, characterizing the size of the fuel pocket; we shall

consider yrr, 1 — yor and @7 — 1 to be of bounded support. See Fig.1 for a sketch

of the distributions.

The existence and uniqueness of the solution of the problem-{3)-(7) for t > 0

is well known; with yr, yo and 8 functions of the class Coo.

The system will be written below in non-dimensional form, measuring z with

L, and t with the diffusion time tg = L2/ Do,

From Eq.(3) and (4) we shall first derive the conservation equation
0
3¢ (SyF —v0) — A(Syr/LF —yo/Lo) =0 (8)

free from the reaction term. A similar conservation equation, namely,

0
5;(WF +6) = A(ywr/Lr +6) =0 (9)
can be derived from Eqs (3) and (5).

These equations must be solved, for ¢ > 0, together with the non-dimensional

form of Eq (3)

o 1
alF };AyF = "5yFyoe(E/RT°°)(9—1)/9 (10)

and the non-dimensional form (with L = 1) of the initial conditions (7). The
non-dimensional Damkéhler number § = tg4/tg is the ratio of the diffusion and

chemical times.

Notice that when the mass diffusivities are equal to the thermal diffusivity

(Lp = Lo =1), Eqs (8) and (9) reduce to the same conservation equation

W _Aaw =0
ot
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for the "conserved” scalars (Syr — yo) and (yyr + 8).

We shall present, in the following, the asymptotic form of the solution of the

problem (7)-(10) for large values of the Damkohler number, 6 > 1.

2. Fast reaction stage for § > 1

The solution of the problem (7)-{10) for 6§ > 1 involves a first reactive stage
for times of order t.; or, when measured with t4, at non-dimensional times ¢ of

order 1/4 such that 7, defined by
T =16 ) (11)
is of order unity.

When the system (8)-(10) is written in terms of the time variable 7, appro-
priate to the first stage, the diffusion terms appear multiplied by the factor 1/6.
These terms drop out of the equations when we take the formal limit § — oo,
with the space and time derivatives assumed to be of order unity. In this limit the

equations (8)-(10) simplify to

ga;(syp —y0) =0 (12)
2 yur+8) =0 (13)
~=(ur) = ~uFyo eap{(E/RTo)(0 — 1)/0) (19

for yr(z,7) and the conserved scalars
Y=8yr—y and H=+vyp+90 (15)

which, according to Eqs. (12) and (13), do not vary with 7, and are given by the

initial conditions

Y = Syp —yo = Yi(x) = Syrr — vor (16a)

H=~yp+0=Hi(z)=yyrr +6 (16b)
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These equations can be used with Eq (14) to calculate the evolution of yp with 7

by means of a quadrature.

For values of 7 moderately large compared with unity, but not of order §, so
that the system of equations (12)-(14) remains a valid representation of the system
(8)-(10), yF, yo and 6 will reach the intermediate asymptotic form yg;, yo; and 8;

defined by Eqs (16) and the chemical equilibrium condition

yFyo =0 , (17)

corresponding to the asymptotic form of (14) for large 7. In the fuel domain,
{0rr, where Y7 > 0, we will run out of oxygen for = > 1; while in the outer
complementary domain 2oy, where Y < 0, we run out of fuel. In the level surface
Y; = 0, where the reactants were initially in stoichiometric proportions, the oxygen

and the fuel are depleted simultaneously.

At the end of the first stage, at non-dimensional times ¢ such that 1/ <« t <« 1,

YF = YFi, ¥0 = Yoi, § = 8; given by
vo: = 0, Sypi = Yi(x) where Y > 0 at Qp; (18a)

yp; =0, Yoi = -—-YI(m) where Y7 < 0 at Qpr (186)

The temperature 6; at the end of the first stage is given by the relation

8; — 01 =v(yrr — yFi) (18¢)

Notice that the functions yg;, yo; and 8;, appearing in the asymptotic form
(18) of the solution of Eqs (12)-(14) for 7 — oo, although of the class Cp, do not

belong to Ci, even if the initial functions y gy, yor and 85 are of the class C..

The functions yg;, yo; and 8; have discontinuous derivatives normal to the

surface Y(z) = 0, where yr; and yg; are simultaneously equal to zero.
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3. Diffusion-controlled stage for § > 1

The fuel remaining, with the mass fraction yg; > 0, at Qpy diffuses out
of the fuel pocket to meet the oxygen, which diffuses from Qor to Qp;. They
meet at a surface ['y, initially at Yy(z) = 0, where the reaction takes place in a
diffusion controlled way, with negligible concentration (in fact of order §~1/3) of

the reactants.

If we follow the method proposed by Burke and Schumann (1928) in their
analysis of the case Lp = Lo = 1, we find that the conservation equations (8) and
(9), together with (17), describe the evolution of the concentrations and temper-
ature, for large values of the Damkéhler number, during the long diffusive stage
when 1/6 < t ~ 1. Eq.(17) is obtained from Eq(10) when taking the formal limit
§ — o0; in this limit the functions and the derivatives appearing in the equation

are assumed to be of order unity.

The system of equations (8), (9) and (17) are to be solved with the initial

conditions

YF = YFi, Yo = Y0i, 6=06, att=0 (19)

as given by Eqs (18).

The solution of this limiting problem, for § — oo, will no longer involve
functions yg, yo and ¢ belonging to C, but only to Cg. In the limit § — oo of
infinite reaction rates the chemical production term in Eq (10) becomes localized,
as a Dirac delta function of variable strength, on the flame surface, I'¢, to be

determined in terms of ¢.

The Dirac delta function leads to jumps in the derivatives of yg, yo and 8

normal to the flame surface. However, these jumps are such that the functions

Y = Syp/Lr —yo/Lo and  H =~yr/Lp+0 (20)
must belong, except at t = 0, to the class of functions Cy, with continuous deriva-
tives. This is because there are no Dirac delta source terms in the conservation
equations (8) and (9) and, therefore, there are no jumps in the spatial derivatives

of Y and H. See the sketch of the distributions in Fig.2.
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For the description of the solution of the problem (8), (9), (17) and (19), during
the second stage t ~ 1, we shall use as dependent variables Y and H, defined by
(15), and Y and H defined by Eq (20). In terms of these variables Eqs(8) and (9)
take the form

0 ~
5 () = A) =0 2)
o -
o (H) = A(H) = 0 (22)

while the condition (17) implies that
yo=0, Syp=Y=LpY  where Y >0 (23a)

yp=0, —yo=Y =LoY  where Y <0 (23b)

and, similarly,

0=H-—~V/S, H=H+(Lp-11¥/S where V>0 (24a)

ad

=H=H where Y <0 (24b)

Thus we obtain the system of conservation equations (21)-(22), where the
pseudo enthalpies Y and H are known continuous, piece-wise linear, functions of
Y and H given by the chemical equilibrium relations (23)-(24) derived from (17).
The system (21)-(24) must be solved with the initial conditions

t=0: Y =Y(z)=Syrr—yor,H = Hi(z) = yyrr + 01 (25)

The solution of this system will provide us with the temperature and con-
centration field and, in addition, with the time evolution of the flame surface Iy,
given by the level surface

Y(z,t)=0 (26)
The flame temperature there will be 8 = Hy.

Notice that while Y and H belong to C1, we can only insure that Y and H
belong to Cg; their spatial derivatives may have jumps at I'y. Notice also that if

the Lewis numbers are equal to unity the problem simplifies considerably, because
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Y =Y and H = H; which, for ¢t > 0, become again functions of the class Cuo,

even if they were not so initially.

Concluding remarks

In many practical combustion systems the reactants are not initially partially
mixed, as in the example considered here, but are fed in the form of independet
jets into the reacting chamber. The conservation equations must then include

convective terms associated with the flow.

After an ignition transient stage,whose memory will disappear during the sta-
tionary operation of the chamber, the reaction will be diffusion controlled; and
described by a straight-forward generalization of the procedure outlined above, if
the characteristic chemical time, at the flame temperature T¥, is short compared
with the diffusion time. An analysis of the internal structﬁre of the flame, where
the reaction term is balanced by the diffusion of heat and mass normal to the thin
flame, is required to insure, as shown by Lifidn (1974), that indeed the reaction is

diffusion controlled.

Some direct numerical simulations of turbulent flow fields with diffusion con-
trolled reactions have already been carried out, see Lifian et al. (1994), using the

above formulation.

Let us end this note by noticing that, in the combustion literature,the coupling

function Y = Sy — yo is replaced by the mixture fraction variable
Z=(Syr—yo+1)/(S+1) (27)

equal to zero on the air feed stream, and equal to 1 in the fuel feed stream.

The generalized mixture fraction to be used, with Z, when the Lewis numbers
are not equal to 1, can be defined as

Syr/LF —yo/Lo+1/Lo _ Syr—yo+1
S/Lr+1/Lo §+1

Z= (28)

where § = SLo/LF.
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The conservation equation (21), when written in terms of Z, takes the form
— ——AZ=0 (29)
where L., = Lo(1 + 8)/(1 + §) is a mean value of the Lewis number, and Z is a

continuous, piece-wise linear, function of Z. The flame surface lies, where yr and

yo are simultaneously equal to zero, at

Z=2Z,=1/(§+1) (30)
where Z = Z, = 1/(S + 1). The chemical equilibrium condition, ypyp = 0, leads
to

yp =1, where 1~y0=2/23=2/2820 (31a)
yo=0, where yr=(Z-2Z)/(1-2)=(2-2,)/(1-2,)20 (31b)

Thus providing a relation between Z and Z.
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Y1=Sym—Yor

Figure 1. Initial distributions of the mass fractions and temperature for a fuel

pocket of size L.

Figure 2. Temperature and mass fraction distribution at a later time during the

diffusion controlled stage.



