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1. INTRODUCTION 

In the recent years, there has been considerable 
progress in the description of structure and dy­
namic properties of premixed flames by using 
asymptotic techniques (for more details see the 
recent review papers in this field [1-3]). Most of 
these analyses have been concerned mainly with 
one step irreversible Arrhenius reactions with an 
activation energy E large compared with the 
thermal energy RTb ofthe mixture at the adiabatic 
flame temperature Tb. In this case, the reaction 
zone is thin and follows a thicker preheated 
transport zone. Taking advantage of this property, 
Zeldovich and Frank-Kamenetskii [4] developed 
in 1938 an approximate solution of the planar 
flame propagation problem. Bush and Fendell [5] 
showed much later how the method of matched 
asymptotic expansions could be used to obtained 

corrections to the Zeldovich-Frank-Kamenetskii 
results that correspond to the dominant order in an 
asymptotic expansion for large El RTb • 

On the basis of the work of Sivashinsky [6], this 
systematic technique has been extended by Joulin 
and Clavin [7] to unsteady and non planar cases by 
using the diffusive-thermal model introduced ear­
lier by Barenblatt et al. and Istratov [8]. This 
model, which neglects the change in the gas 
density, serves the useful purpose of describing 
the effects of the heat conductivity and molecular 
diffusion upon flame dynamics. But, due to the 
expansion of the gases, the dynamics of flame 
fronts is also affected by hydrodynamic effects not 
included in the diffusive thermal model. Such 
effects were first considered in the pioneering 
studies of Darrieus [9] and Landau [10], who, 
neglecting the modification to flame structure by 
wrinkling the front, considered the flame front as a 
"locally passive" permeable interface between the 
burnt and unburnt mixtures, two fluids with 
constant but different densities. This leads to the 
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well known hydrodynamic instability of planar 
fronts. The first pertinent study of the coupling of 
diffusion and hydrodynamics was carried out in a 
semiphenomenological analysis by Markstein 
[11]; but, in the absence of a systematic technique 
for investigating the structure of wrinkled flames, 
his study was based on phenomenological consid­
erations that can be questioned. The effect on the 
flame structure of wrinkles of the front with 
characteristic size large compared with the flame 
thickness has been recently investigated by Clavin 
and Williams [12], by extending previous asymp­
totic analysis [6, 7] to the case of nonnegligible gas 
expansion. This analysis has been also extended to 
the nonlinear case for finite amplitude front 
corrugations to calculate the change in local 
burning rate due to front wrinkling and flow 
inhomogeneities [13, 14]. It turns out that these 
two effects can be expressed through a unique 
geometrical scalar, the total flame stretch. Thus, 
as anticipated by Karlowitz et al. [15], the 
modification to the normal burning velocity is 
proportional to the relative change in the element 
of flame surface; the coefficient of proportionality 
£ is proportional to the flame thickness, d, and is 
called the Markstein length. The ratio £/d de­
pends on the transport properties and chemical 
kinetics of the reactive mixtures, and its expres­
sion is obtained as a result of the analysis. The 
coupling between diffusive transport mechanisms, 
heat release, and hydrodynamics has been recently 
described by Peleé and Clavin [16], in the linear 
approximation, to investigate the marginal stabil­
ity limits of planar fronts propagating downward 
in the earth's gravity field. In the adiabatic case, 
the stability limits are completely defined by the 
Froude number (based upon the acceleration of 
gravity, the flame thickness d, and the flame 
velocity) and two other parameters characterizing 
the flame, namely, the reduced Markstein number 
£/d and the ratio of the densities of burned and 
fresh mixtures. 

All these results were obtained using, as a first 
step, a simplified flame model for a one-step 
overall reaction of reactive mixtures highly diluted 
with an inert component and with a composition 
far from stoichiometric. An important effort has 
been recently devoted to extend these results to 

more realistic flame models, including effects of 
complex diffusive transport processes taking place 
in multiple components mixtures [17] and the 
influence of the proximity of flammability limits 
[18], as well as effects of complex chemistry [2], 
As an example, when intermediate species do not 
verify the quasi-steady state approximation, their 
transport properties, which are usually different 
from the main reactive species, may affect the 
structure and/or dynamic properties of premixed 
flames. Theoretical analysis of specific examples 
as the ozone decomposition flame [31] and the 
hydrogen-oxygen flame [30] have been carried 
out recently and will appear in future with a 
comparison with existing numerical results for the 
structure of steady and planar flames. 

It is the purpose of the present analysis to show 
how flame structure and dynamics are modified 
when a nonbranching chain reaction is involved in 
the chemical kinetic mechanisms, as it is the case 
for most hydrogen-halogen flames. More specifi­
cally, we shall be concerned here with reactions 
that can be modeled by means of the following 
elementary reactions: 

Initiating (dissociation) reaction 

A+M-+nX+M, (A.l) 

involving the main reactant, a third body, and a 
radical X (when necessary, we shall retain the 
effects of the reverse reaction, with an order n, 
that will typically be equal to 2). Reaction (A.l) 
is responsible for radical production. 

Chain (nonbranching) reaction 

A + X->Pi + X, (A.2) 

which leads to the conversion of the main 
reactant into products, at a rate determined by 
the concentration of the radical, whose concen­
tration is not modified by the reaction. 

Recombination reaction 

nX+M-+P2, (A.3) 

to account for the fact that very often the role of 
the chain breaking reaction is not played by the 
reverse of the first reaction, but by a different, 
sometimes nonelementary reaction. We shall, 



however, consider, to simplify the presentation, 
that (A.l) and (A.3) have the same reaction 
order, n = 2 for quadratic recombination and n 
= 1 for the more unusual case of linear 
recombination. 

The initiating reaction is endothermic and has 
an activation energy larger than that of the chain 
reaction. The rate of the second reaction is then 
much larger than that of the initiating reaction, but 
it is determined by the concentration of radicals. 
The radical appears in the flame only as a result of 
the initiating reaction, essentially confined to the 
hot side of the flame. The recombination reaction, 
when important at high pressures and low flame 
temperatures, will lead to an inhibiting of the chain 
reaction, due to the lowering of radical concentra­
tion at the flame. 

The ratio of the rates of the initiation and of the 
chain reactions will be found to be sufficiently 
small to make the changes in temperature and in 
main reactant concentration dependent only on the 
effect of the chain reaction. The incipient thermal 
effects of the initiation reaction can also be 
included by proceeding in a way similar to that 
used in analysing the effect of heat loss on flame 
structure [7, 19]. 

The simplified kinetic scheme given above was 
first introduced by Adams and Stocks [20] (1953) 
to model the hydrazine decomposition flame. It 
was used afterwards by Spalding [21] (1955) to 
model the reactions of hydrogen with halogens, 
for which the reaction is of the non-chain-branch­
ing type. 

For example, the H2-Br2 reaction can be mod­
eled by the following elementary reaction mecha­
nism: 

Br2 + M<± 2Br + M, (B.l) 

Br + H2 <± HBr + H, (B.2) 

H + Br2 T± HBr + Br, (B.3) 

involving the chain propagating reaction, (B.2) 
and (B.3), and a chain initiating reaction (B. 1); the 
effects of the reverse reactions are included in the 
mechanism. Another possible initiating reaction is 
H2 + M -» 2H + M. However, its activation 

energy is sufficiently larger than that of (B.2) that 
its effect turns out to be negligible. 

The reaction constants for the reactions (B.2) 
and (B.3) are such that, at usual flame tempera­
tures, 

k-} < k2 < k-2~ki, 

so that 

i. we can neglect the effects of the reverse 
reaction (B.3) and (B.2), 

ii. we can use the steady state approximation for 
atomic hydrogen H, and thus the two reactions 
(B.2) and (B.3) can be modeled by means of 
the overall irreversible reaction 

H2 + Br2->2HBr, (B.4) 

with the rate, in moles/unit volume and unit 
time, 

o>' = { k2k}nBr2nli2/(kJnBr2 + k-2nmr)} nBr, 

if na denotes moles of a per unit volume. 

The overall reaction (B.4) and its associated rate 
expression must be used together with the initiat­
ing reaction (B.l) and its reverse recombination 
reaction. The resulting kinetic scheme has a 
structure that, as it occurs for other halogen/H2 

reactions, can be well modeled by the simpler 
scheme (A.1)-(A.3). Zeldovich [22] (1961) 
showed how the structure of these halogen flames, 
modeled by the simplified kinetic scheme, could 
be described by taking into account that the 
activation energies of both the initiation and the 
propagation reaction are large. He neglected the 
effect of the recombination reaction and gave an 
approximate analysis of the structure of the 
flames, which was later refined by Istratov and 
Librovich [23] (1962). 

The purpose of this paper is to provide a general 
frame work based upon the multiple steps scheme 
(A.1)-(A.3) helpful for studing every particular 
flames sustained by a chain nonbranching reaction 
such as halogen/H2 flames. Thus we first general­
ize the analysis of the steady planar flame structure 
of Zeldovich, Istratov, and Librovich to include 
the effect of the recombination reaction that can 
only be neglected at low pressures and high flame 



temperatures. In fact we will show that at low 
flame temperatures we can calculate the radical 
concentration at the flame, using the quasi-steady 
approximation, namely, by equating its rate of 
production and consumption. The steady state 
approximation for the radicals was introduced by 
Bodenstein [24] (1913) for the analysis of the 
kinetics of chemical reactions, and it was widely 
used by Von Kárman and Penner [26] (1954) and 
Hirschfelder et al. [25] (1952) in the analysis of 
the halogen/H2 flames. The validity of its use in 
analyzing the H2/Br2 reaction, at high flame 
temperatures, was soon questioned by Benson [27] 
(1952). Millán and Da Riva [28] (1962) gave a 
more detailed analysis of the validity of the steady 
state approximation in the analysis of flames with 
nonbranching chain reactions. 

We shall see here that indeed the steady state 
approximation for the radical can be used for 
flame temperatures below a cross over tempera­
ture T** [see Eq. (1.8)] that depends weakly on 
pressure. In this case the radical concentration is 
determined as a function of the temperature and 
concentration of the main reactant; due to the 
small value of its concentration, relative to that of 
the reactants, its role in the flame structure and 
dynamics is limited to its indirect effect in the 
determination of the rate of the overall reaction. 

When the temperature is increased to values 
close to the cross over temperature T** the radical 
concentration, although negligible outside the thin 
reaction zone, can no longer be calculated using 
the steady steate approximation. In what we term 
the merged regime, for these flame temperatures, 
the three reactions play a similar role in determin­
ing the reaction zone structure and flame speed. 
The effective activation energy for the flame 
propagation decreases when the temperature in­
creases above T**. 

For temperatures around a second cross over 
temperature T* slightly larger than T** the 
recombination reaction can be neglected in the thin 
reaction zone, but not in the outer convective 
diffusive regions. Only for temperatures suffi­
ciently above T* can the recombination reaction 
be neglected, and only then will the effective 
activation energy of the flame propagation cease to 
decrease, to a value that will change again at high 
Tb due to dissociation. 

For temperatures close to Tg, or larger, the 
concentration of the radical in the transport zone is 
comparable to that of the thin reaction zone, and 
plays a significant role in the dynamics and 
stability of the flame. 

For high flame temperatures the radical concen­
tration grows so much that the thermal energy 
used for the dissociation can no longer be ne­
glected. This leads to a lowering of the flame 
temperature and, hence, of its speed. 

We give in Section 2 a description of the steady 
planar flame structure, beginning in 2.1 with a 
discussion of the different propagation regimes, 
based on an order of magnitude analysis presented 
in Appendix I. The remainder of Section 2 is 
devoted to the analysis of the slow recombination 
regime, with a description of the thin reactant 
consumption and radical production zone in 2.2, 
and the analysis of the outer transport-recombina­
tion zones in 2.2 and 2.3 for the cases of linear and 
quadratic recombination, respectively. The analy­
sis of the merged regime and of the incipient 
thermal effects of dissociation are left for Appen­
dix II and Appendix III, respectively. 

We give, in Section 3, a description of the 
wrinkled flame structure and, in Section 4, of the 
flame front dynamics, for the slow recombination 
regime, when new effects on the dynamics are to 
be expected due to the radical diffusivity. 

2. FLAME SPEED AND STRUCTURE OF 
STEADY PLANAR FRONTS 

2.1. The Different Regimes 

Let T be the temperature and Y and X the mass 
fraction of the main reactant and of the radical, 
respectively. For a steady planar propagation 
associated with the kinetic scheme A of the 
introduction, the conservation equations for the 
species and for the energy take the following form: 

dx dx\ y dx / 

= pZ1XLYL'e~Ei'RT (la) 

-{pZ,YLeE^RT-pZ^XL"}, 



s dlL-L (pD ^k\ 
dx dx\ dx ) 

= pZ,YLe-^/RT-p{Z.x + Zi)XL", (lb) 

dx dx\ dx J 

+ í 2 l í i ( Z 1 y t e - e i ' « r - Z 1 J f t - ) (lc) 

where Z, and E¡ and Q¡ are the prefactor, the 
activation energy, and the heat release of the /th 
reaction, respectively. The D values are the 
diffusivities and sL is the mass flux, which is 
constant through the flame and defines the un­
known burning rate, p is the density, and Cp is the 
specific heat of the reactive mixture; The subscript 
L refers to the planar steady state. 

We use Fick's law for the diffusion process; this 
is certainly accurate for a highly diluted mixture. 
For simplicity, we assume in this analysis, that 
pD, pZ_u and pZ3' are constant. The temperature 
dependence of pD can easily be taken into 
account, even in the dynamical properties [29]. 
The weak temperature variation of pZ_ i and pZ3' 
through the flame does not produce significant 
change in the results. Removing the assumptions, 
pl-\ and pZ¡ constant, leads to numerical calcu­
lations but will not change qualitatively the results. 
We introduce a reaction order v ^ 1 to account 
partially for the possible nonelementary character 
of the reaction (A.2). For example, for the 
hydrogen-bromine reaction when Br2 is the limit­
ing component, the production rate associated with 
the reaction (A.2) has a dependence within the 
reaction zone of the form YL/{\ + aYL) where a 
is a constant related to the product concentration at 
the reaction zone. The analysis presented below 
can be easily adapted to this case, even though it 
does not have a power law dependence on YL. 

The boundary conditions associated to (1) are 

x~> — oo(unburnt mixture): YL = Yu, 

XL = 0, T=TU, 

x-> - oo(burnt gases): YL = 0, 

XL = Xb, T=Tb. (2) 

The subscripts u and b refer to the unburnt and 
burnt mixtures, respectively. Yu and Tu are given 
quantities characterizing the state of the fresh 
mixture. Yu depends in fact on the dilution of the 
main reactant in the neutral abundant species, as, 
for example, the nitrogen in air. Notice that 
because of the effect of the reverse chain reaction 
(A.2) is neglected, the final equilibrium state leads 
to Yb = 0. Furthermore, Xb = 0 except if the 
recombination reaction (A.3) and the reverse 
initiation reaction (A.l) are neglected. 

We are going to analyze the realistic case when 
the initiation reaction (A. 1) is slow compared with 
the unbranched chain reaction (A.2). This is the 
case when the activation energy E¡ of the initiation 
reaction is larger than the one, E2, of the un­
branched chain reaction. Due to the "cold bound­
ary difficulty," the flame propagation problem is 
meaningful only when Ex is large enough [3, 32]. 
When the Zeldovich number 0¡, defined by 0¡ = 
E[(Tb - Tu)/RTb

2, is assumed to be large 
compared to unity, an asymptotic analysis for 
large j3, can be used to calculate the burning rate sL 

that appears as a single eigenvalue of the problem, 
as for the one overall reaction case [3, 30]. 

A complete analytical solution can be obtained, 
for n = 1, in two limiting cases, |82 = 0 or /32 > 
1, where I32 is the Zeldovich number 182 = E2( Tb 

— Tv)/RTb. However, in this paper we shall 
present the results concerning the general case, 
where n is arbitrary and 181/182 is of order unity 
with /3, > 02 ^> 1. In this case the initiation and 
the unbranched chain reactions are confined to a 
common thin diffusive-reactive zone of thickness 
d/¡32, separating two much thicker zones, of 
thickness d = pDT/sL, where convection, diffu­
sion, and radical recombination are balanced (see 
Fig. 1). We shall present the results concerning n 
= 1 and n = 2. 

One can anticipate that, due to the assumption 
E\ > E2, and for realistic values of the frequency 



Fig. 1. Temperature and species profiles across laminar flame: (A) negligible recombination; 
(B) slow recombination; (C) quasi-steady state approximation. 



factors Z\, Z2, and Z3', we can neglect, in the 
conservation equations for the main reactant and 
the temperature, the terms in curly brackets 
associated with the initiation and recombination 
reactions, retaining in these equations only the 
effect of the chain reaction. In that case, the 
temperature downstream of the thin reactive zone 
is approximatively constant and equal to the burnt 
gas temperature given by 

Tb=Ta+YuQ2/Cp (3) 

that we shall call the flame temperature, because 
the temperature of the reaction zone is equal to Tb, 
at first order for large values of 02 (see Fig. 1). 

To define more precisely the limit of validity of 
these approximations, let us introduce the reaction 
frequencies Í2] and 02 of the initiation and of the 
unbranched-chain reactions, evaluated at the flame 
temperature Tb: 

ííi = Zi„exp(-£'1/7?7'b), 

Q2 - Q,/6 = Ya"Z2b exp(~E2/RTb). (4) 

As in the early works of Zeldovich [22] and of 
Istratov and Librovich [23], who neglected the 
recombination and the reverse initiation reaction 
(Z_| = Z3' = 0), we consider the realistic case 
where the initiation reaction is so slow compared 
to the unbranching chain reaction that 8 is negligi­
bly small compared to one, 8 « 1. In the limit of 
large activation energies this is consistent with the 
assumption @i > /32, because in this case 

h = o{$2-
m), Vm G Z + . (5) 

Then, as it is shown in Appendix I, the reduced 
radical mass fraction, c = X/Yu, and the ratio of 
the rates of the initiation and of the unbranching 
chain reactions are of order ó1/2: 

cL = XL/Yu = O(8i/202^»/2), 

ZnYLe-^/RTb/Z2bXLYL"e-E2^rb 

= 0(61 /2(32c-" / 2). (6) 

Furthermore our main analysis will be limited to 
the cases where Z_ ] + Z3 is small enough so that 
p(Z^ + Z¡)XL" < PZxYLe-E\,RT (see Appendix 

I), and thus only the production term associated 
with Z2 is to be considered in the equations of 
conservation for the main reactant and for the 
energy. Thus, in the following, we shall omit the 
curly bracket terms in Eqs. (1). The effects of 
these terms on the flame structure become impor­
tant at flame temperatures high enough to make 8 
= 0(1//32

1 + ") corresponding to cL = 0(l//32): 
the corresponding flame structure is briefly de­
scribed in Appendix III. In the case characterized 
by the relation (6) where the curly bracket terms 
are negligible in Eqs. (1), it is clear from (lb) that 
the reverse initiation reaction and the recombina­
tion reaction play similar role and appear only 
through the sum Z_i + Z3'. To simplify the 
notation we shall denote this sum as Z3 and call it 
in the following simply by the "recombination," 

z3 = z_, + z;. 
In this paper we first generalize the analyses 

[22, 23] of the steady planar flame structure to 
include the effect of a linear or quadratic recombi­
nation reaction for values of the frequency factor 
Q3 = ZiYu"~l ranging from zero (Q3 = 0) to 
values large enough (í)3 > 0**) that the steady 
state approximation can be used for the radical 
species (see Appendix I). In this last case, the 
radical concentration XL is simply obtained by 
equating the chemical production term 
pbZ¡ YLe~Ei/RTb to the chemical consumption by 
recombination, pbZ-x,XL

n, 

XL/Yu = (ül/Üiy
/"(YL/Ya)

i/", (7) 

and the flame propagation problem reduces to the 
simplest case involving only one overall irrevers­
ible exothermal reaction order of v + (l/n) in the 
main reactant, with a prefactor Z = Z2(Z| /Z3) ' " 
and an activation energy E = E2 + E\/n. Using 
the classical asymptotic theory [4] one obtains for 
the burning rate 

s2=2ry+1/np-'-l-,/"pDTpbn2(Qi/Q3y
/n 

= 2r j , + i/„/3~"~ ~ "pbYu"Z2 

where/3 = [E/(RTb
2)](Tb - Tu) and LY = DT/ 

DY are the reduced activation energy and the 



Lewis number of the main reactant, respectively. 
Tx is the gamma function of x, which is equal to 
(x\) for x E Z + . Relation (8) holds only when the 
recombination reaction is very fast and in this 
case, the diffusive properties of the radical do not 
play any role. It can be anticipated that this cannot 
be the case in the opposite case, when the 
recombination reaction is slow enough to be 
ignored in the reaction zone but not outside. On 
the basis of the order of magnitude analysis of 
Appendix I, we define a critical value fi* of the 
frequency factor of the recombination reaction, by 

Q* = &2-
2+v-v)n/2Q\x-nnQ2n/2. (9) 

When Q3/Í2|! = O (I) the recombination reaction 
can play a role only outside the thin reactive zone. 
In this case the characteristic time fi3

-1 of the 
recombination reaction has the same order of 
magnitude as the transit time pud/sL and the 
diffusive properties of the radical are expected to 
affect the final results. In this notable limiting case 
when fl3/0* = O(l) the flame structure is 
sketched in Fig. lb. Contrary to the case when the 
recombination reaction is neglected, Q3 = O (see 
Fig. la), there is a downstream nontrivial outer 
zone where the radical decreases to zero. The 
recombination leads there to small relative 
changes of T and Y of order V5, which are 
neglected in this analysis when b is assumed 
exponentially small. The relative changes in the 
radical concentration in the thin reactive zone are, 
as it is the case for Y and T, of order l//32-

With increasing values of 03 above tif the 
radical concentration decreases, and for values of 
i)3 of the order of tif*, defined in Appendix I, a 
merged regime appears, for which the radical 
recombination term in Eq. (lb) becomes, inside the 
thin reactive zone, of the same order of magnitude 
as the radical production term, and the radical 
recombination is negligible outside. In this merged 
regime, fl3/0** = O(l), the relative changes of 
the radical concentration in the thin reactive zone 
are of order one (see Fig. lc). For the intermediate 
values of Q3, Q* « Í23 < fi**, the merged regime 
(fl3 ~ ft**) and the slow recombination regime 
(fi3 — Q*) match. Furthermore, the merged 
regime leads to the steady state approximation for 
the radical when i)3/fi** > 1. 

Notice that both Q* and 0**, defined by (1.5) 
and (1.8), are strongly increasing functions of the 
flame temperature if n < 2, which are the 
physically relevant cases. As the temperature 
dependence of Q3 is usually small, the relations fi3 

= Q | and fl3 = ilf* define the cross over flame 
temperatures T¡¡¡ and Tg*, slightly smaller than 
T*. When Tb < T** the fast recombination 
regime described by the steady state assumption 
holds. When Tb is close to T£* we have the 
merged regime. When Tb is close to or larger than 
Tg we have the slow recombination regime that is 
the main subject of this paper. Because the ratios 
fl3/fl| and Q3/il** are usually linearly dependent 
on the pressure, the cross over temperatures T£ 
and T** are expected to increase slightly with 
increasing pressure. 

As the fast recombination case is well known, 
and simply described by (8), it is sufficient for the 
study of the effect of the recombination to investi­
gate in detail the slow recombination regime, ity 
Í2* = O(l), the merged regime ensuring simply 
the continuous path to the steady state approxima­
tion. Thus, we shall only present here the detailed 
analysis of the slow recombination regime, which 
is described by the notable limiting case (3) > &2 

-> oo, fi3/Q* = O(l) with ó = Qi/fl2 transcenden-
tally small. 

2.2. The Reactive Zone Structure 

We choose the origin of the x axis inside the inner 
zone, the structure of which is controlled by the 
following set of equations: 

d2B d2y 
pDTa^=-pDy^2 

= -PbU2cfy*efi2(t>-», ( 1 0 a ) 

-pDx~=Pb%ye^-'\ (10b) 

where 

y=Y/Yu, c = X/Yu, 

6 = {T-Tu)/(Tb-Tu). (10c) 

The subscript f denotes conditions immediately 



downstream of the thin reactive zone. The convec-
tive terms can be neglected in this zone and the 
Arrhenius exponent can be linearized around T = 
Tb. 

By a direct integration of (10a) through the 
inner zone, the jump in total enthalpy flux is found 
to be zero. Namely, 

T dO dyl + 
(Ha) 

Anticipating that the reaction has gone to 
completion, y = 0 in the burnt gases, and that 
there is no temperature gradient, dd/dx = 0, 
downstream of the reaction zone, then one obtains 
the outcoming heat flux immediately upstream of 
the reaction zone: 

-PD 
d$ 

dx 

X Pb'/2(fi2Cf)
1/2 

=(2r,L/pDry
/2í32~<"+^/2 

(lib) 

The condition 0=1 has been used downstream to 
obtain (lib). However, the relations (11a) and 
(lib) are still valid when, due to wrinkling or 
unsteady effects, the temperature just downstream 
of the thin reaction zone changes from Tb to a 
value Tf that should be used in evaluating Qt and 
Í22- The same is true when calculating the jump in 
the radical flux through the thin reactive zone, 
which is given by Eq. (lid), obtained by a direct 
integration of (10b) together with the following 
first order equation, (1 lc), for y inside the reaction 
zone, 

dx 
= -(2Pb/p£>r)

1/2zy + " / 2 | 3 2 

x {\-W+l)e-+}ul, 

-{i>+\)/2 (fi2cf)' 

(He) 

with \¡/ = y@2/LY. Equation (lie) is obtained in a 
way similar to (lib). 

~pDx [dx\ =M=Q^C^ c> 0 

with C defined by 

C1 = b2pbh'-ipDT/2L/-2 

Id) 

and b, a function only of v and E\/E2, defined by 

1/2 

x é?-*£i/£2,/, di¡, v e z+, 

that is equal to 2 for v = 1 and Ex = E2, and 
behaves as y/2E2/Ei for large values of E\/E%. 
Notice that, in the steady planar case, one has 6 = 
1 for x -» +oo, so that y = LY{\ - 6) 
everywhere in the reaction zone. 

2.3. The Linear Recombination Case, n = 1 

The outer flame structure is given by the solution 
of (1) with the production terms with large 
activation energies neglected upstream, because 
the reaction are thermally quenched, and down­
stream, because there is no more reactant, Y = 0. 
Thus, the only production term left is the radical 
recombination which must be retained in Eq. (lb). 
At the dominant order, for large |82, the solution 
for Y and T are given by 

yL=YL/Ya=\-eLY(*'d\ 

„ TL-TU 

Th-Tu 
- = e 

xld for x<0, (12) 

yL = 0, 0L=1 for x>0. 

The solution for the radical concentration depends 
on the order of the radical recombination n. Let us 
first present the result for n = 1: 

'AT-= cfLe-L+(x/d) for x > 0 
CfLe>L-ix/d> for x<0 

(13) 

with 

PL±=(1 T ^ÍT+A)Lx/2, 

where DT/DX = Lx is the Lewis number based 
on the molecular diffusivity of the radical, and 
where the Damkolher number A, appearing in 
vL±, 

A = 4pbQ3pDx/sL
2, (14) 

is roughly the ratio of the transit time across the 



flame and the characteristic reaction time for the 
recombination. The concentration cfL Yu of the 
radical at the thin reactive zone and the burning 
rate sL can be calculated only by using the results 
(11) of the study of the thin reactive zone 
structure. From (12) we obtain 

dO 

dx 
= -sL/pDT, (15) 

which provides, by using (l ib), a first relation 
between sL and cfL: 

*¿/( íW)1 / 2 

= B m {2pbTvLY"pDT(32^
+"}"2. (16) 

A second relation to calculate sL and cfL can be 
obtained from (lid) by using the results of (13), 

pDx m--c f ¿ ( l+A) 1 / 2 , (17) 

so that we obtain 

cfL
3/25LA = CQ1Q2- | / 2 , 

where the scalar C was defined before by 

C2 = b2pbpDT/2L/-202
3-'. 08') 

When the recombination reaction is neglected, 
Q3 = 0, (16) and (18) yield the following values 
for the burning rate sLo and for the reduced radical 
concentration cfLo at the reactive zone, 

sLo = (2Pb
2Y^2p2DT

2LY^lb)^ 

x j3 2
( 3 + '> / 4(0,02) , / 4 , (19a) 

cf£o = {^y 1 -V2r , 1 / 2 } 1 / ^ 2 c- ' ) / 2
( i2 1 /Q 2 ) ' / 2 ) 

(19b) 
or equivalently 

í ¿ 0
4 = fi3Cí2.ÍÍ2, cfLo

2 = Cfi-1n,/fi2) (19') 

which have been previously obtained for v = 1 by 
Istratov and Librovich [23]. Notice that the flame 
speed (19a) would result for a one step overall 
reaction for the main reactant, with an activation 
energy (E\ + E2)/2. It is also worthwhile noting 
that in these results, concerning the planar steady 

state propagation, the diffusive properties of the 
radical do not enter. Because of the presence of 
radicals in the outer zones (see Figs, la and lb), it 
can be easily anticipated that the dynamical prop­
erties of such flames cannot be modeled by such an 
overall reaction, and they will depend on the 
diffusion coefficient Dx of the radical, unless the 
recombination reaction is so fast that we are in the 
merged regime, or the steady state assumption for 
the radical concentration holds. 

For a nonzero value of the Damkólher number 

Ao, 

A0 = 4pbQ3pDx/sLo
2, (20) 

the burning rate sL and the radical concentration 
cfL are no longer given by (19) but by 

(SL/SLO){1+A0(SL/SLQ)-2} = 1. 

(21a) 

(21b) 

Notice that the Damkólher number A that appears 
in vL± (13) is related to AQ by 

(18) A = Ao(sL/5Lo)- (22) 

and thus, (sL/sLo) and A are functions of A0 

(shown in Fig. 2). Notice that when (19a) is used, 
A0 defined by (20) is seen to be directly related to 
iyfi*, with fi* given by (9). For n = 1 one 
obtains 

A0 = 4{2br,3 / 2Ly(5-"» / 2Lx
2} - | /2Q3/Q3*. (23) 

Notice also the linear dependence of A0 on Lx~' 
that did not appear in sL and ciL when fi3 is zero 
[see Eq. (19)]. It is clear, from the results plotted 
in Fig. 2, that the effect of the radical recombina­
tion is to decrease the flame speed and the 
concentration of radicals, now depending on the 
diffusive properties of the radical. In fact sL and 
cLf decrease when increasing fi3 or the molecular 
diffusion coefficient Dx of the radical. Notice also 
that, according to (21), (sL/sLo)

2 -» 1 for A0 ~* 0 
and (SL/SLQ)2 -»• A<r1/2 for A0 -»• oo. Thus the 
effective overall activation energy is now chang­
ing, through A0, when Q3/Í2* increases from 0 to 
values large compared with one. When according 
to (1.5) and (1.8), Q3/fi* becomes of the order 
(82

3/2 we reach the merged regime, and the 
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Fig. 2. Reduced flame speed (sL/sLo) versus Damkóhler number A0 [see Eq. (20)] for n = 1. 

relations (21) are no longer valid. The overall 
activation energy begins to increase up to the value 
E\ + E2 associated with the steady state approxi­
mation that leads to (8). 

It is worthwhile to point out how the radical 
profiles (13) depend on fi3/Q* (through A). For 
small values of ÍVQjf <̂  1, the effects of the 
radical recombination reaction can be neglected in 
the upstream preheated zone but are felt in a long 
convective-recombination region, of thickness dJ 
Lxko, which follows the thin radical production 
zone and where the diffusive terms can be ne­
glected. For large values of ü3/üf the radical 
concentration profiles shrink toward a thin region 
of thickness d/LxA0

2/3. The merged regime de­
fined by Q3/Q* = 0(j32

3/2) is in fact associated to 
a thickness of the radical recombination of the 
order of the thickness of the thin reactive zone d/ 

2.4. Quadratic Recombination Case, n = 2 

In that case (17) and (18) are no more valid. The 
outer equation for the radical profile is, according 
to (lb), 

where the strength M of the delta function is given 
by Eq. (1 Id), in order to satisfy the jump condition 
across the inner reaction zone. Equation (24) has 
to be solved with the boundary conditions cL(x = 
±oo) = 0. 

A similar problem has already be treated by 
Liñan [33], who solved numerically the following 
problem, 

<£ = 0 for £ -> ± oo (25) 

to obtain a relation between the value of <t> at £ 
0, <j)f, and m. The relating function <j)f(m) can be 
well correlated by the closed form expression 

w<Af=3(l -<Af
2)/8i!>f2(l -r-<Af

2/2) (26) 

having the correct asymptotic form 

<j>f=l-3m/2 for m-*0, 

(/>f=(3/8AM)1/3 for m--oo. 

Equations (24) and (lid) correspond to Eq. (25) 
for 

sL —
L—pDx -r^ + pbüJcL

2 = M8(x), 
dx dxl (24) 

Í = xsL/pDx, 

4>f=cfLsL/M, 

<t> = cLsL/M, 

m = pDxpbU^M/sL\ (27) 



According to the definition of Mand C [see (lid) 
and (18')]. one can write 

M=CQl(cfLQ2y
U2. (28) 

The relations (26) and (27) provide the new 
relation between <¡>{ and sL that replaces (18). This 
new relation has to be used with (16), which is still 
valid for n = 2, and which can be written as 

cf/. = fi-2ll2-
,si

2, (29) 

with B given by Eq. (16). From (28) and (29) we 
obtain 

M=CBQi/sL. (30) 

Equations (29) and (30) together with (27) give 

<Af = s¿
4/fi3Cí2,í22 = (sL/s¿0)4 

= (c f i /c f¿0)2 , (31a) 

m = pDxPb fis CB Q, sL ~ 4, 

m«f=A(; =(nim*)(2YvLxLY>Y\ (31b) 

where i)£ is given by (9), with n = 2, 

í2* = í22/82-<1 + ̂ . (32) 

Thus when (31a) and (31b) are introduced into 
(26) one obtains a relation similar to (21) involving 
a nondimensional recombination parameter A0' = 
w0 f given by (31b). The corresponding curve sL/ 
sLo versus Í23/Q* ~ A0' has a qualitative behavior 
similar to that for the case n = 1; the effective 
overall activation energy is changing with the 
flame temperature, through fl3/fl*, growing from 
[(Ei/2) + (E2/2)] to [(E¡/2) + (3/4)E2] when 
(i]3/fi*) increases from 0 to values large compared 
to one. However, when 03/Q* becomes of the 
order /32

2 we encounter the merged regime; then 
the effective activation energy begins to increase 
up to the value (Et/2) + E2, corresponding to the 
steady state approximation resulting in (8). 

3. STRUCTURE OF WRINKLED FLAMES 

We present here an analysis of the structure of 
wrinkled flames. The reader may skip the techni­
cal part of this section in a first reading, and 

proceed to the following section where the results 
are presented in a self-consistent way. 

When the flame front is wrinkled the flame 
structure is modified by transverse fluxes of 
energy and mass, which appear inside the pre­
heated zone in a tangential direction to the surface 
of the front. Due to the expansion of the gas 
through the flame, convective transverse fluxes 
are also generated, in addition to the diffusive 
ones, as a result of the deflection of the streamlines 
across the flame. Unsteady or strain effects of the 
flow field lead to changes in the flame structure. 

The wrinkling of the front induces inviscid 
changes in the flow field outside the flame in 
regions with the length scale of the wrinkles. 
When this length is large compared to the flame 
thickness d, the flame structure can be described 
analytically in terms of the characteristics of the 
flow field immediately upstream of the flame [12, 
13]. Then, jump conditions concerning the flow 
are obtained by the analysis of the flame structure; 
these can afterward be used to determine the 
induced velocity field and thus the motion of the 
flame front. This interaction between the flame 
structure and the outer inviscid hydrodynamics has 
already been described for an Arrhenius one step 
irreversible reaction [16]. Because no significant 
changes in the structure of the outer flow field are 
introduced by the kinetics, only the wrinkled flame 
structure is addressed here. As in the previous 
studies, the Lewis number L Y of the main reactant 
controls the modification of the temperature of 
combustion and is choosen to be close to the unity, 
LY - 1 = OGfc-1), 

LY=l+-, (33) 

to ensure that the relative modification of the 
temperature of combustion is of order 02~

l; the 
local burning rate is only modified by a factor of 
order unity for large values of /32 (182 "* °°)- This 
is not a strong limitation for the main reactant of 
the usual reactive mixtures. However, some radi­
cals as H are very light and their Lewis number 
can differ significantly from unity, so that in our 
analysis Lx — 1 is not necessarely considered as a 
small quantity, Lx - 1 = 0(1). 



When the nondimensional coordinates' ( | , -q, T) 
defined by £ = (x - a)/d, r] = z/d, T = tuL/d, 
are introduced in the moving frame, x = a(z, t) 
being the equation for the flame front surface 
defined by the location of the inner zone Y = 0, 
the linearized version of the energy and species 
conservation equations take, outside the reaction 
zone, the following form (for linear recombina­
tion): 

rLyr+y( + (s + Lr-
 xan)yL^ =L Y~\y^ + ^ „ ) , 

(34a) 

/¿flr + 0í + ( í + ar„)0¿{ = 0 í í + 0 „ , (34b) 

rL<t>r + <¡H + (s + Lx ~' a„„)</>u 

=Lx~
{^ + 4>nri)-cj>LxA/A, (34c) 

where here y, d, and <j> are the perturbations of the 
reduced mass fraction of the main reactant, the 
reduced temperature, and the reduced mass frac­
tion of the radical, respectively: 

Y/Yu =yL +y, ( T - ru) /( Tb - Tu) = BL + 0, 

c/cfL = 4>L + 4>. 

Here the unperturbed profiles (12) and (13) have 
the form 

yL=\-e*LY, 6L = et, 

fo. = e<>¿-: £<o , (35a) 

yL = 0, 6L = Q, 

<¿,L = £«"/.+: £>o . (35b) 

rL gives the unperturbed density distribution. 5 is 
the perturbation of the £ component of the 
nondimensional mass flux in the moving coordi­
nate system, written with the steady planar burn­
ing rate sL as unit, s satisfies the linearized 
continuity equation, which can be written in the 
moving frame as 

rr+s{ + (rLu), = 0, (36) 

where r is the perturbation of the reduced density 

p/pa, which, according to the usual negligibely 
small Mach number assumption of the flame 
theory, is related to 8 by the perfect gas law; 

r = - 0 r L V ( l - 7 ) , (37) 

where y = (Tb — Ta)/Tb is the gas expansion 
parameter and rL = {1 + £ £ Y/(1 - 7)} _ 1 for £ 
< 0 and rL = (1 - 7) for £ > 0. Let U and v 
appearing in (36) be the perturbations of the 
reduced x and z components of the flow velocity in 
the laboratory frame, written with the flame 
velocity uL as unit: 

s = rL{U-aT) + ruL. (38) 

As in the previous analysis [12, 13, 16] the 
attention is restricted to situations where the 
wavelengths A of the wrinkles of the front are 
large compared to the flame thickness e = d/A ^ 
1. Then, the problem is solved using expansions in 
power of e up to the order e2, in the following 
form: 

« = e£/_„(£X, f, T) + tUi{$, t, T) + o(e), 

(39a) 

u = eV.Q.(ex, f, T) + ev,U, f, T) + o(e), (39b) 

j = eS_„(ejr, r, r ) + e í i ( í , f, T) 

+ e252(£, f, T) + o(e2), (39c) 

= e2 U2 + o(e2), (39d) 
[yi) 

where f = er¡, T = ex, and where the quantities 
U- oo» V_ a» S- „, have to be expanded around x = 
0. These expansions (39) are valid inside the 
preheated zone. Outside the flame zone, one has 

s+oo = tj±a>(JC, j , T), 

u±e. = el/±a.(X, f, D , 

«±- = eK±G.(Jr, f, T), (40) 

where X = ex and 

^ ± 0 0 = ^ ± « , = ' •±«, = 0 . 
1 To save notation only one transverse coordinate r¡ = z/d is 

introduced. The quantities involved in (39) and (40) should 



be understood as being 0(1) in the limit /32 -* oo. 
The subscripts - oo and + oo denote upstream and 
downstream constant density regions, respec­
tively. According to the definition of the mass flux 
5, one has in these regions 

5_00 = «_co — aT and 

s+a, = (l-y)(u+a>-ar). (41) 

Because all the quantities appearing in (39), 
labeled with the subscripts 1 or 2, are found to go 
to zero like e* when £ -* - oo, the matching 
between the upstream constant density zone and 
the preheated zone is automatically satisfied. The 
solutions in the preheated zone are coupled to the 
ones of the downstream constant density zone by 
the jump conditions (11) through the reactive 
zone, which can be written in the linearized form 
as 

[0 t +£y- , .V t ]o- o + =O, (42a) 

0 t|o-=(020f+0f)/2, (42b) 

-Lx-
l[0(]o-0+ 

= Vr + A{(jS I-/32 /2)0 f-0 f /2}, (42c) 

where the subscript f denotes the value at the thin 
reaction zone. The coefficient Vl + A in (42c) 
results from using (17). 

The left-hand side of these relations can be 
evaluated by using the outer equations (34), which 
reduce, to the order e2, to a quasi-planar and 
quasi-steady form. One obtains 

-Lx~'[<t>(]o-0+ 

= 0fVT + A + ^ + f " { 5 + o o ( e r ) 
•>0 

+ Lxaritl}e^'Lx^*dZ' 

+ n- \° {s(n 
J - 00 

+ L J r 1 a „ } e t ' L * v r F S d$' +o(e2), 

(43a) 

0 t | o -=0f+[° {5( i ' ) + a„}e« '< / f ' +o (£ 2 ) , 
J - o o 

43(b) 

Lryi\o-=-Lr\ ^ {*(*') 

+ L y - ' « „ } e « ' ^ i / r + o ( e 2 ) . (43c) 

As it is clearly explained in Refs. [12] and [13], 
the expression of the perturbation of the longitudi­
nal mass flux s(%') inside the preheated zone and 
5+oo in the burned gases can be easily computed to 
the order e2 from the mass conservation equation 
(36), to obtain 

s = eS.o.(X=0) + eiZ dU.m/dX\Xm0 

+ e1{a,,-dU_a,/dX\x=0} 

+ l n { l + í ? V ( l - 7 ) } + í>(e2) (44a) 

for £ < 0 and 

s+x = eS+x(X=0) + e2£{yarirl 

+ (l-y)dU^/dX\x=0} 

+ o(e2) (44b) 

for £ > 0, with S+a,(X = 0) = s(£ = 0) and 
where according to (41) 

eS+x(X=0) = (l-y){u + UX=0)-aT}, (45a) 

eS.x(X=0) = U-UX=0)-ar. (45b) 

The two relations (43b) and (43c) together with 
Eq. (42a) give the usual values of the modification 
of the combustion temperature and of the heat flux 
leaving the reaction zone toward the fresh mixture 
[12, 16], 

020f= - / { V 2 a - a M _ o o / 3 x U = 0 } —!-
7 

f7/d-y) ln(l-fx) 
X dx , (46) 

Jo x 
where / = O (I), is given by (33), 

0{ lo- = {W-<»U=0_«r} 

+ {V2a-du.oa/dx\x=Q} ~ I n - , 
7 (1 -7 ) 

(47) 



where V2a denotes the transverse Laplacian of a. 
By using (44a) and (44b), Eq. (43a) can be written 
as 

!*-'*{ |0-0 +=*fVl+A 

+ (l + A)-1/2{«_00U=o-«,} 

+ V2a-du^/dx\x=0}K (48) 

with 

K = 
VL 

: + ln-
Lxs/l+A \Lxy/l+A 1~T 

1 

£yVl+A 

X In 1 + 

: + V —! 

eV eVLx<\ + *d£>m 

1 - 7 

(48') 

Then, relation (42c) provides the expression of 4>f: 

3 
- * f = (/8, - j82/2)ef — { «_ oo U = 0" •aT} 

K 

vr+A 
{V2a-du.m/dx\^0}. (49) 

By using now relation (42b) and the results (46), 
(47), (49), one obtains the linear equation (50) for 
the evolution of the front described in the next 
section. 

4. FRONT DYNAMICS 

The linear equation for the evolution of the front of 
a flame sustained by the kinetic scheme A has a 
form identical to the case of a one-step overall 
reaction [12], but with a different expression of the 
Markstein number £: 

da 

It 
= u_a¡ + (£/d){V2a-du_O0/dx}, (50) 

where U-m is the value (at the front) of the normal 
component of the upstream flow. The Markstein 
length corresponding to the kinetic scheme A was 
calculated for the slow recombination regime in 

the preceding section, where we obtained 

!— V J -In— 
7 

£/d=[ 1 + C 1 i 
- I n 

IT I -
3(1+A), 

( L y - l ) ( l - 7 ) 
+(ft+0,) 

/•yd -y) ln(l +x) 

3 7 

dx + 

(51) 

to be compared with the expression 

1 1 
£/d=-1n-7 1 - 7 

+ 0 
LY-\ ( I - 7 ) pAi-T)ln(l+x) 

Jo 
dx 

(52) 

for the one-step overall reaction [12] with a 
reduced overall activation energy (Zeldovich num­
ber) 0. 

As already mentioned in the Introduction, the 
linear equation (50) for the front evolution has 
been generalized to cases where the amplitude of 
the front corrugations are finite, if they have small 
"curvature" [13]. The result can be written as the 
modification of the normal burning velocity in the 
form 

f ' l C ? f f \ 
(53) 

where £ has the same value as in the linear case; a 
is the element of the front surface, whose relative 
rate of change times £ equals the difference 
between the laminar flame speed uL in the planar 
case and the actual normal burning velocity wn. 
The effects of chemical kinetics and transport 
properties of the reactive mixture appear in (53) 
through £. The effects of the geometrical configu­
ration of the front and of the flow are measured by 
the total stretch (l/a)(da/dt). This total stretch 
results from the curvature of the front uL/R (R is 
the local mean radius of curvature of the front) and 
from the inhomogeneity of the upstream gas flow 



"measured" by the rate of strain tensor V«_„ at 
the front [13]. Thus one obtains 

u„-uL = £(uL/R + n • Vu.x • n), (54) 

where n is the unit vector normal to the flame 
front. The relations (53) and (54) are general, as 
long as the weak stretch assumption holds, and 
they can be used for any flow configuration, for 
example, for spherical converging flames, planar 
fronts in stagnation point flow, and turbulent 
flames. Equations (53) and (54) are still valid for 
the flame model studied in this paper, provided 
that the expression (51) is used. 

The result (51) that has been obtained in the 
slow recombination regime will be discussed in the 
following section, but we will present here its 
form in two interesting limiting cases: 

i. When the recombination rate increases leading 
to the merged regime, A0 -» oo and A -• oo. In 
this limit K - ln[l/(l - y)\ [see Eq. (48b)] 
and thus (51) takes the form 

1 1 
lim (£/</) = - I n 

A0-oo y 1 — y 

3 y 

p7/(i-7) ln(l + x) 
x — -dx. (55) 

Jo x 

Notice that in this limit, the diffusive proper­
ties of the chain carrier do not affect the 
dynamical properties of the flame. When com­
pared to the one-step case (52), the overall 
activation energy (2/3)(£'1 + E2) appearing in 
Eq. (55) has the same value as for the laminar 
flame speed in the same regime, 

ii. When the recombination rate decreases to 
zero, A0 -> 0 and A -» 0, and 

1 po 

Lx
 J -°° 

X l n ( 1 + T T ^ ' ) ^ ' ' 
and the corresponding expression of (£/d) is 

obtained from (51). Let us write this expres­
sion in the case where the Lewis number Lx of 
the chain carrier is close to unity. In this case 
| Lx — 11 can be considered as a small number 
compared to unity and we can expand the 
expression of (£/d) linearly in Lx — 1 to 
obtain, after some simple algebra, 

| Z * - 1 | < 1 , 

lim ( £ / d ) = - I n - + -{(jS2 + 0,) 
A0-0 y 1 — y 4 

X (Ly-\) + (LX-\)}1-^-
y 

r7/u-7) ln( l+x) 
X — -dx. (56) 

Jo x 

The result (50) and (51) can be used as in Ref. 
[16] to investigate the cellular threshold of planar 
fronts propagating downard. It is not necessary to 
reproduce here the analysis because it follows 
exactly the original one [16] (developed for one-
step overall reactions). The corresponding results 
for the present kinetic model can be obtained 
directly from those of Ref. [16] provided the 
expression (51) for £ is used instead of (52). Let 
us simply recall that flame stability is enhanced by 
increasing £/d. 

The analysis presented in Section 3, leading to 
the results (50) and (52), was devoted to tridimen­
sional and unsteady effects involving space and 
time scales larger than the transmit time T, and the 
thickness d of the flame (T, — 10 ~4 s and d ~ 
10~2 cm at ordinary conditions). 

The tridimensional and unsteady effects involv­
ing scales T, and d can be also studied without 
many difficulties only if we restrict the analysis to 
the diffusive thermal model, where the effects of 
the gas expansion are neglected (y = 0) [7]. This 
model, which neglects the convective transport 
phenomena in the tangential directions, is not 
realistic for gaseous combustion but can neverthe­
less be useful for investigating the mechanism of 
instabilities that can possibly be produced by the 
diffusion processes. In particular, this model is 
appropriated to study planar disturbances of planar 
fronts in gases. 



From the previous studies [2, 7] developed for a 
one-step overall reaction model, it is known that a 
Hopf bifurcation is predicted to appear for Lewis 
number well above the unity, LY > 1. This 
instability, associated with the time scale T„ has 
been used to interpret the spinning waves observed 
in solid combustion [1, 2] as well as the pulsating 
fronts observed at flameholders [1, 2]. In order to 
investigate the effects of the diffusion of the 
intermediate species upon this instability mecha­
nism, we have carried out the stability analysis of a 
flame sustained by the kinetic scheme A in the 
diffusive thermal approximation. The analysis 
follows closely the method presented in Ref. [7], 
and will not be reproduced here, where only the 
final result is given. If o and k are, respectively, 
the growth rate and the wave number of the 
perturbations, with a T and T; dependence of the 
form exp(ar + ikr¡), the following expression of 
the dispersion relation is obtained: 

h{LY-\)(E,/E2 

+rvLWi + A)r 2(r-1-2w) 

= (L*-rvVT+A) + (59r) 

x (1+2IVLWT+A); (57) 

here 

r = Vl + 4(<o + A:2) 

and Tx=\/Lx
2(l + A) + 4(aLx+ k2) . 

(58) 

The result (57) must be compared to the following 
result obtained for the one-step overall reaction: 

0(£y- l ) 
——^(r - i -2u ) / r 2 =( i - r ) . (59) 

According to Eqs. (51) and (57), the dynamical 
properties of the flame front is controlled by four 
parameters. The diffusion coefficients of the limit­
ing component and of the radical appear through 
^(LY - 1) andLy, respectively. The recombina­

tion reaction rate appears through A, which 
contains also the Lewis number of the radical and 
the flame speed [see Eq. (14)]. Finally the 
activation energy of the initiating reaction appears 
through E\/E2. The dispersion relation (57) re­
duces to the one-step case (59) in the limit of a fast 
recombination (A -> oo) with an effective reduced 
activation energy 

This is consistent with Eq. (55), which corres­
ponds in fact to the large wavelengths limit when 
the gas expansion is neglected (7 = 0). In the limit 
of a negligible recombination reaction (A = 0), 
the dispersion relation (58) cannot be reduced to 
the one-step overall reaction case (59), but for 
large wavelengths one recovers the result of Eq. 
(56) with 7 = 0. 

Thus, the general dispersion relation (57) is 
much more complex than for the one overall step 
model. Hopf and steady bifurcations can be easily 
predicted and the corresponding limits of stability 
can be obtained from Eq. (57) for each particular 
flame. 

5. DISCUSSION OF THE RESULTS 

The purpose of this study was to analyze the 
effects of multiple kinetics and of the diffusive 
properties of the radicals on the dynamical proper­
ties of the flame. We have limited our analysis to a 
simplified kinetic scheme involving a fast non-
branching chain reaction that converts the main 
reactant into products, coupled with two slower 
reactions: a chain initiation and a chain breaking, 
recombination, reaction. As we have indicated in 
the Introduction, the methods of analysis presented 
in this study can be used to describe specifc 
flames, as, for example, the halogen-hydrogen 
flames. 

We began by a description of the changes in the 
steady planar flame structure with increasing 
values of the recombination rate constant. In all 
cases the flame propagation velocity is determined 
by the fast chain reaction. This one takes place in a 
thin reaction zone at a rate proportional to the 



radical concentration. This concentration is deter­
mined by the balance between radical production, 
recombination, and convective and diffusive trans­
port effects. The radical production is due to the 
initiation reaction and it is localized in the same 
thin reaction zone where the chain reaction takes 
place. The radical can be transported out of the 
production zone by diffusion and will be con­
sumed there by the recombination reaction. 

At moderately high flame temperature T¿ > Tb 

> T*, or equivalently at small values of recombi­
nation constant, we recover the results obtained 
previously by Librovich and Istratov [23], in 
which the flame propagation velocity turns out to 
be independent of the diffusive properties of the 
radical. 

The relative importance of the recombination 
reaction changes with flame temperature, and as a 
consequence there are also important changes of 
the flame propagation velocity with the flame 
temperature. If we define an overall activation 
energy for the flame propagation velocity as 

Eeff/RTb = d(lnsL)/d(lnTb) 

and if the thermal effects of dissociation are 
neglected, we find that this overall activation 
energy takes the value (E¡ + E2)/2 for moder­
ately large flame temperatures, when the recombi­
nation reaction can be neglected. Due to the effect 
of the recombination reaction, the effective activa­
tion energy increases when the temperature de­
creases. Through the slow recombination regime, 
the overall activation energy increases first to a 
value equal to (E\/2 + 3E2/4) for n = 2, and 
2(£'1 -(- E2)/3 for n = 1, and then increases again 
through the merged regime, to a final value equal 
to (E2 + Ei/2) for n = 2, and Ex + E2 for n = 
1. These last values correspond to low values of 
the flame temperature Tb < T** when the steady 
state approximation can be used for the radical. 

On the other limit, for very high flame tempera­
ture Tb > Td, the endothermic effects of the 
radical production can no more be ignored as soon 
as the mass fraction of the radical becomes of the 
order of 1//3,. As can be inferred from the analysis 
of Appendix HI, the effective activation energy 
decreases there below the value (Ex + E2)/2. 

Notice that Í2* [see Eq. (9)] and fi** [see Eq. 
(1.8)], which determine the cross-over tempera­
tures T* and Tg*, are strongly dependent on the 
flame temperature. 

The flame temperature can be changed, for 
example, by dilution of the reactant mixture with 
an inert species. Figure 3 shows the domains of the 
different regimes. 

We have also shown in the paper how the 
dynamical properties of the flame can be analyzed 
in the cases when the radical recombination 
reaction is not fast enough to prevent the radical 
from diffusing to the preheated zone. In this case 
we have found the effect on the flame dynamics of 
the diffusive properties of the radical, represented 
by an arbitrary value of its Lewis number. In order 
to obtain an analytical expression for the disper­
sion relation, giving the growth rate of the 
perturbations for arbirary values of their wave­
lengths, we used the thermal diffusive model for 
the flame for n = 1. However, we also obtained 
the expression for the Markstein length in the 
realistic case when the effects of the gas expansion 
are fully taken into account. 

On the high flame temperatures side of the slow 
recombination region, when the effects of the 
radical recombination can be neglected, the dy­
namical flame properties are depending on the 
radical diffusion and cannot reduce to those of a 
flame supported by a one-step Arrhenius reaction. 
Nevertheless, for Lewis number of the radical 
close to unity, the Markstein number reduces to 
the one of a one-step reaction with an effective 
activation energy equal to (Ex + E2)/2 [see Eq. 
(56)]. On the opposite, low flame temperatures, 
side of the slow recombination regime, when we 
enter the merged flame regime, the dependence of 
flame dynamics on the diffusive properties of the 
radical disappears, and the effective activation 
energy equals 2(¿T1 + E2)/3 [see Eq. (55)]. 

The dynamical properties of the flame remain 
independent of the diffusive properties of the 
radical for lower flame temperatures, in the 
merged regime, when the radical recombination 
reaction is fast enough, compared with the produc­
tion reaction, when the radicals are not able to 
diffuse out of the thin production zone. In this 
merged flame regime, the flame properties can be 
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Fig. 3. Domain of the different regimes in the plane In S23—l/7~b. Notice that when, as in the 
ordinary cases, (23 varies like pressure, this phase plane corresponds to a pressure-temperature 
plane. 

described by modeling the reaction by means of an 
effective overall one-step reaction with a large 
activation energy that depends on the flame 
temperature 2(E¡ + E2)/3 < Eeff < (Et + E2). 
For sufficiently low values of the flame tempera­
ture the rate of radical recombination reaction is 
large compared with the radical production rate. 
Then the radical follows the steady state approxi­
mation, and we recover the classical results for the 
flame dynamics associated with a one-step Arrhe-
nius reaction of fixed activation energy, Eeft = 
(£. + E2). 

APPENDIX I 

We give here estimates for the radical concentra­
tion, Xf, at the thin reaction zone, and also for the 
production terms in the conservation equations. 

Let d = pDT/sL be the characteristic size of the 
flame thickness: Then (see Fig. 1) d/&2 is t n e 

thickness of the reaction zone, because the chain 
reaction is quenched if (Tb — T) becomes large 
compared with (Tb - Tu)/02, and YJ&2 measures 

the variation of the mass fraction of the main 
reactant in the reaction zone. The convective terms 
can now be shown to be of the order of l/ft 
relative to the diffusive terms, and thus negligible 
in the thin chain reaction zone. 

In the regime analyzed in detail in this paper, 
the rate of radical recombination, pZ3Yu

n~1, is 
slow enough that radical recombination takes place 
in zones of thickness d, outside its production zone 
in the thin chain reaction zone; the relative 
changes in X in this production zone are of the 
order of l//32. 

A first relation between the estimates of d and 
Xf is provided by balancing the terms representing 
diffusion and reactant consumption in (la): 

pDY( ru/&)((32/e02 ~ Pb«2*f& ( U ) 

The term representing the consumption of the 
main reactant due to the radical producing reac­
tion, pbQiYJ02, is negligible compared with the 
terms in (1.1). 

A second relation, to estimate d and Xf, is 



provided by the balance of diffusion and the 
radical production in the equation for X: 

pDAXf/foXfo/dy-PbQdYJh) (1.2) 

valid as long as the radical recombination term 
pZ^X" is negligible, or at most of the order of the 
production term. 

From (1.1) and (1.2), we obtain the estimate 

c f=^ f/yu~(/32"-1fi1/fi2)1 /2~(5/32"-1)1 /2 (1.3) 

for the peak of the radical concentration. We can 
use (1.3) to justify the neglect of the radical 
production term in the conservation equation for 
the main reactant, when 6 = fii/fi2 is small 
compared with unity. 

We can neglect the recombination term in the 
thin radical production zone as long as it is smaller 
than or of the order of l//32 times the radical 
production term. In the main part of this paper we 
are concerned whith the notable limiting case in 
which the ratio of the two reaction terms is of the 
order of l/ft: namely, for values of fi3, defined by 
fi3 = (Z_i + Z¡)YU"-1, such that 

fi3ru(*f/ru)V(Q1ru/i32)~ i / & , (i.4) 

or equivalently, for values of fi3 = 0(0*) , where 

Q * = / 3 2 - 2 + ( l - , ) » / 2 n i l - B / 2 n 2 i i / 2 > ( L 5 ) 

When fi3 = 0(Q*), the radical recombination 
term can be neglected in the main thin reaction 
zone, but not in the outer convective-diffusive 
zones, when solving the conservation equation for 
X. 

When fi3 is increased above Q$ to make the 
radical recombination of the same order as the 
radical production in the thin reaction zone, X 
becomes negligible outside the thin zone, and its 
variation inside is of the order of X itself. This 
corresponds to the merged flame regime, for 
which we can still neglect the radical production 
and recombination reactions in (la) and (lc), but 
both must be retained in thin reaction zone, when 
solving (lb). The merged flame regime corres­
ponds to values of fi3 such that 

pDxXf{^/d)2~Pb^{Ya/fi2) 

which together with (1.1) gives 

c f=^ f / r u~(/3 2"- 2 f i 1 / f i 2 ) 1 / 2~(5 i3 2 - 2 ) 1 / 2 (1.7) 

and the corresponding characteristic value fi^*, 

n * * = ( 3 2 - l + (2-,)„/2Qil-n/2Q2«/2) ( I g ) 

of fi3 in the merged flame regime. 
For values of fi3 > fi** we can use the steady 

state assumption for the radical to calculate X, or 
equivalently we can also neglect the radical 
diffusion term in the thin reaction zone. 

Notice also that (1.1) and (1.2) provide the 
following estimate for the flame burning rate sL = 
pDT/d, 

sL~(pi? r)
, / 2 l82- ( '+ 3 ) / 4Pb1 / 2(0,n2) , / 4 , d-9) 

in the slow recombination regime. Similarly (1.1) 
and (1.7) lead to the estimate 

SL-ipDry'ifo-i-'^p^iWi)1" (I-10) 

for the flame burning rate in the merged flame 
regimes. 

These estimates determine the flame speed aside 
from a factor of order unity, which depends on the 
Lewis numbers and on the ratio 03/fi*, in the 
recombination regime, or on the ratio fi3/fi^*, in 
the merged flame regime. This factor will be 
determined in the main text for fi3/Q* ~ 1, while 
in Appendix II we show how to calculate the 
corresponding factor for the merged regime, when 
fi3/fi3** ~ 1. 

Notice that the ratios of the frequency factors 
fi,, fi2 are very sensitively dependent on the flame 
temperature Tb, while fi3 is roughly independent 
of Tb, although growing faster with the pressure 
than fi, and fi2. For this reason, when we decrease 
the flame temperature, by diluting the reactant 
with an inert species, we go from the slow 
recombination regime to the merged regime, and 
finally, for large values of fi3/fi**, to the quasi-
steady state approximation for the radical X. 

The effects of radical production in the energy 
equation need only be taken into account for large 
values of Tb such that 

Pbfi,(ru//32)~ i32- ,
/ (>bfi2Xf/32-" (Lll) 

~pbQ3Yu(Xf/Yuy, (1.6) when due to the endothermicity of the radical 



dissociation reaction we find a slowing down of 
the flame velocity. The analysis of this regime is 
presented in Appendix III. 

APPENDIX II: THE MERGED FLAME 
REGIME 

We have indicated in Appendix I that for values of 
the flame temperature Tb, close to a "cross-over" 
value T**, such that fl3 = (2**, the recombination 
reaction is fast enough to be confined, like the 
radical and the other reactions, to a thin zone, of 
the order of d/02, on the hot side of the flame. The 
radical concentration is so small that the effects of 
the radical producing and recombining reactions 
can be neglected in the equations of conservation 
of energy and mass of the main reactant. 

Downstream of the thin reaction zone, we have 
equilibrium, associated with the approximations 
indicated above. Namely, for x > 0 

yL = cL = 6L-l=0. (II. 1) 

Upstream of the thin zone, for x < 0, we have 
chemically frozen flow, so that 

Q. = 0 yL=l-exp(xLY/d), 

6L = exp(x/d). (H.2) 

In the thin reaction zone, located around x = 0, 
where x$t/d = £ = O (I), the convective terms 
are of the order of l/j32, relative to the remaining 
terms, and can thus be neglected for large values 
of &. In addition, the Arrhenius exponent can be 
linearised around Tb, because (Tb - TL)/Tb is 
small, 0(RTb/E2), in the reaction zone. 

Then the equations that describe, in first ap­
proximation for 02 ^ 1» the temperature, and 
concentration profiles in the reaction zone take the 
form 

pDy~= -pDT
d^ = PbQ2cLyLeW-", 

dx2 

d2cL 

dx2 

(II-3) 

pDx~f= -pbSliye0<(e-» + pbüiCL", (II.4) 
dx2 

to be solved with the boundary conditions 

0x/d^oo: yL = cL = 8L-l=0 (11.5) 

and 

ftx/d- °°: cL=yL + xLY/d 

= 6L-\-x/d=0 (II.6) 

that result from the matching conditions with the 
outer solutions (II. 1) and (II.2). 

Notice that (II.3), (5), and (6) lead to the 
relation yL = (1 - 6L)LY, valid in the reaction 
zone. 

The inner problem (B.3) and (6) can be rewrit­
ten in a universal form, 

ulk = KXu"e-", (II.7) 

X^ = A(-ue-uEi/E2 + Kx"), (H.8) 

£-•00: « = x = 0, (II.9a) 

£ - • - 0 0 : M + £ = x = 0 (II.9b) 

in terms of the variables 

u = /3 2 ( l -0 ¿ ) , x = cJcLc, H=x(32/d, 

(11.10) 

where 

cLc = LyU-ViLx"
1h-i + "*(fllWi (11.11) 

turns out to be, as (1.3) indicates, the characteristic 
value of cL, in this regime. 

Two additional parameters appear in Eqs. 
(II.7HII.9): 

£ = Lx
H/2Lr-

1 + <1-'»'2Q3/a** (11.12) 

of order unity in the merged regime; and A, the 
flame speed eigenvalue, 

Á = Ki/n(l+nEl/E2)
, + ,,+ w"/2ri,+ Un. (11.13) 

The solution of the problem (II.7)-(II.9), need­
ing numerical integration, provides A, and hence 
the flame burning rate per unit flame surface sL, as 
a function of K, or, equivalently, of the flame 
temperature Th and pressure. 

It is important to indicate that the same relation, 
A(K), can be used when unsteady and wrinkling 
effects modify the outer transport zone, as long as 
they are not strong enough to affect the thin 
reaction zone. The only change required is to 
replace Tb in Eqs. (11.12) and (13) by the real 



flame temperature Tf just downstream of the thin 
reaction zone; Tf ^ Tb, as a consequence of the 
unsteady and wrinkling effects. 

We do not include in this paper the results of the 
numerical integration of (II.7)-(II.9), but we 
simply give the asymptotic form of the relation 
A(K) for large and small values of K. 

Namely, for large K, one obtains 

x ( 0 , 0 2 ) I / W / V Í / . 2 , (11.14) 

corresponding to Eq. (8) in the main text. It results 
from the quasi-steady state approximation for the 
radical 

KX" = u exp(- uEx/E2\ (II. 15) 

For K < 1 the flame structure is identical to that 
of the slow recombination regime. That is, we 
have a radical production zone, where the radical 
recombination term can be neglected and x ap­
proximated by a constant, and outer recombination 
zones, of thickness, in £, of the order ofK~~W2 > 
1. The analysis leeds to the relation 

A={8/? /6 2 («+l )} 1 / ( 2 + ")/(2r„)<"+1)/<" + 2», 

(11.16) 

where b = b(Ei/E2) is defined after Eq. (1 Id) of 
the main text, and r„ is the gamma function of 
argument v. 

APPENDIX HI: INCIPIENT THERMAL 
EFFECTS OF RADICAL PRODUCTION 

For values of Í),/Í22 = 5 = 0(1//32
1 + "), the 

thermal effects of the radical production, reaction 
can no longer be neglected. These moderately 
large values of 5 are obtained for large flame 
temperatures, and then the effects of the recombi­
nation reaction are negligible. 

When 6 = 0(1//32 '+") the radical concentration 
is large enough to lead to changes in the flame 
temperature of the order of RTbIE2. These 
produce changes by factors of order unity, in the 
flame burning rate sL and in the radical concentra­
tion Cfi, from the values sLo and cfLo, given by 

(19a) and (19b), calculated without the thermal 
effects of the radical dissociation. 

The analysis of this regime, of incipient thermal 
effects of dissociation, can be carried out in a way 
similar to that used for describing the effects of 
heat losses in flame propagation [19]. The first 
significant effect is a lowering of the flame 
temperature Tb; this can be calculated by combin­
ing Eqs. (la)-(lc) to eliminate the chemical 
production terms, and then integrating the result­
ing equation from - oo to oo. Thus we obtain 

Tf= Tu + Q2Y»/cp-(Q2-Ql)X; /c p , (III.l) 

or equivalently, 

Tt=n -(Q2-Qi)X;/cp. (III.2) 

Here Tf and X'f are the new flame temperature 
and flame value of the radical concentration. 

Notice that {Q2 — Q\) is positive, because the 
first reaction is endothermic. Then, the new flame 
temperature is lower than Tb, due to the thermal 
effect of the radical production. 

The structure of the thin reaction zone is not 
modified by the small dissociation effects and, 
therefore, the jump relations (lib) and (lid) are 
still valid if 

i. We replace Tb and the value of Xs appearing 
there by the new values Tf and X'f to be 
calculated below, 

ii. To calculate the new gradients of temperature 
and concentration just upstream of the thin 
reaction zone (they are zero downstream) we 
must introduce the factors a = SL/SLQ and m 
= sLX¡ /sLoXf to account for the effect of the 
change in flame velocity. 

The jump conditions (lib) and (lid) then lead 
to the relations 

a=Kl/2e-u/2t ( m . 3 b ) 

<JK = K~U2eu/2e-uEi/E2y (ffl.3c) 

where u = E2(Tb - T()/RTb
2 is given according 

to (III.2) by 

U = \K (III.4) 

and the parameter X, which characterizes this 



regime of incipient thermal effects of the radical 
dissociation, is defined by 

(III.S) 

Equations (111.3) and (111.4) determine the new 
flame speed, a, and radical concentration K, as 
well as the new flame temperature, u, as a function 
of A. For example, u is given by the equation 

and then 

sLIsLo=a=exp{ -(E\IE2 + 1)u/4}, 

X; 1Xr = K= exp{ - (E\/E2 -l)ul2}. 

(Ill. 6) 

(Ill. 7) 

(111.8) 

These relations show how a decreases with 
increasing values of A. Thus the effective activa­
tion energy, for the deflagration speed, changes 
again slightly in this regime. 
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