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The form of the ignition branch for steady, counterflow, hydrogen-oxygen diffusion flames, with dilution 
permitted in both streams, is investigated for two-step reduced chemistry by methods of bifurcation theory. 
Attention is restricted to fuel-stream temperatures less than or equal to the oxidizer-stream temperature 
Tx and to T„ larger than or of the order of the crossover temperature Tc at which the rates of production 
and consumption of H atoms are equal. Two types of solutions are identified, a frozen solution that always 
exists in this kinetic approximation because all rates are proportional to the concentration of the inter­
medíate H atom, and an ignited solution, represented by a branch of the curve giving the máximum H 
concentration in terms of a Damkohler number constructed from the strain rate and the rate of the 
branching step H + Os -• OH + O. For T„ > T„ the latter bifurcates from the frozen solution if the 
Damkohler number is increased to a critical valué. For T„ larger than a valué Ts > Tc, the effeets of 
chemical heat reléase are small, and ignition is always gradual in the sense that the limiting ignited-branch 
slope is positive (supercritical bifurcation) and there is no S curve. For T„ in the range Tc< T„ < T„ the 
heat reléase associated with the radical-consumption step causes the limiting ignition-branch slope to 
become negative (subcritical bifurcation), producing abrupt ignition which leads to an S curve. For valúes 
of Tx below crossover, the ignited branch appears as a C-shaped curve unconnected to the frozen solution. 
The method of analysis introduced here offers a first step toward analytical description of nonpremixed 
H2-02 autoignition. 

Introduction 

Because of interest in applications such as aero-
space propulsión, considerable attention has been 
given in the literature to the study of ignition of hy­
drogen-oxygen mixtures. Treviño [1] investigated ig­
nition in an isochoric, adiabatic, homogeneous reac­
tor and systematically reduced the well-known 
detailed reaction mechanism [2-5] to small numbers 
of global steps for different pressure and tempera-
ture regimes. He found that the ignition process is 
strongly dependent upon the initial temperature of 
the mixture. A relevant parameter in the description 
of H 2 - 0 2 ignition is the so-called crossover temper­
ature Tc, the temperature at which the rates of pro­
duction and consumption of H radicáis are equal. 
The two determinant reaction rates are those of the 

chain-branching reaction H + 0 2 -» O H + O and 
the chain-terminating reaction H + 0 2 + M -> H 0 2 

+ M. For initial temperatures on the order of Tc, 
Treviño [1] deduced a five-step mechanism, which 
can be further simplified by neglecting the initiation 
step H 2 + 0 2 ~* H 0 2 + H and assuming that the 
hydroperoxyl radical H 0 2 is in steady state [6,7], Re­
duced chemistry of as few as two steps has been pro-
posed for high-temperature ignition above crossover 
[8]. 

Autoignition in practical systems generally oceurs 
during mixing of cool hydrogen with a hot oxidizing 
gas, leading to the establishment of H 2 - 0 2 diffusion 
flames. In such nonpremixed environments, some 
details of the chemistry may differ from that in ho­
mogeneous systems because of complications asso­
ciated with H 2 diffusion into the 0 2 inert mixture. 
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FlG. 1. Ignition behaviors present in high-temperature 
ignition of H2-02 diffusion flames. 

ployed. A limiting temperature Ts > Tc that 
determines the criticality of the bifurcation will be 
identified. Above this temperature, the chemical heat 
reléase is negligibly small, and a progressive transi-
tion from frozen flow to the equilibrium diffusion-
flame solution takes place. We shall show that, for 
stream temperatures below Ts) the exothermicity as-
sociated with the radical recombination changes the 
character of the solution, and an S-shaped curve 
more typical of diffusion flames is reproduced. As Tc 

is approached, the strain rate at which ignition occurs 
decreases, becoming zero at crossover. If the initia­
tion step is neglected in the kinetic mechanism, no 
chain-branched autoignition is possible below cross­
over, and the ignited and frozen solutíons are 
unconnected. The ignition behavior shown in Fig. 1 
is in qualitative agreement with the numerical results 
available [8,9]. 

Whíle numerous investigations have been reported 
on H 2 - 0 2 ignition histories in homogeneous systems, 
only a few studies of ignition of H z - 0 2 diffusion 
flames are available [8,9], and they are purely nu­
merical" and are restricted to steady flows so that 
ignition times cannot be determined, although criti-
cal conditions needed for ignition to occur are ob-
tained. Except for one study [10] including model 
branched-chain kinetics for a premixed system 
exposed to a hot inert gas, previously published an-
alytical investigations of the ignition branch of the S 
curve have been restricted to one-step chemistry. 

The mam objective of the present paper is to apply 
the reduced kinetic mechanism derived by Treviño 
[1] to study the ignition of strained diffusion flames. 
Steady counterflow systems are addressed, following 
preliminary ideas developed [11] in considering co-
flow mixing layers. To simplify the analysis, an invis-
cid potential solution is adopted to describe the flow 
íield. Although the model retains the physical char-
acteristics of the problem, a more thorough descrip-
tion of the flow field is required if quantitative agree­
ment with numerical results is to be obtained. 

For high-temperature H 2 - 0 2 diffusion flames, Fig. 
1 summarizes the different shapes that the ignition 
curve may exhibit in a plot of the máximum radical 
concentration as a function of the inverse of the 
strain rate. For oxidizer-stream temperatures above 
Tc, the ignited branch bifurcates from the frozen so­
lution at a finite valué of the strain rate. The occur-
rence of ignition as a bifurcation as opposed to a 
smooth turning point as in conventional one-step as-
ymptotic analyses [12] is a consequence of the au-
tocatalytic character of the kinetic mechanism em-

"An exception is a recent study by activation-energy 
asymptotics (S. R. Lee and C. K. Law, Combust. Sci. Tech-
nol., to appear, 1994) that does not address bifurcation the-
ory. 

Kinetic Mechanism and Formulation 

The high-temperature ignition of H 2 - 0 2 mixtures 
can be described [1] by the reduced kinetic mecha­
nism H 2 + 0 2 -» H 0 2 + H, 3H 2 + 0 2 -• 2H + 
2 H 2 0 , H + 0 2 + M ->• H 0 2 + M, 2H 2 + H 0 2 -
2 H 2 0 + H, H 0 2 + H -> H 2 + 0 2 , where O and 
OH are assumed to be in steady state. Although the 
first of these five steps is important at early times 
during initiation, once trace amounts of radicáis are 
present, its influence becomes negligible, and we ne-
glect it here. A steady state for hydroperoxyl is an 
excellent approximation [6-8], and since this radical 
appears in four of the five steps, its steady state re­
duces the chemistry to a two-step mechanism. If ( a - 1 

— 1) denotes the ratio of the rate of the elementary 
step H 0 2 + H -> OH + OH to that of the step H 0 2 

+ H -* H 2 + 0 2 , then this two-step mechanism is 

3H 2 + O , -> 211 + 2 H 2 0 (I) 

(2 - 3a)H2 + 

(1 - 0t)O2 + 2aH -»• 2(1 - a ) H 2 0 (II) 

with rates given, respectively, by those of the ele­
mentary reactions H + 0 2 ~* OH + O and H + 0 2 

+ M -* H 0 2 + M. The specific reaction-rate con-
stants for these two elementary reactions will be de-
noted by ki and k2, respectively. This same two-step 
description has been employed in a recent analysis 
of the premixed H2-air fíame [13] and elsewhere [6], 
From the latest data available [8], it can be shown 
that a — 1/6 over the temperature range of interest. 
Thus, only a small fraction of the H 0 2 produced is 
consumed by H O a + H -» H 2 + 0 2 , partially atten-
uating, therefore, the chain-terminating effect of re-
action II. The ove rail step I is weakly exothermic, its 
heat of reaction being roughly an order of magnitude 
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smaller than that corresponding to II. For valúes of 
the mixture temperature sufficiently above Tc, pro-
duction of H0 2 can be neglected entirely, and the 
kinetic mechanism reduces to the overall step I. The 
ignition process is then a typical chain-branching ex­
plosión with a fairly small heat reléase effect. As the 
temperature of the streams approaches Tc, step II 
gains importance. The ignition is still characterized 
as a chain-branching explosión, but now the exo-
thermicity of II as well as its chain-terminating effect 
play an increasingly important role in the ignition 
process. Both behaviors will be analyzed in this pa-
per. 

Attention will be restricted to stagnation-point 
counterflow of H2 and 02 , dilution with an inert be-
ing permitted in both feed streams. We shall assume, 
for the sake of simplicity, that the strain rate, density, 
specific heat, and transport coefficients are constant; 
these assumptions are readily removed through suit-
able well-known transformations. The equations that 
describe the now are then given by 

d£ oí 
y] yozVH (!) 

rtyoi +
 LH 32!/02 s4expO?!0) 

+ (1 - a)y/a] y0¿jn (2) 
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+ quy/a] ¡/oá/H (3) 

and 

C % + ^ % = 34exp(̂ ) 

+ (2 - 3a)y/(3a)] yQ2yH 
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YH2 
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Wfl! YH 2_ 

WH2 YO2=0 

exp(A)a 
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 y Ax ROTU+m-ns)-

The boundary conditions for the above equations 
are Í/H ~~> 0, yll2 -> 1, t/0¡, -* 0, and 8 -> 0_x = 
(T_, - T„)/T„ as C - ~°° and yH -> 0, yK¡¡ - 0, 
y02 -» 1, and 9 -• 0 as £ ~> + °°. 

Here ;/ is the transverse coordínate with origin at 
the dividing fluid surface, T is the temperature, and 
YH, YH2, and Y02 are the mass fractions of atomic 
hydrogen, molecular hydrogen, and oxygen, whose 
Lewis numbers are denoted by LH, LH¡¡, and LQ2. 
Hydrogen is approaching from — °o with mass frac-
tion YH2_„ and temperature T_m while the oxidizer 
flows from + °°, where the oxygen mass fraction is 
YO2=0 and the temperature is T«,. The thermal diffu-
sivity of the mixture is given by D = Á/(pc„), where 
X is the thermal conductivity, p is the fluid density, 
and cp is the specific heat at constant pressure, all 
taken to be constant. The reaction-rate constant, fcx 

= AiP11 exp( — Ei/R°T), has been approximated by 
ki = Bx exp(—/?x) exp([¡i0), where Bl is a new fre-
quency factor given by B\ = A{T^1 and /?] is the 
nondimensional activation temperature fií = 
Ei/(R0TJ). The variation of k2CM with temperature 
has been neglected, so that k2CM = A2T™ P/(R°TJ), 
CM being the efficiency-weighted sum of third-body 
concentrations. Updated valúes of the reaction-rate 
constants in mol/cm3, s_1, K, and cal/mol are [8] Ax 

= 3.52 X 1016, A2 = 6.76 X 1019, E1 = 17,070, nx 

= —0.7, and n2 — —1.42. The Ws are molecular 
weights, A is the constant strain rate, P is the uniform 
pressure across the mixing layer, and q¡ is the heat 
reléase associated with overall step i. Six parameters 
appear in the equations, namely, A, s, 8_x, y, qh and 
qlh besides the constant a, the Lewis numbers, and 
the activation-energyparameter/?!. Here A is an ap-
propriate nondimensional. Damkóhler number, s is 
an oxygen-to-fuel mass ratio corresponding to the ap­
proaching streams, 6_a> accounts for the temperature 
difference between the streams, y is the ratio of con-
sumption to production rates of H radicáis by the two 
competing reactions evaluated at T = T„, and qi and 
qa are the nondimensional heats of reaction associ­
ated with each global step. The use of T„ as the rel-
evant characteristic temperature is dictated later by 
the location of the reaction región. 

The problem defined by Eqs. (1) through (4) ad-
mits two types of solutions. The first corresponds to 
the trivial solution yH = 0, yQ2 = y02j, 6 = 9f, yH2 

= yil2f, where y02j, 9f, and í/H2y, are the frozen pro-
files corresponding to y0l, 6, and !/H2, respectively. 
These solutions, which exist for all valúes of A, are 
given by 

yo2f 1 - - erfc(C/V2LH) 

• erfc(C/72LH), ym = - e r f c ^ ) . 

(5) (6) 
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For A sufficíently large, another solutíon exists as 
well. Before studying this ignited solution, further 
constraints, arising from the physics of the problem, 
must be identified. 

A first constraint is that the solution must give pos-
itive valúes of f/H everywhere in the mixing layer. This 
imposes an upper limit to the range of A for which 
a solution can be found for a given valué of yH, 
termed í/Hmax- A second constraint is that j / H 2 must be 
positive for the validity of the two-step kinetic 
scheme. As a consequence of the reduced mecha-
nism adopted, y^2 does not appear in the chemical 
production terms on the right-hand sides of Eqs. (1) 
through (4). Therefore, Eqs. (1) through (3) can be 
solved separately, and yH2 can be obtained afterward 
from Eq. (4). When yH2 is calculated in this way, it 
is found that there exists a valué of f, termed C,¿, such 
that yH¡, < 0 for ( > f¿; Q decreases with increasing 
í/Hmax. To avoid negative !/H2, the chemical-reaction 
model must be modified at sufficiently large C to ac-
count for H2 depletion. The kinetic mechanism 
adopted holds only for valúes of f such that the re-
sultant mixture is not too fuel lean, and for large val­
úes of C, where ¡/H2 is very small, this mechanism fails 
and should be replaced by an alternative developed 
by Treviño and Liñán [11] for lean mixtures. The 
revised formulation would result in a profile of H2 

smoothly decaying to zero as f increases. The ap-
proach employed here is simpler in that we assume 
that the kinetic mechanism for lean and stoichio-
metric mixtures holds as long as i/H2 > 0, and for 
valúes of £ larger than the depletion point f¿, the 
chemical reaction is completely frozen. This approx-
imation is motivated by the low rate of the alternative 
path, controlled by O + H2 -* OH + H, in the 
región f > C,¿, where the concentrations of both H2 

and the radicáis are very small. The freezing of the 
reaction can be introduced formally into Eqs. (1) 
through (4) by multiplying the chemical production 
term by a Heaviside function H(£ — £¿). The prob­
lem defined in this form with the boundary condi-
tions previously stated has a unique nontrivial solu­
tion for a given valué of the depletion point Cd-

Linear and Weakly Nonlinear Analysis 
for T„ > Tr 

admits two different types of solutions, whose be-
haviors as f -> °° are given by f[4i->0-i] exp( —f2/2) 
and £-4i-7); respectively. For valúes of ( beyond the 
depletion point, the solution to Eq. (1) is propor-
tional to erfc(¿7\/2). Matching of the valúes of the 
frozen and nonfrozen solutions and their slopes at f 
= Q reveáis that solutions with algébrate decay are 
not admissible for f < Q. Therefore, to find the so­
lution for the ignited branch for small valúes of 
t/Hma,' w e c a n ignore Eq. (4) and replace the Heavi­
side function on the right-hand side of Eqs. (1) 
through (3) by the requirements of exponential decay 
of t/H as £ -* °° and Í/H -> 0 throughout the mixing 
layer. It is worth observing that use of this modifi-
cation causes the solution in the vicinity of the 
bifurcation point to be independent of the H2 dif-
fusion coefficient; i.e., the results are independent of 
the valué of LH„. 

For valúes of ¡/Hraax = £ < < 1, we can introduce 
the asymptotic expansions 

A = <Mo + es<£i<Mi, 

</H = a/Ho + E2s4>i4>2ym 

«/oa = !/o2/ - £s4>i<feyo2o, 

9 = e<fo(<7i + qiifla) % i"') 

where ^ = (1 — y) -1, </>2 = [1 + (1 — a)y/a], and 
í/oa/ís given by Eq. (6). Here f/H0 is scaled so that its 
máximum valué is unity. Introducing the above ex­
pansions into Eqs. (1) through (3) and collecting 
terms with the same power of e, we obtain the equa-
tions 

and 

r fyHO , A H ( ) 
^ d( di? 

r di/oso ^2!/o2o 
C d( + L H 3C2 

^ d£ d? 

~ Aoyo2fym (8) 

~ ^O!/O2/!/HO (9) 

-AoyotfVm 

+ A0[l - Oyo.2f]yO20ym - ^xt/oa/J/HO (10) 

The valué of the critica! Damkohler number for 
ignition of the autocatalytic reaction, Ac, as well as 
the slope of the bifurcated ignited branch, can be 
obtained by solving the linearized versión of Eqs. (1) 
through (3) and the equations for the second pertur-
bation. We consider first the problem in which both 
streams have the same temperature, 6_x = 0, and 
assume that L02 = 1. Since near the bifurcation 
point í/Hmax <<:- 1 and depletion of H2 occurs far from 
the stagnation plañe, a further simplification can be 
introduced. For large valúes of C and £ < Q, Eq. (1) 

with boundary conditions that Í/HO, yo20, and ym ap-
proach zero as £ -» ±°°. The equation that deter­
mines 0O is simply #o = Í/O20- The form of the ex­
pansions in Eq. (7) is such that the only parameters 
left in Eqs. (8) through (10) are LH and ü = fl^ 
+ quy/a)<l>i/(s4>2). 

Critical Damkohler Number for Ignition: 

For a given valué of the Lewis number of the fuel, 
Eq. (8) with the stated boundary and nonnegativity 
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FlG. 2. Variation of the critical Damkohier number, 
slope of the bifurcation, and eriticality condition parameter 
with the Lewis number of hydrogen. 

conditions represents an eigenvalue problem and has 
a nontrivial solution for only one valué of A0. The 
results obtained for different valúes of LH are shown 
in Fig. 2. The critical Damkohier number for ignition 
is then given by Ac = AQ/(1 ~ y). Tounderstandthe 
significance of this result, one must recall that the 
Damkohier number A is constructed from the strain 
rate and the rate of the branching step H + 0 2 -• 
OH + O, while y, > 1 for T„ < Tc, is the ratio of 
the rate of radical consumption to that of radical pro­
duction. Therefore, the quantity (1 — y)Ac, a con-
stant of order unity for a given valué of LH, repre­
sents the ratio of the characteristic strain time to the 
characteristic chemical time of the two-step kinetic 
mechanism necessary for ignition to occur. As T« ap-
proaches Tc, the chain-terminating character of step 
II causes the valué of y to increase, which corre-
sponds to an increment of the characteristic chemical 
time of radical production. Therefore, the lower the 
temperature is, the lower is the valué of the critical 
strain rate at ignition. A chain-branching explosión is 
no longer possible for Tx below the crossover tem­
perature at which y = l , and the critical Damkohier 
number becomes infinite. For T„ < Tc, the frozen 
and ignited branches are unconnected, and the latter 
becomes a C-shaped curve standing above tjuma!í — 
0. Connection between both branches can be recov-
ered if the initiation step H2 + Oa -» H 0 2 + H is 
retained in the kinetic scheme. For sufficiently large 
valúes of the Damkohier number, the characteristic 
residence time A - 1 becomes a large quantity of the 
order of the chemical time associated with the initi­
ation step, and production of H radicáis by this step 
is no longer negligible. Ignition in this case is gov-
erned by this step that provides a smooth connecting 
branch between the frozen and ignited curves. For 
even lower temperatures, ignition occurs as a ther-

mal-runaway process governed by a different kinetic 
mechanism [1,7]. 

Bifurcation Character: 

The parameter Ai, which gives the slope of the 
bifurcated branch, can be obtained by integrating 
Eq. (10) or by using the solvability condition 

J _ </HO [^o«/o2o(l - %o2/) 

- Aiyo2f] exp(C2/2) d( = 0 (11) 

which can be solved for Ai to give z^ = (1 — 
Í2/Qs)(A 1)0, where 

I ?/O2O?/HO exp(C2/2)dC 

O, = - p 1 (12) 
J_oo «/Oafí/OaOyHO exp(C2/2)¿C 

and 

J_ </o2o </HO exp(C2/2)áf 

Mi)o = JT 4> (13) 
I !/o2/!/Hoexp(C2/2)áC 

The results of these integrations for different valúes 
of the Lewis number of the fuel are shown in Fig. 2. 

The eriticality of the bifurcation is governed by the 
parameter Q that measures the counteracting effeets 
of oxygen consumption and temperature increase re-
sulting from heat reléase. The behavior of the igni­
tion branch can be explained by considering the 
right-hand side of Eq. (1). When Q is larger than Qs, 
the effect of temperature rise dominates the ignition 
process through the exponential term exp^f?), caus-
ing the Damkohier number to decrease as í/Hmax

 m _ 

creases, resulting in a subcritical bifurcation. On the 
other hand, for small valúes of Í3, corresponding to 
large T„ and small Y02o¡, the effect of oxygen con­
sumption takes over, giving an overall decreasing 
[expi/i^) — y]yo2 term. To balance this effect, as 
¡/Hmax increases A must increase, and the bifurcated 
branch becomes supercritical. 

The equation Q = Qs determines a limiting tem­
perature Ts that clearly separates abrupt ignition be-
haviors from smooth transitions to the diffusion-
flame solution. For valúes of T„ far above the 
crossover temperature, y becomes negligibly small, 
and Q reduces to fíiqi/s. Numerical evaluation of this 
expression reveáis that the heat reléase associated 
with step I is too small to change the character of the 
bifurcation, so that it remains supercritical as long as 
the production of H 0 2 is negligible. Since qu/a » 
qi, as T„ decreases the valué of Q increases signiñ-
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cantly, and a subcritical character is achieved some-
what above crossover, i.e., Ts > Tc. The curves char-
acterizing the ignition behavior sketched in Fig. 1 can 
be plotted for a given valué of Y02aj by using the equa-
tions 7 = 1 and Q = Qs. Typically, as P varíes from 
10" l to 102 atm, Tc varíes from 800 to 1400 K, and 
T¡¡ — Tc remains about 200 K, as may be obtained 
more accurately by the defmition of A. 

Effect of Different Temperatures: 

To study the effect of different temperatures of 
the approaching streams on the valúes of Ac and A\, 
it is convenient to consider first the physically rele-
vant limiting case L H < < 1. We show below that, 
with the inviscid potential solution adopted for the 
flow field, the shape and location of the bifurcated 
branch in this case are independent of the fuel 
stream temperature. Taking the limit L H -» 0 in Eq. 
(6) yields the asymptotic frozen profiles y02r = 0, Ot 
= 0„ for C < 0, and y02 = 1, 6f = 0 for f > 0. The 
shape of these functions agrees with the fact that the 
transverse coordínate of the mixing layer, f, has been 
nondimensionahzed with the characteristic diffusion 
length corresponding to H. In the limit L H -> 0, the 
hydrogen diffusivity is much larger than the oxygen 
and thermal diffusivities. Therefore, diffusion of 0 2 

and heat conduction take place in a thín layer located 
around { = 0. The oxidizer is unable to reach the 
fuel side of the mixing layer. The reaction is frozen 
for C < 0 because of the absence of oxygen. The 
valúes of Ac and A1 are, therefore, only determined 
by what occurs on the oxidizer side of the mixing 
layer and become independent of the temperature 
of the fuel stream. At this point, it becomes clear that 
Tn is the most relevant temperature for the ignition 
problem and is properly selected to nondimension-
alize the equations. The analysis above indicates that, 
when the temperatures of the approaching streams 
are different, Fig. 2 still gives the critical Damkóhler 
number for ignition of the autocatalytic reaction and 
the slope of the bifurcated branch, provided L H 

« 1. 

To study departures from this result, we consider 
the case T„ > > Tc, i.e., y « 1, so that Ac = A0 and 
the effect of T_„ < Tx reduces to the appearance of 
an additional factor expí/^ft-) multiplying the right-
hand side of Eqs. (8) through (10). Figure 3 shows 
the ratío AJ{AC)0, in which (Ac)0 is the valué of Ac 

corresponding to 0_x = 0. As can be seen from this 
graph, although Fig. 2 loses accuracy as L H increases, 
it still gives a reasonably good approximation for the 
critical Damkóhler number for ignition. 

Solution for Small LH.-

In the limit L H < < 1, Eq. (8), modified to account 
for different stream temperatures, can be solved in 
the case T„ > > Tc to determine Ac as an asymptotic 

FIG. 3. Effect of the fuel stream temperature on the 
critical Damkóhler number. 

expansión in the small parameter V L ^ °f the form 
Ac = Aa + V E H ^ I + L H /1 2 + . . . . In this limit, 
the solution can be found by dividing the flow field 
into three distinct layers, two outer layers on the fuel 
and oxidizer sides with characteristic nondimensional 
length of order unity and an inner layer, located 
around f = 0, with characteristic nondimensional 
length of order \ / L H - Equation (8) must be solved 
separately in those three layers, and the valué of Ac 

can then be found by matching the different solu­
tions. Let i/i, ijr, and y¡ denote the valué of ¡/H0 in the 
left outer, right outer, and inner layer, respectively. 
If one neglects exponentially small terms in Eq. (8), 
the solutions in the outer layers can be shown to be 
yi = 2[1 - 1/2 erfc(C/V5)] and yr = C exp(-C2 /4) 
(7(1/2 — Ac, 0, where U is the Whittaker's function 
as defined in Ref. 14. In deriving these expressions, 
the boundary conditions of Eq. (8) have been used, 
and the arbitrary valué of y¡ at £ = 0 has been chosen 
to be unity. The valué of the constant C must be 
determined from the matching conditions with the 
inner layer as an expansión in the small parameter 

To describe this inner layer, a stretched coordínate 
¿yVLjj must be introduced, and the valué of Í/¡ has 
to be expanded in the form y¡ = (í/¡)0 + \/T^l(yi)l 

+ . . . . This kind of formulación results in a set of 
equations for the inner layer that must be solved or­
der by order by matching with the solutions for the 
outer layers given above. Solution to the first three 
orders provides expressions for A0 and Ai, which can 
be shown to be 

A/TC = 
\2 2. 

^ 1 
(14) 
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A = VZñA0 

' ~ Ki - í M > - f) 
í"4°4Ui!'e<)'" (i5) 

where r and V are, respectively, the gamma and 
digamma functions and F is defined as F(xi, x2) = 1 
+ (x i — 1) e x p í x ^ ) — %i exp[(l — x ^ x j . It can be 
shown that the only valué of A0 that is a solution of 
Eq. (14) and also satisfies the additional constraint 
1/(1/2 — At:, 0 > 0 is given approximately by A0 = 
1.4251. Comparison of the two-term asymptotic ex­
pansión for Ac with the result obtained by numerical 
integration is shown in Fig. 3 for the case L H = 0.1. 
As can be seen, retaining two terms in the expansión 
suffices to give a good approximation in this case. 

The valué of A\ becomes zero when the two ap-
proaching streams have the same temperature. In 
that case, the analysis, which is valid for y ¥^ 0, must 
be carried to a higher order if the effect of L H 7a 0 
is to be taken into account. The next two terms in 
the expansión for zf0 were found to be A2 = 2 
A(/[Y(l/2 - AQ/2) - «F(l - Ag/2)] = 0.3866 and 
A3= - (V2~/3)A0A2 = - 0.2597. The expansión A0 

= A0 + L r lvl2 + L H 5 ^ 3 gives the valué of A0 for 
equal stream temperatures within 1% accuracy for 
valúes of L H as large as 0.45. 

Nonlinear Analysis of a Simplifíed Model 

Although a simple weakly nonlinear analysis suf­
fices to determine the dependence of the shape of 
the ignited branch on the different parameters pre-
sent in the problem, calculation of the solution away 
from the bifurcation point involves numerical inte­
gration of a four-equation boundary-value problem. 
A significant simplifícation is obtained if we restrict 
our attention to the case T„ > > Tc, i.e., y < < 1, and 
also assume that the Lewis numbers of all species 
present in the mixture are unity. This assumption is 
clearly inaccurate for hydrogen, whose diffusivity is 
much higher than that of heat or oxygen. Therefore, 
the results presented below are not intended to be 
accurate but rather qualitatively correct. The results 
would also be quantitatively correct if the chain-
branching species were O or OH instead of H. 

In this case, the problem reduces to that of solving 
the differential equation 

- A expifi^/i exp(yS1</IyH)()/o2/ ~ sl/ii) HH (16) 

subject to yH(-°°) = 0, yH(U = 1/6 erfciQ/y/Z) 
and dyH/dC(Cd) = - (1/6) V27S exp( - Q 12). In de-

riving Eq. (16), the boundary condítions of Eqs. (1) 
through (3) have been used to intégrate linear com-
binations of Eqs. (1) and (2) and of Eqs. (1) and (3), 
respectively. A similar linear combination of Eqs. (1) 
and (4) was integrated to obtain yH,2 + 3yH = 1/2 
erfc(f / \ /2) , which was used when determining the 
boundary conditions at C = Cd- The ignited solutions 
of this problem were obtained by numerical 
integration using a simple shooting method." For a 
given valué of Cd, integration of the equation starting 
from f = Cd determines a unique valué of A for 
which the solution is positive everywhere and also 
satisfies the boundary condition at — °°. Different so­
lutions obtained for increasing valúes of the param-
eter Q = Piq\ls are shown in Fig. 4. The bifurcated 
branch becomes subcritical when the valué of Q ex-
ceeds the Qs predicted by the weakly nonlinear anal­
ysis. Away from the bifurcation point, the consump-
tion of 0 2 eventually takes over, and the subcritical 
bifurcated branches turn around, beginning to re­
produce the S-shaped curve typical of diffusion 
llames. 

The asymptotic valué approached by the bifur­
cated branch for large valúes of A was also deter-
mined. Since the model employed accounts for H 2 

depletion, the limit A -* °° consistently gives the 
flame-sheet approximation. In the limit A -* °°, H 2 

and 0 2 do not coexist, and the chemical reaction is 
confined in an infinitesimally thin layer located at £ 
= Cd- The location of the fíame is obtained from the 

jump condition at the fíame sheet, 

"We can anticípate the results of the numerical integra­
tion of Eq. (16) by using a simple lumped approximation 
for the equation. In this approximation, attention is re-
stricted to the reaction región, where y¡¡ ~ yHm. The dif­
ferential operator on the left-hand side of the equation, 
which represents the loss of radicáis by diffusion, is re-
placed by the term — at/Hm„. with a of order unity, and the 
functions t/OSjf and expifíflj) by their valúes in the reaction 
región, y'0íf and exp(/?,6^), both quantities of order unity. 
With these approximations, Eq. (16) reduces to the simple 
algébrale equation 

aVn^ = A exp(fi¡8}) exp(fi,q,yHnJ (y¿2/ - syHmJ y„,m. 

This equation admits two different solutions, ytíma = 0 and 
A = «[</¿!/exp(/?10;)]-1exp(/?1í7If/H,„J[1 ~ (« / ^« /H™»]" 1 . 
corresponding to the frozen and ignited solutions, respec­
tively. Some characteristics of the ignited branch that ap-
pear in the numerical results are summarized here. The 
ignited branch departs from the frozen one at a critical 
valué of the Damkohler number of order unity given by 
[y'o.f ey-Y>(¡}íB'f)\~la. By linearizing the expression for the 
ignited branch for small valúes of i/H„„> it can be seen that 
the bifurcation is supercritical as long as ¡iyqjs < [y'o^]"1, 
again a quantity of order unity. Away from the bifurcation 
point, the ignited branch evolves so that the Damkohler 
number becomes infinite as í/Hmi approaches a valué of or­
der s"1. 
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, fyn <fyo2 

di . 

ú 
= 0 (17) 

which can be used to find the asymptotic valúes of 
C¡ and yHmai, 

Cd = V 2 erfc^ 
6 

+ 3 
!/H„ 

s + 3 

(18) 

was found for Tx > Ts to be supercritical. This cor-
responds to a smooth transition from a frozen solu­
tion to a diffusion fíame as the Damkohler number 
increases. This lack of abrupt ignition for Tx > Ts was 
also observed in the numerical solutions [8,9]. The 
large heat reléase associated with the recombination 
changes the character of the bifurcation to subcritical 
when T„ = Ts, and an abrupt type of ignition is ob-
tained below this temperature. 

Because of the chain-terminating effect of the 
principal heat-release step, the valué of Ac increases 
significantly as T„ approaches Tc, in qualitative agree-
ment with results of previous numerical studies [8,9]. 
At crossover, Ac becomes infinite; i.e., the critical 
strain rate becomes zero, and below this tempera-
ture, the solution consists of a C-shaped curve un-
connected to the frozen solution. 

Although the kinetic model employed qualitatively 
reproduces the numerical results shown in previous 
studies [8,9], further quantitative comparisons with 
numerical and experimental work are required to test 
the parametric results presented here. In addition, 
further analytical study must be given to conditions 
with 71 < < Tc, where a thermal-explosion character 
is anticipated, before simple results can be presented 
that can be used widely in engíneering practice. 
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Discussion and Conclusions 

We have seen how the chain-branching process 
producing hydrogen atoms controls the high-tem-
perature ignition in strained mixing layers of hydro­
gen and air. The resultant chain-branching process 
can be descríbed by a two-step reduced kinetic 
mechanism. It was shown that, in the limit L H -» 0, 
the ignition process becomes independent of the 
fuel-stream temperature and is mainly controlled by 
the oxidizer-stream temperature. Small changes to 
this result are expected if a more exact description of 
the flow field is implemented in the analysis. 

Because of the particular kinetic mechanism that 
controls the process, ignition does not take place as 
a smooth turning point, and three distinctive behav-
iors were identified. For valúes of Tx above crossover, 
the solution consists of a bifurcated branch departing 
from the frozen solution at a critical valué of the 
Damkohler number, Ac. From a linear analysis, Ac 

was found as the solution for the eigenvalue in an 
eigenvalue problem. Also, the slope of the ignition 
branch in the vicinity of the bifurcation point was 
calculated as part of the solution, and a limiting tem­
perature T, was obtained. The bifurcated solution 

REFERENCES 

1. Treviño, C , Progress in Astronautics and Aeronautics, 
AIAA Inc., New York, 1991, Vol. 131, pp. 19-43. 

2. Baulch, D. L., Drysdale, D. D., Horne, D. G„ and 
Lloyd, A. C., Evaluated Kinetic Data for High Tem­
perature Reactions, Butterworths, London, 1972, 
Vol. 1. 

3. Dixon-Lewis, G., and Williams, D. J., in Comprehen-
sive Chemical Kinetics (C. H. Bamford and C. F. H., 
Tipper Eds.), Elsevier, Oxford, UK, 1977, Vol. 17, pp. 
109-144. 

4. Warnatz, J., in Combustión Chemistry (W. C. Gardi-
ner, Ed.), Springer, New York, 1984, pp. 197-360. 

5. Baulch, D. L., Cobos, C. J., Cox, R. A., Esser, C., 
Frank, P., Just, Th„ Kerr, J. A., Philling, M J., Troe, 
J., Walker, R. W., and Warnatz, ].,]. Phys. Chem, Ref. 
Data 21:411-736 (1992). 

6. Clavin, P., Prog. Energy Comhust. Sci. 11:51 (1985). 
7. Treviño, C., and Méndez, F., Comhust. Sci. Technol. 

78:197-216 (1991). 
8. Balakrishnan, G., Smooke, M. D., and Williams, F. A., 

"A Numerical Investigation of Extinction and Ignition 
Limils in Laminar Nonpremixed Counterflowing Hy-



A BIFURCATION ANALYSIS OF H2-02IGNITION 1537 

drogen-Air Streams for Both Elementary and Reduced 
Chemistry," unpublished, 1993. 

9. Darabiha, N., and Candel, S., Combust. Sci. Technol. 
86:67-85 (1993). 

10. Niioka, T., Combust. Fíame 76:143-149 (1988). 
11. Treviño, C , and Liñán, A., "High Temperature Igni-

tion of Hydrogen in Mixing Layers," paper presented 
at the International Colloquium on Dynamics of Ex-

plosions and Reactive Systems in Coimbra, Portugal, 
August 1-4, 1993. 

12. Liñán, A., Acta Astronaut. 1:1007-1039 (1974). 
13. Seshadri, K., Peters, N., and Williams, F. A., Combust. 

Fíame 96:407^127 (1994). 
14. Abramowitz, M., and Stegun, A., Handbook of Math-

ematical Functions, Dover, New York, 1965, pp. 686-
689. 


