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Abstract

In the author’s paper “Coupling and Mixing Times in Markov Chains” (RLIMS, 11, 1-
22, 2007) it was shown that it is very difficult to find explicit expressions for the
expected time to coupling in a general Markov chain. In this paper simple upper and
lower bounds are given for the expected time to coupling in a discrete time finite
Markov chain. Extensions to the bounds under additional restrictive conditions are also
given with detailed comparisons provided for two and three state chains.

1. Introduction

In [2] the derivation of the expected time to coupling in a Markov chain and its relation
to the expected time to mixing (as introduced in [3], see also [1], [6])) was explored and
the two-state cases and three-state cases were examined in detail.

Considerable difficulty was experienced in attempting to obtain closed form
expressions for the expected coupling times. The main thrust of this paper is to explore
the derivation of easily computable upper and lower bounds on these expectations.

In Section 2 we summarise the main results on coupling. In Section 3 we derive some
new bounds and in Section 4 we compare these bounds with special cases considered in

[2].

2. Coupling times

Let P = [p;] be the transition matrix of a finite irreducible, discrete time Markov chain
{X,}, (n=0), with state space S = {1, 2,..., m}. Such Markov chains have a unique
stationary distribution {7}, (1 <j < m), that, in the case of a regular (finite, irreducible
and aperiodic) chain, is also the limiting distribution of the Markov chain ([5, Theorem
7.1.2]). Let #' = (&, 7, ... ,7, ) be the stationary probability vector of the Markov
chain.

Coupling of Markov chains can be described as follows. Start a Markov chain {Y,},
with the same transition matrix P and state space S as for {X,}, operating under
stationary conditions, so that the initial probability distribution for Y, is the stationary
distribution {7;}. Start the Markov chain {X,} in an initial state i and allow each
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Markov chain to evolve, independently, until time 7" = n when both chains {X,} and
{Y,} reach the same state for the first time at this n-th trial. We call this the “coupling
time” since after time 7 each chain is coupled and evolves identically as the {Y,}
Markov chain, with each chain having the same distribution at each subsequent trial, the
stationary distribution {7}

Z,=(X,Y,), (n=0),is a (two-dimensional) Markov chain with state space S X S. The
chain is an absorbing chain with absorbing (coupling) states C = {(i, i), 1 =i <m} and
transient states T = {(i, j), i #j, | <i <m, 1 <j <m}. The transition probabilities, prior

to coupling, are given by P{Z,,, = (k, ) | Z,= (i, j) } = py p;, (see [2]). Once coupling
occurs attime 7' =n, X,,, = Y,,, forall k=0.

If Z, € C, coupling of the two Markov chains is instantaneous and the coupling time 7" =
0. Define T}, to be the first passage time from state (i, j) to state ( k, ). The time to
coupling in state k, starting in state (i, j), (i # j), is the first passage time T}, to the
absorbing state (k, k). Let T be the first passage time from (i ,j), (i # j) to the
absorbing (coupling) states C. Define T, =0, (1 <i <m), consistent with the coupling

L

occurring instantaneously if X, = ¥, (in state 7).

Under the assumption that the embedded Markov chains, X, and Y,, are irreducible and

n’

aperiodic (i.e regular) the transition matrix for the two dimensional Markov chain can
be represented in the canonical form for an absorbing Markov chain, as

I 0
P= ,
R 0
where [ is an mxm identity matrix, Q is an m(m — 1)Xm(m — 1) matrix governing the
transition probabilities within the transient states T, and R is an m(m — 1)xm matrix

governing the transition probabilities from the transient states 7" to the absorbing

(coupling) states C.

Note that if the Markov chains, X, and Y, are periodic (period m) then mixing either
occurs initially or never occurs! We restrict attention to embedded regular chains.

In [2] it was shown that, with probability one, starting in state (7, j), coupling will occur

in finite time. Let Kfjc) = EI[T.

© =

;.c] be the expected time to coupling starting in state X, =
i, Y, =j, and let k'“ = (") be the column vector (of dimension m(m — 1)x1) of the

expected times to coupling. Then all the expected values are finite and, [2],
K9 =1-0)"e. 2.1)
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Since the states of the Markov chain {Y,} have at each trial the stationary distribution,
and since coupling occurs initially if i = j with T}, .= 0, the expected time to coupling
starting in state i, (1 <i <m) is

TC,i = Z n-jE[T;'j,C] = Zj;:iﬂj’(l'(jC)' (22)

j=1

©) K.(C) K.(C) (€) (C)

T _ T _ ©)
Let k) = (Kpy seees Ky oKy )y ey Ky = (K5 K0 K

ii+10°c"

C
KN, ...,

T T

(© ...k ), and re-express K as k' = (K| ,..., K, ..., K. ).

ml 22" m,m—1

kK =

- T T o .
Define p' =7x'[e,.e,,....e, e, ,....e, 1= (T,,.... T, |, 7, ,,,..,), amodification of "

i+l
to yield a vector of dimension 1x (m -1) (with 7, removed at the i-th position from 7').
Forl<i<m,

Tei= piTKi .

From (2.1) observe that k¥ can be obtained by solving the set of linear equations
(I-0)x' =e. (2.3)

The Q-matrix is of dimension m(m — 1) X m(m — 1) and governs the transitions within
the m(m — 1) transient states. This matrix contains some symmetry. The sub-matrix of
one-step transition probabilities governing transitions between the states (i, j) and (j, i)
(i #j) has the structure

@y (.0
G, )| PPy PyPj
GsD| Pipy PyPi |

The transition probabilities from (i, j) to the other transient states have some
symmetrical reciprocity, i.e. for i # j and r # s,

P[(Xn+l’Yn+l) = (7', S) I (Xn’Yn) = (l’ ])] :pirpjs = P[(Xn+l’Yn+l) = (S’ 7") I (XmYn) = (J’ l)]

The one step transition to any coupling state (k, k) has the same probability from either
(i, j) or (j, i) i.e.

PUX,.1. Y00 = (k k) 1(X,.Y,) = (4, D] = papy = PUX,.0.Y 00 = (k k) 1(X,.Y,) = (j, D]

Thus by labelling the states in successive symmetrical pairs, each even numbered row
of Q has the same probabilities, but interchanged in pairs, as the previous odd numbered
row. Furthermore these pairs of rows have identical probabilities in the same place in
the R matrix.

The net effect is that instead of solving the m(m — 1) linear equations present in (2.3),
we need only solve a reduced number of m(m — 1)/2 linear equations. This is effected by
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observing that k|’ =k’ so that only these m(m — 1)/2 quantities (with i < j, say)
actually need to be solved. We elaborate further on this later.

We introduce some notation.

Let u, = 2;”21 P.D, = ZZIP{(XW Y., )=@r1(X,.Y)=(=,j)}
=P{(X,.,Y,.) e CI(X,.Y,)=(,))}
= P{Coupling occurs at the next trial | The 2-dim MC is in state (i, j )}.

T (r)

Observe that u; = p, = U, where P =(piysDinsees Py ) the i-throw of  the

transition matrix P.

3. Bounds

In a general Markov chain setting, elemental expressions of the key equations, Eqn.
(2.3), lead, for all i #, to

KO —1=2" )" ppk. (3.1)

We deduce upper and lower bounds for &’ from Eqns. (3.1).

Theorem 1. If i, >0 for all i # j, then, for all i #},

Koin <K’ SK e (3.2)
1
where K, =——— and K, =————.
max,, ; i min,,,; f;
Proof: Assume that for all r #s, k'O <k__. (3.3)

Observe that
1= (Z:’;pir )(Z’S”:lpjs) = Zr:S PPt zzr¢spirpjs =u; + er#_spirpjs . (3.4)

From Eqn. (3.1) and Eqn. (3.4) it follows that
KO ST (X Y popy K = 1 (= 1)K (3.5)
Assumption (3.3) implies, using inequality (3.5), that it is sufficient to take

1
and hence that u,x, _=>1,1e. «,  =— forall i #j. Thisis

1+ (1 - ‘uzj )Kmax < Km ij "™ max M
ij

ax

1 1 1
satisfied by taking K = max—=— = .
i#] .uzj; I‘Illl’li#_j :uzjj Au’min
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Similarly let us assume that for all r s, k. <K', (3.6)
From Eqn. (3.1) and Eqn.(3.4) we have that
K2 14(X Y ppy K =1+ (= 1)K, (3.7)

Similar to the argument used above, using assumption (3.6) and inequality (3.7), we

1
<1.Thus, x,, <— forall i #j,

require 1+ (- p,)x ;, 2K ;
' H

., and hence that ux

1 1 1
which is satisfied by taking x . =min—=

i 'u’t_'/' maxi¢_j luzj :umax

O

Corollary 1.1: Provided p; >0 for all i # j,

U qgw, <7, <0-m)k,, =97

max min

(3.8)

min

Proof: Inequalities (3.8) follow directly from Eqn. (2.2) and Eqn. (3.2). O

If the stationary distribution {7; } of the underlying Markov chain is unknown then a

simpler, but slightly larger, upper bound for 7.; valid for all i, follows from (3.8):

1 1 1 (3.9)

. = . m M
e min,.; 2, _ PuDj

max

Te, <Ky =

Corollary 1.2: If the underlying Markov chain consists of independent trials, i.e. the
transition probabilities p; = p;, then for all i, J,

K\ = ; (3.10)

ij m

2
r'=1pr

Proof: Observe that u, = Zil p? = . Thusmin,, j M =max,, . . = u and from (3.2)

i#]

1 1

we deduce —=k_ . < Ki(jc) <K, = —leading to Eqn.(3.10).
u H

Expression (3.10) can also be derived directly in this special case by solving Equations

(3.1) (see also Eqn. (5.7) of [2] ). O

In [2] it was shown that, under the condition of independent trials,
_Zj;éip-i_ 1-p,
TN 2 O 2
ko1 Pr ko1 Pr
Since 1-2), _ p,p, =1-1QQ,_ py' = Q.. POI= D Pi >

. = I-p, _ l-m,
C,i m - .
" op 123 b,

Tc

i
,
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Thus the bounds given by Corollary 1.1. are tight under independence assumptions. The
interval (K,,,, K, ), or its width k_,_—x . , could be used as a measure of the departure

of the underlying MC from independence.

If expression (3.9) is used when the conditions of Corollary 1.1 are violated, the upper
bound grossly overestimates the maximum value of 7. ;. In those chains, if at least one

u; =0, the upper bound will be %. This will occur in those examples where p; =1 for

some pair (i,j), with i # j, and p,; =0 for some r # i .

Since there are instances when some of the u; could be zero, it is necessary to explore
these cases in more detail. We consider the reduced number of linear equations alluded
to in Section 2 above.

Define, for all i #j and r # s,
ol = P{(X,,..Y,.)=(r,9)|(X,.Y,) € {G.j).(j.)}}
= P{One step transition to state (r,s) from either (i, j) or (j,i)}
=PyPj t PP

Observe that Oc(r ) = Oc(r ) = (‘ 0=

=a” =a;”. In each of these situations we shall write the

(r s)

expression in the forme;’; w1th i<jandr<s.

(

Further since fori # j, k ..C "= k'’ we write the common value as simply k; with i <.

Thus from (3.1) above,

Ki(jC) —1= er;&xplrpjf isC) szpupzs’(f) +22r>sp”pls ’(SC)
DI TS WIN N RIS ST IRT T RLIED 39 T/

Thus for all i <,

K, —1=20 ok, (3.11)

Equation (3.11) is the reduced variant of the linear equations (3.1).

Note that, using Equation (3.4), the parameters o (’ * have the property that for all i < j,

ZM®W=ZMWMNWMM=ZMmm 2. PPy
= PaPut D PaPi =D, PPy =1= D DD, (3.12)
=1-

Theorem 2. Without loss of generality, assume a<bandi<j. If p,=0 and p,>0
forall (i,j)# (a, b), then for all (i, j ) # (a, b),
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Kmin < ij Kmax’ (313)
” b e e ! 3.14
wit T Koy SK,y S o +K,_ (3.14)
AFa..h) l.(u.,b)
where K., = min | and x,, = max -, (3.15)
i<iGi)#ab)| gL i<idip#an)|
y y
(@b)
with Al =4y T (3.16)
i.j -

Proof: From the reduced equations (3.11), witha < b and i <,

—l=al K, v 2D oK,
implying x,,(1- . b)) =1+ ZZM ) alk,.
From (3.12) 3, _al;” =1-pu, =1, sothat ) ol =1-aP.

r<s,(r,s)#(a,b)

Assuming (3.13), i.e. K, SK; <K

max *

(a b) (r,s) (a b) (a b)
TH{l=of e, <1+ Y al K, =k, (o) ST+ {1- ol e,

and result (3. 14) follows.
The Theorem will follow once we establish the values for the bounds (3.15).

For i < j, from equations (3.11),

~1-0%"k,, = ZZM PN (3.17)
Now from (3.12), ZZ aV.’” =1-u, — 0", so that from Eqn.(3.17),

r<s,(r,s)#(a,b) tJ

(a.b) (@) (@)
(1=, =0 Ky <K — 1= 057K, < (1=, — 07K

1,] max ?

(a.b) (@b (a.b) (@)
or that(1— u,; — oKy, + 14+ 057K, <k, <A =Wy — 07K, H 1+ 057K,

max

Using (3.14), the above expression is bounded above and below as

1
(a,b) (a,b)
(1=t =0y + 1+ 04 {mﬂfmin <K,
a,b

I
<(l-p;-a (”))Kmdﬁlm(”){WJfK }

which simplifies, using Eqn. (3.16), to (1— p, )k, + A" <k, < (1= 1)K 0 + 447
Since we require the lower and upper quantities of the above expression to be bounded

below by k_. and above by k__, respectively, we further require, for all i < j,

min max ?

K. <(1- 1, W+ /’L(a » and and (1- My K T /’1’1'(,(_11"17) <K, implying LK < 2@ and

min ij
24" < px,., leading to expressions (3.15). O

Theorem 2 requires U, = :":1 PPy = 0. This implies that p_p, =0 forall r.

In particular p_p, =0 and p_,p,, =0. Thus there are four possible cases:
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@ p, =0 and p,, =0,(ii) p,, =0 and p,, =0,(iii) p,, =0 and p,, =0,(iv) p,, =0 and p,, = 0.

These conditions will place restrictions, in particular, on oci"’f '=p.. Do+ PruPus -

For the respective cases: (i) 00.3= p,. Poy» (i) 0005 =0, (iii) 0% =0, (iv) &%= PouPyy-

A simplification of Eqn. (3.15) and (3.16) can now be carried out for each of these
special cases.

Let us extend Theorem 2 to the situation where we have two distinct pairs of states
(a, b) and (c, d), where u, =0 and u_, =0. Without loss of generality, we may

assume a< b and ¢ < d.

Theorem 3. Without loss of generality, assume a < b, c < d (with (a, b) # (¢, d)) and
i<jlf u, =0, u,=0and w;>0 forall(i,j)#(a, b)and (c, d), then for all (i, j ) #

(a, b), (¢, d),

Konin SKjj S K (3.18)
1+ o —a? 1+as? —als?
. b d b d
with - K, SK,, S : K (3.19)
T2 T2
1+a“? —gle? 1+ o' “” —a?
d b
ol b 4 <Kk, < 2 4k, (3.20)
T2 T2
Aﬂ(a..h;(,d) l.(u.,b;c.d)
where K. = min i\ and K, = max iy , (3.21)
i<iG)F@bred| i<iGpFabred|
) y
(a,b) (c,d) (c,d) (c,d) (a,b) (a,b)
with l(a’b;c’d) — 1+ ai,j (1 + aa,b - ao,d )+ ai,j (] + ac,d - aa,b ) (322)
1, 7:2 2
where 7, =(1-a)(1-al5") - ol el (3.23)

Proof: From the reduced equations (3.11), for distinct pairs (a, b), (¢, d) and (i, j) with a
<b,c<dandi <},

K, =1+, +o5 Kk, + A, (3.24)
Ky=1+a "k, +o5 Kk, +A,, (3.25)
K =1+ K, + ok, + A, (3.26)
where, for all (i,j), A, = qu,u,x)#u,m.w ok,

From Eqns.(3.24) and (3.25),

(a,b) (c,d)
B Kab — 1- aa,b _aa,b Kab _ 1+ Aab
K, | o 1-a“?|x,| |1+A, ]|
cd c,d c,d cd cd
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Since det(B) = T,, as given by (3.23), taking the inverse of B yields

Kb _ B_l _1 + Aab _ i 1- ai,ca’zd) a(cbd) 1+ Aab
K., 1+A, ] | o 1-dP|[1+A, ]

so that
(c.d) (c.d) (c.d) (c.d)
Kab _i 1+aacb =0y (A=l )A, oy mA, 307
Kyl ©[1+a%) o +a“PA, +1-a“)A, | -1
cd 1.2 L c,d a,b ac,d ab aa,b cd
. .. (r.s) (a b (c d)
Since, for all (i), 2,3, o =1-0f — Uy, (3.28)
(r,s) (a, b) (c,d)
er<s,(r,s)¢(a,b),(c,d)aa»h =1- Cap — &y s and
(r,s) _ (a b) (c,d)
erq (r.5)#(a,b).(c, d)a“d =1- O =%
Assuming (3.18), i.e. for (i, j) # (a, b), (¢, d), K, <k <Kk, ,from the definition of
Ay
( b) ( d) ( b) ( d)
(I-a, SO SA, < (-0, SO,
( b) ( d) ( b) ( d)
and (I-af T A, <(-0o | S

From these above two bounds, the bounds given by Eqns (3.19) and (3.20) now follow
upon simplification from Eqns.(3.27).

Now, from Eqn.(3.26), using the upper and lower bounds given by Eqns.(3.19) and
(3.20) together with (3.28), it is easily shown, using the definition (3.22) that

287D 4 (= Ky S SASD + (1= K
Now, since the left hand side and the right hand side of the above equation must be
bounded below by k. and bounded above by k_  respectively, the expressions given
by (3.21) now follow. O

max *

ax

Theorem 3 can be extended further to incorporate the situation of multiple pairs of
states with zero probability of a one step to coupling. Note that there must be at least
one pair of states where a single step takes the chain to a coupling state, since coupling
occurs with probability one. (Otherwise, the chain is either an absorbing chain or
consists of periodic states.)

Theorem 4. Supposeu,, =0, (a;<b;)fori=1,2, ..., nand ;>0 otherwise (with
n<m(m—1)/2). Then for (i, j) €{(a,, b,), ..., (a, b,)},

K. <K.<K

min i max ?

(3.29)

with, fori=1,2,...n, >, A R, SK,, S 21 A K (3.30)

/1 A.
where K. = min and K, max v 1,(3.31)
<A b b0 | L <@ b oty ) 1;
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with Ap=14+0 3 A o, (3.32)

and [Am] =(I—A)"'and Ais the n x n matrix A= [am] = I:Otiabb)] .

Proof: From the reduced equations (3.11), for distinct pairs (a, b)), (i =1, 2, ..., n) with
a, < b,

— 1 + Zk laz(zakb © akb Aa,’b,' ’ (3.33)
and for i < j, (with (i, j) # (al, b),

K, = 1+Zk 1 l(a]k b‘)Kakbk +A,, (3.34)

(r.5)
where, for all (7, j), A, sz eyttt by Cid st

.....

Let k' =(K,, K, K, , )and A" = (A, A, ....,A, , ). From Eqn.(3.33)
K=e+Axk+A, ie. I-Ax=e+A implying k =(I-A) '(e+A).

Now fori =1, 2, ..., n, using Eqn.(3.29),

%)
(zzm (r.9)#(ay.by).vnn(a, b, o, )) Knin S Aab _( r<8,(r,8)2(ay by sy by ) oo, ))

Since, from (3.12), 2 Z Oc(’ V=1-pu

theorem fori=1, 2, .., n, that

;» it follows, under the conditions of the

b, b,
(1 Zk lac(JaLb k)) K <Aab _(1 Zk lafzakb A)) K

ie. (A= @) Ky SA,, SU=D ay) K,
Expressing these element-wise inequalities in matrix form yields,

K (e—Ae)< A<(e—Ae)k

min max *

or K.[-A)e <(I-A)k—-e<(I-A)exk,,

min

Now if x is a non-negative vector (x = 0) and B is nonnegative matrix then Bx > (. Note
that A is a sub-stochastic matrix (since there is at least one pair of states (c, d)

¢{(a;b)), ..., (a,b,)} with o}’ > 0 for at least one i, so that there is at least one row of
A with a row-sum less than 1). Consequently A has a maximal eigenvalue less than 1.
This implies that Z;)Ak = (I — A)"' with (I — A)”' non-singular. Consequently
(I-A)"' >0, (see [4, Theorem 4.6.6]), leading to

(I-A)'e+k e<k<(I-A)'e+k e,

which leads, in element form, to Eqn.(3.30).
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NOWS S, o @ =17 ™ =t s0 thatfor (i) & {(ab)....
(a,b,)}

(1_ :l] (ab) ‘I.LU) mm_A <(1_z a(” o uij)Kmax'
From Eqn.(3.34), for (i,j) ¢ {(a,,b,), ..., (a,,b,)},

n (ab) "y "oy lah) " (ab)
1+ s +(1— oy ,u,.j)lcmm_lc <1+ oy K’rbr-l-(l— /,tu) Ko

Now, from Eqn.(3.30),

n (a b) n n (a b)
1+ 0 (ZS:IA” +1<mm)+(1— o ‘Ltij)l(‘mm SKjs

and

SIS S L) IR I ey

From Eqn.(3.29) we require, for the lower bound,

K, <1+(Zrl f‘;”))(z ALK, ) (1— "ol /.LU) K i

implying, for all (i, j) € {(a, b,). ... (a, b))}, that i, <S1+Y" " A a4 =4,
leading to the first bound in (3.31) and expression (3.22).
Similarly for the upper bound we require, for all (i, j) ¢ {(a,, b,), ..., (a,, b,)},

A=1+Y Y A" <k, leading to the second bound in (3.31). O

s=1" 1 V0L

Note that Theorem 2 follows from Theorem 4 when n = 1 with (a,, b,) = (a, b)
where A =|a, [ oy ] I:a(“ 21, [A]= = A) = A-aey

Similarly, Theorem 3 follows from Theorem 4 when n = 2 with (a,, b,) = (a, b), (a,, b,)

(ay.by) (ay,by) (a,b) (c,d)
= (¢, d) where A= Ay | O G | [ Ky Ky
-\ - a a a(al ,by) a(az’bz) - (a,b) (c,d)

21 22 b ac',d ac‘,d

ay,by a0y

G TA AL 1 1-el” el _
and [A,S] (I-A)" =— (@b s | With
A2l A, T, o 1-o'

ab
1, =det( — A)= (1- &)1 - ") - 0l e,
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4. Special cases

Example 1. Two-state Markov chains

1—
Let P= Pu o :{ @ d }, (0<a=x<1,0<b=<1),be the transition matrix of a
Py Py b 1-b

two-state Markov chain with state space S = {1, 2}. Letd=1-a-b.

If - 1< d < 1, the Markov chain is regular with a unique stationary distribution given by
b a

= , T, = )
a+b * a+b
Note that U, = Uy, = p;,P»; + P,P» =(1—=a)b+a(l-b)=a+b—-2ab= p.

o

Note that y # 0, since if £ =0 then a(1-b)+b(1-a)=0. i.e. a(l-b)=0 and
(I—a)b=0. Thus either ) a=0and b =0or (ii) a=1and b = 1. Case (i) is
impossible since this implies both states are absorbing, while case 2 implies the chain is
periodic period 2. In both cases coupling never occurs.

In this special case, expressions for the expected number of trials to coupling can be

found explicitly since the solution of equations (2.3) for, (I —Q)x'“ =e, is easily
effected with
1 1
K1(2C) = K;f) = T A T = Kmin = Kmax'
(a+b—-2ab) u
Further it was shown in [2] that
a Vi3
T., = , implying 7., = ~2=(1-7m )k, =(1—7m)K
C,1 (a+b)(a+b—2ab) py g C,1 ‘Ll ( 1) min ( 1) max
b /4
and T,, = =A=(U-nm)k. =(1-7m)K, .
C,2 (Cl+b)(a+b— 2ab) ‘Ll ( 2) min ( 2) max
Thus the inequalities (3.2) and (3.8) are in fact equalities, with
(1 - n-i)Kmin = TC,i = (1 - ﬂ:i)K-max *
Example 2. Three-state Markov chains (Explicit solutions of the ;).
Pu P P 1-b-c b ¢
Let P=|p,, Py DPxnl|= d l-d-f f be the transition matrix of
P31 P Ps 8 h l-g—nh

a Markov chain with state space S = {1, 2, 3}.
Notethat0<b +c=<1,0<d+f<landO0< g+ h=1.Let
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A, = PyPsy + PuPsn t+ PPy = f8+dh+dg,
A, = pyPy+ PuPit PyuPn =8b+he+hb,

Ay = PPyt P3Py + P3Py = bf +cd +f,

A=A+A+A, = fg+dh+dg+gb+hc+hb+bf +cd+cf.
The Markov chain, with the above transition matrix, is irreducible (and hence a
stationary distribution exists) if and only if A, >0, A, > 0, A, > 0, with stationary
probability vector

1
(T, T, n3):Z(A1,A2,A3). 4.1)

Observe that

Hiy = oy = PyyPoy + PP + P3Py =(l=b—c)d+b(1—d - f)+cf =b+d —2bd - cd - bf + cf,

Moy = sy = Py Py + PPy + PsPsy =dg+(1—d = Hh+ f(l—g—h)=h+ f -2 fh—dh— fg+dg
M3 = My, = P3Py + PPy + PPis =8 —=b—c)+hb+(1-g—h)c=c+g—2cg—bg—ch+bh.

Using the reduced equations (3.11) with just three parameters K,,, K,;, and K, yields

— (1,2) (1,3) (2,3)
Ky = 1+ O, Ky + o, K3 + O, Ky

— (1,2) (1,3) (2,3)
K3 = 1+ o5 K, + o5 K3 + O 53 Ky

_ (1,2) (.3 2.3
K23 - 1 + a2,3 KIZ + a2,3 K13 + a2,3 K23

where ocl.(fjf” =p,Djs + P;D;- In matrix form,
T 1S
oy 1-af -3 ||k, |=Bk=e. 4.2)
BRI RN Sl o e

In [2] we were unable to find compact expressions for the solutions of (4.2) in all cases
and special cases were considered. However, the structure exhibited by Eqn.(4.2) now
permits a simple solution:

1 Ty T T | Ty +T, + 75
Firstnote that k = Ble=—| 17, T,y Ty |e=—|T, +T,+7Ty (4.3)
75 T3
Ty T Ty Ty T 75 + 75
where
_ (1,3) (2,3) (2,3) ,,(1,3) _ ~13) (2,3) (2,3) ,,(1,3)
T, = (1 - 061‘3 )(1 - 062,3 )_ 061’3 062’3 T = al,z (1 - 062’3 )+ al,z 062‘3 ’
_ ~(1,3)5,(2,3) (2,3) (1,3) _ ~12) (2,3) (2,3) ,,(1,2)
T3 = 061,2 a1,3 + O‘l,z (1 - 061’3 )’721 - a1,3 (1 - 062,3 )+ 061,3 062,3 g

— (1,2) (2,3) (1,2) ,(2,3) _ (1,2) (2,3) (2,3),,(1,2)
Ty = (1 - a1,2 )(1 - 062,3 )_ 062’3 al,z T3 = (1 - al,z )061’3 + 051,2 061,3

—_ ~1,2) ,(1,3) (1,3) (1,2) _ (1,2) 1,3) (1,3) 5, (1,2)
Ty —06173 06273 +(1_a1,3 )062’3 Ty _(l_al,z )062’3 +O£1,2 062,3 ’

(1,2) (1,3) (1,3) . (1,2)
Ty =01- a; 1- a3 )— o, 057,



14 R.L.IM.S. Vol. 12, February 2008

and det(B) = 7, with the following equivalent forms:
_ (1.2) (1.3) @3, _ _,12) (1.3) (2.3)

T3 = (1- o, )Tn O, Ty Oy Ty =0 5 T, +(1- o )722 05 Ty,
— _y(L2) (1.3) (2,3)
=0h53T;3 =03 Ty + (1 — 053 )733-

Using the observations, from Eqns.(3.12), that

1 (2.3) (1,3) (2,3)

.2) (13 —1 o0 1 D Ly 03 4 423 _
al,Q + al,2 + a1,2 + /’LI,Z - 1’“1,3 + a1,3 + a1,3 + ALL13 - 1’a2,3 + a2,3 + a2,3 + ‘u“23 - 1’(44)

it can be shown that 7; can be re-expressed as one of the following equivalent forms
Ty = Hp Tyt M3 Ty + Hps Ty = B Ty + HysThy + Hp3Ths = Uyp Ty + HysTy + U Tsse

Thus from Eqn.(4.3),
T,+7,+7T T,,+7, +7T T, +T., +7T
" — 11 12 13 , K13 — 21 22 23 , K23 — 31 32 33 . (45)
T, 7, T,

Further Tey STK ), + K5, Tep =K, + K3, Ty = K 3+ TT,K,; SO that

AK,, +AK AK., +AK AK.+AK, . .
TCI — 212 3™13 , Tc ) — 1"™12 3™23 , TC ; — 1"™13 2723 lmplylng
) A ) A )
— A2(7'-11 + 7'-12 + T13)+ A3(1.21 + 1-22 + T23)
C.l AT, ’
T _ A1(7'-11 + 7'-12 + T13)+ A3(1.31 + T32 + T33)
c2 s
AT,
_ A1(7'-21 + T22 + T23)+ A2(7'-31 + 732 + T33) D
c,3 *
AT,

We now explore the derivation of simple bounds for x; utilising Theorems 1, 2 and 3

for the special cases considered in [2] where coupling occurred. We initially restrict
attention to the cases where all the w; are positive (Example 3). Other cases when

U, =0, t,>0, t,, >0, (Example 4) and U, =0, t,=0, i, >0, (Example 5)
follow after Example 3.

Example 3. Three-state Markov chains (with all l; positive.).

First observe that in Example 2, Case 1 (when p,, = p,; = p;, = 1) and Case 2 (when p,,
= ps, =1, p,; + p,; = 1) each involve a periodic Markov chain (period 3 for Case 1 and
period 2 for Case 2). In Case 1 coupling either occurs initially or never occurs. In Case
2 coupling either occurs initially, after one step, or never occurs. For coupling to occur
with probability one we need to restrict attention to regular (irreducible, aperiodic,
finite) Markov chains. Thus we omit further consideration of these two cases.

Case 3: “Constant movement” with p,; = p,, = p;; = 0.
0 b 1-b 0 p, Py

The transition matrix P=|1—-f O f 1=\pPy O Dyl
8 l-g O Py Pn O
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with0<b<1,0<f<1,0<g< 1. 1Itiseasily seen that it,, = p;;p,; =(1-D)f,
WUsy = Py P5; =1 = f)g,and U,; = p;,p,, =b(1—g). Under the stated conditions, all of
these parameters are positive so that the conditions of Theorem 1 are satisfied.

With i = mln{(l - b)f’(l - f)gab(l - g)}’ and Miax = maX{(l - b)f?(l - f)g’b(l - g)} ’
1 1
Theorem 1 leads to x,;,, = —— <k, <K, =—.
‘umax ‘umin

Since A, =p,ps; + papnt Papn =f8+1-f=1-f(1-g),

Ay =pypr + PPzt PP, =8b+1-g=1-g(1-b),

Ay =pipas + PPy + PP =bf +1-b =1-b(1-),

A =A+A+A =3 —f(l-g)—g(1-b)-b(1-f).
Using (4.1), the stationary probabilities can be derived. Bounds on the expected
coupling times follow from application of Eqn. (3.8) yielding

2-g(1-b)-b(- f) cr < 2-g(1-b)-b(1- f)
[3-fU-g)—gl=b)=b(— Pl " [B3=fA-g)—g(=b)=b(1— Ity
2- fd-g)—b(1-f) cr < 2- f(1-g)—b(1- f)
[3-fU-g)—g(=b)=b(l— Pl < [B=fU-g)—gU=b)—b(1- I,

2-fd-g)—g(-b) <r. < 2-fd-g)—g(-b) _
[3-fU-g)—gd=b)—b(— P, [B=fU-g)—gl=b)—b(— Il

Computation of 7, for all values of the parameters in [2] showed that

2.6667 <mint.; <oo.

1<i<3

lower bound of 7.,
= and

For all combinations of b = f = g, the ratios r, , =
, 7.

N

_upper bound of 7.,

are both equal to 1, leading to the result that

U,i
TC,I'

lower bound of 7., = 7., = upper bound of 7. ;. This is not equivalent to the
independence condition implied under Corollary 1.2 but arises due to the symmetry of
the transition matrix in each situation, with the stationary probabilities all equal to 1/3.

Taking all combinations of b, f, and g in steps of 0.1 between 0.1 and 0.9 we achieve
considerable variability between the ratios.

In particular,0.097 <r, ; <1 with the minimal ratio being achieved at (b, ¢, f) =
(0.1,0.1,0.9) and (0.9, 0.1, 0.9) for r, ,, at (0.9,0.1,0.1) and (0.9, 0.9, 0.1) for r, ,, and
at (0.1,0.9,0.1) and (0.1, 0.9, 0.9) for r, ,.

Further, 1<7,; <14.063 with the maximal ratio being achieved at (b, ¢, f) =
(0.5,0.9,0.1), for for r, ,, at (0.1, 0.5, 0.9) for r, ,, and at (0.9, 0.1, 0.5) for 7, ;.
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Case 4: “Independent trials”

P P, Ds
For this case P=| p, p, p,|, sothat p; =p, foralli jimplying that the Markov
P P Ds

chain is equivalent to independent trials on the state space S = {1, 2, 3}.
Foralli # j, Wy, = pl2 +1)22 +p32 =1-2p,p, =2p,p; —2p;p,.
Now A, =p,, A, =p,, Ay =p3, A=p, + p, + ps= 1, implying 7, = p,, @,=p,, T; = p;.

1-p, -z, 1-m

1-2pp, =2p,p;=2p, 05 My Miax .
Thus each inequality in (3.8) is in fact an equality, with the upper and lower bounds
coinciding, as observed in Corollary 1.2.

For all i, it was shown in [2] that 7, =

Case 5: “Cyclic drift “ p;; = p,; = p3, = 0 with
Pn P O 1-b b 0
P=10 py, pyl=| 0 1-f f
Py 0 psy g 0 1I-g
For this case W, = pj,py, =b(= f), lyy = py3ps; = fU=8), W3 = pyypy, = 8(1-b), with
= min{b(1— f), f(1- g),g(1—b)}y and g, = max{b(l— f), f(1- g),g(1—b)}.

Thus for 0 <b < 1,0 <f<1,0 < g <1, all the u; parameters are positive and the results
of Theorem 1 can be applied.

Further A, = fg, A, = gb, A; = bf, A = fg + gb +bf so that expressions for the stationary
probabilities follow from Eqn.(4.1). Using Eqn.(3.8) this leads to the following bounds
on the expected times to coupling:

bg+f) . b+))

[fg+8b+bf M, ' [fg+gb+bflt,,
f(g+D) <7 < f(g+b)

[fg+8b+bf My, " [fg+gb+bflt,,
sUf+b) o g(f+Db)

[fo+8b+bf Uy [fg+8b+bf 1y,

lower bound of 7,

As for Case 3, we explore the ratios r, ; = and r,

i
TC

N

_upper bound of 7.,

Tc

Ji



J.J. Hunter Bounds on Expected Coupling Mixing Times in Markov Chains 17

When b = f'= g, both ratios are equal to 1, leading to the lower bound of 7., =7, =
upper bound of 7. ;. As for Case 3, this is not equivalent to the independence condition
implied under Corollary 1.2 but arises due to the symmetry of the transition matrix in
each situation with the stationary probabilities all equal to 1/3.

Taking all combinations of b, f, and g in steps of 0.1 between 0.1 and 0.9 we achieve
less variability between the lower ratios 7, ;, but much more variability between the

S

upper ratios 7, , than was present in Case 3.

In particular, 0.185 <r, ; <1 with the minimal ratio being achieved at (b, c, f) =
(0.1,0.9,0.1) for r, ,, at (0.1, 0.1, 0.9) for r, ,, and (0.9, 0.1, 0.1) for 7, ;.

Further1 <7, , <67.69 with the maximal ratio being achieved at (b, ¢, f) =

0.9,0.1,0.9) for r, ,, at (0.9,0.9,0.1) for 1, ,, and (0.1, 0.9, 0.9) for 7, ;.

From Eqn.(3.9) simple upper bounds, valid for all i, can be given as
1 1 1

Mg - min(p,, p,,, Py, Ps1» PosPss) - min(b(1 - f), f(1—g),g(1- b))

Tei <

Case 6: “Constant probability state selection”

l—a 2 a
2 2
) ) b b
In this case, with P = 5 1-b 5 ,(0<a=<1,0<b=1,0<c=<1)
¢ L
L 2 2 i
Observe that
2(a+b)—3ab 2(a+c)—3ac 2(b+c)—3bc
W, = f’ Hy; :f’ Uy :f
with
. (2(a+b)—3ab,2(b+c)—3bc,2(a+c)—3acj
lumin = min ?
4
(2((1 +b)—3ab,2(b+c)—3bc,2(a+c)— 3acj
lumax:rnaX °
4
3 3 3 3(bc+ac+ ab
Further A, =%, A, =%, Ay= %b and thus A = (betacta ). This leads to

expressions for the stationary probabilities and hence to the following bounds for the
Tet

i
B



18 R.L.IM.S. Vol. 12, February 2008

alb+c) <7 < alb+c)
[bc+ac+ably,, ~ ' [bc+ac+ablu,,
bla+c) <7 < bla+c)
[bc+ac+ably,, ~— 7 [bc+ac+ablu,,
c(a+b) <7 < c(a+b)
[bc+ac+ablu,,, 7 be+ac+ ablu,.

Paralleling the procedures of cases 3 and 5 we obtain the following observations for the
ratios r,; and 1, ;. Firstly both 1, ;=r, =1, implying equality of the lower and upper

bounds of 7., and equal to 7., occur at all cases when a = b = ¢, with the stationary

probabilities all the same. In this case there is much less variability between the actual
values of the expected times to coupling and the associated lower and upper bounds.

In particular it can be shown that for all values of (a, b, ¢) in the ranges 0.1 (0.1) 1.0,
0.277<r, ;<1 and 1<r,,<2.17.The lowerratio r,; =0.277 occurs at the following

sets of values of (a, b, ¢): (0.1,0.1, 1) and (0.1, 1, 0.1) for r, ,, (0.1,0.1, 1) and (1, 0.1,
0.1) for r, ,,and (0.1,1,0.1) and (1, 0.1, 0.1) for 1,5 The upper ratio r,, =2.17
occurs at (a, b, ¢) = (1, 0.1, 0.1) for r, ;, (0.1, 1, 0.1) for 1, ,,and (0.1, 0.1, 1) for 7, ;.

These bounds, especially the upper bounds, are much tighter than those exhibited in
Cases 3 and 4, highlighting the efficacy of the procedure of Theorem 1 when the
transition matrix is a positive matrix.

Example 4. Three-state Markov chains (U;, =0, u;; >0, t,;>0).

P P P I-b-c b ¢
Let P=|p,, Py DPxnl|= d l-d-f f be the transition matrix of
P31 Pxn Pis g h l-g—nh

a Markov chain with state space S = {1, 2, 3}.

Notethat0<b +c=<1,0<d+f<landO0< g+ h=<1.

Observe that i, = p;,py + PPy, + P3Py =0 implies pypy =0, p,p, =0, and

P3Py =0.

Thus eight cases need to be considered:

@ p,=0,p,=0,andp,;=0, (i) p, =0, p,=0,andp, =0,

(i) p,; =0, py =0, and p;; =0, (iv) p;, =0, p,, =0, and p,, =0,

() py, =0, p,=0,andp,;=0, (vi) p,, =0, p,, =0, and p,; =0,

(vii) p,, =0, p,, =0, and p,; =0, (iix) p,, =0, p,, =0, and p,, =0.

Of these cases (i) and (iix) are impossible since p,, + p,,+ p,; and p,, + p,,+ p,; must
be 1. Also cases (v) and (vi) are impossible (since the above restrictions would imply,
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respectively, that p,, =1and p,, =1 and hence, respectively, that states 1 and 2, are

absorbing.)
This leads to four remaining possibilities (with (i), (iii), (iv), (vii) relabelled as (a), (b),

(©) (d)
(@) p,=0,p,=0,and p,, =0, withp, =1, (b) p,, =0, p,, =0, and p; =0, withp,, =1,

(¢) p,, =0, p,, =0, and p,; =0,with p,, =1, (d) p,, =0, p,, =0, and p,; =0, with p,, =1.

0 0 1

For case (a): P, =|d 1-d 0 with, =1-g-h>0, u,,=dg+{1—-d)h>0;
g h 1-g—-h

a5’ =0, 057 =0, ayy =dh+(1—-d)g,and 0<d<1,0<g<1,0<h <1,0<g+h<1,

0 1 0

Forcase (b): F,=|d 0 1-d |, with u,=h>0, tt,,=dg+(1-d)1-g—h)>0;
g h l—-g—h

oy =d, 0’ =g, )y =dh, and0<d<1,0<g<1,0<h<1,0<g+h=<l.
0 b 1-b

Forcase (c): P.=|1 O 0 ,with u,, =bh+(1-b)(1-g—h)>0, u,, =g>0;
g h 1-g-h

o =b, ) =bg, &)y’ =h,and0<b<1,0<g<1,0=< h<1,0<g+h=1.
1-b b 0

Forcase (d): Pb,=| 0 O 1 with ,,=(1-b)g+bh>0, ), =1-g—h>0;
g h 1-g-—h
a5’ =0, oy =(1-b)h, a7’ =0, and0<b=<1,0<g<1,0 <h <1,0<g+h<1.

Note that there is some symmetry between cases (a) and (d), and between cases (b) and
(¢).

Case (d) converts to Case (a) by relabelling the states {1, 2, 3} as {2, 1, 3} and
changing the parameters (b, g, h) to (d, h, g). This same procedure will also convert
Case (c) to Case (b).

From Theorem 2,

1
——+Kx_. <K, <— 4K
(12) min 12 (1,2)
l-a; I-o;
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These expressions, with substitution as above for the special cases, together with
explicit calculations for x; provided by equations (4.5) lead to the following

observations.

For each of the following parameter selections: case (a) with (d, g, h) = (1, 0.3, 0.5),
case (b) with (d, g, h) = (0, 0.5, 0.3), (0.6, 0.4, 0.4), case (c) with (b, g, h) = (0, 0.3, 0.5),
(0.6, 0.4, 0.4), and case (d) with (b, g, h) = (1, 0.5, 0.3) the lower bound for each K; =

upper bound for k; = exact value of «;, providing an effective way of evaluating ;.

Further, at each of the above parameter selections, for i = 1, 2, 3, the lower bound for
each 7. ,=upper bound for 7. ;= exact value of 7.

o lower bound of K; upper bound of K,
For each (i, j) withi < j, let 5, . = and s, ; = ,
’ Kij ’ Kij
lower bound of 7, upper bound of T,
andfori=1,2,3,letr, , = J Te, and 1, , = e J e .
’ TC,i ’ TC,i

Ineverycase s, ; <1, r,,<1,s,,21and r,; <1.
Minimal extreme values, with the parameters taking increments of 0.1 in the restricted
ranges for each case, occur at the following parameter selections:

Case (a): s, ,, = 0.305, 5, , = 0.173, 1, , =1, , = 0.186, at (d, g, h) = (0.1,0,0.1),
511, =0.223 and 1, , =0.234 at (d, g, h)—(l,0.8,0.1).

Case (b): s, ,=58,13=1, =0.100, s, ,; =1, ,=0.011 at(d, g, h) =(0.9, 0, 0.9).
Case (0): s, 1, =8, 3=1. =0.100, s, s =1, =0.011 at(b, g, h)=(0.9,0.9,0).
Case (d): s, ,, =0.305,5,,;=0.173, 7., =1, ;=0.186 at (b, g, h) =(0.1,0.1, 0),

S, =0223andr, , =0.234 at (b, g, h) = (l, 0.1,0.8).
Maximal extreme values, with the parameters have increments of 0.1 in the restricted

ranges for each case, occur at the following parameter selections:

Case (a): s, =46.54, 5, 5, =87.62, 5, ,, =44.67, 1, , =80.46, 1, , =44.84,
,=58.18 at(d, g, h) =(0.9,0,0.1).

Case (b): 5,5 =1y, =82.90, 5, ,, =17, , = 81.99, at (d, g h) = (0.9, 0,0.9),
Spas =Tys=29.25 at(d, g h) =(0.9,0.9,0.1).
Case (0): Sy 1p =Ty, = 82.90, 5,55 =1, = 81.99, at (b, g, h) = (0.9,0.9, 0),
Sp1s =Ty, =29.25 at (b, g h) =(0.9,0.1,0.9).

Case (d): s, =46.54, 5, ,, = 44.67, 5, ,, = 87.62,1,, = 44.84, 1, , = 80.46,
r,,=58.18 at (b, g, h)=(0.9,0.1, 0).
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These extremal ratios for the lower bound,(resp. the upper bound) are in many instances
smaller (resp. larger) that those experienced when the p; are all positive.

Example 5. Three-state Markov chains (U;, =0, u,;; =0, t,;>0,)

P P P I-b-c b ¢
Let P=|p,, Py Pxnl|= d 1-d-f f be the transition matrix of
P31 P»  Ps 8 h l-g—h

a Markov chain with state space S = {1, 2, 3}.
Notethat0<b +c=<1,0<d+f<landO< g+ h=1.
Consider the four possibilities from the ,, =0 cases:

(@) p,=0, p,=0, and p,; =0, withp,; =1,
®) p,,=0, p,, =0, and p,; =0, withp, =1,
(¢) p, =0, p,, =0, and p,, =0,with p,, =1,
d)p, =0, p,, =0, and p; =0, with p,, =1.
For case (a): U;=1-g-h=0=h=1-g, u,;,=dg+(1-d)(1-g)>0,

0O 0 1

P=|d 1-d 0|with0<d=<1,0=<g<1,0<h=1-g=<1.
g 1-g O]

For case (b): with t,;=0=h=0, u,, =dg+(1-d)(1-g)>0,
0 1 0 |

B=|d 0 1-d|with0=<d<1,0<g=<1,h=0.
8 0 I-g]

For case (¢): Y, =bh+(1-b)1-g—-h)=0, u,; =g>0, implies bh =0 and
(1 —=b)(1 — g—h) =0. This leads to four possibilities: » =0 and b = 1 (impossible);
b=0and g+ h=1;h=0and b =1 (which is impossible since state 3 is then transient);
h =0 and g = 1 (which doesn’t lead to coupling since the chain is then periodic with
period 2). Thus there is only one possibility:

0O 0 1
P=]1 0 O|withO< g<1,0< h=1- g<1,(whichis a special case of ( a)

g 1-¢ 0
withd =1).
For case (d): u,;=(1-b)g+bh=0, i, =1-g—h>0 implies (1 — b)g and bh = 0.
Thus one of four possibilities b = 1 and g = 0 (impossible since state 1 is then transient);
b=1and h=0; g=0and b =0 (impossible since state 1 is then absorbing); g = 0 and
h =1 (which is impossible since state 1 is then transient). Thus there is only one
possibility:
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0 1 with b=1,0< g <1, h=0, (which is a special case of ( ) with d
0

Thus effectively there are only two non trivial cases to consider — case (a) with 0 < d <1,
0 <g=1andcase (b), with0<d=<1,0 < g < 1. (The symmetry, as present in Example 4,
effectively reduces this to one case.)

In computing the bounds for the special cases above, for k,,, K,; and ¥,;, using the

] /1(1,2;1,3) )
rocedure of Theorem 3, first observe that x = 223 _ x | leading to
min max
uu“23
2151,32;1,3) 1+a1(123) a(l ,3) 2{252;1,3) 1+ al(lé2) _ al(léZ) }1(;1,32;1,3)
Ky = s Kp = + s K3 = + ’
Uy, 7, Uy T, My,
(1,2) (13 _ g9 a3y 12 _ o2
. o l+o;" —o +o,(I+057" —o
Whel‘e %1,32,1,3) — 1 + 2,3 ( 1,3 ) ( 1,2 )
, T,
. _ (1,2) (1,3) (,3) .,(1,2)
with T,=(-a;)A-0) -0 oy

Simplification using the observations from Eqn. (4.4), that since i, =0 and u,; =0,
o +ols) oY =LY oy o =1, o) Y ol oY 4y =1
Further, in cases (a) and (¢):

2 1 2, 1,2 1 2, 1 2,3
a5’ =0, oy +o37 =1, o0y =0, ;" + o3V =1, 0y =0, 055 =0,
23) (12) (1,3) (1,3
23 ga213 _ %3 10 s (I+o57 —apy)
T _al"‘ ’ 3 (2,3) ’
C¥13
while in cases (b) and (d):

2 2, 1 1,2 2, 1,2 2,
ay? =0, 0P +o5V =1, ay’ =0, ay? + o>V =1, o} = 0,3V =0,
(2,3) (1, 2) (l 3) (1,2) (1,2)

23 ga213 _ %2 T (I+oy" —o57)
=045 A (2%) .
alZ

Thus in this example, all the bounds are exact, with agreement to the explicit solutions
of equations (4.1) being obtained as in Example 3. i.e. K (exact) = K, (bound) leading to

the ratios

lower bound of t., upper bound of T, )
r= ~ = ~=1,, =1, in each case.
: T, T, :

N N

The computation procedure of Theorem 3 is thus an alternative procedure for evaluating
the x;; in the case of a three-state chain when any two of the parameters u,, and ., are
both zero.
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