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Given a bivariate distribution, the set of canonical correlations and func-
tions is in general finite or countable. By using an inner product between
two functions via an extension of the covariance, we find all the canonical
correlations and functions for the so-called Cuadras-Augé copula and prove
the continuous dimensionality of this distribution.

1 Introduction

Let H be a bivariate cdf with marginals F', G. Suppose that the measure dH(x,y) is
absolutely continuous with respect to dF(z)dG(y) and that Pearson’s contingency
coefficient ¢? defined by

b pd
#+1= [ [ @y)?/ar@ic)
is finite. Then the following expansion holds

dH(z,y) — dF(2)dG(y) = _ putn(2)by(y)dF (z)dG(y), (1)

n>1

where p,, are canonical correlations, ordered in descending order, and a,(x), b,(y) are
canonical variables (Lancaster, 1969). Thus p; = p(a1(X),b:(Y)) is the maximum
correlation between a function of X and a function of Y, ps = p(as(X), bo(Y)) is the
maximum correlation constrained to the functions with zero correlation with a; (X)
and by (Y), etc.
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Cuadras (2002a) proved the formula giving the covariance between two functions
of bounded variation in terms of the cdf’s. If H(x,y) is symmetric and positive-
quadrant dependent, i.e., H(x,y) > F(x)G(y), and F' = G, this formula gives rise to
define the following inner product («, 3), between two functions «, # with common
rank [a, 0] :

(o, B) —COU(OZ(X)aﬁ( )
= [V [P (H(x,y) — F(z)F(y)) da(z)d(y).

Cuadras (2002b) expressed (1) in terms of cdf’s

(2)

H(z,y) — an/ (2, s)dan (s /Mtydb() (3)

n>1

where L(x, s) = min{F(x), F(s)}—F(s)F(t), M(t,y) = min{G(t), G(y) } —G(t)G(y).
Making an analogy with correspondence analysis, the number of distinct canonical
correlations determine the dimensionality of H, i.e., the dimension of H is #(pn),
see Cuadras et al. (1999). In general, this dimension is finite or countable, but can
be continuous.

Cuadras and Augé (1981) proposed the bivariate distribution

Hy(z,y) = min{F(z), G(y)}’(F(x)G(y))'*, 0<0<1,

where the marginals are F,G. The uniform transformation U = F(X),V = G(Y),
provides the so-called Cuadras-Augé copula

Cy(u,v) = min{u, v} (wv)?, 0<6<1,

which is the survival copula of the Marshall-Olkin distribution (Nelsen, 1999). See
Ruiz-Rivas and Cuadras (1988) and Genest and Plante (2003) for further aspects.

Suppose that the cdf of the random vector (U, V) is Cy. If H; is the Heaviside
distribution

H1<.’E):O 1f1‘<1, H1<.’E):1 lfl‘zl,

it can be proved (Cuadras, 2002a) that the first canonical correlation or maximum
correlation between a function of U and a function of V is

p(Hi(U), Ha (V) = max p(p(U), (V) = 0.

We generalize this result by extending the canonical correlation analysis to the
continuous case and proving the continuous dimensionality for this copula. This
approach is comparable to the continuous extension of multidimensional scaling
(Cuadras and Fortiana, 1995).



Continuous canonical correlation analysis 99

2 Eigenanalysis
Let us find the eigenvalues and eigenfuctions for the covariance kernels
Ko(u,v) = min{u, v}’ (wv)' ™ —wv  and  L(u,v) = min{u, v} — uv,

related to the Cuadras-Augé copula. Note that L = K.
A function ¢ is an eigenfunction of Ky with respect to L with eigenvalue \ if

/01 Kop(u,v)do(v) = )\/01 L(u,v)dé(v).

Let us define

~
H%s(l’) = Hﬂ/‘@) - o 5H(7+5)+ (),

where
H,-(z) =0 ifx <y, Hy-(x)=1 ifz >,

Hye(x) =0 ifx <7y, Hyr(z) =1 ifz>~.

Theorem 1. The set (¢, \,) of eigenfunctions and eigenvalues of Ky with respect
to L is given by
¢ _hmea /\7 :971_97 0<~y<1,
E‘)

where ¢, is the indicator of 7, t.e., ¢,(z) =0 if x # v, and ¢,(y) =

Proof. We have

dH%E (-1') = dHy* (37) dH ’Y+E)+( )

Y + 3
with dH.,- (z) = dH,+(z) = 0 for  # v, dH,-(7) =1 and

1 1
/ vYdH,-(v) = / v dH+(v) = 7.
0 0

fol Ko(u, U)dH%€<U> f o(u, )d 9, (v) + fl Koy(u, U)dH%E(U)
=0+ ufo v —v)dH(r, )
= u{y""? 16[( +6)1 b —(v+o)}
=uly'™’ — (7 +¢e)7].

For v <u < v+ ¢, where € > 0 is arbitrarily small,

For 0 < u < v,

f Ky(u,v)dH,(v) = f vur™? — wv)dH, (v) + fuﬁs u(vt=f —v)dH, . (v)
= (= )7+U(7—7(7+8)‘9)
=[u'™" —u(y +)7°]
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For 0 < vy+4¢ <u,
I Ko(u,0)dH,, (v) =

In particular, if # =1, Ky = L and

ull = y(y+¢e)7Y, if0<u<4,

Jo Llu,v)dHo(v) = $ All—u(y+e)7Y], ify<u<y+e,
0, ify+e<u<l.

Thus we have

| Bttt =20 [ Lo o) @)

uniformly in u ¢ [y, + ¢, for

v+’
MO =0

(el =y + o)t
19

Finally the interval [y, y+¢] degenerates to y ase — 0 and lim._o \,(g) = 6%, O

Remark 1. Direct integration using the distribution H.(z) = 0 if x < v, H,(z)
=1 if x > v, cannot give the eigenequation (4) for some \,, except for v = 1. This
trouble can be overcome by using the limit

K, dH., .
lim. oAy () = lim Jo "(“ 0)dHc(0)
e—0 fo (u,v)dH., -(v)
if 0 <u <+~ and setting 2 = 07" if y <u < 1.

3 Canonical analysis

Let us use the notation (¢, ), = Cov(p(U),¥(V)), (¢, ¢), = ||¢]|]7 = Var(¢(U)),

where the inner product (-,-), = (-, ), has been defined in (2). Thus, given two
real functions ¢,v € ¢2([0,1]), the squared correlation between ¢(U), (V) can be
written as

o uy - (o). )y

~ Var(¢(U))Var($(V))
Ko(u, v)dé(u)di(v))?
6(0) [ Lw, v)dip(u)dip(v)”

(f;
~ [ L(u,v)do(u)d
CRD
(6, 0), (¥, 9),
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As Cy(u,v) is symmetric in u, v, we have Cov(p(U), (V) = Cov(p(U), o(V)),
so we can consider only canonical functions such that ¢ = .

Let us adapt the definition of canonical functions and correlations to the contin-
uous case. We define the classes

Cln,e)  ={Hyeyv € (1]},
C(’ylag)l = {¢ | <¢7 H%€>9 = 07’7 € (’717 1]}

Then given C(v1,¢) we should seek ¢o such that
p(da(U), ¢2(V)) = maximum constrained to ¢y € C(7yy, €)™

Next, we evaluate

(Hopes Hoge)y = / / Ko, 0)dMs, (u)dH, 2 (0).

On one hand

1 uhzl_e — Y22 + 8)_6] it 0<u<n,
/ KG(U? U)dHWQ,E(U> = 7[“179 - u(7 + 5)79] if 2 S U S V2 + &,
0 0 if 0<mpmte<u<l.

On the other hand, if 7, + ¢ < 75, where ¢ is arbitrarily small,

<H'y1,5a Hvz,€>e = 07:1;[7%_0 — Y2 (72 + 5)_9]dH'y1,a(u)
L (s + ) 0

+ [ 0dP, o (u)

-0
However
o Uy = (v &) M, o(w) =0,
N f’y—i-a 0dH.(u) =0,
ST A = uly 4+ 0)CldHy (w) = (v = (v +)70).
Thus

(HyesHyedg =707 = (v +e
<H7 87Hv ey =11 =7(y+e)”
where (H, ., H,c), = Var(H,(U)). Therefore (H, o, Hr, )y = 0 whereas (Mo, Hq )y =
My ell5 # 0.

Theorem 2. The set of canonical functions and canonical correlations is (¢, A),
0 <~ < 1, where ¢, is the indicator of v and A\, = 6~'~°.

)
5
. ()
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Proof. Integrating (4) with respect to dH., .(u) we get p(H,:(U), H, (V) = A, (e),
which tends to A, = 0y17% as e — 0. We can find the same correlation using (5).

We have (H,, ., Hye)y = Cov(H,, (U), Hye(V)) = 0if v # ». Thus H, . €
C(y1,e)* and

lim sup p(H,e(U), Hy (V) = sup p(¢4(U), o5(V))

€0 y<y, <7

is attained at 7;. This maximal correlation constrained to v < 7; is the eigenvalue
0y1 . Then, as ¢ — 0, we get C(y1) = {¢,|7 € (11,1]} and ¢, € C(p)*+ if v/ < .

To check the maximal correlation, let g(U) be a function of U, where g € ¢2([0, 1])
is continuous. We can suppose g > 0. Define

90(0) = D 90 Hy (),

where 0 < vy < --- < v, <1. Then

5
n(w) = g(v; if v <w<wv+e.
) = g0) + Y o) W wSwSute
k<i
The H,,. are orthogonal with respect to (-,-),, 50 [|gallz = D 11 9(vi)?||Ho 2 |[3-
As A\(e) = |[Hoell2/IHoell? < 1 is increasing in v, the squared correlation

P(gn(U), gn(V)) is :

| gn| |Z? . Z?:l g(vi)zHHvi,e

0
gall? 2201 9(0)?[[Hus el [T
[, I3
~ Ho,
<\ (e), if v, <7.

We can take now &, = (nlogn)~2 and v, = (k/n) — &,. Then, if M = max g(v),
with 0 <wv <1,

En n (nlogn +nC)
Me, » —<M
Z ng(vk) < Mée Zz < (nlogn)? —0

asn — o0. Hence g, (w) — ¢g(w) uniformly in w. Thus p(g,(U), g.(V)) — p(g(U), g(V))
and the maximum correlation with the above restrictions is attained at p(¢., (U), ¢+, (V).

]

Corollary 1. The absolute mazimum correlation is the dependence parameter 6 and
the associated canonical function is ¢;.

Proof. The maximum value of 8y~ is # and is attained at v = 1. Note that, at
x = 1, we can identify the indicator ¢; with the Heaviside distribution H;. O
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