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CORRECTNESS OF THE CHORD PROTOCOL

BOJAN MARINKOVIC, ZORAN OGNJANOVIC, PAOLA GLAVAN, ANTON KOS,
AND ANTON UMEK

ABSTRACT. Internet of Things (IoT) can be seen as a cooperation of the var-
ious heterogeneous devices with limited performances, that participate in the
same system. By they nature, these devices can be very distributed. The core
of every IoT system is its discovery and control service. The Chord protocol
is one of the first, simplest and most popular distributed protocol and can be
use as a backbone of the discovery and control services of an IoT system. In
this paper we prove the correctness of the Chord protocol using the logic of
time and knowledge. We consider Chord actions that maintain ring topology
with the additional assumption the nodes are not allowed to fail or leave.
Keywords: IoT, DHT, Chord, correctness, temporal logic, epistemic logic

1. INTRODUCTION

Internet of Things (IoT) paradigm can be defined as [I]: ”The pervasive pres-
ence around us of a variety of things or objects which, through unique addressing
schemes, are able to interact with each other and cooperate with their neighbors
to reach common goals.” In this framework the smart objects, which are connected
by an Internet-like structure, are able to communicate and exchange information
and to enable new forms of interaction among things and people [B]. The core of
every loT system consists of its discovery and control service. Usually, the objects
which participate in an IoT system have limited computing power, memory and
power supply. It is the common thing that various heterogeneous devices partici-
pate in the same IoT system. Ordinarily, these devices are highly distributed, so
they participate in a distributed, i.e. Peer-to-Peer (P2P), system.

In a homogeneous decentralized P2P system [16], many nodes (peers) execute
the same application, and have equal rights during that execution. They might join
or leave system at any time. In such a framework processes are dynamically dis-
tributed to peers, with no centralized control. Thus, P2P systems have no inherent
bottlenecks and can potentially scale very well. Also, those systems are resilient
to failures, attacks, etc., since there are no nodes which perform the critical func-
tions of the systems. The main applications of P2P-systems involve: file sharing,
redundant storage, real-time media streaming, etc.

P2P systems are frequently implemented in a form of overlay networks [20], a
structure that is totally independent of the underlying network that is actually
connecting devices. Overlay networks represent a logical look on organization of
the system resources. Some of the overlay networks are realized in the form of
a Distributed Hash Tables (DHTs), which provides a lookup service similar to a
hash table; (key,value) pairs are stored in a DHT, and any participating node
can efficiently retrieve the value associated with a given key. Note that key is
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not used as a cryptographic notion, but (following the common practice in DHT-
related papers) to represent identifiers of objects. Responsibility for maintaining
the mapping from keys to values is distributed among the peers, in such a way that
any change in the set of participants causes a minimal amount of disruption. The
Chord protocol [I7), I8, [19] is one of the first, simplest and most popular DHTs.
The paper [I7] which introduces Chord was recently awarded the SIGCOMM 2011
Test-of-Time Award.

Because of the simplicity and popularity of the Chord protocol, it was used for
the realization of the discovery and/or control service of IoT systems described in
[, B 6, 15, 22].

As we mentioned above, the discovery and control services are cores of an IoT
system, and because of that, in this paper we will prove the correctness of the
Chord protocol using the logic of time and knowledge. We consider the case when
the nodes are not allowed to fail or leave and concern Chord actions that maintain
ring topology.

We are aware of only a few attempts to formally verify behavior of DHTs and
particularly Chord [2] 3], [0} 10, 23]. We consider them below and compare with our
approach.

The rest of the paper is organized in the following way: in Section [2] we consider
other approaches for proving the correctness of the Chord protocol and clearly
present the contributions of this paper; Section |3| presents a short description of
the Chord protocol; in Section [f] we present a logical framework which will be
used to prove the correctness of the maintenance of the ring topology of the Chord
protocol with the respect of the fact that nodes are not allowed to departure the
system after they join it; the proof is given in Section |5} we conclude with Section
[l In[A]we provide detailed proofs of most lemmas and theorems from the paper.

2. RELATED WORK AND CONTRIBUTIONS

2.1. Related Work. The Chord protocol is introduced in [I'7, I8, [19]. The papers
analyze the protocol, its performance and robustness under the assumption that
the nodes and keys are randomly chosen, and give several theorems that involve the
phrase with high probability, for example: ”With high probability, the number of
nodes that must be contacted to find a successor in a N-node network is O(log N)”.

The only statement in the papers [I7, [18, [I9] which avoids the mentioned phrase
about high probability is Theorem IV.3. It corresponds to our Lemma [5]and proves
that inconsistent states produced by executing several concurrent joins of the new
nodes are transient, i.e., that after the last node joins the network will form a
cycle. More general sequences of concurrent joining and leaving are considered in
[10], where a lower bound of the rate at which nodes need to maintain the system
such that it works correctly is given with high probability. In this paper we are not
considering possible failures and leaves of the nodes. Our intention is that include
this segment in our future work.

Anyway, it is not quite clear how to compare these two approaches (deterministic
and probabilistic), but in our opinion there is benefit from both of them. One can
argue that the probabilistic approach, i.e. providing lower bounds of probabilities,
is useful to study robustness of protocols. On the other hand, it will be useful to
describe sequences of actions leading to (un)stable states of Chord networks, to
be able to analyze properties of systems that incorporate Chord and assume its
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correctness, as it is the case with the discovery and/or control service of an IoT
system.

In [9] the theory of stochastic processes is used to estimate the probability that
a Chord network is in a particular state. In [2, B] Chord’s stabilization algorithm
is modelled using the m-calculus and it’s correctness is established by proving the
equivalence of the corresponding specification and implementation. Possible de-
partures of nodes from a network are not examined in this approach. In [23] the
Alloy formal language is used to prove correctness of the pure join model. The
same formalization present several counterexamples to correctness of Chord ring-
maintenance in the general case.

In [7] a joint frame for reasoning about knowledge and linear time is presented,
and the proof of weak completeness for a logic which combines expressions about
knowledge with linear time is provided.

As we mentioned in Introduction using DHT or Chord in IoT domain is not a
novelty [4, Bl [6, 15] 22]. In [4] authors proposed distributed control plane. They
consider the problem how to deliver control messages to the devices that are in
sleeping mode most of the time. Proposed DHT algorithm is Chord. The paper [5]
introduce scalable, self-configuring and automated service and resource discovery
mechanism based on structured DHT architecture. The article [6] presents com-
parison of the discovery service mechanisms in IoT domain, both traditional and
distributed approaches. In [I5] authors give the description of a novel discovery
service for IoT which adopts DHT approach with multidimensional search domain.
Authors of [22] presented discovery service for objects carrying RFID tags based
on double Chord ring. In all these articles, the correctness of the Chord protocol
was accepted for granted.

2.2. Contributions. In this paper we:

e provide axiomatization and prove the soundness, strong completeness and
decidability of the logic of time and knowledge;

e describe the Chord protocol using the logic of time and knowledge;

e prove the correctness of the maintenance of the ring topology of the Chord
protocol with the respect of the fact that nodes are not allowed to departure
the system after they join it.

This work is motivated by the importance of the discovery and control service of
an IoT system and the obvious fact that errors in concurrent systems are difficult
to reproduce and find merely by program testing. This proof could be, also, the
foundation for the formal proof created using a formal proof assistant (like, Coq or
Isabelle/HOL).

3. CHORD PrOTOCOL

The papers [17), 18], [19] introduce the Chord protocol and give the specification
of it in C++-like pseudo-code. They present the correctness, performance and
robustness of the Chord protocol. Here, we will provide a short description of it.

A number of nodes running the Chord protocol form a ring-shaped network. The
main operation supported by Chord is mapping the given key onto a node using
consistent hashing.The consistent hashing [8] provides load-balancing, i.e., every
node receives roughly the same number of keys, and only a few keys are required
to be moved when nodes join and leave the network. Chord networks are overlay
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systems. Thus, each node in a network, that consists of N-nodes, needs “routing”
information about only a few other nodes, O(log N), and resolves all lookups via
O(log N) messages to other nodes.

| 8wl 0] o

FiGURE 1. Chord lookup procedure

As it is shown, the Chord’s stabilization algorithm maintains good lookup per-
formance despite continuous failure and joining of nodes. When the network is not
stable, i.e., the corresponding “routing” information is out of date since nodes join
and leave arbitrarily, the performance degrades.

Identifiers are assigned to nodes and keys by the consistent hash function. The
identifier for a node or a key, hash(node) or hash(key), is produced by hashing IP
of the node, or the value of the key. The length of identifiers, for example m bits),
must guarantee that the probability that two objects of the same type are assigned
same identifiers is negligible. Identifiers are ordered in an identifier circle modulo
2™, Then, the key k is assigned to the node such that hash(node) = hash(key). If
such a node does not exist, the key is assigned to the first node in the circle whose
identifier is greater than hash(key).

Every node possesses information on its current successor and predecessor nodes
in the identifier circle. To accelerate the lookup procedure, a node also maintains
routing information in the form of the so-called Finger Table with up to m entries.
The i** entry in the table at the node n contains the identifier of the first node s
that succeeds n by at least 2~ 1 in the identifier circle, i.e., s = successor(n+2i—1),
where 1 < ¢ < m, and all arithmetic is preformed modulo 2. Figure [I] presents
Finger tables of nodes n; and nsg.

One node can be aware of only a few other nodes in the system, like node ny;
from Figure [T] knows for the existence of only 3 other nodes. Some other can have
different node identifier in almost every entry in its Finger table, like node nsq from
Figure [T}

During the lookup procedure, a node forwards a query to the largest element of
the Finger table which is smaller than the key used in the query, respect to the
used arithmetics. In the example illustrated with Figure [T} if no is looking for the
responsible node for the key with identifier 57, it will forward this query to node
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ng7, the closes node from its finger table. After, that this query will be forwarded
to ngs and nsg, until it finally ends at ngg. The answer if ngy contains the key and
respected value with identifier 57 will be returned to node that started query, in
this case ns.

The stabilization procedure implemented by Chord must guarantee that each
node’s finger table, predecessor and successor pointers are up to date. The pro-
cedure runs periodically in the background at each node. To increase robustness,
each Chord node can create a successor list of size r, containing the node’s first r
SUCCESSOrs.

2
'-\\7“\
~

~N
.

FIGURE 2. Stabilization during the joining of a new node

Figure [2| illustrates the process of joining of the node ns between nodes ny and
n7. As a first step ns will set its successor to n7. During the stabilization process
n7 will set its predecessor to ns, then ny will set its successor to ns and, finally, ns
will set its predecessor to ns.

Beside the mapping of keys onto the set of nodes, the only other operations
realized by Chord are adding a node to network or removing a node from a network.
When a node n joins an existing network, certain keys previously assigned to n’s
successor now become assigned to n. When a node n leaves the network regularly,
it notifies its predecessor and successor and reassigns all of its keys to the successor.

4. Locic oF TIME AND KNOWLEDGE

As we mentioned in the previous Section, a system which runs the Chord protocol
is a dynamic multi-agent system, where every agent has it own partial view of the
surrounding environment. To be able to reason about such system, we need to
introduce a framework for formal description of changes of the knowledge of an
agent during the time. In this section we present logic of time and knowledge.

4.1. Syntax.

Let N be the set of non-negative integers. We denote N = {ng,...nm,_1}, where
m € N, and then let N7 = N U {u} be the set of propositional variables.

The set For of all formulas is the smallest superset of N1 which is closed under
the following formation rules:

o (¢, 1) — ¢ x 1) where x € {>~, <} and ¢, € Ny,
o (8,0, ) = OM(t), ) where ¢, ¢ € N,

e )+ x1) where x € {=, 0, @,K;},

o (¢, ) — ¢*1p where x € {A,U,S}.

The operators > and < represent relations successor and predecessor of a node.
The tip of the "arrow” is pointing to the node with ”greater” identifier, with re-
spect to the ordering determined by the ring shaped Chord network. We will use
abbreviation n; =2 ny for n;,n, € N iff there is an n; € N such that n; > n; and
n; = ng, and ng <2 n,; for ni,n; € N iff there is an n; € N such that ny < n; and
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nj < n;. Similarly, we can define n; = ny, as well as nj; <’ ny, for n;,n; € N and
0 < i < m. Figure [3|illustrates the relations >, < (Figure and >* (Figure .

60 -
s
56y¢. "
/
(A) nse = Neo and Ngo < N6 (B) nso >3 n60

FIGURE 3. Examples of >, < and >*

The operators = and A represent standard logical negation and conjunction. The
operators (), @, U and S are standard temporal operators Next, Previous, Until
and Since. The operator K; represents the knowledge of the agent 3.

The remaining logical and temporal connectivities V, —, <+, F, G, P, H are defined
in the usual way:

® OV =gy ~(mP A1),
o =Y =gef PV,

¢ ¢ P =ger (6= V)N (Y — ),

o Fp =gep (Y — Y)Y,

L d Gw =def —'F—'Z/%

d Pw =def (d} — 1/J)S¢7

b Hw =def ﬁpﬁwv

L4 OO¢ —def '(/11 On—H?/J = O On '(/)7” = Oa
° 'Y =4; ;@) = @@, n > 0.

Nonempty sets of formulas will be called theories.

In this paper we will consider time flow which is isomorphic to the set N. We will
take into account both future and past. Since we are dealing with a multi-agent
system were agents have to share knowledge among them the obvious choice is to
use the logic of time and knowledge, similarly like in [7].

We define @ (7, (f;);jen) as a k-nested implication for the knowledge of an agent
i and for formula 7 based on the sequence of formulas (6;);en in the following
recursive way:

(I)Q(T, (oj)jGN) = 00 — T,
Qpi1(7, (05)jen) = Ort1 — Ki®r(7, (0;)en), for some 0 < i < m.
For example, @3(7’, (Qj)jeN) = 93 — Ki(eg — Kj(91 — KZ(QQ — T))),O < i,j < m.

This definition follows the form of probabilistic k-nested implication presented in
[12, 21].

4.2. Semantics.
We will defined models as Kripke’s structures.

Definition 1. A model M is any tuple (R, W, m, KC) such that
o Set of all possible runs R:
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— o ={ht el E=0,1,2.. .}, 20t e {T, 1},
— R=1{ri;j _(),1,...},
— Restriction: if :UJ P =T then )" =T
o W set of time instances (the time ﬂow isomorphic to N),
e m:Rx W xNy— {T,.L} truth assignment, such that:
— w(ri t,ny) = a:{’t,
—a(r tu) =T
o K possibility relations: K; C (R x W)2: (ri, t)K;(rd" #') iff 22" = xz/’t/.

ol 2 rl3

r . ZEE - v b o
2o 21 K1

e o - —_——

Pe - - - - _._.._.__

4 - - A, - - 4 —o—‘— .
_ runs -~ pOssiblity relations s time instances

FIGURE 4. Kripke model

Figure [4| illustrates a Kripke model which contains the runs r!, 2, r3, 7%, where
Lis the sequence of (r!,0), (r', 1), (r1,2), etc. and similarly for other runs. In
this model, for example (2, 1)K1(r?,2), etc.

An n; € N is true in the time instant ¢ in the run 77 (27" = T) if the Chord net-
work node i is active in the corresponding realization of the network. We define the
set of propositional variables which represent the active nodes of Chord network as
Na = {n;|n; is true}. For n;,nj,n, € N we define the relation M which represents
the fact that n; is the member of the ring interval (n;, ng] as: nM(n;, ng) is true iff

° j=Fk,
e j<kandj<i<k,
e k< jand ~(k <i<y).

4.3. Satisfiability relation. A formula is satisfiable if it is possible to find an
interpretation, i.e. model, that makes that formula true.

Definition 2. Let M = (R, W, n,K) be any model. The satisfiability relation |=
(formula o is satisfied in a time instance of a run RXW |= «) is defined recursively
as followS'

(1) (r,t) En iff n(ri,t,n) = true, n € Ny

(2) () EaABiff (rft) Eaand (r,t) =8

(3) (r,t) | —~a iff not (r7,t) = a ((r,t) - o)

(4) (1) | Qa iff (r,t+1) F

(5) (r,t+1) F @a iff (17,t) =«

(6) (17,0) = @a

(7) (r7,t) = aUB iff there is a i > 0 such that (r7 t +1i) = B, and for every k,
such that 0 < k < 1, (rj,t—kk)':a

(8) (r7,t) = aSp iff there is a 0 < i < t such that (r/,t —i) = 3, and for every
k, such that 0 < k < i, (ri,t —k) = a



BOJAN MARINKOVIC, ZORAN OGNJANOVIC, PAOLA GLAVAN, ANTON KOS, AND ANTON UMEK

t) = Kiow iff (7' ) = o for all (r3' ') € K;((r7,t))

1) =i =y iff

(a) i=j and (r',t) F ni AKi(\, en\ i} 77%)

b) i <j<m and (r',t) Eni An; A Ki(/\i;-s-l -ng) ANKin;

¢) j<i<mand (rit) EniAng AKi (Aje; —ng) AR (NIZT =) AKing

d) j<iandi=m and (ri,t) =n; An; /\KZ(/\17€;11 —ng) ANK;n;

(a)
)
)
)

(9) (17,
(10) (r?
a
(
(d
(11) (7, t) Eny <n; iff
i=7,t#0 and (1,t) = ni AKi(A\,,, eny\fny 77
(b) i <j<m and (1 t) En; Anj A Ki(/\i;;-l —ng) A Kin

(¢) j<i<mand (ri t) = n; Anj AK (N\j—;iq —'T_Lk)/\Ki(/\i;ll —ny) AKin;j
(d) j<iandi= m and (r1,t) = n; Anj AKi( i;ll -ng) AKin;j

(e) s = and (19,8 k= —n; V (n; A (@(~K(nx = n,))))

4.4. Axiomatization.
The axioms of our theory are all instances of the following schemata:

a

A1 instances of tautologies
ATl - Qa+ O«
AT2 Ofa — 8) = (Oa — OF)
AT3 aUf < BV (a A O(alpB))
AT4 oUB — Ff
AT5 @(a— ) — (@a — @)
AT6 aSf < (@LAB)V (—@LA(BV (e @(ash))))
AT7 aSpg — Pj
AT8 o+ QOea
AT9 a+ 0LV (@e-LrheOa)
AT10 PL
AK1 ¢ < K, o = £n;
AK3 Ko = «
AK4 K;a — KK«
AK5 —K;a = K;—K;«
AS1 n; = n; — /\nkEN1\{ﬂj} _‘(ni -~ nk),nianj eN
AS2 n; <n; — /\nkeNl\{nJ} -(n; < ng),ng,n; €N
AS3 n; < n; — /\nkGN1\{ni} _‘(nk = nj)vnivnj eN
AS4 n; <nj = nj > ng,n;,n; €N
AS5 n; =~ nj — Kl(nl - nj),ni,nj eN
AS6 ((n; = ny) AngM(ng, ng) A O(—King)) = O(ns = nj),ni,nj,ng € N
Inference rules:
MP from « and o — 3 infer
RTN from « infer Oa
RKN from « infer ;o
RI from @5 (=((A;—o O')AO™1B), (6;)en) for alli > 0 infer @4 (=(aUB), (6;);en)
[AT1 — AT10] are standard axioms of the linear temporal logic. [AT11] takes
into consideration specificity of our model and the restriction that when some n;
become T, then it will never be L. While [AK1] takes into consideration specificity
of our model, [AK2 — AK5] are standard axioms for reasoning about knowledge.
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[AS1] says that a node can have only one successor. [AS2] says that a node can be
predecessor of only one node. [AS3] says that a node can have only one predecessor.
[AS4] says that if a node is predecessor of some other node, that other node has to
be its successor. [AS5H] says that if a node n; has the successor n; than it knows
that n; is its successor. [AS6] says when the current successor will be the successor
in the next time instance.

[MP] is modus ponens, [RTN] and [RKN] resemble necessitations,and [RI] is the
infinitary inference rule that characterize the Until operator.

4.5. Soundness, Completeness and Decidability.

In this part we will prove that our system is sound, complete and decidable.
Informally speaking, the soundness means that we cannot prove anything that is
wrong, the completeness means that we can prove everything that is right, and
the decidability means that there is an effective method for determining whether
arbitrary formula is a theorem of our logical system.

The inference relation I is defined as follows:

Definition 3. We say that « is syntactical consequence of a set of formulas T (or
that a is deducible or derivable from T ) and write T & « iff there exists an at most
countably infinite sequence of o, ..., oy such that ag = o and for all B < ¢, ag
is an instance of some axiom, ag € T, or ag can be obtained from some previous
members of the sequence by an application of some inference rule. A formula o is
a theorem (& «) if it is deducible from the empty set. The rules [RTN] and [RKN]
can be applied only to theorems.

Definition 4. A set T is inconsistent iff T = L, otherwise it is consistent. A set
T of formulae is maximal if for every formula o either a € T or ~a € T. A set T
is deductively closed if for every formula o, if T F o, then a € T

Theorem 1. [Soundness] b « implies = a.

Theorem 2. FEvery consistent set of formulas T can be extended to a mazimal
consistent set T*.

Canonical structure. We define a special, so called canonical structure M* =
(R, W, m,K). Let T be the set of all maximal consistent sets. Let T € T. We define
a run inductively as: T} =T, and T} = {a: Qa € Tjt_l},t > 0.

We denote:

jt j t j t . it .
o v} =(xy",...,al ), where " =T if n; € T}, and 2]"" = L otherwise,
YN J,t _
o 1 = (" ...} ), t=0,1...,
e R={r}.

Also:
o w(ri, t,ny) = xf’t,
o (1 )Ki(rd ¢') iff n; € T! & ny € TY.
Theorem 3. [Strong completeness] Every consistent set of formulas is satisfiable.

Theorem 4. T ¢ < T+ .

Theorem 5 (Decidability theorem). Checking the satisfiability of a given formula
1 is decidable.
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Proof. In every run at some time instance we will have stationary situation (at least
when all possible nodes join the system). Since we do not allow leaving of the nodes,
we can apply the ideas from [11], 13, [14] to prove the decidability problem. O

5. PROOF OF THE CORRECTNESS

To be able to prove the correctness of the Chord protocol we need to introduce
the following definitions:

Definition 5 (Stable pair). The pair of nodes (ng,n;) is stable (we denote it with
ne M) at (r2 ) iff (e =" ) A (Nigjm, Kig (= mag ) A (e <™ mg) A
(Ai<j<my Kigsr (g0 < 1m4;)), where n;; € Na.

Definition 6 (Stable network). Network is stable (we denote it with ®) at (r?,t)
iff ng Mng for all ng, € Nj.

We introduce an integer constant f € N, that will represent fairness condition,
i.e. it guarantees that a formula will be realized at maximum of f time instances.
The processes of the Chord network can be describe with:
ps BN, en =m5) A1 A (N eny gy 775) AKi(ni = ni) ARg(ni < u) for
one n; € N,
P .(ﬁni)/\m/\sz:o O'Ki(n; = nj) AKi(n; < u),n; € Na,n; € N,i # j,
psiig: Ki(ng > nj) AKj(ny < u)) VvV (Ki(ng = nj) AKj(n; < ng) A
nM(ng, n;)) — \/lf:O OlKj(nj < n;), ng,ng,nj € Ny,
£S2,i,5: K,-(ni - nj) N Kj(nj < nk) A\ nkM<ni,nj> — Vlf:O Ole(”z — nk)’
ng, Nk, N € Na.
[ps] describes the start of the new Chord network. [p;] represents the situation
when a new node n; is joining the existing Chord network, while [pg1 ; ;] and [ps2,; ;]
characterize stabilization processes in one Chord network.
To be able to describe periodicity of the stabilization process, we introduce the
following axioms:

ACF1: n; A ps — \/lf:0 O \/?1:_01 psiijs Mi € Na,
ACF2: n; A pg — \/lf:O Ot \/;.151 ps2,ij, Ni € Na,
ACF3: n; A pgi — \/lf=0 O \/;";01 psi,ij, i € Na,
ACF4: ny N pg; — \/lf:o O V;l}l ps2,ij, Ni € Na,
ACF5: n; A ps1ik — \/{:0 O \/;-n:_o1 psi,ij, i € Na,k € {0,m— 1},
ACF6: n; A psa,ik — \/lf:0 O \/;';01 ps2.ij, i € Na, k€ {0,m — 1}.
The correctness of the Chord protocol can be proved by the following Lemmas
and Theorem.

Lemma 1. Let a new node start a new Chord network. Then, there is a finite
period of time after the network will be stable again, if no other nodes are trying to
join in the meanwhile.

Lemma 2. Let a new node join a stable Chord network which consists of only one
node. Then, there is a finite period of time after the network will be stable again,
if no other nodes are trying to join in the meanwhile.

Proofs of Lemmas [T and [2] are similar like the proof of Lemma



CORRECTNESS OF THE CHORD PROTOCOL 11

Lemma 3. Let a peer join a Chord network, between two nodes which constitute
a stable pair, such that the second node is the successor of the first node. Then,
there is a finite period of time after the starting pair will be stable again, if no other
nodes are trying to join in the meanwhile.

Lemma 4. Let a peer join a Chord network, between two nodes which constitute
a stable pair. Then, there is a finite period of time after the starting pair will be
stable again, if no other nodes are trying to join in the meanwhile.

Proof. Since one new node is joining the stable pair, we can choose two nodes which
are each others successor and predecessor and the new node is joining between them,
so we can apply Lemma ([l

Lemma 5. Let a Chord network contain a stable pair. If a sequence of nodes join
between the nodes that constitute this stable pair, then there is a finite period of
time after the starting pair will be stable again.

Proof. If we assume that all nodes that want to join the network have different
successors, by Lemma [4] the statement holds.

If this is not the case, we can assume that n; Mny and that set of nodes j1, jo, - - .,
such that ¢ < ... < jo < j1 < k, are joining this stable pair. Then, we can apply
Lemma [4] on the tuples (i,j1,k), (¢, j2,j1), ... This process will have as a result
n; Mnyg, again. O

Theorem 6. - -© — FO©

Proof. The unstable state can be reached only by joining of the new nodes, and,
since we do not allow node failures, this theorem is the corollary of Lemmas [1| —

51 O

6. CONCLUSION

The core part of the every IoT system are its discovery and control services.
In the distributed environment, these services can be realized using the Chord
protocol.

In this paper we provide the axiomatization and prove the soundness, strong
completeness and decidability of the logic of time and knowledge. Using this frame-
work, we prove the correctness of the maintenance of the ring topology of the Chord
protocol with the respect of the fact that nodes are not allowed to departure the
system after they join it.

Our plan is to continue our research to prove the correctness in the general case.
Also, one of the possible directions for further work is to apply the similar technique
to describe other DHT protocols and other cloud processes.

Another challenge could be to verify the given proof in one of the formal proof
assistants (e.g., Coq, Isabelle/HOL). It might also produce a certified program
implementation from the proof of correctness.

APPENDIX A. PROOFS

Theorem 1. [Soundness] - a implies |= a.
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Proof. AT1 - Qa <+ O«
(rit) == Qaiff (rit) £ Qa iff
(ri t+1) FEaiff (7 t+1) | —aiff
WﬂfﬂzQﬁO&
AT2 Ofa— f) = (Oa = OB) |
rtyE=EQla—=pB)iff (P t+ 1) Fa— piff (M, t+1) E-aVgiff
(ri,t+1) E —aor (rt+1) B iff

(r’,t) F=Qaor (rt) E OB if
(rityE-OQavVvOgiff
(r’,t) E Oa = OB
AT3 aUB + BV (a A O(aup))
ri,t) = aUB iff

,t
rj,t+ >hﬁ,i>0and (ri t+k) |:aand0<k<iiﬂ
,t

k:<21ff
<7‘j,t> EpBor (rt)Eaand (rnt+i—1) | fand (rnt+k—1) F «
and0<k—-1<i—1iff
(19,1 = or {3, ) |= o and (19, ) |= O(aUB) ift
(r.4) = BV (a A O(aUB))
AT4 aUB — FB
(ri t) = aUB iff
(rit+i)EByi>0and (rt+k) Eaand 0 <k <iif
(ri,t+1i) = B and exists i > 0 iff

(rf,t) = FB
[AT5 — AT7] similarly like [AT2 — AT4] regarding the sub-case (r7,0).
AT8 o+ QOea

(rit)y Eaiff (1 t+1) = @aiff (1, t) E O«
[AT9] similarly like [ATS], regarding the sub-case (r?,0).

AT10 PL
(ri t) = PLff (r7,0) = @L
AT11 n; — Gn;
Because of the restriction if xft = T then mf’“’l =T.

AK1 ¢ <> K;p, ¢ = £n;
(r,t) = o iff
(ri' ') = @ and all (17, ') € K;((r7, 1)) iff
(19,1 = i
AK2 (Kia AKi(a— B)) = K8
(ri t) E Kia AKi(a — B) iff
<7"J t) = K; and (17t l:K(a—>B) iff
(ri' ') = « for all (ri',t') € K;((r,t)) and (',t') = a — B for all
(ri’, t> € Ki((ri b)) iff
(ri' V) = a A (o — B) for all (11" t') € Ki((r7, 1)) if
(ri' ') |= B for all (ri' #') € Ki((r?, 1)) iff
(r,t) K3
AK3 K;a — «
(ri t) = K iff
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(ri' t') = o and (17" t') € K;((r7,t)) then
(r',t) F o
AK4 K;,aa = K;K;«
(ri t) = K iff
(ri' t') = aand (17" t') € Ki((r7,t)) then
(r" ") = acand (1”17 € Ki((r?',¢')) iff
(ri' ) = Kev and (r7' 1) € K;((rd,1)) iff
<7“j7 t> ': KiKiOé
AK5 —K;a — K;—K;«
Similarly like [AKA4]
ASL ni =15 = Npenyy(n,y (0 7 1)y i n € N
Let (r',t) En; = n;.
If © = j , by the definition of n; > n; we have that
(r',t) i AR e fni) 719)5
and by [AK3] and [A1] we have that

(rht) = Anjenfniy "
so, there is no candidate n, € N1\{n;} such that n; > ns.
Let i # j and let
<7“l,t> = n; = nj
and i < j' < 7 < m. Then, by the definition of > relation we have

ng = g — Kingr,

and

j—1
n; = nj — Kl( /\ —\nk).
k=it1
Last two facts are in contradiction.
Similarly in all other cases.
AS2 n; <n; — /\nkeNl\{nj} -(n; < ng),ng,n; €N
Similarly like [AS1].
AS3 n; <nj; — /\nkeNl\{ni} —(ng < nj)aniynj eN
Similarly like [AS1].
AS4 n; < nj —» NG > Ni, N, Ny € N
Let (rl,t) En; < n;.
If i = j , by the definition of n; < n; we have that
<Tla t> ): n; A\ Ki(/\njEN\{ni} _'nj)a
so we have (r!,t) = n; = n;.
Let i # j and j < ¢ < m, then
i—1
<Tl,t> ): ’flj A n; A Kj( /\ —\nk) A K]‘Tli,
k=j+1

which means that:
<rl,t) E=nj > n,.

Similarly in all other cases.



BODJAN MARINKOVIC, ZORAN OGNJANOVIC, PAOLA GLAVAN, ANTON KOS, AND ANTON UMEK

AS5 n; = nj — Ki(ni - nj),ni,nj eN
Suppose opposite, that
(r',t) = (ni = nj) A =Ki(n; = nj).
Then we have:
(r',t) = n; = nj and (r',t) = —K;(n; = ny)),
and
<7"l,t> F’é Kl(nz - nj).
y [AK3], we have that:
(r', t) = ny = nj,
which cannot hold.
AS6 ((n; >~ nj.),/\ ngM{ng, n;) A O(—King)) = O(ni > nj),ni,nj,n, € N
JLet (r7,t) = ((ng > nj) AngM{ng,n;) A O(—K;ng)), and suppose that
(r7,t + 1) & (n; > ny). Without loss of generality we can assume that
j <1< m—1. The, by the definition of = and M we have that

j—1 j—1
(1) (r’ . t) Eng Anj AK( /\ —n;) A OKq( /\ —ny) AK;n,;.
l=it+1 l=i+1

From (r7',t+1) & (n; > n;) we can conclude that for some k,i < k < j
(ri' ,t +1) |= (n; > ng). By the definition of >:
k—1
(rj/7t+ 1) Eni Ang AK( /\ -ny) AKing,
l=i+1
which is in contradiction with .
[MP], [RTN] and [RKN] in standard way (see [111, [13] [14])
RI from <I>k(—|((/\§:0 Ola)AO™1B), (8;)jen) for alli > 0 infer @ (—(aUB), (6;) en)
We show that [RI] produces valid formula for a valid set of premises by
induction on k. Suppose that

< t) | 2u(= /\ Ola) AO™B), (0;)en), for i > 0.

Then )
(r 1) |= @ (=(aUB), (05) jen)

by following: Induction base.

k=0:

Note that:

if (r7',t) ¥ 6y — —(aUB) then

(17, 1) |= 0o A (aUP) iff

(ri' 1) = 0 and (r1,t) = aUB iff

(2) (17, 8) b= 0g and (7't +ig) = B and (r7 t 4+ 1) = o, 0 <1 < ig
(17" 1) b= {00 = ~((Aj_ O'a) AO1B)[i > 0} iff

(3) (', t) = and (7t +i) = Band (7t 4+ 1) a0 < <iforalli>0
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which in contradiction with .
Inductive step.

Let (7', 1) = rpa(=((Ai=o Ola) AN O™ B), (05)jen) for i >0, ie.
(r7 1) | Ok 1 — Ke, Pr(— /\ Ola) A O™ ), (6;)en)

1=0
for i > 0 and 0 < e < m. Let us assume opposite, that

(17" t) £ Pry1(=(aUB), () jen), ie.

(17, 1) | Oksr A =@p(~(aUB), (6;)en)-
Also, we have:

(r7, 1) | K @ (- /\Ol ANO™B), (65)jen)
for i > 0. For every (ri" ') € K., ((r7,t)) we have that:

(17"t = g (= /\ Ola) AO™'B), (6;) jen)
and by induction hypothesw

(r'",t') | @x(=(aUB), (6;)5en).
Therefore: y
<’I“] 7t> ': Ke,, q)k(ﬂ(aUﬁ)a (Hj)jEN)

which is a contradiction.

Theorem 7 (Deduction theorem). T'U {¢} F ¢ implies T - ¢ — 4.

Proof. If 1) is an axiom or ¢ € T, then T F 1, so since T + ¢ — (¢ — ) [A1] by
[MP] TF ¢ — 4. If o =1 then T+ ¢ — ¢ [Al].

If ¢ is a theorem then, - Ow. By weakening T' F O, so T F ¢ — O.
Similarly for [RKN] rule.

Let us assume that ¢ if obtained from T U {¢} using [RI] rule, i.e. ¢ =
@ (—~(aUpB), (0;)jen). Then we have:

T, ¢ b @p(=((Aj—g O'e) A OI1B), (6;)jen) for all i >0,

TE o= Pp(=((A=g Ola) AO™B), (6,)jen), by induction hypothesis,
T+ Y — (9k — Kekq)kfl(j((/\;:o Ola) A OH—IB)’ (ej)jGN))v 0 < ep <m,
by the definition of &y A

T+ (pAbk) — Ko, @i (2((Ai_g O'a) AO™18), (6;) ), by propositional
tautology (p — (g = 7)) ((pAgq) — ).

If we denote by (8;);en the sequence which coincides everywhere with

(6;);en for j # k, with the exception that 0 = P A 0, we get that:
Tt — KekfIQk—l( ((Aj=o O'a) AO™1B), (6;) jen),

T+ @i(=((Ai—o O'a) A O™ B), (0;) jen) for all i > 0,

T+ & (=(aUp), (0;)jen) by application of [RI]

T+ (o AOk) = Kep_, Pr—1(=(aUB), (0))en)

Tt o= Ok = Key_, Pr—1(—(aUB), (0))jen))
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T+ ¢ — Op(=(aUf), (05)en))
THe—.

O

Definition 7. For a given set of formulae T we define set T = {*xa|a € T} and
x € {K;, O, 0},0 < i < m. Also, for a given set of formulae T we define set
K; (T) ={a|Kia € T}.

Lemma 6. Let «, 8 be formulae:

LF1 + Ga < a A OGa,
LP1 F Ha < a A @Ha,
LF2 GO a <+ OGa,
LP2  H@a < @Ha,
LF3 (Oa — OB) — Ola — ),
LP3 (@a — @8) — @(a — ),
LF4 (Oa A OB) < Ola A B),
LP4 (@a N @f) < @(a ),
LF5 (Oa Vv OB) < OlaV A),
LP5 (@aV @f3) < @(aV j3),
LF6 Gat O'a, i >0,
LP6 Ho - (@ L Aa)V @, i >0,
LF7 if - « then F Ga,
LP7 if F a then - Ha,
LF8 if T F «, where T is a set of formulae, then OT F QOa,
LP8 if T+ «, where T is a set of formulae, then @T + @,
LF9 forj >0, 08, O0%,...,0 tak alB,
LP9 forj >0, @5, la,...,8 % F aSg,
LK if T F v, where T is a set of formulae, then KT & Ky for any 0 < e < m.

Proof. LF1 F Ga < a A OGa
F=(TU-a) + =(-aV (T AQO(TU-a))) (by definition of G and [AT4])
F=(TU-a) & aA(LVO-(TU-a)) (by [AT1])
F =(TU-a) < a A O~ (TU-a) (property of V)
F Ga < a A OGa (by definition of G)
LF2 — LF7 The proofs are the consequences of the temporal part of the above
axiomatization.
LF8 if T+ «, where T is a set of formulae, then OT F Qa
We will prove this by the induction on the length of the proof of o from
T.
Suppose that « is obtained by the inference rule [MP] from 8 — « and
3. Then we have:
OT F O(B — «) (induction hypothesis)
OT+O(8 — a) = (OB — Oa) [AT2]
OT F OB — Oa [MP)
OT + Op (induction hypothesis)
OT F Qa [MP]
Similarly we can prove the case when « is obtained using [RTN] and
[RKN].
Suppose that a = @ (=(YUB), (0;)jen) = O — Ki®y_1(=(7UB), (0;) en)
is obtained by the inference rule [RI]. Then:
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for 0 <e <m,i 20, OT + O‘I)k(_‘((/\;:O OZV) N OiJrl/B)v (9j)j€N)a
by induction hypothesis '
for 0 < e < mi =0 OT F Ok = Ke®r1(=((Aj—g Ola) A
O1B),(0) en)), by definition of
for 0 < e < myi =0, OT F Or — X®p_1(~((Al_, O'a) A
[Czilﬂ}ﬁ), (03)jen)) = (OO — OKe@r—1(=((Aj=g O'a)AO™B), (67) jen))
T2
for 0 < e < myi >0 OT F Qb = OKe®p1(=((Aj_, Ola) A
O™B), (0;)jen) [MP]
for 0 <e <m, OT - (O — OKePi—1(=(7UB), (0;)jen)) [RI]
for 0 < e < m, OT F (Obs = OKePr_1(=(7Up), (6;);en)) —
Ok = KePr—1(=(vUB), (6;) en)) (LF3)
for0<e< m, OT [ Q(Gk — Ke(Pk,l(ﬁ(’yUﬂ), (Gj)jeN)) [MP]
OT F O®r(—=(7UB), (65)jen) , by definition of ®y.
LF9 for j >0, OB, 0%,...,0' taF aUp
By propositional reasoning we can obtain:

Ojﬂ’ooa, o Oj*1 aFBV (A OBV (Qanl(... (Ojflﬂ v (Ojiloz/\
(OBV(OFa AP HaUB)))))) - - )

Since

F BV (aA(OBV(OaA(... (O’ BV(O an(O BV(O anO’ T (aUB)))))) .. ))) — aUB

can be gained using [AT3], we have

O'8,0%, ..., tat aus.
LP1 — LP9 The proofs are similar to the [LF1 — LF9] respectively.
LK if T+ v, where T is a set of formulae, then K.T'F K.y for any 0 < e <m
We use the transfinite induction on the length of proof T ~. Suppose
that T+ ~ where v = ®1(—(aUp), (6;);en)) is obtained using [RI] rule.
Then: '
T F ®k(=((Ai=o O'a) AO™15), (6;) jen) for all i > 0
KT F Ke@p (—((Aj—p O'a) AO 1), (6;) jen) by induction hypothesis,
KT+ T = Kei(~((Afy O'a) A O™18), (6)en) for all i >0
KT F @p 11 (=((Aj—g O'a) AO™ B), (05) jen) where (6;) e is a nested
k + 1-sequence such that ;11 = T, and which coincides everywhere
Wlth (éj)jEN fOI‘j 7é k} —+ 1
KT = @py1(—(aUB), (05)en)) by [RI]
KT FT = KPr(—(aUB), (0;)jen))
KT FT — Key
KT FKey
U

Theorem 2. FEvery consistent set of formulas T can be extended to a mazimal
consistent set T*.

Proof. Let us assume that For = {«;|i > 0} is the set of all formulas. The maxi-
mally consistent set T is defined recursively, as follows:

(1) Ty =T,

(2) If o is consistent with T; then T;41 = T; U {a;},
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(3) If ; is not consistent with T; and has form ®(—=(aUB), (0;);en)) then
0
Tiy1 =T, U {~ay, ﬂ‘?k(_‘((/\ Ola) AQ™*1B), (05)jen)}
1=0

where ng is a positive integer such that 7T;,; is consistent,
(4) Otherwise T; 1 = T;,
(5> T = Un>0 Ty,
The set T; 1 obtained by the steps 2 or 4 is obviously consistent. Let us consider
the step 3.
If we suppose that =@ (=((AjLy Ola) AQ" 1 8), () en) is not consistent with
T; for every n > 0 then by Deduction theorem, T; F @ (= ((Aj_y O'a)AO™ 1 B), (0;)jen)
for every n > 0, and by [RI] we have T; - ®(—(aUp), (6;) en)) which contradicts
the assumption. Thus, the set T; obtained by the step 3 is also consistent. Also,
the construction guarantees that for each o € For, either a € T* or —ax € T™.
To prove that that 7™ is deductively closed it is sufficient to prove that it is
closed under the inference rules. We will only prove closeness under the inference
rule [RI] since the other cases are straightforward.
Suppose that @4 (—(aUB), (6;)jen)) ¢ T, while D4 (~((AZy O'a)AO™ ' B), (0;) en) €
T* for every n > 0. By maximality of T%, —=®y(=(aUpB),(0;)jen) € T*. If
a; = ®p(—(aUp), (0;)en)), then, by the construction of T there is ng such that
=@k (=((A2o Ola)ANO™H1B), (0;)jen) € T; which contradicts the fact that @5 (- (A O'a)A
O"*1B),(0;)en) € T* for every n > 0. O

Lemma 7. T; is a maximal consistent set.

Proof. The proof is by induction on ¢. By hypothesis, TJQ is maximal and consistent.
Let t > 0 and T; be maximal and consistent.

Suppose that T;H is not maximal. There is a formula « such that {«, -a} N
T;H = @. Consequently, {Oa, O—~a} NTj = &. Thus, we have that {Oa, = O
a} NT} = @ which is in contradiction with the maximality of T}.

Suppose that T;'H is not consistent, i.e. T;H F a A =, for any formula «. By
[LFg|, QTJ’-SJrl FO(aA-a) and T} = O(a A —a). By [LF4] and [AT1] we can show
that T]‘-s F Oa A= «a, which is in contradiction with consistency of T]’?. O

Theorem 3. [Strong completeness] Every consistent set of formulas is satisfiable.

Proof. We prove that v € T} iff (r,t) = v by induction on complexity of +.

e v € N. This is immediate consequence of the definition of 7.
e The proof in the cases when 7 is a negation or a conjunction is standard.
e 7=«
(rity EQaiff (M t+1) Faiffac T;H iff Qo € T}
e v =qaUQ.

Suppose that (r?,t) = aUB. There is some i > 0 such that (r,t +1i) = 3
and for every I, 0 < I < i, (r7,t+1) = a. By the induction hypothesis,
B € T;H, for i > 0, and « € T;H, for 0 < I < i. By the construction of
M*, we have O3 € Tf, for i > 0, and Qla € Tjt, for 0 < I < 4. Thus, by
[L9], we have that aUS € T}.
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For the other direction, assume that aUS € Tjt. By construction of the
model M*, for some i > 0,03 € T}, ie. B e T;H. Let ip = min{i : OB €
T;} Ifigp =0, 8 € T;, and by the induction hypothesis (r/,t) = (. It
follows that (r’,t) = aUB. Thus, suppose that ig > 0. For every i such
that 0 < i < io, O'8 € T}, i.e. B ¢ Tjt“. So we have that aUB € T}
and BV (@A (OB V (Oan...AQ° 1BV (O taAO"(aUpB)...) e T}
It follows that for every i < ig, Ola € (r’,t), a € (r,t + i), and by the
induction hypothesis (r/,t + i) = «. From (r?,t + i) &= 3, it follows that

(ri, 1) | aUB.
v = @c.
—-t=0

If @ € T by definition we have (r7,0) |= ®a.
Also, if (17,0) = @« then @ L € T}, so: - L — «iff - @(L — «) iff
el — @iff @L+ @« iff @ e T}
—t>0
oa c T} iff O@a € Tf_l iffa € T;_l iff (ri,t—1) E aiff (17,t) = @«
v = asp.
—t=0
If asf € T}, by [AT6] B € T}, thus (r/,0) = aSp.
If (r7,0) = asf then (17,0) = 3 and §,@L € T}, thus by [AT6]
aspeTy.

—t>0

Suppose that (r/,t) = aSB. There is some 0 < i < t such that
(ri,t —i) = B and for every I, 0 < I < 4, (r7,t — 1) = «. Thus,
BET;_i, for 0 <7 < ¢, andozeT;_l7 for 0 < I < 4. By the
construction of M*, we have @'3 € T, for 0 <i < t, and @'a € T},
for 0 <1 <. Thus, by [LP9], we have that aSg € T7}.

Contrariwise, aSf € T}. By [AT6] we have that o A @(asSp)) € T;. If
B € T} then (r7,t) |= f and consequently (r/,t) |= aSf. Otherwise, if
B & T! then a € T} and @(aSB) € T!. By [LF8] O@(asB) € T/,
and by [ATS8] aSp € T;_l. For some k < t, we have (r/,t) = @3 and
(ri.t) = @'a, for 0 <1 < k. Thus, we have that (r7,t) = aSp.

v = K;a.

Suppose Koo € T}, then o € K; (T}). Also, T} D X;(X; (T})), so for
each (r7' ') such that (r7,t)K;(r7",#') (by the definition of relation K;),
(ri' .t} = a. By induction hypothesis (a is subformula of K;a), we have
that (r7,t) = K;a.

Conversely, let (r?,t) | K;« and assume the opposite, i.e. that K;a ¢
T}. Then K; (T}) U {—a} is consistent. Otherwise, by Deduction theorem
K; (T}) - a, by [LK], and T} D K;(X; (T})) F K;r, by maximality of T, and
Kia € T} which is a contradiction. Thus, K; (T}) U {=a} can be extended
to a maximal consistent set T]t,/ , and:

mET;:H{Zm GTJt:>7’Ll€K1(T;):>TLZ ET;:
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Similarly, for -n; € Tf. Thus, we have (r/,t)K; (3" #'). Since - € Tjt,/ )
then (ri',#') = =« by induction hypothesis, so (7', #) £ o, which is a
contradiction.

O

Lemma 3. Let a peer join a Chord network, between two nodes which constitute
a stable pair, such that the second node is the successor of the first node. Then,
there is a finite period of time after the starting pair will be stable again, if no other
nodes are trying to join in the meanwhile.

Proof. Let us assume that n;,n; € N, and n; Mn;, i.e. (n; = n;) A (n; < n;) and
that ny tries to join that stable pair. Let us denote
5f

a=@minn;) Apsk N\ N\ O, T = {nnMni,n;),nx #ni,n; #ni}
n; €I t=0

We have,
(by AS6) (1)

aFKi(n; = n;) AKj(n; <n;) AngM{ng, n;) Ang
(by definition of A and 1) (2a)
a b Ki(n; = nj)
(by definition of A and 1) (2b)
a b Kj(n; <n;)
(by definition of A and 1) (2c)
a bk ngM(ng, nj)
(by definition of A and 1) (2d)
aknyg
(by definition of «) (2e)
ab prk
(by 2d, 2e) (2f)
abng A PJk
(by definition of ps ) (3)
f

ak Pk — \/ OlKk(TLk - nj)
1=0

(by MP, 2e, 3) (4)

!
atk \/ Oy (g, = n;j)
1=0
(by definition of AS6,4) (5)

f
atk \/ OlKk(nk - ’I”Lj) — Oka(TLk - nj),
=0
(by MP, 4, 5) (6)
ak Oka(nk - nj)
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[ACF3] (7)
f

abngApgr — \/ O'psi,
1=0
(by MP, 2£7) (8a)

f
otk \/ Olpsuw'
=0
(by AS6) (8D)
ak OfpS'I,k,j
(by 8b) (9a)
f
at OF ((Br(nk = nj) AKj(n; < ng) AngM(ng,ng)) = \/ O'K;(n; < ny))
=0
(by AT2, 9a) (9b)

f
a b OF (K (ni = nj) AKj(nj < ni) AngM(ni,ng))) — Of (\/ O'K;(n; < i)
1=0
(by AS6, 6) (10a)
at Oka(nk - nj)
(by ASG, 2b) (10b)
ok Oka(nj < n;)
(by ASG6, 2¢) (10c)
atk of (ngM(ng, ny))
(by LF4, 10a, 10b, 10c) (11)
a b Of (Ki(ng = nj) AKj(n; < ng) AngMng, n;))
(by MP, 9,11) (12)

f
a kol (\/ O';(n; <))
1=0
(by definition of O, AS6, 12) (13)
ak O2ij(’l’Lj < nk)
(by n; € N, and ACF2 or ACF4) (14)

2f —1
at \/ Ol \/ PS2,i,5
I=f j=0

(by definition of V,14) (15a)
2f
otk \/ OZPSQ,i,k
I=f
(by definition AS6,15a) (15b)

alk OQfPSQ,z’,k

21
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(by 15b) (16a)

f
a kO (Ki(n; = nj) AKj(nj < ng) AngMng, n;)) — \/ O'Ki(n; = ny))
1=0
(by AT2, 16a) (16b)

f
atk OQf(Ki(ni - nj) N Kj(nj < TZk) A nkM<ni,nj>)) — OQf(\/ OlKi(ni - nk))
=0

(by ASG, 2a) (17a)
ak O¥k;(n; = ny)
(by AS6, 13) (17Db)
ak O*K;j(n; < ny)
(by AS6, 2¢) (17¢)
atk Ozf(nkai, n;))
(by LF4, 17a, 17b, 17¢) (18)
ak O (Ki(n; = nj) AK;j(nj < ng) AngM(ng, n;))
(by MP, 16b,18) (19)

f
at OQf(\/ O';(n; = ng))
1=0
(by definition of O, AS6,19) (20)
ok OSfKi(nl > nk),

(by n; € N, and ACF1 or ACF3) (21)

af -1
alk \/ Ol \/ PS1,i,j
I=3f  j=0
(by definition of V,21) (22a)

4f
ak \/ OlpSLi,k
1=3f
(by definition ASG6, 22a) (22b)
at OY psiik
(by 22b) (23a)

f
a b O (Ki(n; = i) AKg(ng < uw) A ngM{ng, nj)) — \/ O'e(ng, < n5))
1=0
(by definition of AT2, 23a) (23b)

f
a b O (Ki(n; = ng) AKg(ng < u) A ngM{ng, nj))) — O4f(\/ O (nk < ny))
1=0
(by AS6, 29) (24a)
a koYK (n; = ng)
(by AS6, 2e) (24b)
ok O4ka(nk < u)
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(by ASG6, 2c) (24c)

ak O (ngM(ng, n;))
(by LF4, 24a, 24b, 24c) (25)

ok O (Ki(ns = ni) ARy (n < u) Ani(ng, n;))
(by MP, 23b,25) (26)

f
a koY (\/ Or(nk < n,))
1=0
(by definition of O, AS6,26) (27)
alt Ostk(nk < n;)
(by AS6, 6) (28)
ok OE’ka(nk - n;)
(by AS6, 13) (29)
otk O%K;(n; < ny)
(by AS6, 20) (30)
at O5sz-(nZ- - ng)
(by AS6, 27) (31)
alt Ostk(nk < n;)
(by LF4, 28, 29, 30, 31) (32)
a kO (K (ng, = ny) AKj(ny < ng) AKi(ng = ng) AKg(ng, < ny))
(by definition of m) (33)
ak O% (n; mny)
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