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Extremal attractors of Liouville copulas

Léo R. Belzile* AND Johanna G. Ne§lehova®

Abstract

Liouville copulas, which were introduced in [27], are asymmetric generalizations of the ubiquitous Archimedean
copula class. They are the dependence structures of scale mixtures of Dirichlet distributions, also called Liouville dis-
tributions. In this paper, the limiting extreme-value copulas of Liouville copulas and of their survival counterparts are
derived. The limiting max-stable models, termed here the scaled extremal Dirichlet, are new and encompass several
existing classes of multivariate max-stable distributions, including the logistic, negative logistic and extremal Dirichlet.
As shown herein, the stable tail dependence function and angular density of the scaled extremal Dirichlet model have a
tractable form, which in turn leads to a simple de Haan representation. The latter is used to design efficient algorithms
for unconditional simulation based on the work of [9] and to derive tractable formulas for maximum-likelihood inference.
The scaled extremal Dirichlet model is illustrated on river flow data of the river Isar in southern Germany.

1. Introduction

Copula models play an important role in the analysis of multivariate data and find applications in many areas, including
biostatistics, environmental sciences, finance, insurance, and risk management. The popularity of copulas is rooted in
the decomposition of Sklar [34], which is at the heart of flexible statistical models and various measures, concepts and
orderings of dependence between random variables. According to Sklar’s result, the distribution function of any random
vector X = (Xy,..., X4) with continuous margins F1, . .., F satisfies, for any z1,...,24 € R,

Pr(X; <uaq,...,Xq <xq) = C{Fi(x1),..., Fa(zq)},

for a unique copula C, i.e., a distribution function on [0, 1]¢ whose margins are standard uniform. Alternatively, Sklar’s
decomposition also holds for survival functions, i.e., for any z1,...,24 € R,

Pr(X1 > X1y, Xg > l‘d) = C{F1<$1>,. .. ,Fd<-75d)}7

where F}, ..., F, are the marginal survival functions and C is the survival copula of X, related to the copula of X as
follows. If U is a random vector distributed as the copula C' of X, C is the distribution function of 1 — U.

In risk management applications, the extremal behavior of copulas is of particular interest, as it describes the depen-
dence between extreme events and consequently the value of risk measures at high levels. The purpose of this article is to
study the extremal behavior of Liouville copulas. The latter are defined as the survival copulas of Liouville distributions
[13, 16, 33], i.e., distributions of random vectors of the form RD,,, where R is a strictly positive random variable inde-
pendent of the Dirichlet random vector Dy, = (D1, ..., Dg) with parameter vector &« = (a, . . ., aq). Liouville copulas
were proposed by McNeil and Neslehova [27] in order to extend the widely used class of Archimedean copulas and create
dependence structures that are not necessarily exchangeable. The latter property means that for any us,...,uq € [0, 1]
and any permutation 7 of the integers 1,...,d, C(u1,...,uqg) = Clur),..-,Ur@a)). Whena = 15 = (1,...,1),
D, = D1, is uniformly distributed on the unit simplex
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Sa={xec[0,1]: 214 - +a4=1}. (1)

In this special case, one recovers the Archimedean copulas. Indeed, according to [26], the latter are the survival copulas
of random vectors RD,, where R is a strictly positive random variable independent of D7 ,. When o # 1, the survival
copula of RD,, is not Archimedean anymore. It is also no longer exchangeable, unless a1 = - - = aq.
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In this article, we determine the extremal attractor of a Liouville copula and of its survival counterpart. In particular, it
will be seen that non-exchangeability of Liouville copulas carries over to their extremal limits. As a by-product, we also
obtain the lower and upper tail dependence coefficients of Liouville copulas that quantify the strength of dependence at
extreme levels [21]. These results are complementary to [18], where the upper tail order functions of a Liouville copula
and its density are derived when a3 = - -+ = .

The extremal attractors of Liouville copulas are interesting in their own right and could be used to model the depen-
dence between extreme risks in the presence of causality relationships [14]. These limiting extreme-value models can
be embedded in a single family, termed here the scaled extremal Dirichlet, whose members are new, non-exchangeable
generalizations of the logistic, negative logistic, and Coles—Tawn extremal Dirichlet models given in [6]. We examine the
scaled extremal Dirichlet model in detail and derive its de Haan spectral representation. The latter is simple and leads to
feasible stochastic simulation algorithms and tractable formulas for likelihood-based inference.

The article is organized as follows. The extremal behavior of the margins of Liouville distributions is first studied
in Section 2. The extremal attractors of Liouville copulas and their survival counterparts are then derived in Section 3.
When « is integer-valued, the results of [23, 27] lead to closed-form expressions for the limiting stable tail dependence
functions, as shown in Section 4. Section 5 is devoted to a detailed study of the positive and negative scaled extremal
Dirichlet models. In Section 6, their de Haan representation is derived and used for stochastic simulation. Estimation
is investigated in Section 7, where expressions for the censored likelihood and the gradient score are also given. An
illustrative data analysis of river flow of the river Isar is presented in Section 8, and the paper is concluded by a discussion
in Section 9. Lengthy proofs are relegated to the Appendices.

In what follows, vectors in R? are denoted by boldface letters, * = (z1,...,24); 04 and 14 refer to the vectors
(0,...0) and (1,...,1) in RY, respectively. Binary operations such as & + y or a - &, ® are understood as component-
wise operations. || - || stands for the ¢;-norm, viz. ||x| = |z1|+ --- + |z4|, L for statistical independence. For any

z,y € R, letz Ay = min(z,y) and 2 V y = max(z,y). The Dirac delta function I;; is 1 if i = j and zero otherwise.
Finally, R% is the positive orthant [0, 00)? and for any x € R, . denotes the positive part of z, max(0, z).

2. Marginal extremal behavior

A Liouville random vector X = RD,, is a scale mixture of a Dirichlet random vector D, = (Dq,...,Dy) with
parameters @ = («1,...,a4) > 04. In what follows, R is referred to as the radial variable of X and & denotes the
sum of the Dirichlet parameters, viz. & = ||a|| = a1 + - -+ + 4. Recall that D, has the same distribution as Z /|| Z|,
where Z; ~ Ga(ay, 1),i = 1,...,d are independent Gamma variables with scaling parameter 1. The univariate margins
of X are thus scale mixtures of Beta distributions, i.e., fori = 1,...,d, X; = RD; with D; ~ Beta(«;, @ — o).

As a first step towards the extremal behavior of Liouville copulas, this section is devoted to the extreme-value properties
of the margins of the vectors X and 1/X, where X is a Liouville random vector with parameters c and a strictly
positive radial part R, i.e., such that Pr(R < 0) = 0. To this end, recall that a univariate random variable X with
distribution function F is in the maximum domain of attraction of a non-degenerate distribution F{, denoted F' € M (Fp)
or X € M(Fp), iff there exist sequences of reals (a,,) and (b,,) with a,, > 0, such that, for any z € R,

lim F"(anz + b,) = Fo(x).

n—oo
By the Fisher-Tippett Theorem, F; must be, up to location and scale, either the Fréchet (®,), the Gumbel (A) or the
Weibull distribution (¥,) with parameter p > 0. Further recall that a measurable function f : Ry — Ry is called
regularly varying with index p € (—o0, 00), denoted f € R, if forany x > 0, f(tz)/f(t) = zPast - c0. If p =0, f
is called slowly varying. For more details and conditions for F' € M (Fyp), see, e.g., [11, 30].

Because the margins of X are scale mixtures of Beta distributions, the maximum domain of attraction of the margins

of a Liouville vector X can be established using the results of [17]. The following proposition follows directly from
Theorems 4.1, 4.4. and 4.5 in the latter paper.

PROPOSITION 1. Let X = RD,, be a Liouville random vector with parameters o« = (o, ...,aq) and a strictly
positive radial variable R, i.e., Pr(R < 0) = 0. Then the following statements hold for any p > 0:

(@ Re M(®,) ifand only if X; € M(®,) foralli=1,...,d.
(b) Re M(A) ifand only if X; € M(A) foralli=1,...,d.
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() Re M(¥,) ifandonly if X; € M(¥)15-q,) foralli=1,...,d.

Proposition 1 implies that the margins of X are all in the domain of attraction of the same distribution if the latter is
Gumbel or Fréchet. This is not the case when the margins are in the Weibull domain of attraction. Note also that there
are cases not covered by the above proposition, in which the margins X; are in the Weibull domain while R is not in the
domain of attraction of any extreme-value distribution. For example, when d = 2, & = (1,1) and R = 1 almost surely,
the margins of X are standard uniform and hence in the maximum domain of attraction of ¥ ; see Example 3.3.15 in [11].
At the same time, R is clearly neither in the Weibull, nor the Gumbel, nor the Fréchet domain of attraction.

In subsequent sections, we shall also need the extremal behavior of the margins of 1/ X . The proposition below shows
that the latter is determined by the properties of 1/R. In contrast to Proposition 1, however, the margins of 1/ X are always
in the Fréchet domain. The proof may be found in A.

PROPOSITION 2. Let X = RD,, be a Liouville random vector with parameters o« = (o, ..., aq) and a strictly
positive radial variable R with Pr(R < 0) = 0. The following statements hold for any i = 1, ..., d.

(@) If1/R € M(D,) for p € (0, ), then 1/X; € M(®)).
(b) IfE(1/R*"¢) < 0o for some e > 0, then 1/ X; € M(®,,).
3. Extremal behavior of Liouville copulas

In this section, we will identify the extremal behavior of a Liouville random vector X = RD,, and of the random vector
1/X, assuming that Pr(R < 0) = 0. As a byproduct, we will obtain the extremal attractors of Liouville copulas and their
survival counterparts. To this end, recall that a random vector Y with joint distribution function H is in the maximum
domain of attraction of a non-degenerate distribution function Hy, in notation H € M(Hy) or Y € M(Hy), iff there
exist sequences of vectors (a,,) in (0,00)% and (b,,) in R? such that for all z € R,

lim H"(a,x +b,) = Hy(x).

n—oo

When the margins of H are continuous, H € M (Hj) holds if and only if the margins F; of H are in the maximum domain
of attraction of the margins F;o of Hy, i.e., F; € M(Fjo) foralli = 1,...,d, and further if the unique copula C' of H is
in the domain of attraction of the unique copula Cyy of Hy, denoted C' € M(Cy), i.e., iff for all u € [0, 1]¢,

lim C™(u!/") = Co(u).

In particular, the margins of the max-stable distribution Hy must each follow a generalized extreme-value distribution, and
C must be an extreme-value copula. This means that for all u € [0, 1]¢,

Co(u) = exp[—£{—log(u1), ..., —log(uq)}], 2)

where £ : R% — [0, 00) is a stable tail dependence function, linked to the so-called exponent measure v viz. v{[04, )} =
£(1/x), see, e.g., [30]. The latter can be characterized through an angular (or spectral) probability measure o4 on S, given
in Equation (1) which satisfies de w; dog(w) =1/dforalli =1,...,d. Forall x € R‘i, one has

Lx) = d/ max(wyxy, ..., wqeq) dog(w). 3)
Sq

Because ¢ is homogeneous of order 1, i.e., for any ¢ > 0 and = € RZ, l(cx) = cl(x), Cp can also be expressed via the
Pickands dependence function A : Sy — [0, 00) related to ¢ through £(z) = ||z||A(x/||z|)). Then at any u € [0, 1]¢,

Co(w) = exp {log(ul o)A { 1og1(zg1('7“‘}')w) o 1Og1(2f(ff?)Ud) H .

When d = 2, it is more common to define the Pickands dependence function A : [0,1] — [0, 1] through £(x1,z2) =
(z1 + x2)A{wa/(z1 + z2)} so that, for all uy,us € [0, 1],

Colur, un) = exp [log(ulug)A {log(“Q)H | )

10g(u1 Ug)

Now consider a Liouville vector X = RD, with a strictly positive radial variable. Theorem 1 below specifies when
X € M(H,) and identifies Hy. The proof may be found in B.
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4 L. R. BELZILE AND J. G. NESLEHOVA

THEOREM 1. Let X = RD,, Dy = (D1,...,Dy), a > 04, and Pr(R < 0) = 0. Then the following statements
hold.

(@) If R € M(®,) for some p > 0, then X € M(H,), where Hy is a multivariate extreme-value distribution with ®,,
margins and a stable tail dependence function given, for all x € R, by

_T'(a+p) T(aq)z1 DY I'(aa)za DY
@="rg " {m“{ Dlartp) r<ad+p>dH

(b) If R € M(A), then X € M(H,), where for all z € R?, Hy(x) = Hle A(z;).
(¢) If R € M(¥),) for some p > 0, then X € M(Hy), where for all x € R%, Hy(z) = Hle Ut a—a; (@)

The next result, also proved in B, specifies the conditions under which 1/X € M (Hj) and gives the form of the limiting
extreme-value distribution Hy.

THEOREM 2. Let X = RD,, D, = (Dy,...,Dq), a > 04, and assume that Pr(R < 0) = 0. Let ay =
max(ay, ..., aq). The following cases can be distinguished:
(@) If1/R e M(®,) for p € (0,am], setly = {i:a; < p}, Ia ={i:a; > p}and ag =)y, ;. Then
1/X € M(H,), where the margins of Hy are Hyg = ®ppa,, @ = 1,...,d, and the stable tail dependence function

is given, for all x € R%, by
T(a;)z; D;” L(as — p) I(a;)z;D;”
St N — i+ —"F ST ,
”é%x{ (s — p) H D @it Ty B maxy e

i€l

Ux) = sz + F(;é(_p)E

i€l d)

where (D;,i € 1) is a Dirichlet random vector with parameters (a,i € I).
(b) IfE (1/RP) < oo for B > o, then 1/ X € M(Hy), where for all & € R?, Ho(z) = H?:l D, (x;).

The stable tail dependence functions appearing in Theorems 1 and 2 will be investigated in greater detail in the subsequent
sections. Before proceeding, we introduce the following terminology, emphasizing that they can in fact be embedded in
one and the same parametric class.

DEFINITION 1. Forany o > 0 and p € (—a, 00), let c(a, p) = T'(a + p) /T () denote the rising factorial. For d > 2
and ay,...,aq > 0andlet (D1,...,Dy) denote a Dirichlet random vector with parameters o« = (1, . .., ) and set
a=aj+ -+ ag Forany —min(ay,...,aq) < p < 0o, the scaled extremal Dirichlet stable tail dependence function
with parameters p and o is given, for all x € R%, by

&)

D} DY
P(x;p, ) = c(a, p)E {max{ 1 Yl }}

clar,p)’ 7 elad, p)

when p # 0 and by max(x1,...,x4) when p = 0. For any p > 0, the positive scaled extremal Dirichlet stable tail
dependence function (PP with parameters p and o is given, for all z € R%, by (PP (z; p, a) = (P (x; p, ), while for
any 0 < p < min(ay, ..., aq), the negative scaled extremal Dirichlet stable tail dependence function (*P is given, for all
x € RY, by ("P(x; p, @) = (P (z; —p, ).

Remark 1. As will be seen in Section 5, distinguishing between the positive and negative scaled extremal Dirichlet
models makes the discussion of their properties slightly easier because the sign of p impacts the shape of the corre-
sponding angular measure. When p — 0, (P (zx; p, ) becomes max(x1,...,x4), the stable tail dependence function
corresponding to comonotonicity, while when p — oo, £°(x; p, ) becomes x1 + - - + x4, the stable tail dependence
function corresponding to independence. Note also that p € (—00,00) can be allowed, with the convention that all
variables whose indices i are such that p < —a; are independent, i.e., (™ is then of the form given in Theorem 2 (a).
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From Theorems 1 and 2, we can now easily deduce the extremal behavior of Liouville copulas and their survival
counterparts. To this end, recall that a Liouville copula C is defined as the survival copula of a Liouville random vector
X = RD,, with Pr(R < 0) = 0. The following corollary follows directly from Theorem 2 upon noting that C'is also the
unique copula of 1/X.

COROLLARY 1. Let C be the unique survival copula of a Liouville random vector X = RDq, with Pr(R < 0) = 0.
Let ayy = max(ay, . .., aq). Then the following statements hold.

(@ If1/R € M(D,) for p € (0,am), then C € M(Cy), where Cy is an extreme-value copula of the form (2) whose
stable tail dependence function is given, for all x € Ri, by

l(x) = Z% + 0P (293 p, 2),

i€l
wherely ={i:a; < p}, I ={i:a; > p}and xy = (z;,i € Iz), ag = (e, 1 € I).

(b) IfE (1/R?) < oo for B > aw, then C € M(II), where 11 is the independence copula given, for all w € [0,1]%, by
M(u) =ug - - ug.

Remark 2. When oy =--- =aq = aand 1/R € M(®,) for p € (0, ), the result in Corollary I (a) can be derived
from formula (5) in Proposition 3 in [18] by relating the tail order function fo the stable tail dependence function when
the tail order equals 1.

The survival counterpart C of a Liouville copula C'is given as the distribution function of 1 — U, where U is a random
vector distributed as C'. As C'is the unique survival copula of X, C' is the unique copula of X . The following result thus
follows directly from Theorem 1.

COROLLARY 2. Let C be the unique copula of a Liouville random vector X = RD, with Pr(R < 0) = 0. Then the
following statements hold.

(@) If R € M(®,) for p > 0, then C € M(Cy), where Cy is an extreme-value copula of the form (2) with the positive
scaled extremal Dirichlet stable tail dependence function given, for all € € R%, by (PP (x; p, o).

(b) If R € M(A) or R € M(V,) with p > 0, then C € M(II), where I1 is the independence copula.

4. The case of integer-valued Dirichlet parameters

When « is integer-valued, Liouville distributions are particularly tractable because their survival function is explicit. In
this section, we will use this fact to derive closed-form expressions for the positive and negative scaled extremal Dirichlet
stable tail dependence functions. To this end, first recall the notion of the Williamson transform. The latter is related to
Weyl’s fractional integral transform and was used to characterize d-monotone functions in [38]; it was adapted to non-
negative random variables in [26].

DEFINITION 2. Let X be a non-negative random variable with distribution function F, and let k > 1 be an arbitrary
integer. The Williamson k-transform of X is given, for all x > 0, by

Wy F(z) = /:O (1 - %)H dF(r) = E (1 - %)i_l .

For any k > 1, the distribution of a positive random variable X is uniquely determined by its Williamson k-transform, the
formula for the inverse transform being explicit [26, 38]. If v = Wy F, then, for all z > 0,

-2 (71)jxj¢(j)(x) (_1)k71xk71¢ﬂc—1)(x)

F(z) =W, (z) =1— 7l - =1 5

where for j = 1,...,k — 2, ") is the jth derivative of ¢ and wg_k_l) is the right-hand derivative of ¢)(*~2). These
derivatives exist because a Williamson k-transform ) is necessarily k-monotone [38]. This means that 1) is differentiable
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6 L. R. BELZILE AND J. G. NESLEHOVA

up to order k — 2 on (0, 0o) with derivatives satisfying (—1)7¢() > 0 for j = 0,...,k — 2 and such that (—1)*~2¢(#=2)
is non-increasing and convex on (0, co). Moreover, ¢(z) — 0 as x — oo and if F'(0) =0, ¢¥)(z) — 1 and x — 0.

Now let C' be a Liouville copula corresponding to a Liouville random vector X = RD,, with integer-valued parame-
ters & = (a1, ..., aq) and a strictly positive radial part R, i.e., Pr(R < 0) = 0. Let ) be the Williamson &-transform of
Randsetl, ={0,...,a1 —1} x --- x {0,...,aq — 1}. By Theorem 2 in [27], one then has, for all x € ]Ri,

_ . (Jr+---+ja) T+ -+
PI‘(X > m) = H(m) — Z (71)‘714’“-4’],111[} Jl'( .1 d H Jz (6)
(j1;~~7jd)eﬂa
In particular, the margins of X have survival functions satisfying, forallz > 0and¢ =1,...,d,
a;—1 P
_ i —1)i 3@
Pr(X; > 2) = Hi(x) = S SD@0@) Wa (). %

§=0
By Sklar’s Theorem for survival functions, the Liouville copula C' is given, for all u € [0, 1]%, by
C(u) = H{H "(w1),.. .,}_Id_l(ud)}.

Although this formula is not explicit, it is clear from Equations (6) and (7) that C' depends on the distribution of X only
through the Williamson a-transform 1) of R and the Dirichlet parameters cv. For this reason, we shall denote the Liouville
copula in this section by C'y, o and refer to ) as its generator, reiterating that 1) must be an &-monotone function satisfying
(1) = 0 and ¢(z) — 0 as x — oco. When o« = 1,4, Cly 1 is the Archimedean copula with generator 1, given, for all

€ [0,1]9by Cy.1(u) = p{tp= (u1) + - - - + ¥ ~(uq)}. Because the relationship between ¢ and R is one-to-one [26,
Proposition 3.1], we will refer to R as the radial distribution corresponding to ).

Now suppose that 1/R € M(®,) with p € (0,1). By Theorem 2 in [23], this condition is equivalent to 1 — 1 (1/-) €
R_,. It further follows from Corollary 1 (a) that Cy o € M(Cjy) where Cj is an extreme-value copula with the negative
scaled extremal Dirichlet stable tail dependence function ¢"P(-; p, ). This is because p < 1 < min(ay, ..., aq) so that
I; = 0 in Corollary 1 (a). Equation (6) and the results of [23] can now be used to derive the following explicit expression
for "D, as detailed in C.

PROPOSITION 3. Let Cy o be a Liouville copula with integer-valued parameters o = (v, . . ., og) and generator .
If1—9(1/-) € R_, for some p € (0,1), then Cy o € M(Cy), where Cy is an extreme-value copula with scaled negative
extremal Dirichlet stable tail dependence function (*P as given in Definition 1. Furthermore, for all € R%,

(@ p, ) = (1 - p) Z {mx_p)}/ x

j=1

Ji

1/p
d _Ti
C(ji+-+Jja—p 1 {<a >}
1y Y T+ -

ri-p UG 7
(]'1(7{1-:]'4)];2&]1-?0) - Zk 1{C(ak’ p)}

When o = 14, the index set I, reduces to the singleton {0}, and the expression for /P given in Proposition 3 simplifies,
for all z € RY, to the stable tail dependence function of the Gumbel-Hougaard copula, viz.

EHD(;C;,@ 1) = (x}/P R _|_$(11/P)P'

The Liouville copula Cy, 1, which is the Archimedean copula with generator %), is thus indeed in the domain of attraction
of the Gumbel-Hougaard copula with parameter 1/p, as shown, e.g., in [5, 23].

Remark 3. When o« = 14 and 1 —(1/-) € R_4, it is shown in Proposition 2 of [23] that Cy 1 is in the domain of
attraction of the independence copula. However, when o is integer-valued but such that max(ay, ..., aq) > 1, regular
variation of 1 — 1»(1/-) does not suffice to characterize those cases in Corollary 1 that are not covered by Proposition 3.
This is because by Theorem 2 of [23], 1/R € M(®,) forp > 1, 1/R € M(A) and 1/R € M(¥,) for p > 0 all imply
that 1 —(1/-) € R_1. At the same time, by Corollary 1, Cy o € M(II) clearly does not hold in all these cases.
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Extremal attractors of Liouville copulas 7

Next, let C’qp,a be the survival copula of a Liouville copula Cy, o, i.e.i.e., the distribution function of 1 — U, where U is a
rfmdom vector with distribution function C'y, o. The results of [23] can again be used to restate the conditions under which
Cy,a € M(Cp) in terms of 7 and to give an explicit expression for the stable tail dependence function of Cj.

PROPOSITION 4. Let Cw,a be the survival copula of a Liouville copula Cy, o, with integer-valued parameters o and
a generator 1. Then the following statements hold.

(@) If Y € R, for some p > 0, then Cy o € M(Cy), where Cy has a positive scaled extremal Dirichlet stable tail

dependence function (PP as given in Definition 1. The latter can be expressed, for all x € le_, as

—1/p1 ~P

d
EPD(ZIJ;p, 1+p Z Z (71)k+1 Z «

k=11<i1 < <ip<d Jj=1

. . —1/p Jm
Z I'(j1 + +]k +p) H {C(ai,:,l» p)}

; -1/p
. k Tij
(J1,-- 7Jk)€H(a11 ,,,,, ) Zj:l {m}

(b) Ifp € M(A) oryp € M(¥,,) for some p > 0, Cy o € M(IL), where 11 is the independence copula.

When a = 14, the expression for /PP in part (a) of Proposition 4 simplifies, for all x € R, to

EpD(w;p, 1) = Z (_1)\A\+1 <in1/p> ’

AC{1,...,d}, A#D i€A

which is the stable tail dependence function of the Galambos copula [20]. When ¢ € R_, for some p > 0, C'd,,l , 1s thus
indeed in the domain of attraction of the Galambos copula, as shown, e.g., in [23].

5. Properties of the scaled extremal Dirichlet models

In this section, the scaled extremal Dirichlet model with stable tail dependence function given in Definition 1 is investigated
in greater detail. In Section 5.1 we derive formulas for the so-called angular density and relate the positive and negative
scaled extremal Dirichlet models to classical classes of stable tail dependence functions. In Section 5.2 we focus on the
bivariate case and derive explicit expressions for the stable tail dependence functions and, as a byproduct, obtain formulas
for the tail dependence coefficients of Liouville copulas.

5.1. Angular density

The first property worth noting is that the positive and negative scaled extremal Dirichlet models are closed under marginal-
ization. Indeed, letting z; — 0 for some arbitrary 1 < ¢ < d, we can easily derive from Lemma 2 that for any o« > 0y,
p > 0,and any x € R?, /PP (x;p, ) — (PP (x_;;p, _;) as x; — 0, where for any y € R, y_; denotes the vector
(Y1, s Yio1,Yis1s--->Ya). Similarly, forany 1 < i < d, a« > 04,0 < p < min(ay,...,ay), and any & € RZ,
P (x5 p, ) — P (x_i;p, ;) as z; — 0.

Since none of the scaled extremal Dirichlet models places mass on the vertices or facets of the simplex S; when p # 0,
the density of the angular measure o4 completely characterizes the stable tail dependence function and hence also the
associated extreme-value copula. This so-called angular density of the scaled extremal Dirichlet models is given below
and derived in D.

PROPOSITION 5. Let d > 2 and set ay,...,cq > 0and & = oy + -+ + aq. Forany p > —min(ay,...,aq), let
also c(a, p) = (c(aa, p),...,c(aq, p)), where c(a, p) is as in Definition 1. Then for any —min(ayq, ..., aq) < p < 00,
p # 0, the angular density of the scaled extremal Dirichlet model with parameters p > 0 and o is given, for all w € Sy,
by

—p—a

Do,- F(7+p 1/p ‘ ) ai/p,, ai/p—1
b= (w;p,e) = dlp|i- 1H () Z{C &g, P w]} H{C(aup)} w; :

Author’s Original Version preprint, version of Februrary 22nd, 2017



8 L. R. BELZILE AND J. G. NESLEHOVA
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Figure 1: Angular density of the scaled extremal Dirichlet model. Left panel: p = 4/5 and a = (2,1/2) (black full),
p=1/4and a = (1/10,1/10) (red dashed), p = 1/4 and o = (1/2,1/2) (blue dotted). Right panel: p = —1/4 and
a = (2,1/2) (black full), & = (2/5,2/5) (red dashed) and e = (1/2,1/2) (blue dotted).

The angular density of the positive scaled extremal Dirichlet model with parameters p > 0 and o is given, for all w €
Sq, by hPP(w; p,a) = hP(w;p, ), while the angular density of the negative scaled extremal Dirichlet model with
parameters 0 < p < min(ay, ..., aq) and o is given, for all w € R%, by h"P(w; p, &) = hP (w; —p, ).

From Proposition 5, it is easily seen that when ac = 14, the angular density hPP reduces, for any p > 0 and w € Sy,
to the angular density of the symmetric negative logistic model; see, e.g., Section 4.2 in [6]. In general, the angular
density PP is not symmetric unless o = a1,4. The positive scaled Dirichlet model can be viewed as a new asymmetric
generalization of the negative logistic model which does not place any mass on the vertices or facets of Sy, unless at
independence or comonotonicity, i.e., when p — oo and p — 0, respectively. Furthermore, hPP can also be interpreted
as a generalization of the Coles—Tawn extremal Dirichlet model. Indeed, hPP(z; 1, ) is precisely the angular density
of the latter model given, e.g., in Equation (3.6) in [6]. Similarly, the negative scaled extremal Dirichlet model is a new
asymmetric generalization of Gumbel’s logistic model [15]. Indeed, when av = 14, h"P simplifies to the logistic angular
density, given, e.g., on p. 381 in [6].

Figures 1 and 2 illustrate the various shapes of hPP and h"P that obtain through various choices of o and p. The
asymmetry when o« # ol is clearly apparent. For the same value of p, the shapes of the angular density can be quite
different depending on . In view of the aforementioned closure of both the positive and negative scaled extremal Dirich-
let models under marginalization, this means that these models are able to capture strong dependence in some pairs of
variables (represented by a mode close to 1/2 of the angular density) and at the same time weak dependence in others
pairs (represented by a bathtub shape).

5.2. The bivariate case

When d = 2, the stable tail dependence functions of the positive and negative scaled extremal Dirichlet models have a
closed-form expression in terms of the incomplete beta function given, for any ¢ € (0,1) and o, s > 0, by

t
B(t; a1, as) :/ x4 (1 — z)*2 e
0
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Extremal attractors of Liouville copulas 9

When ¢t = 1, this integral is the beta function, viz. B(ay, as) = I'(a1)T'(ag)/T'(a1 + a). A direct calculation yields the
corresponding Pickands dependence function, for any ¢ € [0, 1], APP(¢; p, a1, a2) = PP (1 — ¢, ¢; p, a1, ), ie.,

(1-1) {e(az,p)(1 = 1)}"/" cmon 4 p

ApD 5 ap, ) = 7
(t; p, ) B(as, a1 + p) [{C(QZa p)(1— t)}l/p + {e(an, p)t}l/p

t {c(ar, p)t}'"*
JrB 1/p 1/p;a1,a2+p ’
(a1,02+0) " | {e(az, p) (1 — 0} + {c(ar, p)t}
When a3 = as = 1, APP becomes the Pickands dependence function of the Galambos copula, viz. A(t) = 1 —

{til/ P4 (1—-t)"Y p}fp, as expected given that the positive scaled extremal Dirichlet model becomes the symmetric
negative logistic model in this case. Similarly, for any ¢ € [0, 1], the Pickands dependence function A™P(¢; p, a1, a0) =

scaled Dirichlet, scaled Dirichlet,
a=(1,1/2,1/5),p=1/5 a=(5/4,2,1),p=-2/5

wy =1 wy =1

w; =1 wy =1 w; =1 wy =1

scaled Dirichlet, scaled Dirichlet,
a=(1/5,1/5,1/5),p=1/5 a=(5/4,5/4,5/4),p = —2/5

w3 =1 w3 =1

Figure 2: Angular density of the scaled extremal Dirichlet model with o = (1,1/2,1/5),p = 1/5 (top left) and o =
(1/5,1/5,1/5),p = 1/5 (bottom left), a = (5/4,2,1), p = —2/5 (top right) and o« = (5/4,5/4,5/4),p = —2/5
(bottom right). The colors correspond to log density values and range from red (high density) to blue (low density).
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10 L. R. BELZILE AND J. G. NESLEHOVA
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Figure 3: Pickands dependence function of the scaled extremal Dirichlet model.Left panel: p = 4/5 and @ = (2,1/2)
(black full), p = 1/4 and @ = (1/10,1/10) (red dashed), p = 1/4 and o = (1/2,1/2) (blue dotted). Right panel:
p=—1/4and a = (2,1/2) (black full), &« = (2/5,2/5) (red dashed) and o« = (1/2,1/2) (blue dotted).

MP(1—t t:p, oy, ) s

. (1-1) {(1 — t)e(as, —p)}/* ]
AP (¢t p, o, a0) = ;0 — P, Q0
(t:p ) B(ai — p, a2) {tc(al,—p)}l/p+{(1 —t)c(ag,—p)}l/p P
t {te(ar, —p)}'/” o — p
+B(a27p,a1) {tc(a17_p)}1/l)+{(l_t)c(a27_p)}l/p’ 2= P 1] .

When a; = ay = 1, A"P simplifies to the stable tail dependence function of the Gumbel extreme-value copula, viz.
AQt) = {tl/ P4(1—t)/r }p . This again confirms that the negative scaled extremal Dirichlet model becomes the symmetric
logistic model when a; = ao = 1. The Pickands dependence functions APP and AP are illustrated in Figure 3, for the
same choices of parameters and the corresponding angular density shown in Figure 1.

The above formulas for APP and A"P now easily lead to expressions for their upper tail dependence coefficients.
Recall that for an arbitrary bivariate copula C', the lower and upper tail dependence coefficients of [21] are given by

2(@) = 1im C o) m g gy S =1 Gl

u—0 U u—1 u—1 u—0 U
where C is the survival copula of C, provided these limits exist. When C is bivariate extreme-value with Pickands
dependence function A, it follows easily from (4) that A¢(C) = 0 and A, (C) = 2 — 2A(1/2).
Now suppose that C},’g is a bivariate extreme-value copula with positive scaled extremal Dirichlet Pickands depen-
dence function APP and parameters p > 0 and g, iz > 0. Then

: { onn) jag, 0 + }
B(OQaOél"'p) C(a27p)1/p+c(al’p)1/pv 2, Q1 P

_ 1 { C(ala p)l/p
B(ai,az +p) (g, )P + c(ax, p)

)\u(cg,]gz) =2-

1/p;a1,a2+p}. (8)
Similarly, if CSD is a bivariate extreme-value copula with negative scaled extremal Dirichlet Pickands dependence function

o
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Extremal attractors of Liouville copulas 11

A"P and parameters a, s > 0and 0 < p < min(ay, o), then

1 B{ c(ag, —p)'/* caq —p 042}
B(al - P 052) C(ah _p)l/p + C(O[Q, _p)l/p’ 7

1 cloa, —p)'/*
B : — .9
" Blas g {c<a1,—p>1/P+c<a2,—p>1/ﬂ’“2 proag O

M(CO2) =2

When a1 = as = «, Expressions (8) and (9) simplify to

2 1 2 1
M(CPPYy =2 - ——— B =; A(CPPYy =2 —— "~ B(-;a- .
(€2 =2 gt b (Gaats), AGRI =2 B (jia-pa)
Formulas (8) and (9) lead directly to expressions for the tail dependence coefficients of Liouville copulas. This is because
if C' € M(Cy), where Cy is an extreme-value copula with Pickands tail dependence function Ag, A\, (C) = 2 —2A¢(1/2)
[25, Proposition 7.51]. Similarly, if C' € M(C{), where Cf is an extreme-value copula with Pickands tail dependence
function Aj, Ae(C) = 2 — 2A§(1/2). The following corollary is thus an immediate consequence of Corollaries 1 and 2.

COROLLARY 3. Suppose that C' is the survival copula of a Liouville random vector RDq, with parameters o > 0
and a radial part R such that Pr(R < 0) = 0. Then the following statements hold.

(@) If R € M(®,) for some p > 0, \(C) = Xy (CP2,) is given by Equation (8).

(b) If R € M(A) or R € M(T,) for some p > 0, Ao(C') = 0.

(©) If1/R € M(®,) for some 0 < p < a1 A g, Ay (C) = Au(CBR)) is given by Equation (9).
(d) If1/R € M(®,) for p > a1 A as or ifE(1/RP) < cofor B> ay V ag, A\, (C) = 0.

The role of the parameters « and p is best explained if we consider the reparametrization A, = |a; — ag| and
Yo = a1 + as. As is the case for the Dirichlet distribution, the level of dependence is higher for large values of X,,.
Furthermore, A, is monotonically decreasing in p. Higher levels of extremal asymmetry, as measured by departures from
the diagonal on the copula scale, are governed by both X, and A,,. The larger X, the lower the asymmetry. Likewise, the
larger A, the more asymmetry. Contrary to the case of extremal dependence, the behavior in p is not monotone. For the
negative scaled extremal Dirichlet model, asymmetry is maximal when p ~ a3 A as. When X, is small, smaller values
of p induce larger asymmetry, but this is not the case for larger values of ¥, where the asymmetry profile is convex with
a global maximum attained for larger values of p.

6. de Haan representation and simulation algorithms

Random samples from the scaled extremal Dirichlet model can be drawn efficiently using the algorithms recently devel-
oped in [9]. We first derive the so-called de Haan representation in Section 6.1 and adapt the algorithms from [9] to the
present setting in Section 6.2.

6.1. de Haan representation

First, introduce the following family of univariate distributions, which we term the scaled Gamma family and denote
sGa(a, b, ¢). It has three parameters a, ¢ > 0 and b # 0 and a density given, for all x > 0, by

flz;a,b,c) = Flé)c')a_bcxbc_l exp {— (z)b} ) (10)

Observe that when Z ~ Ga(c, 1) is a Gamma variable with shape parameter ¢ > 0 and scaling parameter 1, Y = aZ'/?
is scaled Gamma sGa(a, b, ¢). Consequently, E (Y) = al'(¢ + 1/b)/T'(¢) < oo provided that b < —1/c. The scaled
Gamma family includes several well-known distributions as special cases, notably the Gamma when b = 1, the Weibull
when ¢ = 1 and b > 0, the inverse Gamma when b = —1, and the Fréchet when ¢ = 1 and b < 0. When b > 0, the scaled
Gamma is the generalized Gamma distribution of [36], albeit in a different parametrization.
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12 L. R. BELZILE AND J. G. NESLEHOVA

Now consider the parameters @ = (a1,...,qq) With @ > 04 and p > —min(ay,...,aq), p # 0. Let V be a
random vector with independent scaled Gamma margins V; ~ sGa{l/c(as,p),1/p, o;}, where for & > 0, ¢(a, p) =
I'(a + p)/T'(«) as in Definition 1. If Z is a random vector with independent Gamma margins Z; ~ Ga(c;, 1) then for all
i=1,...,d,V; = Z”/c(c, p). Furthermore, recall that || Z|| ~ Ga(a, 1) is independent of Z /|| Z
distribution as the Dirichlet vector D, = (D1, ..., D4). One thus has, for all x € Ri,

, which has the same

e o} =2 [ {005 }] -2 02e [ {75 ) - Pwnen v

where ¢ is as in Definition 1, given that E (|| Z||?) = c(a, p).

When p = 1, the positive scaled Dirichlet extremal model becomes the Coles—Tawn Dirichlet extremal model, V; ~
Ga(a;, 1) and Equation (11) reduces to the representation derived in [32]. When @ = 14, P becomes the stable tail
dependence function of the negative logistic model, V; is Weibull and Equation (11) is the representation in Appendix A.2.4
of [9]. Similarly, when p < 0 and & = 14, the negative scaled Dirichlet extremal model becomes the logistic model, V;
is Fréchet and Equation (11) is the representation in Appendix A.2.4 of [9]. The requirement that p > — min(a;, ..., aq)
ensures that the expectation of V; is finite forall ¢ € {1,...,d}.

Equation (11) implies that the max-stable random vector Y with unit Fréchet margins and extreme-value copula with
stable tail dependence function £°(-; p, ) admits the de Haan [8] spectral representation

Yy = 12
max (i Vi, (12)

where Z = {(;,}?2, is a Poisson point process on (0, oc) with intensity (2 d¢ and Vj, is an i.i.d. sequence of random
vectors independent of Z. Furthermore, the margins of Vj, are independent and such that Vj; ~ sGa{l/c(e;, p),1/p, a;}
forj=1,...,dwithE (V) =1, forall k € N.

6.2. Unconditional simulation

The de Haan representation (12) offers, among other things, an easy route to unconditional simulation of max-stable
random vectors that follow the scaled Dirichlet extremal model, as laid out in [9] in the more general context of max-
stable processes. To see how this work applies in the present setting, fix an arbitrary j, € {1,...,d} and recall that the
Joth extremal function qb;; is given, almost surely, as (3 V3, such that Y;, = (;Vi;,. From eq. (12) and Proposition 1 in
[9] it then directly follows that gZ)jZ/YjO = (Wio1t/Wisjes - - - » Wiod/Wijo )» Wwhere W, = (W1, ..., Wj,a) is a random
vector with density given, for all z € RZ, by

11/pl
1—‘(O‘jo)

1 e
P g ) a5 e [ (e, phes 1)

i, ajg/
c(ajo,p) Jo/pxjoj(’ pexp *{C(ajovp)xjo}l/p} X F(Oé‘) J
J

Jj=1,j#jo

This means that the components of W, are independent and such that W, ; ~ sGa{l/c(«a;, p),1/p,a;} when j # jo
and W, ~ sGa{l/c(ajy, p), 1/p, aj, + p}. In other words, W, j, ~ Z% [c(avj,, p) where Zj, ~ Ga(a, + p, 1), while
for all j # jo, Wio; = 2% /c(ay, p) where Z; ~ Ga(ay, 1).

The exact distribution of QS;Z /Y;, given above now allows for an easy adaptation of the algorithms in [9]. The first
algorithm corresponds to Algorithm 1 in the latter paper and is an adaptation of the procedure in [31]. To draw an
observation from the extreme-value copula with the scaled Dirichlet stable tail dependence function /P with parameters
a > 0gand p > —min(ay,...,aq), p # 0, follow the steps below.

Alternatively, one can also adapt Algorithm 2 in [9]. This leads to Algorithm 2 below.

Note that S obtained in Step 7 of Algorithm 1 has the angular distribution o4 of /; see Theorem 1 in [9]. Similar
algorithms for drawing samples from the angular distribution of the extremal logistic and Dirichlet models were obtained
in [2]. Algorithm 2 requires a lower number of simulations and is more efficient on average, cf. [9]. Both algorithms
are easily implemented using the function rmev in the mev package within the R Project for Statistical Computing [29],
which returns samples of max-stable scaled extremal Dirichlet vectors with unit Fréchet margins, i.e., Y in Algorithms 1
and 2.
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Extremal attractors of Liouville copulas 13

Algorithm 1 Exact simulations from the extreme-value copula based on spectral densities.

1: Simulate F' ~ Exp(1) .

2: SetY =0.

3. while 1/E > min(Yi, ..., Yy) do

4: Simulate J from the uniform distribution on {1, ..., d}.

5: Simulate independent Z; ~ Ga(cy;,1) forj € {1,...,d} \ Jand Z; ~ Ga(as + p, 1).
6: Set Wj « Z7 /(v p), j = 1,...,d.

7: Set S + W /||W]|.

8: Update Y + max{Y,dS/E}.

9: Simulate E* ~ Exp(1) and update F < E + E*.
10: return U = exp(—1/Y).

Algorithm 2 Exact simulations based on sequential sampling of the extremal functions.

Simulate Z; ~ Ga(aq + p,1) and Z; ~ Ga(a;, 1), 5 =2,...,d.
Compute W where W; < Z/c(aj,p), j = 1,...,d.
Simulate F; ~ Exp(1).
SetY «+ W/(WlEl)
fork=2,....ddo
Simulate Ej, ~ Exp(1).
while ]./.E;€ > Y. do
Simulate independent Zj, ~ Ga(ay + p,1) and Z; ~ Ga(ay,1),5=1,...,d,j # k.
Set W = (Wh,...,Wy) where W « Z7 /c(aj,p), j = 1,...,d.
ifW;/(WiE) <Y;foralli=1,...,k — 1 then
Update Y < max{Y ,W/(W,E;)}.
Simulate E* ~ Exp(1) and update Ej, < E) + E*.
: return U = exp(—1/Y).

R e A A i

—_ =
—_ O

—_ =
W N
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14 L. R. BELZILE AND J. G. NESLEHOVA

7. Estimation

The scaled extremal Dirichlet model can be used to model dependence between extreme events. To this end, several
schemes can be envisaged. For example, one can consider the block-maxima approach, given that max-stable distributions
are the most natural for such data. Another option are peaks-over-threshold models. Yet another alternative, used in [12]
for the Brown—Resnick model, is to approximate the conditional distribution of a random vector with unit Fréchet margins
given that the joth component exceeds a large threshold by the distribution of d)j;/ Y;, discussed in Section 6.2.

Here, we focus on the multivariate tail model of [24]; see also Section 16.4 in [25]. To this end, let X,..., X, be
a random sample from some unknown multivariate distribution H with continuous margins which is assumed to be in
the maximum domain of attraction of a multivariate extreme-value distribution Hy. To model the tail of H, its margins
F;,j =1,...,d can first be approximated using the univariate peaks-over-threshold method. For all = above some high
threshold u;, one then has

—1/¢;
Fi(z) ~ Fy(win;,6) =1 —v; (1+5j(x “ﬂ)> , (13)
nj +
where v; = 1 — Fj(u;), and n; > 0 and &; are the parameters of the generalized Pareto distribution. Furthermore, for w
sufficiently close to 14, the copula of H can be approximated by the extreme-value copula Cy of Hy, so that, for x > u,
H(x) ~ H(z) = Co{Fy(x1),..., Fy(xq)}. The parameters of this multivariate tail model, i.e., the parameters 6 of the
stable tail dependence function ¢, of Cy as well as the marginal parameters v, 7 and £ can be estimated using likelihood
methods; this allows, e.g., for Bayesian inference, generalized additive modeling of the parameters and model selection
based on likelihood-ratio tests. We refer the reader to [19] for a comprehensive review of likelihood inference methods for
extremes.
The multivariate tail model can be fitted in low-dimensions using the censored likelihood

L(X;v,m,€,0) = [[ Li(Xi;v,m,€,0),
i=1

where fori =1,...,n,

6miﬁ(y1,...,yd) _ O™ exp{—Lo(1/y)}

Li(Xi;uaVanaéaa) =

H ij (lek) (14)

ayjl o ayjmi y=max(X;,u) ayjl o ayjmi y=t{max(X;,u)} k=1
In this expression, the indices j1, ..., jm,, are those of the components of X; exceeding the thresholds u and for y > w,
t(y) = (t1(y1), .-, ta(yq)) and for j = 1,...,d,
—1/¢;—1
1 v T — U ’ 1
ti(z) = — - ; Jj(x)=3<1+§j(])) _ T . (19
log{F;(z;n;, &)} nj N [log{ F} (w; mj, &) 2 Fj (x5 m5, ;)

The censored likelihood L can be maximized either over all parameters at once, or the marginal parameters v, 1 and £ can
be estimated from each marginalseparately, so that only the estimate of @ is obtained through maximizing L.

Alternatively, when d is large, one can also maximize the likelihood proposed in [35] that uses the tail approximation
H(x) ~ 1 —£(1/z). In any case, £y and the higher-order partial derivatives of £o(1/z) need to be computed.

When /) is the scaled extremal Dirichlet stable tail dependence function ¢P(-; p, &) given in Definition 1 with param-
eters > 0 and p > —min(ayq, ..., aq), p # 0, its expression is not explicit. However, £ can be calculated numerically
using adaptive numerical cubature algorithms for integrals of functions defined on the simplex, as implemented in, e.g.,
the R package SimplicialCubature. Given the representation in eq. (5), £° is also easily approximated using Monte
Carlo methods. Instead of employing eq. (5) directly and sampling from the Dirichlet vector D,,, one can use the more
efficient importance sampling estimator

b

D 1 <~ maxi<j<q [{e(ay, p)u;} DY
P(/upa)= 53—y i
o axj=m ey, )T Dy

B
where D; ~ d~! 2?21 Dir(a + I;p14) is sampled from a Dirichlet mixture.
The partial derivatives of ¢© can be calculated using the following result, shown in E.
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PROPOSITION 6. Let (P be the scaled extremal Dirichlet stable tail dependence function with parameters o > 0g4
and —min(ay, ..., aq) < p < oo, p # 0. Then, for any x € R?,

—p—a

F(C_V+p) d 1/ d ) a;/p—1
= —dhP(x;p, ) = — {c(ay, p)z; 3 {c(aq, )} /P2 /P~ (16)
o4 T, T(ew) g e U

where hP is as given in Proposition 5. Furthermore, forallk =1,...,d — 1 and x € R%,

08 (P (1/x) o 11 d 11
P10z, —/O t Ef(xit7 Aanp) p,ai) H F(%‘ﬂ c(ozi,p)7’ai) dt,

i, p)’ el p

oUP(1/x)
O0x1 -+ 0xy

where f(;a,b,c) and F(;a,b,c) denote, respectively the density and distribution function of the scaled Gamma distri-
bution with parameters a,c > 0 and b # 0 given in eq. (10). Furthermore, if y(c,xz) = fox te=te~tdt denotes the
lower incomplete gamma function, then for v > 0, F(z;a,b,c) = v{c, (x/a)?}/T(c) when b > 0 while F(z;a,b,c) =
1 —{c, (x/a)b}/T(c) when b < 0.

Other estimating equations could be used to circumvent the calculation of /P (1/x) and its partial derivatives. An
interesting alternative to likelihoods in the context of proper scoring functions is proposed in [7]. Specifically, the authors
advocate the use of the gradient score, adapted by them for the peaks-over-threshold framework,

- %lo T o x 2
@) =3 (m 2@ Doz h(e) [alghm o L[ Oetie)) D

P 0x; ox; ¢ Ox? 2 0x;

for a differentiable weighting function w(z), unit Fréchet observations @ and density h(x) that would correspond in the
setting of the scaled extremal Dirichlet to dh® (x; p, a). Explicit expressions for the derivatives of log dh® may be found
in E. The parameter estimates are obtained as the solution to argmaxgce » ;1 0w (%) IR (2, ju)>1, Where 8 = (p, o) is
the vector of parameters of the model and R is a differentiable risk functional,

usually the £, norm for some p € N. Although the gradient score is not asymptotically most efficient, weighting
functions can be designed to reproduce approximate censoring, lending the method robustness and tractability.

8. Data illustration

In this section, we illustrate the use of the scaled extremal Dirichlet model on a trivariate sample of daily river flow data of
the river Isar in southern Germany; this dataset is a subset of the one analyzed in [1]. All the code can be downloaded from
https://github.com/1lbelzile/ealc. For this analysis, we selected data measured at Lenggries (upstream),
Pappinger Au (in the middle) and Munich (downstream). To ensure stationarity of the series and given that the most
extreme events occur during the summer, we restricted our attention to the measurements for the months of June, July and
August. Since the sites are measuring the flow of the same river, dependence at extreme levels is likely to be present, as
is indeed apparent from Figure 4. Directionality of the river may further lead to asymmetry in the asymptotic dependence
structure, suggesting that the scaled extremal Dirichlet model may be well suited for these data. Furthermore, given that
other well-known models like the extremal Dirichlet, logistic and negative logistic are nested within this family, their
adequacy can be conveniently assessed through likelihood ratio tests.

To remove dependence between extremes over time, we decluster each series and retain only the cluster maxima based
on three-day runs. Rounding of the measurements has no impact on parameter estimates and is henceforth neglected. The
multivariate tail model outlined in Section 7 is next fitted to the cluster maxima. The thresholds u = (uq, ug, u3) were
selected to be the 92% quantiles using the parameter stability plot of [37] (not shown here). Next, set 8 = (1, &, «, p),
where 1) and £ are the marginal parameters of the generalized Pareto distribution in eq. (13) and p and « are the parameters
of the scaled Dirichlet model. To estimate 0, the trivariate censored likelihood (14) could be used. To avoid numerical
integration and because of the relative robustness to misspecification, we employed the pairwise composite log-likelihood
lc of [24] instead; the loss of efficiency in this trivariate example is likely small. Specifically, we maximized

n d—1 d

1c(0)=>_3" > [logg{t; (i), ta(win); 0, (u), tr(wr)} + Tay s, 108 T (i5) + Lapy > log Ji(win)]
i=1 j=1 k=j+1
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Figure 4: Daily river flow of the Isar river at three sites

where

g(ijyka 07uj7uk:)

exp{—£(1/u;,1/uk)}, Yj < Uj, Y < Ug
_ ) —0U(1/y;, 1 uk) /Oy exp{—E(1/y;, 1/uk)}, Yj > uj, Y < uy,
—0U(1/u;,1/yy) /Oy exp{—€(1/u;, 1/yk)}, yj < g, yp > up
{001 /y;,1/yk) Dy} {001 /5, 1/yr) Oy} — dh® (yss yw)] exp{—L(1/y;, 1/yn)}s w5 > wjyyn > uk
where ¢ = (P and forall j = 1,...,d, t; and J; are as in Equation (15). Uncertainty assessment can be done in the

same way as for general estimating equations. Specifically, let () denote an unbiased estimating function and define the
variability matrix J, the sensitivity matrix H and the Godambe information matrix G as

o (99(0)0g(0) 7 _ 9%9(0) S
J_E<0080 . H=-E . G=HJ'H (17)

0006

The maximum composite likelihood estimator is strongly consistent and asymptotically normal, centered at the true pa-
rameter @ with covariance matrix given by the inverse Godambe matrix G .

Using the pairwise composite log-likelihood I, we fitted the scaled extremal Dirichlet model as well as the logistic
and negative logistic models that correspond to the negative and positive scaled extremal Dirichlet models, respectively,
and the parameter restriction o = 14. The estimates of the marginal generalized Pareto parameters 1 and & are given
in Table 1. As the estimates were obtained by maximizing /¢, their values depend on the fitted model; the line labeled
“Marginal” corresponds to fitting the generalized Pareto distribution to threshold exceedances of each one of the three
series separately. The marginal QQ-plots displayed in Figure 5 indicate a good fit of the model as well.
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Figure 5: Marginal QQ-plots for the three sites based on pairwise composite likelihood estimates for the scale and shape
parameters obtained from the scaled Dirichlet model, retaining marginal exceedances of the 92% quantiles. The pointwise
confidence intervals were obtained from the transformed Beta quantiles of the order statistics.

m 72 73 &1 &2 &3

Scaled Dirichlet  123.2 (7.5)  84.4 (5) 68.1(4.2) 0.05(0.04) -0.03(0.04) 0.02 (0.04)
Neg. logistic 117.1(6.8) 862 (5.1) 70(4.3)  0.08 (0.04) -0.05(0.04) 0(0.04)
Logistic 117.3(6.8) 86.6(5.1) 704 (4.3) 0.08(0.04) -0.05(0.04) 0(0.04)

ext. Dirichlet 114.4 (6.8) 843 (4.9) 682 (4.1) 0.12(0.04) -0.02(0.04) 0.04 (0.04)

Marginal  129.1 (14.5) 95.1(10.6) 76(8.7)  -0.01 (0.08) -0.15(0.08) -0.08 (0.08)

Table 1: Generalized Pareto parameter estimates and standard errors (in parenthesis) for the trivariate river example for
four different models.

The estimates of the dependence parameters o and p are given in Table 2. The last line displays the maximum gradient
score estimates were obtained from the raw data, i.e., ignoring the clustering, after transforming the observations to the
standard Fréchet scale using the probability integral transform. We retained only the 10% largest values based on the ¢,
norm with p = 20; this risk functional is essentially a differentiable approximation of /... We selected the weight function
w(z,u) = z[1 — exp{—(|||/,/v — 1)}] based on [7] to reproduce approximate censoring. The estimates are similar to
the composite maximum likelihood estimators, though not efficient.

The angular densities of the fitted logistic, negative logistic and scaled extremal Dirichlet models are displayed in
Figure 6. The right panel of this figure shows asymmetry caused by a few extreme events that only happened downstream.
Whether this asymmetry is significant can be assessed through composite likelihood ratio tests; recall that the logistic,
negative logistic and the extremal Dirichlet model of [6] are all nested within the scaled extremal Dirichlet model. To
this end, consider a partition of @ = (¢, A) into a ¢ dimensional parameter of interest ) and a 3d + 1 — ¢ dimensional
nuisance parameter A, and the corresponding partitions of the matrices H, J and G. Let 50 = (ﬂ;c, Xc) denote the
maximum composite likelihood parameter estimates and 50 = (1o, Xo) the restricted parameter estimates under the null
hypothesis that the simpler model is adequate. The asymptotic distribution of the composite likelihood ratio test statistic
2{log ZC(B/E) — log 10(1’93)} is equal to > _7_, ¢;Z; where Z; are independent x? variables and ¢; are the eigenvalues of
the ¢ x ¢ matrix (Hyy — Hy AH;;\H M,)G;ip; see [22]. We estimated the inverse Godambe information matrix, G 1,
by the empirical covariance of B nonparametric boostrap replicates. The sensitivity matrix H was obtained from the
Hessian matrix at the maximum composite likelihood estimate and the variability matrix J from eq. (17). Since the Coles—
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a1 9 Q3 14
Scaled Dirichlet  0.76 (0.3) 1.65(0.82) 2.03(1.15) —0.32 (0.1)
Neg. logistic 1 1 1 0.36 (0.02)
Logistic 1 1 1 0.28 (0.01)
ext. Dirichlet 3.34 (0.52) 10.2(2.84) 12.78(3.93) 1
Gradient score 1 2.72 2.66 —0.39

Table 2: Dependence parameters estimates and standard errors (in parenthesis) for the trivariate river example.

. e e scaled
Negative logistic Logistic Dirichlet
w3 =1 ws =1 w3 =1

)

wy =1 we =1

Figure 6: Angular density plots for the three models, the negative logistic (left), logistic (middle) and negative scale
Dirichlet (right). The colours correspond to log density values and range from red (high density) to blue (low density).

Tawn extremal Dirichlet, negative logistic and logistic models are nested within the scaled Dirichlet family, we test for a
restriction to these simpler models; the respective approximate P-values were 0.003, 0.74 and 0.78. These values suggest
that while the Coles—Tawn extremal Dirichlet model is clearly not suitable, there is not sufficient evidence to discard the
logistic and negative logistic models. The effects of possible model misspecification are also visible for the Coles—Tawn
extremal Dirichlet model, as the parameter values of o, ae and a3 are very large (viz. Table 2) and this induces negative
bias in the shape parameter estimates, as can be seen from Table 1.

9. Discussion

In this article, we have identified extremal attractors of copulas and survival copulas of Liouville random vectors RD,,,
where D, has a Dirichlet distribution on the unit simplex with parameters ¢, and R is a strictly positive random variable
independent of D,,. The limiting stable tail dependence functions can be embedded in a single family, which can capture
asymmetry and is a valid model in dimension d. The latter is novel and termed here the scaled extremal Dirichlet; it
includes the well-known logistic, negative logistic as well as the Coles—Tawn extremal Dirichlet models as special cases.
In particular, therefore, this paper is first to provide an example of a random vector attracted to the Coles—Tawn extremal
Dirichlet model, which was derived by enforcing moment constraints on a simplex distribution rather than as the limiting
distribution of a random vector.

A stable extremal Dirichlet stable tail dependence function ¢ has d + 1 parameters, p and . The parameters o are
inherited from D, and induce asymmetry in /°. The parameter p comes from the regular variation of R at zero and
infinity, respectively; this is reminiscent of the extremal attractors of elliptical distributions [28]. The magnitude of p
has impact on the strength of dependence while its sign changes the overall shape of /°. Having d + 1 parameters, the
scaled extremal Dirichlet model may not be sufficiently rich to account for spatial dependence, unlike the Hiisler—Reiss
or the extremal Student-¢ models, which have one parameter for each pair of variables and are thus easily combined with
distances. Also, it is less flexible than Dirichlet mixtures [3], which are however hard to estimate in high dimensions
and require sophisticated machinery. Nonetheless, the scaled extremal Dirichlet model may naturally find applications
whenever asymmetric extremal dependence is suspected; the latter may be caused, e.g., by causal relationships between
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the variables [14]. The stochastic structure of the scaled extremal Dirichlet model has several major advantages, that make
the model easy to interpret, estimate and simulate from. Its angular density has a simple form; in contrast to the asymmetric
generalizations of the logistic and negative logistic models, this model does not place any mass on the vertices and lower-
dimensional facets of the unit simplex. Another plus are the tractable de Haan representation and extremal functions, both
expressible in terms of independent scaled Gamma variables; this allows for feasible inference and stochastic simulation.
While the scaled extremal Dirichlet stable tail dependence function /P does not have a closed form in general, closed-
form algebraic expressions exist when « is integer-valued and in the bivariate case. Model selection for well-known
families of extreme-value distributions can be performed through likelihood ratio tests. Another potentially useful feature
is that p € (—o00, 00) can be allowed, with the convention that all variables whose indices 7 are such that —p < —q; are
independent.
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Appendix
A. Proofs from Section 2

Proof of Proposition 2. To prove parts (a) and (b), recall that 1/X; is distributed as 1/(RD;), where D; ~ Beta(a;, @—a;)
is independent of R. Furthermore, it is easy to show that 1/D; € M(®,,), which implies that E(1/D?) < oo for any
B < a;. The extremal behavior of 1/X; will thus be determined by the extremal behavior of either 1/ R or 1/ D;, depending
on which one has a heavier tail. Indeed, Breiman’s Lemma [4] implies that 1/X; € M(®,) if 1/R € M(®,) for some
p < «; and that 1/X; € M(®,,) if E(1/R*"¢) < oo for some ¢ > 0. Finally, the fact that 1/X; € M(®,,) when
1/R € M(®,,) follows directly from the Corollary to Theorem 3 in [10].

The following lemma is a side result of Proposition 2, which is needed in the subsequent proofs.
LEMMA 1. Suppose that X = RD,,. If1/R € M(®,,) for some i € {1,...,d}, then

lim Pr(1/R > x) —0
z—oo Pr(1/X; > x)

Proof of Lemma 1. First write

1 1 1 1 bai—l(l _ b)&_o‘i_l
Pr| — =P = Pr| = b db.
r<Xi>x> r(RDiM) / r(R>x> e

Because 1/R € M(®,,), it holds that, for all z > 0, Pr(1/R > z) = x~ % L(z) for some slowly varying function L.
Making the change of variable y = zb in the above integral, one thus has

1 T ro Y\ d—ai—l
Pr{— > = Iz (1 — 7> dy.
8 (Xi x) B, @ — ;) /0 y ) T Y

To show the claim of the lemma, it suffices to show that, as x — oo,

Because L is slowly varying, one has, as z — oo,

h
—

8
=

—_

—(1 =)t %(1 ) R

h
—~~
8
~—
S

An application of Fatou’s lemma thus gives that

1 1
1 o o L(ab) 1 G—ai—
= “(1=p)r gy <1 f (1 =p) "1y
> /0b< ) <liminf | 7oy 50— ’
and hence the result.

B. Proofs from Section 3

First recall the following property of the Dirichlet distribution, which is easily shown using the transformation formula for
Lebesgue densities.

LEMMA 2. Let D, be a Dirichlet random vector with parameters . Then for any 2 < k < d and any collection of
distinct indices 1 < i1 < --- < 1 < d,

d
(Din R Dlz.) = Bila-»wik X D(Oév:lp-qoéa‘,k)?
where B;, i, ~ Beta(ay, +--+ay,, &—(aj, +--+a,)) is independent of the k-variate Dirichlet vector D,
with parameters (o, , . . ., 0, ).
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Proof of Theorem 1. In order to prove part (a), recall that | X || = R is independent of X /|| X | = Dg. Because
R € M(®,), there exists a sequence (b,,) of constants in (0, co) such that, for any Borel set B C S, and any r > 0,

X
lim nPr( | X| > byr,— € B | = lim nPr(R > b,r) Pr(Dqy € B) =r~?Pr(D,, € B).
noh x| nooe

By Corollary 5.18 in [30], X € M(H,) where for all x € Ri,

D? DY
Hy(xz) = exp [—E {max (az’l}’ ce xgd) H .

Let B(-, -) denote the Beta function. The margins of Hy are given, foralli =1,...,d and = > 0, by

) -l )

Hio(z) = exp{—a PE(D!)} = exp {m
fori € {1,...,d}. The copula of Hy then satisfies, for all u € [0, 1]¢,

Co(u) = Ho{Hy;"(u), . .., Hy, (ug)} = exp (—F({}(Z)ME |:112?§Xd { (I?(Zii)i(;é;)l)f }D '

By Equation (2), the stable tail dependence function of Cj thus indeed equals, for all € R?,

l(x) = F(l?(;)p)E {max { x;(i(fff)f e xlf{ofjfﬂD)s H .

The parts (b) and (c) can be proved jointly. To this end, set, for all i = 1,...,d, Hy; = A when R € M(A) and

Hy = ¥Y,15-a, when R € M(¥,) for some p > 0. Recall that from Proposition 1, one then has that for ¢ = 1,...,d,
X, € M(Hy;) and hence there exist sequences (a;) € (0,00), (by;) € R, such that for all z € R,

lim nPr(X; > apiz + by;) = — log{ Ho;(x)}.

n—oo
Next, observe that as in the proof of Proposition 5.27 in [30], X € M (H,) follows if forall 1 < i < j < d and z such
that Hoy (zx) > 0 for k =1, j,

nl;rr;OnPr(Xi > ApiTi + bnian > Ani%j + bng) =0. (B.1)

To prove that (B.1) indeed holds, it suffices to assume that d = 2. This is because for arbitrary indices 1 < i < j < d,

Lemma 2 implies that (X;, X;) = R*(B,1 — B), where B ~ Beta(ay,;), R* = RY is independent of B and

Y ~ Beta(o; + j,& — a; — « ) is independent of B and R. Because Pr(R* < 0) = 0, Theorems 4.1 and 4.5 in [17]
imply that R* € M(A) and R* € M(¥ )1 5-a,—a,;) When R € M(A) and R € M(V,) for some p > 0, respectively.

Hence, suppose that d = 2 and write (D1, D2) = (B,1 — B), where B ~ Beta(ay, az). Fix arbitrary 1, z2 € R are

such that Hy;(z;) > 0 for ¢ = 1,2. Then because for any a,c > 0 and b € (0,1), max{a/b,c/(1 — b)} > a + ¢, one has

B " 1-B
< Pr(R > an121 + bp1 + anaa + bua).

OSPI‘(Xl >an1x1+bn1,X2 >an2x2+bn2) :Pr{R>maX<a 101+ 0n1 Gnala + 2)}
In order to prove Equation (B.1), it thus suffices to show that

lim nPr(R > an121 + b1 + anazs + byz) = 0. (B.2)

n—oo

To accomplish this, the following two cases have to be distinguished.
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Case I. The upper endpoint » = sup{z : Pr(R < x) < 1} of R is finite. Then for ¢ = 1,2, r is also the upper
endpoint of X; and as n — oo, an;x; + by; — 7. This means that there exists ng € N so that for all n > ny,
an121 + bn1 + ap2e +byo > r. Hence Equation (B.2) indeed holds. This proves Equation (B.1) and hence also Theorem
1 (c), as well as (b) when the upper endpoint of R is finite.

Case II. The upper endpoint of R is infinite. This case can only occur in part (b) when R € M(A). Hence, fori = 1,2,
without loss of generality, b,,; is such that Pr(X; > b,;) = 1/n and a,,; = 1/w;(bn),

where w; is the so-called scaling function of X;. By Theorem 4.1 in [17], w; = we = w, where w is the scaling
function of R. From Lemma 4.2 and Theorem 4.1 in [17], it further holds that, for any ¢ > 1,

. Pr(R > cx) ) Pr(R > cx)
lim ——— = lim =
z—oo Pr(RB > x) a—o0 Pr{R(1 — B) > z}
To establish the validity of Equation (B.2), three further sub-cases have to be distinguished.

Sub-case Ila. oy = ay. Here, RB = R(1—B)andforalln € N, a1 = apa = ay, and b,y = bye = by, The limit in

Equation (B.2) thus equals lim,,_, o n Pr{R > a,(x1 + x2) + 2b,,)} and Equation (B.3) implies

(B.3)

0 < lim nPr{R > an(r1 + z2) + 2b,} < lim nPr[R > 2{an(z1 A z2) + by, }]

, Pr[R > 2{an(z1 A z2) + by }]
=1 Pr{RB (1 A bn =
oo H{RB > an(w1 Aws) +ba} Pr{RB > an(x1 AN x2) + by}

0,

given that as n — 0o, n Pr{RB > a,(z1 A x2) + by} — 7172 and a,, (21 A x2) + b, — c0.
Sub-case IIb. oy < a. Then by Equations (4.5) and (4.9) in [17],

lim Pr{R(1 - B) >z} lim {1+ 0(1)}T (1)
zs00  Pr(RB>x)  a—oo {1+ 0(1)}(ag)
This means that for all = sufficiently large, Pr{R(1 — B) > z} > Pr(RB > =) so that there exists no € N such that

bp1 < bye for all n > ng. Indeed, if b,,1 > b, were true, then 1/n = Pr(RB > b,1) < Pr{R(1 — B) > b1} <
Pr{R(1 — B) > by} = 1/n, which is a contradiction. Thus, for n > ng,

{zw(z)}*?* = = c0.

an272 + bpa o bn2 bn2’$(2bn2) +1 bn2$(2bn2) +1

anlxl + bnl - bnl bnl';f(lbnl) + 1 bnlij(lbnl) + 1.

By Equation (4.5) in [17], the right-most expression converges to 1 as n — co. Consequently, for some fixed € € (0, 1),
there exists ng > ng so that for all n > nf, an2a + bpa > (an121 + bp1)(1 — €). This in turn implies that for all n > ng,

PI"{R > (anlxl + bnl)(Q — 8)}
PI‘(RB > an1T1 + bnl) '
By Equation (B.3) and since n Pr(RB > a,121 + by1) — e~ %1, the right-hand side indeed tends to 0 as n — oc.
Sub-case Ilc. a1 > aq. Proceed analogously as in the previous sub-case: Conclude that for a fixed € € (0, 1) there
exists ng € N such that for all n > n, an1x1 + bp1 > (@n222 + bp2)(1 — €) and hence
PI‘{R > (ang.’lﬁg + bng)(2 — 8)}
Pr{R(1 — B) > apaxs + bpa}

nPr(R > ap1@1 + b1 + anae + bpa) < nPr(RB > apix1 + bp1)

nPr(R > apn1x1 + bp1 + anaxa + bpa) < nPr{R(l — B) > Gp2To + bng}

The last expression again converges to 0 by Equation (B.3) and the fact that n Pr{R(1 — B) > an222 + by} — e %2 as
n — oco. Consequently, Equation (B.2) holds in this case as well, as claimed.

The proof of Theorem 2 requires the following technical lemma.

LEMMA 3. Suppose that Do, = (D, ..., Dy) is a Dirichlet random vector with parameters . Further let R be a
positive random variable independent of D, such that Pr(R < 0) =0, and let X = RD,,. Thenforany 1 <i < j <d
and any x;,x; € (0,00),

. 1 1
nl;rrgonPr (Xz > GniTs, Z > anjxj) =0
if either:
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i) 1/R € M(®,) with p € [oy; N aj, o1 V ag), and for k = 1, j, (ank) is a sequence of positive constants such that
nPr(l/ Xy > angrr) — x,:(a’“/\p) asn — o0o;

(i) E(1/RP) < ooforsome B > a;Vajandfork =i, ], (any) is a sequence of positive constants such that n Pr(1/ X}, >
ki) — T “* asn — oo.

Proof of Lemma 3. Observe first that when d > 2, Lemma 2 implies that (X;, X;) = R*(B,1 — B), where R* 1 B,
B ~ Beta(a;, ) and R* = RY, withY I Rand Y ~ Beta(a; + o, @ — a; —a;). Now note that 1/Y € M(®q, 4q, )
Thus if 1/R € M(®,) for p € [ A aj,a1 V ag], p < @; + a; and Breiman’s Lemma implies that 1/R* € M(®,).
Further, if E(1/R") < oo for some 8 € (a; V aj,a; + ), E{1/(R*)?} < oo given that E(1/Y”) < oco. We can
thus assume without loss of generality that d = 2 and «; < ag; we shall also write (D1, D) = (B,1 — B), where
B~ Beta(al,()ég).

To prove part (i), note first that the existence of the sequences (a,x), k = 4, j, follows from Proposition 2, by which
1/X, € M(®ppra,) for k = 4,7, and the Poisson approximation [11, Proposition 3.1.1]. Next, observe that for any

constants a,c > 0 and any b € (0, 1),
ac

< — . .
a+c_abvc<1 b) <aVe (B.4)

Indeed, when b < ¢/(a +¢), abV ¢(1 —b) = ¢(1 —b) and ¢(1 — b) € (ac/(a + ¢),c), while when b > ¢/(a + ¢),
abV (1 —b) =aband ab € [ac/(a + ¢),a). To show the claim in part (i), distinguish the cases below:

Case I. a1 = ay. Here, p = a1 = ag and X = Xo, so that a,1/a,2 — 1 by the Convergence to Types Theorem
[30]. By Equation (B.4),

1 1 1 1 Gn10n2T1T
0<nPr <X1 > Ap11, X, > Cln2$2) =nPr [R > max{an121B, anara(1l — B)}} <nPr (R > W) .

(B.5)
Because (z122)/{(an1/an2)x1 + 22} = (2122) /(21 + 22) as n — o0,

. 1 (p1Ap2T1%2 Ty
lim nPr|{ — > —2 "= | = [ —= )
n—00 X1 11 + Gpao T1 + T2
Furthermore, by Lemma 1, given that (a,1a,27172)/(an171 + an2T2) — 00 as n — 0o,

Pr (1/R> M)

an1T1+an2T2

lim
n—oo PI‘ (1/X1 > Anl10n2T1T2

= ()7
an1%1+an2T2 )

so that the right-hand side in Equation (B.5) tends to 0 as n — oo, and this implies the claim.

Case ll. &1 < ag and p = . Then for ¢ = 1, 2, there exists a slowly varying function L; such that a,,; = nl/a’?Li(n).
Hence a,2/an1 — 0 and (z122)/{x1 + x2(an2/an1)} — x2 as n — co. Consequently,

. 1 (n1an2T1T2 _
lim nPr( — > —/—""—"= | =z,
n—00 X9 ap1x1 + anaw

Moreover, by Lemma 1, given that (a,1an071272)/(an171 + anawa) — 00 as n — oo,

e (1R > sy )

lim an1ZT1+an2T2 -0
n—oo PI' (1/X2 > An1an2T1T2 ) ’

an1x1+an22

so that again the right-hand side in Equation (B.5) tends to 0 as n — oo.
Case Ill. o < ap and p € [, a2). In this case, 1/X; € M(®P,,) and 1/X5 € M(®,). Therefore, either directly

when p > «; or by Lemma 1, one can easily deduce that
Pr(1/R>xz)

voo0 Pr(1/X; > @) ®-6)
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At the same time, Breiman’s Lemma [4] implies that

Pr(1/R > x) 1 B(aq, a2)
= = . B.7
eoo Pr(1/Xs > ) B{1/(1— B)*} B(ay,az —p) ®-7
Hence, for any b € (0, 1),
. . Pr{l/R>a712$2(1*b)}
1 Pr{1 1-b)}=1 Pr{l/X 1-0
Jim 7 r{1/R > an2xa( )} Jim n r{1/Xs > anpaxa( )} Pr{1/Xs > anora(1—0)]
_ B(Ofl,O[Q)
={z(1-0)} P —r—""=—
20 a0 - )
so that
b [ nPr{1/R > amrs(1— b)) T b (1Xy > aara) = 2"
im r - =nPr ., =
oo J, n An222 B(al, az) n 2 An2T2 Lo
1pa1—1 —p—1 1 —1 ~1
_ b1~ (1 — b)>2—P . b1~ (1 — b)*>2
:xp/ db:/ lim nPr{l/R > an2x2(1 —b db. (B.8
> Jy " Bloavas—7) o i P E> el =) g oy e B9
Given that forany b € (0,1), Pr{1/R > an121b,1/R > anox2(1 —b)} < Pr{l/R > an2x2(1 —b)},
1 bal—l(l _ b)(y2—1
/ 1iII_1)inf(7’L[PI‘{1/R> angaﬁg(l —b)}—Pr{l/R>an1x1b,1/R> angl‘Q(l—b)}]) B(Oz o ) db
g n—oo 1,2
1 balfl(l _ b)OéQ*l
< lim inf Pr{l/R > a, 1-0)} —=Pr{l/R > ap121b,1/R > a, 1-b db
<timint [ n[Pr{1/R > aara(1 1)} = P{1/R > ararb /R > agann(l DY =
by Fatou’s Lemma. Because of Equation (B.8), this inequality simplifies to
[ b1 (1 — p)ee?
2" — [ limsup[nPr{l/R > an121b,1/R > ansx2(1 — b)}] db
0 mn—oo B(al,OQ)
1 balfl(l _ b)azfl
<azyf - limsup/ nPr{1/R > ay121b,1/R > ansz2(1 — b)} db
n—oo 0 B(alaOQ)
and hence
0< limsup{n Pr(1/X; > ap121,1/ X5 > (lngl'g)}
n—oo
1 balfl(l _ b)a271
< / lim sup [nPr{l/R > ap121b,1/R > apaxa(l — b)}] db.
0 n—oo B(a17a2)
To show the desired claim, it thus suffices to show that for arbitrary b € (0, 1),
lim nPr{l/R > a,121b, 1/R > angl‘g(l — b)} =0. (B.9)
n—oo

To this end, fix b € (0,1) and observe that a,1/a,2 — oo. Indeed, if p > «, this follows directly from the fact
that a,,; = nl/o‘lLl(n) and a,s = nl/pLg (n) for some slowly varying functions L, Ly. When p = «y, suppose that
liminf,_,oc an1/ane were finite. Then there exists a subsequence ay,, 1/an, 2 such that a,,1/an,2 — a as k — oo for
some a € [0,00). Hence, for a fixed ¢ > 0 and all k& > ko, an,1/an,2 < a + €. Using the latter observation and
Equation (B.7),

lim ngPr(1/R > ap,1) > lim ng Pr{l/R > ap2(a +¢)}
k—o0 k— o0

Pr{1/R > ay2(a+¢)}
Pr{l1/Xs > an2(a+e)}

B(al,ag)
B(ala Qg — p)

= klim ng Pr{l/Xs > an,2(a +¢)} =(a+e)”? > 0.
—00
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At the same time, by Equation (B.6),
PI‘(]./R > ank_l)

li Pr(1 =1 Pr(1/X =
klﬂnolonk I‘( /R > ankl) kLII;O Tt 1"( / L= ankl)PI‘(l/Xl > ankl) 0
and hence a contradiction. Therefore, liminf, o an1/an2 = oo and hence a,1/ans — 00 as n — oo. Because

ap1b > ap2(1 —b) if and only if b > an2/(an1 + an2) and ans/(an1 + an2) — 0 as n — oo, there exists ng such that for
alln > ng,

nPr{l/R > an121b,1/R > anax2(1 — )} = nPr(l/R > ap121b)
Pr(1/R > ani121b)

=nPr(l/X; > an121b) Pr(1/X; >a 1.1‘1[))'

The last expression tends to 0 as n — oo by Equation (B.6) and hence Equation (B.9) indeed holds.

To prove part (iv), first recall that by Proposition 2 (b), 1/X; € M(®,,), ¢ = 1,2, and hence there exists scaling
sequences (a,1) and (an2). Recall that for i = 1,2, a,; = n'/“ L;(n) for some slowly varying function L;. As in the
proof of part (i), n Pr(1/X; > an121,1/X2 > anawe) can be bounded above by the right-hand side in Equation (B.5).

Markov’s inequality further implies that for 3 € (az, @y + ) such that E(1/R?) < oo,

B B 8
n Pr (1 > Up1An2T1T2 > < nE (1/R,B) (anlxl +an2$2) _ E (l/R ) { Z1 + T2 ( )}
n

R~ anmri + apats (an1anoa172)P (v122)? | ml/e2=1/BLy(n) ~ nl/ea=1/BL,
The right-most expression tends to 0 as n — oo because for any i = 1,2 and p > 0, n?L;(n) — oc.

Proof of Theorem 2. First note that a positive random vector Y is in the maximum domain of attraction of a multivariate
extreme-value distribution H, with Fréchet margins if and only if there exist sequences of positive constants (a,;) €
(0,00),i=1,...,d, so that for all y € R?,

lim n{l —Pr(Y:1 < aniv1,...,Ys < anaya)} =

n— oo

d
nh—>n<’>lon Z Z (_1)k+1 Pr(Yi1 > Uiy Yigs - - Ylk > anikyik) = - 1Og HO(y) (B.10)
k=11<i; < <ip<d

This multivariate version of the Poisson approximation holds by the same argument as in the univariate case [11, Proposi-
tion 3.1.1].

To prove part (a), suppose that 1/R € M(®,) for some p € (0, ans]. By Proposition 2, one then has that for any
i € I, 1/(RD;) € M(®,,). For any i € I, let (a,;) be a sequence of positive constants such that, for all z > 0,
nPr{l/(RD;) > ap;x} — x~% as n — oo; such a sequence exists by the univariate Poisson approximation [11,
Proposition 3.1.1]. The same result also guarantees the existence of a sequence (a,, ) of positive constants such that, for all
z>0,nPr(1/R > ay,z) — = as n — oo. Now set, for any i € [,

[(ei — p)T'(a — o) I'(@) L'(@)/T(a —p)

WEEWT) =T G =) X Tet@ =) Man/Far—p) (B0

and define, forany ¢ € [y andn € N, a,,; = bg/ a,,. As detailed in the proof of Proposition 2 (a), Breiman’s Lemma then
implies that, for all ¢ € I and z > 0,

%

1
Pr {RLDI- > an(b /px)} —Pp 1 -
=T i ; = X s

Pr{% > an(bz/px)}

lim nPr {

n—oo

1
RD; > am-gc} = nli_)rr;OnPr {R > an(bi/pm)}
given that for all i € Iy, D; ~ Beta(o;, & — ;).
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Next, fix an arbitrary = € (0,00)%, k € {2,...,d} and indices 1 < i; < --- < iy < d. To calculate the limit of
nPr(1/(RD;,) > GniyTiy, .-, 1/(RD;,) > ani,%i,, ), two cases must be distinguished:
Case l. {i1,...,i;} NI # 0. In this case, suppose, without loss of generality, that 3; € I;. Then

1 1
) RD. > Qniy Tiy s E > (lni2(131'2> .

Tk

1
0§nPr< > Gy Ty s - - - >am‘ink> §nPr<RD
Now either 75 € I;, in which case p > «;, V au,, or i € I, so that

i, < p < ay,. Either way, Lemma 3 implies that

RD;,

11

. 1 1
lim nPr ( > Opiy Tiyy 57— > anizxiz) =0

n—r00 RD“ RDZ2
and consequently n Pr{1/(RD;,) > ani, Ti,, ..., 1/(RD;,) > ani, Ti, } — 0asn — oo.
Case Il {iy, ..., ix} N1y = (. In this case, let Z;, _;, = max(z;, (b;,)/? Dy, ..., 2, (b, )*/?D;, ) and observe that
for any £ > 0 such that p + & < min(ay, ..., aq),

1 0 — 0 1
o+ = % 1 +
( il,.{::.,ik> ! ' i1 :

Therefore, by Breiman’s Lemma,

li P ! > ! > li P !
im nPr Oniy Tigy ooy == > Qpi, Tip, | = lim nPr| ——
n—>00 RD;, T RD, R )T e RZ

1k U yeeslke

>an) :E(Z;f’“_ﬁlk)
—p
{max(x%b /D, )} ]:E
1<<k

—p
: (xZJ DZJ )
min e — .
1<5<k bs,
Putting the above calculations together, one then has, for any = € R,

L 1 —a; (xi,D;,) "
i - < o, =< = —Qi 1\k+1 . \Zi; sy )
A {1 Pr <RD N T “”dmd>} POEED DD DI G Vi > Lg}gk{ ;

1 iel k=1 {iy,...,ix}Clz v

=E

Furthermore, one can readily establish by induction that for any ¢t € R?,

L2

SN (DM min(t,,. .., t;,) = max(t).

k=1 {i1,...,i5 } Cly
i1 < <ig

d
Hence, for any = € R¢,

. 1 1 o
nl;rrgon{lPr<RD1§an1x1,...,RDd andxd>} Zg; ‘+ E

i€l

{2
i€la bz ’

By the multivariate Poisson approximation (B.10), 1/X € M(H,), where for all z € RY,

)=o)

i€l

The margins of Hy are given, for all i € I, by Ho;(z) = =% and for all i € Iy, Hy;(z) = exp(—z~"). By Sklar’s
Theorem, the unique copula of Hy is given, for all u € [0, 1]%, by (2), where for all z € R?,

-pP
sz—i—E{max( D )}
i€lz bi
i€lly
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The first expression for ¢ follows immediately from Equation (B.11). The second expression is readily verified using
Lemma 2, given the fact that if B ~ Beta(as, @ — a2), E(B™?) = '(@2 — p)I'(@) /T (@ — p)T'(a2).

To prove part (b), recall that by Proposition 2 (b), 1/X; € M(®,,). Hence, there exist sequences of positive constants
(ani),i=1,...,d,suchthatforalli =1,...,dand all z > 0, nPr(1/(RD;) > an;x) — =% asn — oco. By Lemma
2 (ii), it also follows that for arbitrary z € (0,00)%, k € {2,...,d} and indices 1 < iy < --- < i}, < d,

. 1 1
0< nlLrI;OnPr <RDi1 > anilxil,...,ﬁ > amka?ik>
. 1
< nh_)n;onPr (RDil > Qg Tiy s 7RDZ-2 > an’izxiz) =0.

Thus, by Equation (B.10), 1/X is in the domain of attraction of the multivariate extreme-value distribution given, for all
x € R%, by Ho(z) = exp(—z] ! — -+ — z;%?), as was to be showed.

C. Proofs from Section 4

Proof of Proposition 3. In view of Corollary 1 and Theorem 2 in [23], it only remains to derive the explicit expression for
(7D Because 1 —)(1/+) € R_,, there exists a slowly varying function L such that for all z > 0, 1 —(1/x) = 2" L(z).
Given that the distribution function t(1/-) is in the domain of attraction of ®,, the Poisson approximation implies that
there exists a sequence (a,,) of positive constants such that, for all z > 0,

lim n[l —¢{1/(apz)})] = lim n(a,z)""L(a,x) =x~". (C.1)
n—oo n—oo
Furthermore, by Equation (A6) in the proof of Theorem 2 (a) in [23], one has, forany 5 = 1,..., & — 2,

() ey (/)
rli}rgo oo P L(z) =1, (C2)

where r; = pI'(j — p)/T'(1 — p). Now for all i = 1, ..., d, Equation (7) yields, for any = > 0,

(7o) oo ()} e - L S

j=1

Given that a,, — 00 as n — oo, the last expression converges by Equations (C.1) and (C.2) as n — oo to

a;—1 o —1
_ — K - . - p) _pclai, —p)
x Pl — L A=x"l1-p =g 1.
2 i Z T(1—p) T(i—p)
The Poisson approximation thus implies that, as n — oo, foralli =1,...,dand x > 0,
(1 _clas,—p)
H'(— | — —r P C3
() o R ©
For any = € (0,00)4, let 1/(a,x) = {1/(an®1),...,1/(anzq)} and denote by Zp the harmonic mean of x, viz. Ty =

d/(1/xz1 4+ -+ 1/x4). From Equation (6) one then has

_ 1 . anTg\ P anTH
n{l_H(anm>}_n( d ) L( d )
(—1)drt+ia (%)‘jl"“‘“ Plirttia) (m>

d Ji
x<¢1— Z . ‘ S— _ H( )
(G1rrda) €l Jilee-jal (22) 77 L (2ng) im1 \dTi

(jlv---vjd)#od
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By Equation (C.2), the right most expression in the curly brackets converges, as n — oo, to

TGy +- +ja—p) vp (2 )"

(J1r--rja) €l (L =p)it---gab 24
(J15--,dd)#04q

- TG+ +ja— 1 1/x; g
=<¢1—p Z : F(l—p)d HF],+1) (l/xﬁ— 1/Id)

(]:17"'7.7:(1)6]101 =1
(J1se-3a)#0a

Furthermore, Equation (C.1) implies that, as n — oo,

anTp\ P . [(GnTH 1 1\”
L( L)
n( d ) d ) - (:cl L xd>

Consequently, as n — oo, n{1 — H(1/a,x)} — —log Ho(x), where

Ji

1 L)’ L(ji+- +.7d —p) 1/x;
og Ho(x) (:ﬁ +ot Id) /(’ Z)GH F( le F)\TL L
J1see0Jd)Cla 1= ji=1 z;
(415+--:3a)#0a ’

By Equation (B.10), 1/X € M(Hy). From Equation (C.3), the margins of Hj are scaled Fréchet, and Sklar’s theorem
implies that the unique copula of Hj is of the form (2) with stable tail dependence function as in Proposition 3.

Proof of Proposition 4. In view of Corollary 2 and Theorem 1 in [23], it only remains to compute the expression for /PP
given in part (a). Suppose that 1) € R_, for some p > 0. This means that there exists a slowly varying function such
that for all > 0, ¢(z) = = °L(z). Because v is itself a survival function, ¢ € M(®P,) and by the univariate Poisson
approximation, there exists a sequence (a,,) of strictly positive constants such that, for all z > 0,

lim ny(a,z) =x7°. (C4
n— oo
Furthermore, by Equation (A1) in the proof of Theorem 1 (a) in [23], one has, forany j =1,...,& — 1,
—1)I gdqp ()
e @)
T—>00 w(x)
Now let X be the Dirichlet random vector with parameters o and radial part R whose Williamson a-transform is .

Denote the distribution function of X by H and its margins by H;, ¢ = 1,...,n. Then forall ¢ = 1,...,d, Equations
(C.4) and (C.5) imply that

(4, p)- (C.5)

o 71 a;—1 .

) _ < (anx) WJ(J)(a x) N T'(j+p) xPc(ag, p)

1 H;(a,z) = li =x’ - = C.6
noe” (o T Z ’ jzz:o L(p)l'(G+1) L(p+1) €0

and hence, by the Poisson approximation, H!*(z) — exp{—z"c(a;, p)/T(p+ 1)} as n — oo.
Next, forarbitrary k = 1,... ,dand1 < iy <. <ip < d,letlia, . a;) = {0,...,a;, —1}x---x{0,...,0; —1}.
For any « € (0, oo)d, Equations (6), (C.4) and (C.5) imply that

lim nPr(X;, > zy,...,Xi > xi,)
n—oo
(Jr+-+7k) .. ) k
— |h Jit- +ka {a (xll—’— +$1’k)} . Im
LD D AN 11 (ans.)
(G1esde)€lia; ey, ) m=1
k
T 4+t k+ . Jm
(ot ) > e e e
(1oedk) €l i) P)i m=1 B ik
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Therefore, for any z € (0, 00)4,

: _1\k+1 . . . . _
nl;n;on Z z (=) Pr(Xy, > an®iy,y ..., Xiy, > anty,) ¢ = —log Ho(x),
k=11<i1<-<i<d

where

d
logHo@ =3, 3, (D"en ot

=11<i1 << <d
« Z F(jr+--+Jjr+p) H < Ty, >]m
L(p)ji!-- - ji! Tiy + o+, '

(Grsesdk) oy ey, m=1

By Equation (B.10), X € M (Hy). As argued above, the margins of Hy are given, forall4 = 1,...,d and > 0, by
exp{—xPc(a;, p)/T'(p + 1)}. Sklar’s theorem thus implies that the unique copula of Hy is of the form (2) with stable
tail dependence function indeed as given by the expression in part (a).

D. Proofs from Section 5
Proof of Proposition 5. First, we show that for any p > — min(a;,...,aq), p # 0,

,pdd

A = & max(a;t) [Z{c i, p)t }W] et ooy o= at.

1sisd Le(ai p) [ |pla=1 I, D(a) Js,

(D.1)

Indeed, using the fact that (D1, ..., Dgq) = Z/||Z||, where Z; ~ Ga(c;, 1), = 1,...,d are independent,

x; D? ;2P e‘zfz 1
E i — i< —p
L’“??i‘d{cm,p)}] / 1@?3d{c<ai,p>}<zl+ v

i=1

Make a change of variable t; = {zf/c(cv, p)}/ Zj 2j/elaj,p)fori=1,...,d—landw = Z;j 1 27 /¢e(aj, p). For

ease of notation, set also ty = 1 — Z?;l t;. Then, fori = 1,...,d, z; = {c(c, p)t;w}/? and the absolute value of the
Jacobian is

‘J|_7wd/p 1HC l/ptl/P 1

Therefore,

-0 g

| {20 1 max ( Z{Ca ot e T e, py/ee 7
1<i<d | e(oy d i i i

c(ai, p) ‘p‘dnizl T(a;) Jsq 1<Z<d =1

X / W/ Pl P o {elai)ti 3 g dt.
0

Equation (D.1) now follows from the fact that

—x

/°° a/p=1g=ut? S gy || (@) [Z{c az,pt}”ﬂ
0

The expression for AP now follows directly from Egs. (3) and (D.1), while the formulas for 2PP and h"P obtain upon
setting p = p and p = —p, respectively.
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E. Proofs from Section 7

Proof of Proposition 6. For k = 1,...,d, the formula for the kth order mixed partial derivatives of ¢P(1/x) can be
established from eq. (12). Indeed, if V' denotes a random vector with independent scaled Gamma components V; ~
sGa{l/c(ay, p),1/p,;}, then the point process representation eq. (12) implies that, for all € R%,

(P (1/x) :/ Pr (‘Z’ > x; for at least one ¢ € {1,...,d}) dt:/ [1—HF{$Z ,7) ,ai}l dt. (18)
0 0 i, p) P

For any &k = 1,...,d, the expression on the right-hand side of eq. (18) can be differentiated with respect to 1, ...,z
under the integral sign. This gives the formulas for 9¢° (1/x)/0x ... dx;. When k = d, eq. (18) implies that

oUP(1/x) 1
SO0 [l oy b} o

amp) p

11 (aj, p){clay, p)a; /Pt / 1/ d 1/
= — : : t*/Pexp | =t /Py {c(ay,p)z; } /P | di
p J[[l ['(ay) /0 ; ’ ’
_ d
_ F(()é + p) H O‘]a {C A, P )x]}a,/p !

Pt [0 (elag. o) Fes) |

where the last equality follows upon making the change of variable v = Z?Zl{c(aj, p)z;}/Ptt/P. Alternatively, The-
orem 1 in [6] implies that that the dth order mixed partial derivative of ¢°(1/x) equals —d| | =4~ 1hP(z/||z|); p, ),
which indeed simplifies to —dhP (z; p, o) given that hP (z/||z|); p, @) = ||z||*F1AP (z; p,

Finally, the formulas for F'(x; a, b, ¢) follow immediately from the fact that the scaled Gamma distribution is also the
distribution of the random variable aZ'/?, where Z is Gamma with shape «; and unit scaling.

Derivation of the gradient score. Straightforward calculations show that

Dlogdh®(@) _ _(a+p)e(os, p)" /"t (ai 1) 1

o, P T delag e\ )l
PlogdPe) _ 0t pelonp n | (1 Y e o P (o)
ordn  pndelagpayr (\o ) w T o2 ey ppyie) o) o
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