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EFFECTIVE MODELS FOR LONG TIME WAVE PROPAGATION IN LOCALLY
PERIODIC MEDIA
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Abstract. A family of effective equations for the wave equation in locally periodic media over long time is derived. In
particular, explicit formulas for the effective tensors are provided. To validate the derivation, an a priori error estimate between
the effective solutions and the original wave is proved. As the dependence of the estimate on the domain is explicit, the result
holds in arbitrarily large periodic hypercube. This constitutes the first analysis for the description of long time effects for the wave
equation in locally periodic media. Thanks to this result, the long time a priori error analysis of the numerical homogenization
method presented in [A. Abdulle and T. Pouchon, SIAM J. Numer. Anal., 54, 2016, pp. 1507-1534] is generalized to the case
of a locally periodic tensor.
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1. Introduction. The wave equation in heterogeneous media is used to model diverse multiscale appli-
cations in engineering such as seismic inversion, medical imaging or the manufacture of composite materials.
In such situations, the medium is described by a tensor a®, where £ > 0 denotes the characteristic length of
the spatial variation of a® and is assumed to be much smaller than the wavelength of the initial data and
the source term (¢ < 1). The displacement of the wave u® : [0,T] x R? — R is then characterized by the
equation

Ofus(t, ) — V- (a°(2)Vous (t,2)) = f(t, ) in (0,T] x RY, (1.1)

where initial conditions for u°(0,z) and Oyu®(0,x) are given. Before discretizing (1.1), we truncate the
space R? to a sufficiently large hypercube Q, so that the waves do not reach the boundary, and impose
periodic boundary conditions (€2 is called a pseudoinfinite domain). To approximate (1.1) accurately, standard
numerical methods such as the finite element (FE) method or the finite difference (FD) method require a
grid that resolves the whole domain at the microscopic scale O(e). Hence, as T increases (i.e. () increases)
or as € — 0, such methods have a prohibitive computational cost. Therefore, more sophisticated numerical
methods are needed.

The study of multiscale problems such as (1.1) is tied to homogenization theory (see [17, 42, 16, 35, 23,
38]). The general homogenization result for the wave equation in [19] provides the existence of a function
u® such that the sequence {u}.~q converges weakly in L>(0,7; Wpe(2)) to u® as e — 0 (see below for
the definitions of the functional spaces). The homogenized solution u° is characterized by the homogenized
equation

ol (t, ) — Vi - (a®(2)Voul (¢, 2)) = f(t,2) in (0,7] x Q, (1.2)

where the initial conditions are the same as for u°. As the homogenized tensor a® in (1.2) is obtained as
the so called G-limit of the sequence {a®}.~o (see [44, 24]), (1.2) does not depend on the microscopic scale
and is thus a good target for numerical methods. However, for a general tensor a®, a® might not be unique
and no formula is available for its computation. Nevertheless, when the medium is locally periodic, i.e.,
af(z) = a(z, £) with y — a(z,y) Y-periodic, such formula exists. Indeed, in this case a”(z) can be computed
at each x €  via the solutions of d cell problems, which are elliptic partial differential equations (PDEs) in
Y (see e.g. [10, 22]).

In the past few years, several multiscale methods for the approximation of (1.1) have been developed.
The physical origin of (1.1) motivates the choice of an appropriate method. In particular, the problems are
divided in two classes, depending whether the medium has, or not, scale separation. Let us first mention
the methods available if the medium does not have scale separation. We refer to [6] for a detailed review.
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The methods defined in [39], [34, 33], [40] and [7] rely on multiscale FE spaces that have the same number
of degrees of freedom (DOF) as in a coarse FE method. However, the construction of these spaces involves
the solutions of global elliptic PDEs at the fine scale, which is computationally expensive and might be
prohibitive. To settle this issue, the elliptic PDEs are localized to small patches covering the domain, leading
to a process that can be parallelized. Let us then introduce the methods available when the medium has
scale separation. In such media, numerical methods can take advantage of the specific structure to reduce the
computational cost. To that purpose, the heterogeneous multiscale method (HMM) provides an appropriate
framework (see [2]). In the HMM, the effective datum is approximated with a sampling strategy by solving
local micro problems and is then used at the macro scale with a chosen numerical method. As the micro
scale is resolved only locally in small domains, the cost of the HMM is proportional to the number of DOF
at the macro scale. Furthermore, as the micro problems are independent, the sampling procedure can be
efficiently parallelized. Two HMMs are available to approximate (1.1). The FD-HMM, defined in [28] and
analyzed in [13], relies on a FD method at the macro scale. The effective flux is approximated by solving
micro problems in space-time sampling domains of size 7 x n?, where 7,1 > €. The FE-HMM, defined and
analyzed in [3], relies on the FE method on a macro mesh to approximate the homogenized solution. The
homogenized tensor is approximated at the quadrature points by solving micro problems in spatial sampling
domains of size 6%, where § > ¢. In the case of a locally periodic tensor, the FD-HMM and the FE-HMM are
proved to converge to the homogenized solution u".

When considering large timescales T = O(e~2), u® develops macroscopic dispersive effects. As the
homogenized solution does not describe these effects, new numerical methods are needed for the long time
approximation of (1.1). In particular, we look for a new effective equation that captures the dispersion. In
the literature, several papers [43, 32, 31, 36, 25, 26, 9, 11, 8] investigated the research of long time effective
equations in the case of a uniformly periodic tensor, i.e., a®(z) = a(%) with a(y) Y-periodic. In particular,
a recent result in [8] defines a family of effective equations whose elements are proved to approximate u®
at large timescales O(¢72). The family is composed of equations of the form (we use the convention that
repeated indices are summed)

Oru(t,x) — al 0% a(t, z) + 2 (afjkl(’“)fjklﬁ(t,x) — b7,0207u(t, x)) = f(t,z) in (0,6 °T] x €, (1.3)

(Y] 1771y 7t

with the same initial conditions as for u®, where a” is the homogenized tensor (constant in the uniformly
periodic case) and a?, b? are non-negative tensors that satisfy a given constraint.

The two HMMs described above have been adapted to the long time approximation of (1.1). In [29], a
modification of the FD-HMM is built to capture the effective flux of an ill-posed effective equation derived
in [43]. However, to do so, the space-time sampling strategy requires larger sampling domains as ¢ — 0.
Furthermore, as it is build on an ill-posed model, a regularization step has to be performed. Nevertheless, in
one dimension and for uniformly periodic tensors, the method is shown in [12] to capture the effective flux of
the ill-posed model. In [5, 4], the FE-HMM was also generalized for long time approximation. The method,
called the FE-HMM-L, was analyzed over long time in [9]. In particular, in one dimension and for uniformly
periodic tensors, the method is proved to converge to an effective equation of the family (1.3).

In this paper, we generalize the family of effective equations from [8] to the case of a locally periodic
tensor. This analysis constitutes the first result in the study of long time wave propagation in locally periodic
media. The family consists of equations of the form

dfut,x) — 9i(ag;(x)0ju(t, x)) + eL'a(t, z) + > La(t,z) = f(t,z) in (0,6 °T] x Q, (1.4)
with the same initial conditions as u and where the operators L' and L? are given as

L' = =0;(a;; ()0 - ) +b"°07, L* =08 (afjy (2)07; - ) — 0; (b} (2)0;07 - ) — 9 (aF} (x)0; - ) 4 b°°0;.

ij
The tensors a™™,b™" are defined for all z € Q) via the solutions of local cell problems and are linked by a

parameter. The main result of the paper ensures that any effective solution of the family (1.4) satisfies the
error estimate

”’u’f5 - ﬂ’HLOO(O,E*2T;W) < CS, (15)

where the norm |[|-||y is defined in (1.8) and is equivalent to the L? norm through the Poincaré constant. As
we track the dependency of the estimate on €2, the result is valid in arbitrarily large hypercubes. Thanks to
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this result, we prove that, in the one-dimensional case, the FE-HMM-L converges to an effective solution in
the locally periodic case. In particular, the approximation uy satisfies the error estimate

0 = wrtllo 0,02y < O+ (/)2 + HY/2?), (L6)

where h is the micro mesh size, H is the macro mesh size, and ¢ is the macro FE degree. Note that, in the
last two terms, a factor e =2 comes from the timescale O(¢~2). We emphasize that thanks to a new elliptic
projection, (1.6) can be used in arbitrarily large domain €). This result generalizes the long time a priori
error analysis of the FE-HMM-L performed in [9].

The paper is organized as follows. First, in Section 2, we present our main result: we define the family of
effective equations (1.4) and state the corresponding error estimate. Then, the derivation of the family and
the construction of the adaptation are presented in Section 3 and the proof of the main result is performed
in Section 4. In Section 5, we provide long time a priori error estimates for the FE-HMM-L in the locally
periodic case. Finally, we illustrate our theoretical results in numerical experiments in Section 6.

Definitions and notation. Let us give some definitions and the notation used in the paper. The
derivative with respect to the i-th space variable z; is denoted 0; and the derivation with respect to any
other variable is specified. We denote the quotient space £2(Q) = L?(Q)/R and a bracket [v] is used to
denote the equivalence class of v € L2(2) in £2(Q). Equipped with the inner product

(o1 [w1) , = (v = @a.w = (w)a) (v,0) ey — 1) wha Vo,w € LA(Q),

£2(Q) L2(Q) -

L?(Q) is a Hilbert space. Furthermore, we denote Wyer(2) = HJ (€2)/R and a bold face letter v is used

to denote the elements of Wpe(€2). The space Wpe, () (resp. LE(€2)) is composed of the zero mean repre-
sentatives of the equivalence classes in Wy (Q) (resp. £2(2)). We define the following norm on Wy, (£2)

Hw”W — _inf {” [wl] H£2(Q) + ||V’LU2||L2(Q)} Yw € Wper(Q)u (17)
w=wi w2
w;=[w;|EWper (2)

and the corresponding norm on Wy, (£2)

lwllw = _inf - {||w1HL2(Q) + ||Vw2||L2(sz)} Vw € Wher(Q2). (1.8)
w1,w2 € Wper (2)

We verify that a function w € Wpe () satisfies ||w|lw = |[[w]]|w. Furthermore, using the Poincaré—
Wirtinger inequality, we verify that || - || is equivalent to the L? norm (Cg, is the Poincaré constant)

[wllw < lwllLz) < max{1, Cotwlw Vw € Woer(€). (1.9)

We denote Ten"(RY) the vector space of tensors of order n. In the whole text, we drop the notation of
the sum symbol for the dot product between two tensors and use the convention that the repeated indices are
summed. The subspace of Ten"(R?) of symmetric tensors is denoted Sym” (R?), i.e., ¢ € Sym”(R?) satisfies
Qirin = iy (1) ig(ny TOT any permutation o. Let S™ : Ten™ (RY) — Sym™(R?) be the symmetrization operator
defined as (S™(q)) = 5 Y es, Qg isn- In the text, (S"(q))“ln is denoted as S} ; {gi,...i, }. For

q € Ten*(R%) and &, 7 € Sym?(R?), we denote the product ¢€ : 7 = qiju1&ijnri- A tensor ¢ € Ten*(R?) is major
symmetric if g = gy forall 1 <4, 4, k,1 < d and it is positive semidefinite if ¢§ : £ > 0 forall € € Sym? (R9).
For a major symmetric tensor ¢ € Ten*(R?), there exists a bijective map v : Sym*(R?) — RN where

N(d) = (d‘gl), and a matrix M(q) € Sym?(RV(9) such that (see e.g. [8] or [41, Chapter 4])

i1in

g€ n=M(qw(E)-v(n) VEneSym*RY). (1.10)

In particular, ¢ is positive (semi)definite if and only if M(q) is positive (semi)definite.
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Settings of the problem. We assume that d < 3 (note that the main result holds for d > 3, provided
higher regularity assumption of the tensor). Let a®(x) = a(w —) be a d x d symmetric locally periodic
tensor, i.e., a(z,y) is Y-periodic in y and Q-periodic in x, where 2, Y € R? are open hypercubes. We assume
that 2 is a union of cells of volume ¢|Y|. More precisely, letting ¢ € R? be the period of y — a(z,y) (i.e.,
a(x,y + k- 0) = a(z,y) for all (v,y) € A x Y and k € Z9), we assume that Q = (w],w]) x -+ x (wh,w})
satisfies

w.r—wl,
—+— N Vi=1,...,d. 1.11
E‘gi >0 ! ( )

This assumption ensures that for any Y-periodic function -, the map = — *y( %) is Q-periodic (7 is extended
to R? by periodicity). For T¢ = ¢ 2T, we consider the wave equation: u¢ : [0,7¢] x Q — R such that

Ofus(t,x) — V- (a(w, 2)Vous (t,2)) = f(t,x) in (0,T¢] x Q,
x +— ut(t,x) Q-periodic in [0, 77, (1.12)
U’E(va) - go(x)v 8{[1,5(0,.%) = gl(x) in Qa

where ¢, g* are given initial conditions and f is a source. The tensor a(r,y) is assumed to be uniformly
elliptic and bounded, i.e. there exists A\, A > 0 such that

MNEP <alz,y)é-€ < A|E]P VE€ R? for a.e. (x,y) € QA xY. (1.13)

The well-posedness of (1.12) is proved in [37, 30]. If ¢° € Wyer(2), g* € L3(Q), f € L2(0,7%;L3()),
then there exists a unique weak solution u® € L>(0,7%; Wye, (Q2)) with dpu® € L°(0,T°; (QJ(Q)) and 92uf €
L2(0,7%; W7, (Q)).

per

2. Main result: definition of the family of effective equations and a priori error estimate.
In this section we present the main result of the paper. We define the family of effective equations and state
the a priori error estimate.

Let us first deﬁne the operators involved in the definition of the family of effective equations. For all
z e Q let {xi(x) by, {09 (2)}_1, {0} ()} € Wyer(Y) be the zero mean solutions of the cell problems

(a(z)Vyxi(2), Vyw), = —(a(z)e;, Vyw),, (2.1a)
(a(z)Vy, 90-(:10) yw)y = —(a(@)eix;(x), Vyw), + (alz)(Vyx;(z) + ;) — ao(x)ej,eiw)y, (2.1b)
(a(2)V,0} (2),V, yw)y = —(a(2)Vexi(z), Vyw), + (Va- a(z)(Vyxi(z) + ;) — Va - a®(x)e;, w)y, (2.1c)

for all test functions w € Wpe,(Y'), where a®(x) is the homogenized tensor defined by

ay;(x) = (e a(@)(Vyx;(x) + €5))y - (2.2)
We define the differential operator
L' = —9;(a}?(x)0; - ) + 07, (2.3)

)

based on the following tensors

P @) = (a(@) (Vyxa(@) + ex) - €3:(2) )y

2}7(2) = (a(@)(Vy (@) + ¢;) - Voxa())y,

a2(@) = S3{ = 0mphis; (@) + Oplin (@) = Ol (@) +2/2()}.
10 _ phax d Amin (@ (z))

b= zeQ { Amin (a®(2)) }Jr’

aj; (x) = a5 (x) + b"a; (),

where we denoted {-}; = max{0,-}. Furthermore, we define the differential operator

L = 512 (a z;kl( 2)0y ) — 8»(()12]-2(90)@63 ) = 0i(a;} ()05 - ) + 07007, (2.5)

)
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defined upon the following tensors and functions
dzz;'lkl (z) = Sfjiz{@(z)xl'(f)ej ’ Xl($)6k>y - <a($)vy9?j () - Vyegz (I)>y}7
A2(z) = M (@ (@), Ax) = M (S35 {ad @)l (@)}),

— max )‘mln(A24( )
020" = zeﬂ{ Ao (A9(2)) }g

a?;lkl( )_aukl( )+5512]2m{a3k x)af(z)},

2.6
#2(0) = (e @)y + 008, (@) 20
where S37,{-} = S3{SZ{-}} and M(") is given in (1.10) and

(@) = (a(@)e;xi(@) - Vaxn(@)), — (a (ar)vyo;z( )V, ok<x>>y,
p?j?(x) = (a(z)Vax,(z) - Vin(33)>Y — {a(x)V,0; () - V, > , (2.7)

@2 @) = SE{ = 002y (@) + D () - mpw< +p” . }

+ blod}f(x) + 68na70m(:1c)8ma — 60 (ab,, (:v)),
20 _ jhaxd — Amin (@ ()

b7 = ma { SNCIED) }+’ (2.8)

az; (v) = aif (v) + 0*af; ().

Qij
Observe that the tensors of L? are parametrized by § > §*. Let then @ : [0,7¢] x 2 — R be the solution of

ofu(t,x) — di(ad;(x)0;u(t, x)) + eL'a(t, x) + e*L2a(t, z) = f(t,z) in (0,T¢] x Q,
x> u(t,xz) Q-periodic in [0, 77, (2.9)
w(0,2) = g°(x), 0u(0,z) = g'(x) in €,

where the initial conditions g°, g' and the source f are the same as in the equation for ¢ (1.12). It is known
that the homogenized tensor a® is symmetric, uniformly elliptic, and bounded. Furthermore, note that by
definition, a'2, a%2,b%2 are symmetric and positive semidefinite, 5'°,52° are non-negative, and @2* is major
symmetric (1.e. afj‘-lkl = di‘}ij) and positive semidefinite (see [8, Lemma 4.2] for a similar result). We verify
that if the tensor a(z,y) satisfies a € C2(Q;L>°(Y)), then a°,a?*,b%2 € C3(Q), a'? € C*(Q) and a?? € C°(Q)
(see (4.2)). If, in addition, the data satisfy the regularity

° € Woer () NH2(Q), ¢' € LEZQ)NHY(Q), feL?0,T51L3(Q)),

then there exists a unique weak solution of (2.9) (see e.g. [41, Chapter 2]).

DEFINITION 2.1. We define the family of effective equations £ as the set of equations (2.9), where a®
is the homogenized tensor defined in (2.2) and L', L* are defined in (2.3) and (2.5) for some parameter
§ > 0*.

Remark 2.2.  For uniformly periodic tensors, i.e. a(xz,y) = a(y) Vo € Q, the family £ simplifies
to a parametrized subset of the family defined in [8]. Indeed, in that case we verify that L' = 0 and
L? = af;.*kla;ljkl — b2282 02, where a**,b?? are constant and satisfy the constraint characterizing the family
from [8].

Our main result is the following theorem.

THEOREM 2.3. Assume that the tensor a(x,y) satisfies

a € CHQ; W (Y)) N C2 (1 WhH(Y)) N CHQ L (Y)).

Furthermore, assume that the solution 4 of (2.9), the initial conditions, and the right hand side satisfy the
regularity

@€ L0, 75 H%(Q)), owi € L°°(0, T HY()), 9fa € L°(0,T°;H*(Q)),
¢° € HY(Q), g¢' e HY(Q), feL?*(0,T%H*(Q).
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Then the following estimate holds

lu® — L0 0,75,w) < OE( g o) + 19° 120y + | fllLio,mem2(0)) 2.10)

5 ~ ~
+ > Nl Lo 0,72k () + 1078 Los (0,74 13 (02)) ),

where C = C([|lallcr@wz<yy) + lallez@wr=vy) + lallci@r=(yy) and C depends only on T, X\, Y, and g,
(the norm ||-||w s defined in (1.8)).

We emphasize that the constant C' is independent of the domain . Hence, if the different norms of the
data involved in the estimate are of order O(1), (2.10) ensures that |[u® — | o, 7-;w) = O(). In particular,
if the data have a spatial support of order O(1), a reasonable spatial variation, and if f has a temporal
support of order O(1), then @ describes well u over the long time interval [0, T¢].

3. Derivations of the adaptation operator and effective equations. In this section, we proceed
with the asymptotic expansion and construct the adaptation operator required in the proof of Theorem 2.3,
performed in the next section. As we will see, this construction is connected to the operators involved in the
family of effective equations defined in Definition 2.1.

The main result of this section is the following theorem.

THEOREM 3.1. Let L' and L? be defined in (2.3) and (2.5), respectively. Then there exists an adaptation
of the form

Bea(t, ) = a(t, z) + eu’ (t,x, %) + a2u2( ) + 53u3( ) +etu ( x, %) + p(t, x), (3.1)
such that x — Bea(t, ) is Q-periodic and

(u® — B%a)(0) = O(e), 9 (u® — B*u)(0) = O(e), (3.2a)
(02 + A°)(u® — B*a)(t) = O(*)  for a.e. t €[0,T7], (3.2b)

where we denoted A° = —V,, - (a(a:, %)Vx . )

Thanks to (3.2), under sufficient regularity assumptions, the adaptation can be proved to satisfy
| [u® — B*a] ||ro0,7=;w) = O(e) and Theorem 2.3 is obtained with the triangle inequality (4.1) (this is
done rigorously in the next section). Let us note that the accuracy required on the adaptation in (3.2b) is
dictated by the order of the timescale T¢ = O(e2) (see [8] or [41, Chapter 4]).

In the rest of the section, we proceed with the construction of the adaptation B°u and of the effective
equations. In particular, we need to define the functions u* and ¢ in (3.1) so that (3.2) holds. We will see
that the definitions of L' and L? enable the definitions of u? to u?*, respectively.

Before entering into technical details, let us present a plan of the construction. First, we formulate the
ansatz that an effective equation has the form (2.9), where a’(x) is the homogeneous tensor (defined in (2.2))
and L', L? are e-independent differential operators to be defined. To emphasize that L', L? are unknown at
this point, let us denote them as L' and L?. We then expand R® = (97 + A%)(u® — B%w)(t) with the aim to
attain the accuracy (3.2b). Canceling one after another the terms of R® of order O(e~ 1) to O(g?), each u*
takes the form

k
_ E—t+1 o~
t x y - Zcu et 75)81-1,,%4“11,(15,!@),
=1

where the corrector cflé% . (x,-) solves a cell problem in Y (i.e., an elliptic PDE with periodic boundary

conditions). The well-posedness of these cell problems imposes quantitative constraints on L' and L2. We
then design L' and L? so that these constraints are satisfied and (2.9) is well-posed. In what follows, we
require the correctors cflg% e+1( x,-) to have zero mean. While this is a priori not necessary, it is a natural
choice and simplifies the computations.

Let us now present the technical details of the derivation. We introduce the differential operators

Ayy = —Vy : (a(x7y)v1l : )7 ALE’U = _vy ! (a(xvy)vw ) - VLE : (a(xay)vu : )7 Aww = _vm : ((I(%y)vz : )
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For a sufficiently regular function ¢ (z,y), we verify that Aadj(x, %) = (a_QAyy + e Ay + Am)1/1(x, %)
Hence, using (1.12), (2.9) and (3.1), we obtain the development

= (0F + A%) (B0 — u)(t,x) = O; Ba(t, x) + A°Ba(t, x) — f(t,)

= Ayyut + Ayyii )
o ( Ayyu? + Agyut + At + 0;(a;0;7) ) 53)
(82u1+Ayyu +Azyu + Agout — L'a ) '
+e? (Ofu? + Ayyut + Agyu® + Agpu® — L4 )

+ (87 + A )+ O(%),

where the u' are evaluated at (¢, z,y = £). We then look for u',...,u* and ¢ such that the terms of order
O(e71) to O(¢?) in (3.3) vanish. Note that the u* are set to cancel the terms containing % and ¢ are set to
cancel the terms containing f (that will appear).

3.1. Canceling the e !,<? and ¢ terms and derivation of the constraints defining L'. To cancel
the term of order O(¢~1) in (3.3), it is sufficient to define

’U,l(t7$7y> - Xl(xvy)alﬁ(tax)a (34)
where, for all z € Q and 1 <i < d, x;(x) € Wper(Y) solves the cell problem
et (alz)Vyxi(w), Vyw), = —(a(x)e;, Vyw),, (3.5)

for all test functions w € Wye(Y'). To prove the well-posedness of (3.5), we apply Lax-Milgram theorem.
In particular, we must verify that the right hand side belongs to W, (€2). To do so, we need the follow-
ing characterization (consequence of Riesz representation theorem): a functional F € [Hllmr(Y)]*, given by

(Fow) = (f°,w)y + (f4, Orw)y,, for some fO, f1,. .., fi € L*(Y), belongs to Wy, (Y) if and only if f* is zero

per
mean, or equivalently

(£°,1), =0. (3.6)
Using the characterization (3.6), we verify that the right hand side of (3.5) belongs to W' .(Y) and the

per

equation is thus well-posed in Wye;(Y'). The equation obtained by canceling the term of order O(1) in (3.3)
reads now

-V (aVyu2) = (Vy “(eixy) + e?a(vaj +€5) — %)az U

o (a®

3
+(Vy - (Vaxi) + Vi - a(Vyxi + €i) — e;)) Oy,

Compared to the uniformly periodic case in [8], we observe that a supplementary term coming from the
variation x — a(z,y) appears in this equation. To satisfy this equality, it is sufficient to define

u?(t,x,y) = 0 (2, y)05yalt, @) + 6} (x, y)dyalt, ), (3.7)
where, for all z € Q and 1 < i,5 < d, 6);(x),0; () € Wyer(Y') satisfy

EO:

(a(2)V, 05 (x), Vyw)y = —(a()eix; (@), Vyw)y + (a(@)(Vyx;(2) +e5) — a®(x)e;, eqw) . (3.8a)
(a(x)VyHil (x), Vyw)y = —(a(m)mei(:v), Vyw)y + (Vw ca(x)(Vyxi(2) + e;) — Vi - (a®(z)e;), w)y, (3.8b)

for all test functions w € Wyer(Y'). To verify that the right hand sides of these PDEs belong to Wy, (Y), we

check that they satisfy (3.6). Thanks to the definition of the homogenized tensor a” in (2.2), the right hand
side of (3.8a) satisfies (3.6) for all x € Q. Furthermore, we have

(Ve - a(Vyxi + €1) — Vi - (a%;), 1)y = [Y|0n (<€£G(Vy><i +ei))y — a?ni) =0,
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and the right hand side of (3.8b) also satisfies (3.6). Hence, both cell problems in (3.8) are well-posed. At
this point, we have defined an adaptation such that R® = O(e), which would be sufficient for a timescale
O(1). As the timescale is of order O(¢~2), we need the accuracy R = O(&%) in (3.2b), and we thus continue
to cancel the higher order terms in (3.3). We begin with the terms containing @. Taking into account the
definitions of u! and u? and the effective equation (2.9), we have

82u2 = 95;83]82@ +6! a 02 = 9?Jafjf + 010, f + 9?Ja§m( mnanu) + 0L0km(al, 8,10) + O(e).

Plugging these equalities in (3.3), we obtain

R = ¢ (Ayyu3 + Amyu2 + Agzut + 02, (a2, 0,0) — L' ~)

+ % (Ayyu + Agyu® + Agpu® + 609,03, (a0,,0,0) + 0} 03, (a0, 000) — x;0; L 4 — L*1) (3.9)
+(0} + A%) o+ exiOif +2(0%,0%, f + 010 f) + O(e?).

We are now looking for u? such that the O(e) order term in (3.9) cancels. We thus define
u?(t, @, y) = kg (2, 9) 0 a(t, x) + kg (@, y) O u(t, ) + 7 (2, y)dypii(t, @), (3.10)

where m% x(2), Iizlj( x) and x7(z) are solutions of cell problems to be defined. We now need to design L' such
that these cell problems are well-posed. The first idea is to set L' = a”k( )8%,C a7 (2)97; +a* (x)d; and to
define the tensors a'3, a'?, a'! using the constraints imposed by the solvability of the cell problems. However,
we also have to ensure the well—posedness of the effective equation (2.9). We will see that alljgk( )83 = 0.
Nevertheless, for the operator —ea} ( )82 not to deteriorate the ellipticity of —;(a? a;;05°), a 12 has to be non-
negative. This condition can not be ensured in general by the tensor involved by the obtained constraint.
We thus apply a Boussinesq trick: adding the term b'°97 in L', we observe that if we formally substitute
02 = f +0;(a? ,0j1) in L4, the constraint imposed by the well-posedness of the cell problem for /@ . applies
on a — b0 0 . As a® is positive definite, note that we can then find non-negative b'%, a'? that satlsfy the
constralnt. Let then

L' = al%(2)0% — aif (2)02 + al' (2)0; + b'°(2)0;. (3.11)
Using the effective equation, we obtain
LYa = LY0 + b'°9,,(a2,,0,1) + b'°f + b L' + O(£2), (3.12)
where we denoted L'* = L' — b'0()d2, the spatial part of L'. Hence, we rewrite (3.9) as
Rf = ¢ (Ayyu?’ + Azyu2 —|—Amu1 + )@8-2 (ap, 0 8 ﬁ) - f)l’w~ - bloam(aSnnana))
—xi0;(L u) blOLla — L2u)
+(0F + A%)ptexiOi f + (05,02 f + 010, f) — eb'f + O(eP).

ijYg

(3.13)

Recalling the definition of u® in (3.10), the cancellation of the O(¢) order term in (3.13) leads to the following
cell problems: for all z € Q and 1 <i,j,k < d, £}, (), &}; (), &7 (2) € Wper(Y') satisfy (for readability we do
not specify the evaluation in z)

1

ol
(aV, “wkv W)y — (ae; 8" ik V. w) + (a(V, 92k + ejxk),eiw)y - (a?ij,w)Y + (a}fk,w)y, (3.14a)
(aVyi;, V, W)y =— (a(Ve 0 + eib), v, W)y + (Ve -a(V, 00 + €iXj), W)y
12 10,0 (3.14b)
+ ( 9 + Vax;). e w)Y - (Xiﬁma?nj + Xmama?j, w)Y - (a —-b ”,w)y,
(aVyr3,V, W)y =— (aVe 0;,v, W)y + (Ve -a(V,0} + Vexi), w)y — (x mO2,al,, w), -
+ (blOamaml + az ,w)y, ( . C)
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for all test functions w € Wper(Y'). These cell problems are well-posed if their right hand sides satisfy (3.6).
This is the case if and only if the tensors of L satisfy the following constraints (recall that (Xk (3:)>Y =0):

|Y|a11j3k = —(a(vyogok + €jXk); ei)y; (3.15a)
Y|(aif = b)) = (Ve - a(Vy03 + eixs), 1)y + (a(Vy0] + Vaxy), €y, (3.15b)
Ylaj' = = (Vi - a6} + Vaxa), 1)y, — [V[b'00mad,,. (3.15¢)

We emphasize that the constraints (3.15) must hold for each z € Q. These expressions are simplified in the
following lemma.
LEMMA 3.2. The constraints on a'3,a'? b0 and a' defined in (3.15) can be rewritten for all z € Q as

a}jsk (z) = (p1133k _pllcii)(x)v pzljSk = <a(Vka +eyp) - eri>Y, (3.16a)
(aif = 0'%a;)(2) = —Omay,;; (x) + pij (x), pi; = (a(Vyl] + Vux;) - i)y, (3.16b)
a;' (x) = =Omppe;(x) = b'00map,;(x). (3.16¢)

Furthermore, p'?(x) satisfies

Pi; () = —Ompi; () + ;7 () + ¢;7 (z), a7 = (a(Vyx; + €5) - VaXi)y - (3.16d)

Proof. Let us denote (-,-)y as (-,-) and (-)y as (-). We first prove (3.16a). Using (3.5) with the test
function w = 6%, and (3.8a) with w = y;, we have
—(G(Vyegok +ejxk),€i) = (aVy9?k, Vyxi) — (aejxr, i) = —(aejxu, Vyxi + €) + (a(Vyxr + €ex), €jxi),
which, thanks to the symmetry of a(z,y) proves (3.16a). Let us now prove (3.16b). Thanks to (3.15a), the
first term of (3.15b) is
(Vm . a(VyH?j +eix;)s 1) =0 (a(VyG?j +eiX;), em) = —|Y|8ma7ls’ij,

and thus (3.15b) can be rewritten as (3.16b). To rewrite a}! as in (3.16¢), we simply note that —(V,-a(V, 0} +
VeXi); 1) = =|Y|0,mp,7. Finally, let us prove (3.16d). Using (3.5) with the test function w = 6} and (3.8b)
with w = x;, we have

(a(VyG; + VaX;), ei) = —(aVyﬁ;, Vyxl-) + (anva ei) = (anxj, Vyxi + ei) - (Vz ~a(Vyx; + €5), Xi)-
Furthermore, the last term satisfies
— (V- a(Vyx; + €5), Xi) = —0m (a(Vyx; + €5), emxi) + (a(Vyx; + €5), Vaxi) = [Y|(=0mpim; + 4:7)-

Combining the two last equalities gives (3.16d) and the proof of the lemma is complete. O

In the following proposition, we verify that the two operators L' and L' coincide.

PROPOSITION 3.3. Let @'? and b'C be the tensors defined in (2.4) and assume that a'?> € C1(Q). Let
also L* and L' be the operators defined in (3.11) and (2.3), respectively. Then L'v = L' for any v €
L°(0,T%; H3(Q)) with 82v € L>(0,T¢;L2(Q)).

Proof. First, note that thanks to (3.16a), we have S, {a}%} = 0 and thus a3, 0;;,v = 0. Furthermore,
thanks to (3.16a), (3.16b), and (3.16d), we verify that Sfj{a}f} = d}f. Hence, we have

L' =007 = —S3{a?}0%v + af' 00 = —0;(a70;v) + (al' + 0 (S2,:{al%})) Orv. (3.17)

We claim that a}! + 9,,(52%,{al%}) = 0. To prove it, note that as ' is constant, using (3.16b) and (3.16¢),
we have

ol 4 (S lal2) = 20m (o p12) — B0l )
Using then (3.16a) and (3.16d), we verify that

and the claim is proved. Combined with (3.17), the claim concludes the proof of the lemma. O
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3.2. Canceling the 2 term and derivation of the constraints defining L?. We now come back to
the asymptotic expansion. The next step is to cancel the O(¢?) order term containing @ in (3.13). Following
the same reasoning as for u?, we define u* as

ul(t,@,y) = p?jkl (z, y)azljkla(ta z) + lejk(% y)azajkﬂ’(t? z) + P?j (z, y)aizja(t7 x) + p} (z,y)0su(t, x),  (3.18)

24 82

for some p°, p', p2, p® to be defined. The ansatz on the form of L? could be 07 (a7, Ofy) + a3, 03

22 2
zyk ijk ZJ 81]

a2'd;. However, as for L', this choice does not allow the well-posedness of the effective equation (2.9). We
thus apply Boussinesq tricks. First similarly as for L, we add the operator b*°9? in L? in order to obtain a

constraint on the difference a” b20 0 . Second, 1nsp1red by the unlformly periodic case in [8], we add the

term —0;(b;79;07-) in order to obtain a constraint on a3y, — a9, b7, Finally, for the operator of order 3, we

will see that we can find a tensor a?® that satisfies the constraint and a”k83 x = 0. We thus define

= 0% (a3 (2)03y) — 0503} (2)0; 07 ) + a5y, (2) 05, — af ()07 + a7 (2)0; + b*°(2)0F, (3.19)
and, using (2.9), we verify that
L = L*"a — 0;(b2 0%, (afy 1)) + b* 0, (a2,,0n0) — 0;(b770; f) + 0 f + O(e), (3.20)

where L2% = L? + 0;(b?20;07-) — b*°0} is the spatial part of L2. Let us rewrite the following terms of (3.13)
taking into account the definition of L' and using (2.9):

X0 (L) = xi0: (L) + xi0i(b"* O (0, 0n)) + X305 (07 f) + O(e),
b'OLYG = blOLl% (61°)20rm (ap,,, 0n ) + (b'°)% F + O(e).

Therefore, using the definitions of the u*, and (3.20), we rewrite the O(g2) order term in (3.13) and obtain

RE=¢2 (Ayyu4 —I—Aggyu3 + Apu®+ 600032 ( nOn ) + 0; 102 (al Ay O ) — XZ—@-(F%)

1] 1gm 7 7am
+ x:0i (6100, (a0, 0n10)) — B L1240 + (b)), (a0, 0n10)
— L%+ 0;(b7 02, (a%,,0n10)) — b*° 0 (a2, 0n0)) (3.21)

+ E(Xiaif - blof) +e (9%812],]0 + 01181f - Xi&-(blof) + (blO)Qf + 8 (b228 f) bzof)
+(07 + A%)p+ O(e%).

We thus obtain the following cell problems: for » € Q and 1 < i.j.k1 < d. ply(@). pl(a). o (a).
p? (ZE) € Wpcr(Y) Satisfy

€2
(aVypdinr: ¥, W)y = — (aeird, v, w) + (a(VykS + €00, eiw), (3.220)
+ (aj szXz 9kla w)y + (a zz;lkl —G?kb?faw)ya '
(avypwk, V, w) (a (eik Jk + V. mwk, V, w) (Vw . a(VyKa?jk + eﬂjo-k), w)Y
+ (a(V, Iijk + V. GJk +e;0}), ezw)y
+ (Xm ma”k + (b"ag; — aiF)xx — 000mar,y, — 0n,:0mady, — 05,0mal), — ali6r,w),,
+ (Om (i i, + apijr — borpady) — bimOmafy, — b Oman,, — b™ai), + aZjp, w),
(3.22b)
(aVyp?j, Vyw), = (a(em + Viky ), Vyw) + (Ve - a(Vyli%j + Vﬁ?j + eiﬁjl-),w)y
+ (a(VyKS + Vb)), eiw) .
om0, ) 600, + o', 3220
— 0} 0may,; — 0,,0mad; — (65, + 00,,)00,,a0; — 05,00 ,a0;,w) .
(6727177, Apnij 6m(b7273i8na’97,j) _aM(b22 Ina zg) - bzzr?zagnn Apj

00— 00 — (@2~ 1) )
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(aVyp?, Vyw), =— (aVur?,V, yw)y + (Ve - a(Vyk? + Vi0;), w),
+ (XmOma;" + XmOm ("0 0nal;) — Hglnﬁf;mp Api — 0 02, al., w)y (3.22d)
(b206mami . b10(b10ama9m- + a%l) Om (bf,fnafw zn) + al , )Y,
for all test functions w € Wper(Y). The cell problems (3.22) are well-posed if their right hand sides satisty

(3.6). This is the case if and only if the tensors of L? satisfy the following constraints (x;(x), 09, (x) and 0} (x)
have zero mean):

|Y|(a12;‘1kl - a?kbff) = —(a(Vy/-@?m + 63‘921)7 €i)y, (3.23a)

[Yai3, = —(Ve - a(V, Ii?jk + e, 1), — (a (V K, + Ve, + eibi), e €i)y

(3.23b)
+ Y[ (b330 ma ik T b228ma e + 0% ka + O (bpyas Qg5 — a?rijk - a%;lijk))a

|Y|(chj2 — bQOcL?j) = (Vx -a(Vy 514 + V. 99 + eiﬁ;), 1)Y + (a(Vyn? + V. 91) -)Y
+ |Y|( mn mnzg - a (bgsia"ao ) - 8 (b22 a"a? ) - bfia?nn n] (3236)
4 blO( blO 0 ))

1]
[Y[a' = = (Ve - a(Vysi 4+ Vib;), 1), + [Y[(0"(b"0mad,; + ai') — b*°0mad,; + Om (bin, 05 ,0:)),  (3.23d)

for all x € Q. These expressions are simplified in the following Lemma (we refer to [41, Lemma 6.2.8] for the
proof).

LEMMA 3.4. Denote Rij(x) = b7 (x) — (x; (x)xz(:zr)>y Then the constraints on a®*, b*2, a®3, a2, v*°
and a®' given in (3.23) can be rewritten as

a?ﬁgl = <aijlXi>y - <avy92l : Vy92i>y + a?kRila (3.24a)

azj, = i — Py + b70ag), — O (ag,; Rik) + Omai,, Rij + Onaly R, (3.24b)

P?jgk = <a€in : Vka>y - <avy9§’)i : Vy9i>ya (3.24c¢)

asz — bQOcL?j = Om (p?igm - p?f:’w pzmj) + pw + blo( — b ?]) (3.244)
+ a?,m(a?anj) — (’“)m(anaanmi) — (’“)m(anainmn) (’“)72% i Rim,

P = (VX - Vaxi)y — (aVy0; - Vb)), (3.24e)

=02, 05— O + 010 (000,00, + ai') — b 0mal,; + 0 (07,00 Rinn).- (3.24f)

We then verify that the two operators L2 and L? coincide.

PROPOSITION 3.5. Let a**, b?2,a?2 be the tensors defined in (2.6) and (2.8) and assume that a** € C?(2)
and b*,a'%? € C(Q). Let also L? be the operator defined in (2.5) and L? be the operator defined in (3.19) with
the tensors given in (3.24) where Ri; = daf; for some 6 € R. Then L?v = L?v for any v € L>(0,T%; H*(Q))
with 02v € L>°(0,T¢; H2(Q)).

Proof. First, inserting Ry = daf; in (3.24d) and using (3.16a), we verify that S’Jk{awk} =0 and
thus @73, 97, v = 0. Second, using (3 24d) (2.4), and the definition of Ryj, we verify that S7;{a;?} = a;
Furthermore, it holds S i kl{a”kl} . Hence, denoting L** = L? + 9;(b220,;02 - ) — b208t2, we have

L%y = 8%( Ukl@klv) — 0;(S? {a 210,;0) + (a7 + 0m(Shi{as})) Ov. (3.25)
We claim that a?! + 0,,(52,,{a?%,}) = 0. Indeed, using (3.24d), the form of R;;, and the symmetry of p*?
and a°, we compute

022} = 83, {0u(0% — 12 ~ )} + 92 46053 {al2) — (6020, + 0,08,0,00, — 00, (o, 0,00 + 6%l

Note that we have seen in the proof of Proposition 3.3 that a!' + 9,,(52,{al?}) = 0. Using then (3.24f),
direct computations lead to

azzl + 8m(872n1{a72731 ) = 68 (8721;) pz mn) + 68 (a maparon) - 687271;0 (a;gnanaronl) = 05



12 A. ABDULLE AND T. POUCHON

which proves the claim. Combined with (3.25), the claim concludes the proof of the lemma. O

3.3. Including a non-zero right hand side. To reach the accuracy R® = O(g?) in (3.21), we still
have to remove the terms coming from the right hand side f. To do so, we let ¢ in (3.1) belongs to the
unique class of solution ¢ of the equation

(02 + A%)p(t ) =-=8°f(t) in W, (Q) forae tel0,T°,
©(0) = 0rp(0) = [0]

where, denoting x; = Xz( , E) 0% = 09, ( , é),@}a = 91»1(-, E)’

» Yig

(3.26)

Sf = [e(§0:f = b1Of) + (05505 f + 0,°0:f — x50:(0™° f) + (') f + 0 (6370, f) — b*°f)].
We verify that ¢ € L(0, T Wyer (), dip € L°(0,T; £L2(2)) and 87 € L?(0, T W, (2)). Furthermore,
the standard energy estimate for the wave equation ensures that

||‘PHL°°(O,TE;W) < ”vw‘P”LOO(O.,TE;L?(Q)) < C€|\f|\L1(o,Ts;H2(Q)), (3.27)

where C' depends only on

A A Ixilleo@sco v 103 e gy 16715 16701, 1163 lco @.co vy 167 lco@sco(vy)-

3.4. Proof of Theorem 3.1. To conclude this section, let us prove Theorem 3.1. The adaptation B*u
is defined by (3.1), where u!, ..., u* are defined in (3.4), (3.7), (3.10), and (3.18), and ¢ € ¢ solves (3.26).
Then, combining Lemma 3.2 with Proposition 3.3, we verify that L'a = L4, where the tensors involved
in the definition of L'@ satisfy the constraints (3.15). Hence, the cell problems (3.14) are well-posed and
u® is well defined. Similarly, combining Lemma 3.4 with Proposition 3.5, we verify that L@ = L@ and
the definition of L2 ensures that u? is well defined. Note that thanks to assumption (1.11), we verify that
x — Beu(t,z) is Q-periodic. This proves the existence of the adaptation Ba. By construction (see (3.3)),
Beu satisfies the properties (3.2) and the proof of the theorem is complete.

4. Proof of the main result. In this section, we prove the main result of the paper, Theorem 2.3. The
proof is structured as follows. First, we use the correctors introduced in Section 3 to define the adaptation

operator B°. This operator satisfies B°u(t) = [B%u(t)], where B4 is defined in (3.1) and [-] denotes the
equivalence class in Wyer(Q2) = H}, (Q)/ R We emphasize that in the proof, we work in the quotient Wy, (£2)

because Beu(t) does not have zero mean (alternatively, we can normalize all the non zero mean terms in
B=u(t) and work in Wpe (92)). Next, using that u® — @ € Wpe(€2), we split the error as

[u® = allLee )y = || [u® = @] lLe o) < B0 — [u] Lo oy + I [@] — BTl o), (4.1)

and estimate both terms. In particular, we prove that B°a satisfies the same equation as [u®] up to a
remainder of order O(¢®) (Lemma 4.1).
Consider the correctors

( )7993( ) 91( )7 z;k( ),Iizlj(.%'),K?(l‘),p?jkl(l'),p%jk(ib),p%(l‘),p?(m) Ewper(y)v

defined as the solutions of the cell problems (3.5), (3.8), (3.14) and (3.22), and let ¢ be the solution of
(3.26). Propositions 3.3 and 3.5 ensure that L't = L'a and L*u = L*4, where the definitions of the tensors
in L' (resp. L?) guarantee the well-posedness of the cell problems (3. 14) (resp. (3.22)). Let us investigate
the regularity of the correctors. Using regularity results for elliptic PDEs (see e.g. [18]), we can prove the
following implications, for n > 0, m > 0 (see [41, Chapter 6]):
Xis 910]7 K;?jku pzojkl € Cn(Q7 Hm+1(y))

0}, kL, pl € CHH™TH(Y)) = aeC™(QW™™(Y)) NCmHH (@ Wim— e (y),
K% € CHQUH (YY) « ae N0 i@ Win ke (y))

PP e CHQHTTYY)) < aeni_ R Wim—kheeo(yy), (4.2)

= el (W),
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agy, ag, b €CM(Q) = a€CM(QLF(Y),
—12 n (0 n+l/0). 1 0©
ij S C (S)) <= ac C (S), L ()/)),
a;; €C*() < ael"PQL>(Y)),
where {-}; = max{0,-}. In particular, under the assumption of Theorem 2.3, all the correctors belong to

!
CHHA(Y))NC?(Q; HA(Y)). As d < 3, the Sobolev embedding H2_.(Y) < C2,,(Y) holds and the correctors
)

(
_ - per per
belongs to C*(Q; CL...(Y))NC? (€4 €Y, (Y)). Hence, the following estimates hold (needed in the proof of Lemma

) Yper

4.1 below)

H;aX{HXzHCO(CO) 165;1lc1(crys 167 lco(coys 1555llez(coy, 154 ez oy

1563 ez (coy, lo%millerenys llpijuller ey g llereny, 167 ller enys
a3 lle=, 0™, llazialles, 1037 lle=, a3 ez |b20|}
< Cl (CL, Av Y) + 602 (CL, Av Y)7 (43)
where Cj(a, \,Y’) depend only on A, Y, [|al|¢1 w2y, |lallc2wr=), and ||a||cs(r,~), and ¢ is the parameter.

Let us introduce the following useful application of the Green formula (see [8] for a proof): for ¢ €
[Whee()]4, v e HL (), and w € Wper(£2), we have

([cmamv] ,w)£2 = —([6mcmv] ,'w)£2 — (cm, Bmw)L2, (4.4)

d

where we recall that 0,,¢,, = Zm OmCm. In order to shorten the notation, we deﬁne the followmg functlons

of CL.(Q): X5 = xi(52), 0o = 90 (-, 2), 01 = 0!(-, 2), and similarly Iiljk,lillj‘s, : ,pwkl,puk,pw,pZ . We
define then the operators BE per( ) = W (Q) for v e H3_(Q) as

per per
] ) L2

([v

(e [xlav] w) o,
G

G

(Bv,w
(Biv,w
(B3v,w
(Bsv,w
(B, w) = (e 4[(—(9mp,m-j,C + i) 05w + pis 050 + pF0iv] W) Ly — (e P in 00k v, Omw) L,

Omb%, + 0:°)0v] w)L2 — (£20%,0;v, O w)

le o2 2e
wk Ukv—i-fiuauv—i—fi &v] w)Lz,

L27

)=
)=
)=
)=

where (-, ) denotes the dual evaluation (-, '>Wgcr,Wper- The adaptation operator is then defined as
4
B L0, 75 H2 Q) — L*(0, 75 W, (), v Bo(t) = %Bf(v(t}) + p(t). (4.5)

Note that if v e L2(0, 7% H},.(Q) NH?(2)), then B v(t) € Wyher(2) and, using (4.4), we verify that B u(t) =

Beu ., where B4 is defined in (3.1) (with {u*f}?_, defined in (3.4), (3.7), (3.10), and (3.18)). For
k=1
Af = —Vz . (as(x) Vy - ), we thus define

(ABFi(t), w),y. = (A [Bo()] w),,.

per? 2 per’”Vper

Remark that the definition of B in (4.5) allows to consider functions with lower regularity than B¢. In
particular, B°(d7a) is well-defined, as 97 € L>(0,7%H},,(Q)). This is needed to prove the following
lemma.
LEMMA 4.1. Under the assumptions of Theorem 2.3, B U satisfies
(0} + A)Ba(t) = [f(t)] + R°a(t) in Wi, (Q) for ae. t€[0,T°,

per

where the remainder R0 € L>(0, T W, (Q)) is given as

(REa(t)sw)yy. gy, = (RTW)o(1),w) 2 + (R70)1(1), Vow) s,

per’” Vper
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with the bound
(R @)ollL= (0,222 () TR @)1 [|L (0,712 ()
< 053(22:1 |l o< (0,7 15 (0)) + |\5t2ﬂ||Loo(o,Ts;H3(sz))),

for a constant C that depends only on A, Y, [|lallcr w2 v))s llallcz@@wrvy)s lallea@ne=(yy), and d.

Proof. Let us denote (-, -)w,.. . Wyer as (-,-). For a fixed t € [0,7°], we compute the remainder R u(t) =
(02 + A%)B%a(t) — [ f(t)]. Let us first compute explicitly the first term, 07B%a(t). For the sake of clarity, we
drop the notation of the evaluation in ¢. From the definition of B® in (4.5), it holds 07?B° % = Z?:o B;oXu +
02 + RS, where Rii = Z B; 0%, i.e.,

(7B, w) = ([07a], w) ., + ([ex50:07 0+ € (—Ombn; + 0,°)0;07 1], w)
— (£%005,0:07 1, Opw) + (O0Fp + R, w). (4.6)

We rewrite the three first terms of the right hand side. Note that thanks to the regularity of @ and the
effective equation (2.9), we have the following equalities

% = f + O (al,,0,1) — L't — e2L%a  in L(), (4.7)
;0% = 0, f + 82, (ab,, 0,11) — ed; (L i) — 29;(L%0) in L2(Q).
Using (4.7), we rewrite the first term of (4.6) as
[07a] =[] + [0m(a0,,0n0) +e(— LY"0 — ™0y (al,,,0n00)) + €2 ( — L2a+ b'°L'a) ]
+ [—eb"f + %0 L],
where L* = L' — p1992. Using the definitions of L' and L? and (4.7), we have
E([-L*a+b"L'a], w) .,
=2([-L*™a — b L+ ((0")% = b*) 0 (%, 0n10) ], w)
&2 (b22,0,001, Omw) , + 2 ([((b"°)% = b°)(f + eLti+ 2 L%0) ], w) .,

where L2% = L2 + 9;(b770;0¢-) — b*°07. We thus obtain

([07a] ,w)£2 =([f] + [Om (A On@) +( — LY 0 — b9, (@ On0))
+e(— L2 4+ bOLY2g 4 ((019)2 — 52°)9,n (a2, 0,)] ,,w)ﬁ2
— (e*b2,0;0ta, Omw) , + (STf + R3t, w)

. (4.9)

where
8 = [-ebF + (@) )11,
R5i = [e30 L0 + 3((b'°)2 — v*) (L a + eL?0)].
Next, we use (4.8) and then (4.7) to write the second term of (4.6) as
[ex0:0%0] = [ex502,,(a0,,,0n10) — 2X5D(LYT0) — e2x50i (100, (a2, 0,1))] + S5f + RS, (4.10)
where
S5f = [exioif — 2x50:(0'°f)],
si = [—*x50;(L2a) + x50, (0 (L'a + eL*0))] .
Furthermore, using (4.8) and formula (4.4), we rewrite
— ([e°0m 905-8-8211] ) — (205 + 077)0:07 6, Ow) |,
= ([°035 05, (a0, 0n0) + 0 (07703, (a5, 0n0)) ], w) o + (S5f + Ry, w). (4.11)

ij Yigm ij “im
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where
(85f,w) = (2[0505F + 06570, )] w)
(R, w) = (% [0mb0,0i(L' 0+ eLP0) ], w) ., + (3005 + b7) (L + e L?00), Opw) .,
and, using (4.8), we rewrite
[e20;°0;0%a] = [20;°02,, (a2, 0nt)] + S5f + REq, (4.12)

where 85f = [€201°0;f] and REu = [3010;(L i + eL?@)]. Combining equalities (4.6), (4.9), (4.10), (4.11)
and (4.12), we finally obtain
+e’ [%Eafgm( mnOn) + 0307, (a5, 0n0) ?3'(131’”” ) 53 (bwa (@ On)
— L%+ b L0+ (01°)% = %), (a2, 0,1) + O (07703, (a5, On )]

+ 07+ Y Sif+ X, Rid. (4.13)

For the second term, A°Bi(t), we have (the correctors and a are evaluated at (z,y = £))

A°Ba =
[ e (=9, (@(Vyxi + )i
+&% (= Vy - (a(Vyb); + eixy)) — e a(Vyx; + ¢5)) 05
+e% (= V- (a(Vy0] + Vaxs)) — Vi - (a(Vyxs + €:))) i
+e' (= V- (a(Vy "%k + 619 ) — el a(V, HJk + e]Xk))Bwku
+et (= Yy (a(Vykl + Vi) + €i01)) — Vo - (a(Vy0Y; + eix;)) — ef a(Vy0) + Vax;)) 0%t
+e' (= V- (a(Vyr] + Vib))) — Vi - (a(V,0] + Vix;)))0iit
+e? (= V- (alV, yngkz +ei gkl)) €; a(V H;kl + ejokl))azgklu
+e% (= Vy - (@a(Vypijy + Variyy, + eirgy)) — Vi - (a(Vyrgy, + 61931@))
— e} a(V, /@Jk +V, 9Jk))8wku
+e2 (= Vy - (a(Vypl; + Veki; + €ik3)) — Vi - (a(Vyky; + Vbl + €i67))

— e?a(Vyn? + Vﬁ}))@%&
+e% (= V- (a(Vyp} + Viur?)) — Vi (a(Vyr? + Vi0)))) 0t ]
+ A%+ R50 + REQ, (4.14)

where, defining the following functions of (z,y),

R?jkl = a(vyp?jkl + em?m% R;; ik = a(vypzljk + Vw’i?jk + ez"%l‘k)a
R} = a(vyplzj + Vz“}j + eiﬁ?)a Ri = a(Vypf’ + Vzﬁ?)a

)

the remainders Rgu and R5u are given by

R =e°[e), ?jklafnijkla + Vg jokla?jkza +enR }jkaﬁmku + Vg - Rz;kaljka
+en RLO3 i+ V- REO% G+ e RYO2, i+ Y, - RIOyii]
(R0, w) =€ (ef,a (prijklaijklu + Vmpijkaijku + prijaiju + Ve p2oi, 6m'w)
+et (amnp?jklazijklﬁ + a’mnp%jkanmku + amnngafngu + Amnp; 8 iU 8m'w)
Combining now (4.13) and (4.14), and using cell problems (3.5), (3.8), (3.14), (3.22), and the definition of ¢
n (3.26) (verify that Z?:l S f =8°f), we obtain the remainder R4 = 21.721 R:a. Using (4.3),we verify
that R satisfies estimate (4.6) and the proof of the lemma is complete. O
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Let us recall the following error estimate, proved in [8].
LEMMA 4.2.  Assume that m € L®(0,7%Wyer(Q)), with Om € L>(0,T%L%Q)), 0?2n €
L2(0, 7% Wi..(Q)) satisfies
() + An(t) =7(t) in Wi () for ae. t €[0T,
n(0) =n°,  9m(0) =n',
where N° € Wper(2), nt € L2(Q), and r € L2(0,T°; W?,.(Q)) is given as

per

(4.15)

<’l"(t>, w>W;er(Q)7Wper(Q) = (TO (t>a w) £2(9Q) + (Tl (t), Vzw) L2(Q)’

with mo € L2(0,T¢; £2(2)) and r1 € [L2(0,T%;L%(Q))]?. Then the following estimate holds

7L< 0,720y < C()\)(H??lﬂﬁ(n) + 17N 22) + € 2T (I7olluee 0,72 22(0)) + ||7“1||L°°(0,T6;L2(Q))))7 (4.16)

where C(X) depends only on the ellipticity constant A and the norm || - ||w is defined in (1.7).

We now have all the tool to prove the theorem.

Proof of Theorem 2.3.

Let us estimate the two terms of the right hand side in (4.1). First, note that n = [u®] — B4 satisfies
(07 + A%)n(t) = R7a(t) in Wi, (Q) for a.e t € [0,T°], where R° is defined in Lemma 4.1. Hence, using

Lemma 4.2, the first term in (4.1) satisfies

[0 = BEalle o) < C(llg s + g s + Xy lilwow sy + 10 le ) ), (4.17)

where C' depends on T, A, Y, |lallcr(qw2.(v))s llallcz@,wrcevyys lalles@iree(vy), and 6. Next, using the
definition of B (4.5) and the estimates (3.27) and (4.3), the second term of (4.1) satisfies

1B — [l owy < Ce( Xhuy lilo aony + 1 ) ) (4.18)

where C' depends on A, Y, [lallerqw2e(v)) llallez@wicervy)s llallea@re(yy), and 6. Combining (4.1),
(4.17), and (4.18), we obtain (2.10) and the proof of the theorem is complete. O

5. A priori error analysis of the FE-HMM-L in locally periodic media. The FE-HMM-L is a
numerical homogenization method for the long time approximation of the wave equation introduced in [5, 4].
In [9], a priori estimates for the long time error between u® and the approximation uy were proved in one
dimension for uniformly periodic tensors. In this section, thanks to Theorem 2.3, we provide a complement
to this analysis as we present error estimates that hold in the locally periodic case (again in one dimension).
This result is valid in small domains. In addition, we prove a new a priori error estimate that holds in
arbitrarily large domain.

Let us first express the family of effective equation in the specific one-dimensional case. Let x € Q be
fixed and recall that (x(x))y = 0. As a(z,-)(1 + 9yx(z,-)) € H(div,Y), using integration by parts and
equation (2.1a), we obtain for any y1,ys € Y,

Y2

= [ (Hyu () — Hy, (0))0, (ale,9) @3, y) + 1) dy = 0,

a(z,y)(9yx(z,y) + 1)

Y=y

where H, is the Heaviside step function centered in y. Hence, the function y — a(z,y)(9yx(z,y) + 1) is
constant. The definition of a° in (2.2) then implies that

a(z,y)(Oyx(z,y) +1) = a"(z) V(z,y) €QxY. (5.1)
A similar argument, using (2.1b), (2.1c), and the fact that a%(z) = 1/(1/a(z, ~)>Y, leads to

a(z,y) (0,0°(x, y) + x(z,9)) =0,  alz,y) (90" (z,y) + Oux(z,9)) =0 V(z,y) e QxY.  (52)
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Thanks to (5.1), we verify that the coefficients defined in (2.4) satlsfy p'3(z) = ¢**(z) = 0 and thus a'?(x) =
b1 = 0. Similarly, using (5.2) in (2.6) and (2.8), we verify that a?(z) = p?3(x ) p??(x) = 0. Hence, in one
dimension, the family £ (Definition 2.1) is constituted of the equations

07 — 0, (a0,1) + £2(92(a** 0201) — 0, (b*20,070) — 0, (a**0,0) + b0} 1) = f,
where the coefficients are defined for some parameter r» > 0 as

a*!(x) = ra’(z)?, b (x) = (x(2)?), +ra’(@),

7 = rinaxec{@20(@)},  @() = —ra®(2)0%a°(@) + B0a0(2). >3

In particular, the equation corresponding to the choice r = 0 involves the single correction —&29, (b*20,,07).
This is precisely the effective model on which the FE-HMM-L relies (see [5, 4, 9]).

Let us briefly recall the definition of the FE-HMM-L. Let Ty be a partition of Q of size H. For ¢ € Ny,
the macro finite element space is defined as

Vi (Q) = {vg € Wper () : vm |k € PY(K) VK € Ty}, (5.4)

where PY(K) is the space of polynomials on K of degree at most £. Let {&;, #;}7_, and {&f, 2} 7. be the

quadrature formulas used for the construction of the stiffness and mass matrices, respectively. We assume
that these formulas satisfy the requirements that ensure the optimal convergence rates of the FEM with
numerical quadrature (see [21, 20] or [1]). For every macro element K € Ty and every j € {1,...,J}, we
define the sampling domain Ks; = x K; + 0Y, where 0 > e. Each sampling domain Kj5; is discretized into a

partition 7Ty, of size h. For ¢ € N+, the micro finite element space is defined as
Vh(K(;j) = {Zh S Wper(ng) : Zh|Q S 'Pq(Q) VQ S 771} (5.5)

We define the following bilinear forms: for vy, wy € Vi (Q),

Ap (v, wy) =

5 / K ,€ 8 th ( )8zwh7Kj (I) d{E, (5.6)
J

K6T31|

(UH’U’H)Q:(UvaH)H+(vH’wH)M7 (5.7)

Y
(vH,wH)H: Z Zw/Kij(x/Kj)wH(x'Kj), (5.8)

KeTu j*l

(v, wr) = Z

KeTy j= 7 6J| Ksj

'Uh,Kj - v?fij) (wp, K; — w?[nK ) () da, (5.9)

where the piecewise linear approximation of vy (resp. wy) around x K; is given by

’U}LIIHK ( ) = UH(ij) + (I - ij>8va(ij),

and the micro functions vy, K; for vy (resp. wpy) are the solutions of the following micro problems in Ks;:
find Uh,K such that (v, K; — UII‘f‘K ) € Vi(Ks;) and

(CL({EKj, é)azvhﬁKj,azzh)L%Kéj) =0 Yz, € Vh(ng). (5.10)

We emphasize that in (5.6) and (5.10), the tensor is collocated in the slow variable, i.e., a®(x) = a(a:Kj, )
Va € Ks;. The approximation of the FE-HMM-L is ug : [0,7°] — Vg () such that

(OFup(t),v ) + Ap(u(t),ve) = (f(t),vm) . You € Vu(Q) forae. te 0,79,

5.11
up(0) =Ing°, Owup(0) =Igg", o
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where Iy is an interpolation operator onto Vi () satisfying the optimal convergence rates (e.g. the nodal
interpolation operator defined in [20]).

Let us now combine Theorem 2.3 with the a priori error analysis from [9]. Assume that /¢ € Nsg, ¢ =1,
and that the data are sufficiently regular. Then the following a priori error estimate holds:

AN gl e\ 4
[|lus — ’U,HHLOO(O)TE;LZ(Q)) < O(E + (;) + SN + ?) kzo H(?tkﬁ”Lm(Hul), (5.12)

where C' is independent of H, h, €, and § but depends on (2.

Note that the dependence of the constant on the domain 2 is an issue when the method is used in
pseudoinfinite domains. Indeed, as we consider timescales O(¢72), a pseudoinfinite domain must have a
diameter of order O(¢7?) (if the homogenized wave speed is of order O(1)) and (5.12) can not be used. This
issue is settled by the following new result.

THEOREM 5.1. Let u denote the effective solution in the family that corresponds to the parameter
r =0 in (5.3). Assume that §/¢ € Nug, h < ¢, and ¢ = 1. If a € C(Q;L>(Y)) N CO(Q; Wh>>(Y)) and
OFu € L°°(0, 75, HHL(Q)) for 0 < k < 4, then the error e = 4 — uy satisfies the estimate

» h 2 Hé /41 B 4 B
rellLmee) + [ Vaelmqee) < C(@?ﬁ“‘ * (—) + —) ( % ke ey + 5 |5t’““||L°°<H@+1>)a (5.13)

where g3 = |g° — I gl () + l9* — Tug* |m (o) and C = é(|‘a|‘c@(Lw) + |lallcoqwr.)) with C independent

of e, H and Q. R
We emphasize that the constant C' is independent of 2. Hence, combining Theorems 2.3 and 5.1, we
obtain (if the data are sufficiently regular and have a spatial support of order O(1))

R\  H'
lu® — wm Lo 0,75y = O<€ + <8—2> + ?), (5.14)

where the norm ||-||y is defined in (1.8). In particular, estimate (5.14) can be used in pseudoinfinite domains.

To discuss the computational cost of the FE-HMM-L, let us compare it with a standard P1-FEM ap-
proximation of u¢, denoted up. As argued in [9] (see also [7]), the optimal error estimate for uy is given by
(if the initial data are well-prepared)

h
[Ju® — uh||Loo(01T£;L2(Q)) < C? (5.15)

Note that in (5.15), the constant C' depends on the domain (through the Poincaré constant and the constant
in the elliptic regularity estimate). Hence, in a large domain of diameter O(¢~2), (5.15) scales worse with
respect to €. On the contrary, we emphasize that (5.14) holds independently of the domain. For the sake
of comparison, let us then consider a small domain of diameter O(1). We fix an order of tolerance 7 for
the error and, based on the corresponding error estimate, we compute the cost of each method. Let us
denote cost(At, N) the cost per time-step of the time integration of a second order ODE of dimension N.
From (5.15), it follows that the cost of the P1-FEM is cost(At,e~3771). The cost of the FE-HMM-L, based
on (5.14), is cost(At,e2/7=1/%) to which we add the offline cost of the resolution of the micro problems,
H-Y(e/h) = e~ 1=2/47=1/2=1/t " Hence, the FE-HMM-L offers a significant reduction of the computational
cost. Furthermore, note that in the FE-HMM-L, the macro FE degree ¢ can be increased to reduce the cost.
This is not the case for the fine scale FEM as higher order FE do not improve (5.15) (negative powers of &
appear from the higher derivatives of u¢).

Let us prove Theorem 5.1 (a detailed proof is provided in [41, Chapter 7]). We follow the technique of
elliptic projection as done in [27, 14, 15]. We split the error as

’U,—U,H:(’UJ—WH’U,)—(UH—WH’E,):H—CH, (516)

where 7@ is a new elliptic projection. The following definition of 7wy @ : [0, T¢] — Vi () is the key to avoid
the dependence of the constant on Q: for a.e. t € [0,T¢], myu(t) € Vy(Q) satisfies

(ﬂ'H’l_L(t),’UH)Q —I—AH(WHﬁ(t),’UH) = (f(t),vH)L2 — (IHafﬁ(t),vH)Q + (IHﬁ(t),vH)Q, (517)
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for all test functions vy € Vi (€2). Using the same technique as in [9], we prove the following lemma.
LEMMA 5.2. Assume that OFu, OF 72a € L°(0, T, HHY(Q)) for k> 0. Then dfrya € L0, T HY(Q))
and n =u— wyu salisfies

1150 ]| oo 1) + 110F 7| oo ey (5.18)
< C(((h/e) + H') o8 10 aluw ey + (/)2 + H) [0l e ) |

o=1

where C = C’(HLLHCE(LDO) + llallcoqwr.ey) with C independent of H, e, and 2.

In [9, Lemma 3.11], a similar estimate is proved, with the major difference that the constant involved
in the estimate depends on the Poincaré constant. In the proof of Lemma 5.2, the need of the Poincaré
inequality is avoided thanks to the definition of the new elliptic projection myu in (5.17).

The following lemma is proved in [9].

LEMMA 5.3. The following estimate holds for (g = uyg — Ty,

10eCa ILoe (L2) + | Vi Cr || oo a1y < C(e%%ta + 1l Lo rrry + [19em]| Lo (111 (5.19)
5.19
e 2 il ny + 2Ol ) ),
where e = [g° — Iy g°|m + ||l9* — Iug'|lm and C is independent of H, & and Q.
The splitting (5.16) combined with Lemmas 5.2 and 5.3 proves Theorem 5.1.

6. Numerical experiments. In this section, we illustrate numerically our main result. We consider
a one-dimensional example and compare the heterogeneous solution with several effective solutions of the
family &, the homogenized solution, and the approximation of the FE-HMM-L.

Let us fix the initial data and the right hand side for the test problem as go(x) = e‘20w2, g1=0,f=0,
and consider the locally periodic tensor given by

a(z,2) =28 + Lsin(27a) + & sin (27L), (6.1)

with & = 1/20. We compute explicitly a®(z) = 1/(1/a(z,-)), and x(z,y) = a’(z) [* 1/a(z, z) dz—y+Co(x),
where Cj ensures that (x(z))y = 0 Vo € Q. We verify that [, /a%(z)dz ~ 3/4. We let T° = =2 = 400,
and compare u°, u° and effective solutions @, in the family, where the subscript r specifies the dependence
of @ on the parameter r in (5.3). For the waves not to reach the boundary, we consider the pseudoinfinite
domain = (—301,301). To approximate u®, we use a spectral method on a grid of size h..s = /25 and
the leap frog scheme for the time integration with time step At = hyer/50. To approximate u” and ., the
same methods are used with h = ¢/4 and At = h/50. Note that the second order ODE obtained after the
space discretization of #, is implicit. To solve it, we use a gradient method at each time iteration of the
leap frog scheme. In Figure 6.1, we display the frontal right going wave of u¢, u°, and 7, for several values
of r € [0,0.1] at t = ¢72 = 400. We observe that the macroscopic behavior of u is not well described
by v®. On the contrary, @, describes well u® for every value of the parameter r, as predicted by Theorem
2.3. Let us now compare the L? error between u¢(t) and u®(t), ,.(t). We denote the normalized error as
err(v)(t) = [|(u® —v)()||L2(0)/|u® (¢) |lL2(0) - In Figure 6.2, we display err(u®)(t) and err(a,)(t). We note that
the error of the homogenized solution increases quickly with respect to ¢, confirming that at long times u°
does not describe well u. Next, we see that the error of @, increases notably as r increases. As Figure 6.1
showed, the frontal wave is well captured for all the values of r, hence the error for the large values of r is
located elsewhere. In fact, we verify that away from the frontal wave 4, drives away from u® as r increases.
Hence, we conclude that the smaller r is the more accurate 4, is.

Next, we compute the approximation provided by the FE-HMM-L, denoted by w g, for the model problem.
We let the macro FE degree be £ = 3, the micro FE degree be ¢ = 1, and § = e. Referring to (5.14), we
set H = ¢ and h = £%/2. In Figure 6.1, we observe that the approximation uy approximates accurately the
macroscopic behavior of u¢. In particular, uy captures accurately the long time dispersive effects of u°.
Acknowledgements. This work was partially supported by the Fonds National Suisse, project No. 200021
150019.
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F1G. 6.1. Comparison between the frontal waves of u®, u®, @, and ugy at time t = 400 and zoom on z € [296.3,296.9].
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FIG. 6.2. Comparison of the normalized L? error between u® and u®, @, on the time interval [0,400].
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