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Cloaking via anomalous localized resonance for doubly
complementary media in the finite frequency regime

Hoai-Minh Nguyen *

Abstract

Cloaking a source via anomalous localized resonance (ALR) was discovered by Milton
and Nicorovici in [I5]. A general setting in which cloaking a source via ALR takes
place is the setting of doubly complementary media. This was introduced and studied
in [20] for the quasistatic regime. In this paper, we study cloaking a source via ALR for
doubly complementary media in the finite frequency regime. To this end, we establish
the following results: 1) Cloaking a source via ALR appears if and only if the power
blows up; 2) The power blows up if the source is “placed” near the plasmonic structure;
3) The power remains bounded if the source is far away from the plasmonic structure.
Concerning the analysis, on one hand we extend ideas from [20] and on the other hand
we add new insights into the problem. This allows us not only to overcome difficulties
related to the finite frequency regime but also to obtain new information on the problem.
In particular, we are able to characterize the behaviour of the fields far enough from
the plasmonic shell as the loss goes to 0 for an arbitrary source outside the core-shell
structure in the doubly complementary media setting.

1 Introduction and statement of the main results

1.1 Introduction

Negative index materials (NIMs) were first investigated theoretically by Veselago in [30].
The existence of such materials was confirmed by Shelby, Smith, and Schultz in [29]. The
study of NIMs has attracted a lot of attention in the scientific community thanks to their
many possible applications. One of the appealing ones is cloaking. There are at least three
ways to do cloaking using NIMs. The first one is based on plasmonic structures introduced
by Alu and Engheta in [3]. The second one uses the concept of complementary media. This
was suggested by Lai et al. in [13] and confirmed theoretically in [21] for related schemes (see
also [26]). The last one is based on the concept of ALR discovered by Milton and Nicorovici
in [I5]. In this paper, we concentrate on the last method.

Cloaking a source via ALR was discovered by Milton and Nicorovici in [I5]. Their work has
its root from [27] (see also [14]) where the localized resonance was observed and established
for constant symmetric plasmonic structures in the two dimensional quasistatic regime. More

*EPFL SB MATHAA CAMA, Station 8, CH-1015 Lausanne, hoai-minh.nguyen@epfl.ch


https://core.ac.uk/display/148031436?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

precisely, in [I5], the authors studied core-shell plasmonic structures in which a circular shell
has permittivity —1 — 40 while its complement has permittivity 1 where § denotes the loss of
the material in the shell H Let r1 and ro be the inner and the outer radius of the shell. They
showed that there is a critical radius r. = (rjry 1)1/2 such that a dipole is not seen, after
the normalization of the power EL by an observer away from the core-shell structure, hence
it is cloaked, if and only if the dipole is within distance r, of the shell. Moreover, the power
Ej(ug) of the field ug, which is defined in , blows up as the loss 0 goes to 0. In [15], the
authors also investigated a single dipole source in the finite frequency regime outside the slab
lens of coefficient —1. Two key features of this phenomenon are: 1) the localized resonance,
i.e., the fields blow up in some regions and remain bounded in some others as the loss goes
to 0; 2) the connection between the localized resonance and the blow up of the power as the
loss goes to 0.

Cloaking a source via ALR has been mainly studied in the quasistatic regime. In [7],
Bouchitte and Schweizer proved that a small circular inclusion of radius y(9) (with v(6) — 0
fast enough) is cloaked by the core-shell plasmonic structure mentioned above in the two
dimensional quasistatic regime if the inclusion is located within distance r, of the shell; oth-
erwise it is visible. Concerning the second feature on cloaking a source via ALR, the blow up
of the power was studied for a more general setting in the two dimensional quasistatic regime
by Ammari et al. in [5] and Kohn et al. in [12]. More precisely, they considered non-radial
core-shell structures in which the shell has permittivity —1 — ¢ and its complement has per-
mittivity 1. In [5], Ammari et al. dealt with arbitrary shells and provided a characterization
of sources for which the power blows up via the information of the spectral decomposition of
a Neumann-Poincaré type operator. In [12], Kohn et al. considered core-shell structures in
which the outer boundary of the shell is round but the inner is not and established the blow
up of the power for some class of sources using a variational approach. A connection between
the blow up of the power and the localized resonance depends on the geometry and property
of plasmonic structures, see [25] (and also [22]) for a discussion on this. Cloaking a source
via ALR in some special three dimensional geometry was studied in [4]. Motivated by the
concept of reflecting complementary media suggested and studied in [I7] and results men-
tioned above, in [20] we studied cloaking a source via ALR for a general core shell structure of
doubly complementary media property (see Definition in the quasistatic regimeﬂ More
precisely, we established the following three properties for doubly complementary media:

P1) Cloaking a source via ALR appears if and only if the power blows up.
P2) The power blows up if the source is located “near” the shell.
P3) The power remains bounded if the source is far away from the shell.

Using these results, we extended various results mentioned previously. Moreover, we were able
to obtain schemes to cloak an arbitrary source concentrating on an arbitrary smooth bounded

'In fact, in [I5] and in other works, the authors consider the permittivity —1 + i instead of —1 — i; but
this point is not essential.

2More details on the normalization process are given later.

3Roughly speaking, the plasmonic shell is not only complementary with a part of the complement of the
core shell but also complement to a part of the core.



manifold of codimension 1 placed in an arbitrary medium via ALR; the cloak is independent
of the source. The analysis in [20] is on one hand based on the reflecting techniques initiated
in [I7], the removing localized singularity technique introduced in [I8, 21] to deal with the
localized resonance. On the other hand, it is based on new observations on the Cauchy
problems and the separation of variables technique for a general shell introduced there. The
implementation of this technique is an ad-hoc part of [20].

In this paper, we study cloaking a source via ALR for the finite frequency regime. More
precisely, we establish Properties P1), P2) and P3) for doubly complementary media in the
finite frequency regime. As a consequence, we are also able to obtain schemes to cloak a
generic source concentrating on the boundary of a smooth bounded open subset of
R? placed in an arbitrary medium via ALR; the cloak is independent of the source (see
Proposition in Section [f). Concerning the analysis, on one hand we extend ideas from
[20] and on the other hand we add various new insights into the problem. This allows us 1)
to overcome difficulties related to the finite frequency regime such as the use of the maxi-
mum priniciple, 2) to shorten the approach in [20], and more importantly 3) to obtain new
information on cloaking a source via ALR. In particular, we can characterize the behaviour
of the fields far enough from the plasmonic shell as the loss goes to 0 for arbitrary sources
outside the core-shell structure in the doubly complementary media setting (Theorem .
This fact is interesting in itself and new to our knowledge. Cloaking arbitrary objects via
ALR is considered in [24].

1.2 Statement of the main results

Let k > 0, let A be a (real) uniformly elliptic symmetric matrix defined in R (d > 2), and
let ¥ be a real function defined in R? such that it is bounded below and above by positive

constants. Assume that
A(z) =1, X(x)=1 for large |z|, (1.1)

and [
A is piecewise C. (1.2)

Let Q; CC Q9 cC R? be smooth bounded simply connected open subsets of R%, and set, for
6 >0,
—1—’i5 in QQ\Ql,
ss(x) = g (1.3)
1 in R \(QQ\Ql)
For f € L2(R?) with supp fN Qs = @ and § > 0, let us € Hlloc (R?) be the unique outgoing
solution to
div(ssAVus) + k*soXus = f in R% (1.4)

Here and in what follows

LA(RY) = {fe L*(R?) with compact support }.

4This assumption is used for various uniqueness statements obtained by the unique continuation principle.



For R > 0 and = € R?, we will denote B (x, R) the open ball in R? centered at x and of radius
R; when 2 = 0, we simply denote B(x, R) by Bg. Recall that a function v € H! (RY\ Bg)
for some R > 0 which is a solution to the equation Au + k%u = 0 in R%\ Bp is said to satisfy
the outgoing condition if

Oru — iku = o(r%) as r = |z| = +o0.
The power Ej(ug), or more precisely the power dissipated in the medium, is defined by (see,

e.g., [15])

Es(us) =9 |Vus|*. (1.5)
QQ\Ql

The normalization of ugs is vs = csus which is the unique outgoing solution in H. lloc (]Rd) of

div(ss AVvs) + ksoXvs = f5 in RY, (1.6)
where
f5 = C5f7
and ¢ is the normalization constant such that
Es(vs) =6 |Vus|* = 1. (1.7)
2\

In this paper, we establish properties P1), P2), and P3) for (A,3) of doubly comple-
mentary property. Before giving the definition of doubly complementary media for a general
core-shell structure in the finite frequency regime, let us recall the definition of reflecting
complementary media introduced in [I7, Definition 1].

Definition 1.1 (Reflecting complementary media). Let Q1 CC Qy CC Q3 CC R? be smooth
bounded simply connected open subsets of RY. The media (A, %) in Q3\ Qs and (—A, —X) in
05\ Q; are said to be reflecting complementary if there exists a diffeomorphism F : Q9\ Q) —
Qs \ QQ such that F' € CI(QQ \ Ql),

(F.A,F,X) = (A,%) for z € Q3 \ Qs (1.8)

F(z) =z on 0, (1.9)

and the following two conditions hold: 1) There exists an diffeomorphism extension of F,
which is still denoted by F, from Qs \ {z1} — R%\ Q5 for some z; € Qy; 2) There exists a
diffeomorphism G : R?\ Q3 — Q3 \ {1} such that G € C1(RY\ Q3), G(z) = x on 993, and
G o F : Q; — Qg is a diffeomorphism if one sets G o F'(x1) = .

Here and in what follows, if T is a diffeomorphism, a and ¢ are a matrix-valued function
and a complex function, we use the following standard notations

DT (x)a(z)VT (z)"
|det VT ()]

and  T.o(y) __ol@) where x = T (y). (1.10)

Tealy) = " [det VT (2)]



Conditions and are the main assumptions in Definition The key point
behind this requirement is roughly speaking the following property: if ug € H' (3 \ Q1)
is a solution of div(spAVug) + k?soXug = 0 in Q3 \ 7 and if u; is defined in Q3 \ Q by
up = ug o F~1, then div(AVu1) + k*Su; = 0 in Q3 \ Q2, ug —ug = AV(u1 —ug) - v = 0 on
99y by Lemma [2.2] a change of variables formula. Here and in what follows, v denotes the
outward unit vector on the boundary of a smooth bounded open subset of R%. Hence u; = u
in Q3 \ Q9 by the unique continuation principle, see, e.g., [28]. Conditions 1) and 2) are mild
assumptions. Introducing G' makes the analysis more accessible, see [17, 18 21} 26] and the
analysis presented in this paper.

Remark 1.1. Let d =2, A=1,0 <11 <19 < 400 and set rg = r%/rl. Letting F' be the
Kelvin transform with respect to dB,,, i.e., F(z) = r2z/|z|* and Q; = B,,, one can verify
that in the quasistatic regime the core-shell structures considered by Milton and Nicorovici
in [I5] and by Kohn et al. in [12] have the reflecting complementary property.

Remark 1.2. The class of reflecting complementary media has played an important role in
other applications of NIMs such as cloaking and superlensing using complementary media
see [18| 21, 26].

We are ready to introduce the concept of doubly complementary media for the finite
frequency regime.

Definition 1.2. The medium (sgA4, spX) is said to be doubly complementary if for some
Ny CC N3, (A,2) in O3\ Q2 and (—A4, —X) in Oy \ Q; are reflecting complementary, and

FA=G.F, A=A and F.X=GF.X=%Yin O3\ Qy, (1.11)
for some F' and G coming from Definition (see Figure [1).

The reason for which media satisfying are called doubly complementary media is
that (—A, —X) in Q3 \ € is not only complementary to (A4,%) in Q3 \ Q2 but also to (4, X)
in (GoF)~}Q3)\ Q2) (a subset of 1) (see [19]). The key property behind Definition [1.2] is
as follows. Assume that ug € H} (R%) is a solution of with § =0 and f =0 in Q. Set
up = up o F~1 and ug = u1 o G~'. Then uy,us satisfy the equation div(AV-) + k?%- = 0 in
Q3 \ Q2, ug —u; = AVug-v — AVu; -v =0 on 0Q9, and u; —ug = AVuy -v— AVug-v =0
on 9dQ3 by Lemma (two Cauchy’s problems appear, one for (ug,u1) and one for (ui,uz)).
This implies relations between ug, u1, and us.

Remark 1.3. Taking d = 2, A = I and r3 = r3/r1, and letting F' and G be the Kelvin
transform with respect to 0B,, and 0B,,, one can verify that the core-shell structures con-
sidered by Milton and Nicorovici in [I5] have the doubly complementary property. It is worth
noting that one requires no information of A outside B, and inside B,2/,, in the definition
of doubly complementary media. More examples on doubly complementary media with quite
simple formulas are given in Section

Remark 1.4. Given (A4,%) in R? and Q; C Qy CcC RY, it is not easy in general to verify
whether or not (spA, soX) is doubly complementary. Nevertheless, given 1 C Qy CC Q3 CC



Q2 \

K = F~ oG 1oF

Figure 1: (spA4,spX) is doubly complementary: (—A,—3) in Q9 \ ©; (the red region) is
complementary to (FyA, F,X) in Q3 \ Qo (the grey region) and (K, A, K,X) with K = F~1o
G~ loFin K(By, \ By,) (the blue grey region).

R? and (A, X) in Q3\ Qo, it is quite easy to choose (A4, ¥) in Qs such that (soA, soX) is doubly
complementary. One just needs to choose diffeomorphisms F' and G as in Definition [I.1
and define (A,X) = (F, 1A, F71%) in Q9 \ Q) and (A,8) = (F7IG7TA F7Hx GUY) in
F~1oG7Y(Q3\ Q2). This idea is used in Section [5| when we discuss cloaking sources in an
arbitrary medium.

The first result of this paper is the following theorem which reveals the behavior of us for
a general source f with support outside €25.

Theorem 1.1. Letd > 2, k> 0,0 < § < 1, f € L2R?) with supp f N Qs = @, and let
us € Hlloc(]Rd) be the unique outgoing solution of . Assume that (soA, soX) is doubly
complementary. Then

us — U weakly in Hlloc(Rd \ Q3), (1.12)

where U, € HlloC (RY) is the unique outgoing solution of
div(AVa) + k*Sa = f in R (1.13)
Here ) 4
PN A, by in R Qg,
(A,)X) := ( \ (1.14)
(G.FA,G.F.Y) in Q.

Using Theorem one can establish the equivalence between the blow up of the power
and the cloaking a source via ALR as follows. Suppose that the power blows up, i.e.,

, 2
Jim 6, [[Vus, [|72 (0,0 0,) = 00

Then, by T heorem vs,, — 0in R%\ Q, since ¢s5,, — 0; the localized resonance takes place.
The source ¢, f is not seen by observers far away from the shell: the source is cloaked. If



the power Ejs_ (us,) remains bounded, then the source is not cloaked since us, — 4 weakly
in H' (R4\ B,,) and @ € H L (R%) is the unique outgoing solution to (T.13)).

Remark 1.5. It follows from (1.10]) that if (spA, spX) is a doubly complementary medium
then (A4, ¥) is not piecewise constant; hence the separation of variables method is out of reach
for this setting in general.

In comparison with [20, Theorem 1.1], Theoremin this paper is stronger: no conditions
on the blow up rate of the power are required. The proof of Theorem is in the spirit of
[20]. Nevertheless, we add two important ingredients. The first one is on the blow up rate of
the power of ugs in which is derived in this paper instead of being assumed previously.
The second one is on the removing localized singularity technique. In this paper, we are
able to construct in a simple and robust way the singular part of us which is necessary to
be removed. This helps us to avoid the ad-hoc separation of variables method for a general
shell developed and implemented in [20]. The construction of the removing term comes from
a remark of Etienne Sandier. The author would like to thank him for it. To our knowledge,
Theorem [I.1]is new and is the first result providing the connection between the blow up of the
power and the invisibility of a source in the finite frequency regime. A numerical simulation
from [10] illustrating Theorem [1.1]is given in Section

Concerning the blow up of the power, we can prove the following result which holds for a
large class of media in which the reflecting complementary property holds only locally.

Proposition 1.1. Let d > 2 and k > 0. Assume that there exists a diffeomorphism F :
Qo \ Q1 — Q3\ Qo for some Qy CC Q3 C R such that F € C*(Qz\ 1), F(z) =z on 0Qs,
and

(A, Y) = (FLA, F.X) in D where D := B(xg, Ro) N (3 \ Q2)
for some xg € 02 and Ry > 0. Let f € L2(RY) and assume that A is Lipschitz in D. There
exists 0 < rg < Ry, independent of f, such that if
<D1 := D N B(wg, ) and there is no solution v € H*(Dy) to the Cauchy problem

div(AVo)+ k*Sv=f in Dy  and v=AVv-v =0 on dD;\ dB(xo, 1"0))

then

lim sup § |Vus|? = +oo,
6—0 QQ\Ql

where us € HlloC (RY) is the unique outgoing solution of (T.4).

Property P2) is understood in the sense of Proposition Some conditions on the source
are necessarily imposed since for sources of the form div(AVe) + k%2X¢ with smooth ¢ and
supp ¢ C R%\ Q3, the corresponding solution is ¢, which is bounded, and the power remains
finite and even goes to 0. Note that (s9A, s9X) is not required to be doubly complementary in
Proposition[L.1] Proposition [L.1]is inspired from [22, Lemma 10] which has its root from [20].
More quantitative conditions on the blow-up of the power are presented in Proposition (1.3



where Q9 \ Q1 = By, \ By, and (A4,%) = (I,1) in Q3 \ Q2, and the medium is doubly
complementary.

Concerning the boundedness of the power, we have the following result, which implies
Property P3).

Proposition 1.2. Letd > 2, k> 0,0 <6 < 1, and f € L2(R?), and let us € H'(R?) be
the unique solution (1.4). Assume that (soA, soX) is a doubly complementary medium and
supp f N Q3 = @. We have, for R >0,

lusllzr(Br) < CrIIfllz2,
for some positive constant Cr independent of f and §.

Proposition is a consequence of [I7, Corollary 2 and Theorem 1]. A more general
version of Proposition [1.2] is given in Lemma in Section The conclusion of Propo-
sition [I.2] is somehow surprising and requires the doubly complementary property since in
general [|us| g1(p,) can be blown up with the order 1/ for some R > 0 (see [25, Theorem
2]). The blow up rate 1/ is the worst case possible (see Lemma [2.1).

In the case 2; = B, for j = 2,3, (4,%) = ([,1) in Q3\ 2 and d = 2, 3, more quantitative
estimates on the blow up and the boundedness of the power are given in the following

Proposition 1.3. Let d = 2,3, k > 0, and f € L2(R?), and let us € H'(R?) be the unique
solution of (L.4). Assume that (soA, soX) is a doubly complementary medium, Qo = By, and
Q3 = By, for some 0 <ry <13, and (A,X) = (I,1) in By, \ By,. We have

1. If there exists w € H' (B, \ By,) for some ro > \/Tar3 with the properties
Aw+ k*w = f in B;, \ B, and w=0,w =0 on IB,,,

then
limsup&Hu(;H%p(BT y < +oo.
5§—0 3

2. If there does not exist v € HY(By, \ By,) for some ro < \/Tar3 with the properties
Av+k*v=f in B;,\ B, and v=20v=0 on dB,,,

then
.. 2 o
11311_}1(1)11"5”Vu(;||L2(BT3\BT2) = +o0.

This proposition is in the spirit of [20, Theorems 1.2 and 1.3] (inspired by [5]). One only
assumes that (A,%) = (I,1) in By, \ By, and (spA4, soX) is doubly complementary. (A4,X)
can be arbitrary outside of B,,: the separation of variables method is out of reach here. The
proof of the first statement of Proposition [I.3] is based on a kind of removing singularity
technique and has roots from [20]. A key point is the construction of the auxiliary function
Ws in (4.17). The proof of the second statement is based on an observation on a Cauchy
problem in [20] and involves a three spheres inequality.



As a consequence of Proposition and Theorem one obtains new (non-trivial)
variants and generalizations of the result of Milton and Nicorovici in the finite frequency
regime in both two and three dimensions; note that (A4,Y) can be arbitrary outside B,.,.

We finally point out that the stability of the Helmholtz equation with sign changing
coefficients was studied by the integral method, the pseudo differential operator theory, and
the T-coercivity approach in [I, 9 [I1] and references therein, and was recently unified and
extended in [22] via the use of the reflecting technique and the study of Cauchy’s problems.
It was also shown in [22] that the complementary property is necessary for the appearance
of resonance.

The paper is organized as follows. The proof of Theorem [1.1]is given in Section[2] In this
section, we also provide various examples of doubly complementary media with quite simple
formulas and numerical simulations illustrating Theorem (section . Sections (3| and
are devoted to the proofs of Propositions and respectively. Finally, in Section
we present schemes of cloaking to cloak a general class of sources via ALR in an arbitrary
medium for the finite frequency regime.

2 Proof of Theorem [1.1]

This section containing three subsections is organized as follows. In the first subsection,
we present a lemma on the stability of and recall a change of variables formula from
[17] which is used repeatedly in this paper. The proof of Theorem is given in the second
subsection. In the last subsection, we present various examples of doubly complementary
media with quite simple formulas and present a simulation illustrating Theorem

2.1 Preliminaries

The main result of this section is the following lemma, which implies the stability of ([1.4))
and is used repeatedly in this paper.

Lemma 2.1. Let d > 2, k>0, 5 >0, Ry > 0, g € H™'(R?) E| with support in Br,. For
0 < 6 < dg, there exists a unique outgoing solution vs € Hlloc (Rd) to the equation

div(ss AVvs) + ksoXvs = g in RY. (2.1)
Moreover,
031851 coy < 2| [ 73] + Callgl (2.2)
for some positive constant C'r independent of g and §.

Proof. We only establish (2.2)). The uniqueness of vs follows from (2.2). The existence
of vs can be derived from the uniqueness of vs by using the limiting absorption principle,
see, e.g., [22]. Without loss of generality, one may assume that (1.1)) holds for |z| > Ry and

®H~Y(R%) denotes the dual space of H'(R%).



Yy CC Bp,. We begin with establishing (2.2) with R = Ry by contradiction. Assume that
(2:2) with R = Ry is not true. Then there exists (gs) C H~'(R?) such that supp gs CC Bg,,

1 _
Josllis gy = 1 and 5] [ gs0s] + lgslB—s =0, (23)

as § — 6 € [0,80), where vs € H! (R?) is the unique solution to the equation
div(ss AVvs) + k2soXvs = g5 in R%. (2.4)

In fact, by contradiction these properties only hold for a sequence (d,) — 5. However, for
simplicity of notation, we still use ¢ instead of J,, to denote an element of such a sequence.
We only consider the case 6= 0; the case 6 > 0 follows similarly. Since (see e.g., [16, Lemma
2.3]), for R > Ry,

105l 1 (Br\Bry) < CrIVs 172085, ) (2.5)

for some positive constant Cr independent of § and g5, and Avs + k*vs = 0 in RY \ Bry,
without loss of generality, one may assume that (vs) converges to vy strongly in LZZOC (RY),
weakly in H' (R9), and strongly in H?(Bg, 2\ Bg,) for some vg € Hlloc(Rd). Then, by (2.3),
we obtain

div(soAVug) 4 k2soXvp = 0 in R%. (2.6)

Since v; satisfies the outgoing condition, it follows that vg also satisfies the outgoing condition.
Multiplying (2.4) by vs and integrating on Br with R > Ry, we have

/ s§(AVvs, Vus) dx —/ k2508 |vs|? de = —/ gsUs dr + Orv5TUs. (2.7)
Br Br Br
Letting 6 — 0, by (2.3), we obtain, for R > Ry,
s( a,,voﬁo) = 0. (2.8)
OBRr

Since vg satisfies the outgoing condition, it follows from Rellich’s lemma that vy = 0 in
R?\ Bp, ﬂ Using and the fact that vg € H lloe (R?), we derive from the unique continuation
principle that

vo = 0 in RY, (2.9)

Letting R — oo, considering the imaginary part in (2.7)), and using ({2.3]), we obtain
va5||L2(Q2\Q1) —0asd—0. (210)

Since vs — v = 0 strongly in H?(Bgy+2 \ Br,), it follows that

lim Opvsts = 0.
6—0 aBROJrl

SIn the case 6 > 0, instead of (2.8), we obtain %(faBR 8,«1)3175) < 0. This also implies that v; = 0 by
Rellich’s lemma. The rest of the proof works well for the case 5> 0.
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Considering the real part of (2.7) with R = Ry + 1, we derive from (2.10)) that
vaHHl(BROH) —0asd—0.

We have a contradiction by (2.3)). Hence (2.2]) holds for R = Ry.
The conclusion now follows from ([2.5). O

We end this subsection by stating a change of variables formula which is a consequence
of [I7, Lemma 2].

Lemma 2.2. Let D1 CC Dy CC D3 be three smooth bounded open subsets of ]R_d. Let
a € [L*(Dz\ D)4 o € L®(Ds \ D1) and let T be a diffeomorphism from Dy \ Dy onto
D3\ Dy. Assume that w € H'(Dy\ D7) and set v =wuoT *. Then

div(aVu) +ou = f in Dy \ Dy,
for some f € L*(Ds \ Dy), if and only if
div(7.aVv) + Teov = T f in D3\ Da. (2.11)
Assume in addition that T (x) = x on 0Dy. Then
v=u and T.aVv-v=—aVu-v on dD;. (2.12)

Recall that T.a, T.o, and T.f are given in (1.10). Here and in what follows, when we
mention a diffeomorphism 7 : Q — S_Z’ for two smooth open subsets Q, @ of RY, we mean
that 7 is a diffeomorphism, 7 € C1(Q2), and T~ € CL(QY).

2.2 Proof of Theorem [1.1]

Define
() —uso F~!in Rd\Qg

and
U2, = U1,6 © Gil in Qg.

It follows from (|1.11)) and Lemma [2.2| that
div(AVuy ) + k*Suy 5 + 6 div (AVug 5) = div(AVugs) + k*Tugs = 0 in Q3 \ Q. (2.13)
us — ur,s = 0 on 08y, AVUg‘QB\QQ v —(141i6)AVu;5-v =0 on 0y, (2.14)

us —ugs =0o0n 0N, and (1+ ié)AVuL(;‘Qg\QQ ‘v —AVugs-v=0o0n0Qs. (2.15)

Set
Uus in R%\ Q3,
’LAL(; = us — (’LLL(; - u275) in Qg \ QQ, (216)
u2,6 in QQ.
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It follows from (2.13), (2.14), and (2.15) that a5 € H!_ (R9) is the unique outgoing solution
of

div(AVis) 4+ k*Sas = f in R?\ (99 U 8Q3),
AVﬁ5|Rd\Q3 ‘v — AV@g‘Qa v = —idAVuL(;‘Qg\% -v  on 0f3, (2.17)
AVl g, v — AViis|g, - v = i6AVu1 5 v on 0.

Q3\Q2
Here we used the fact that (4,%) = (4,%) in Q3 \ Q2. By Lemma we have, for R > 0,
sl (Br) < CrS I fllL2- (2.18)
It follows from and Lemma again that, for R > 0,
sl i (ry < CrIlfllL2-
As a consequence, we have, for R > 0,

lusll 1 (Br\2s) < CRIIflz2- (2.19)

First fix R > 0 such that Q3 CC Bpr and then fix g € Bg \ Q3 and r9 > 0 such that
B(zg,r0) C Br \ Q3. We have, from (2.19),

[usll 2 (B(zo.ro)) < ORI L2 (2.20)

Using (2.18), (2.20), and the fact that div(AVus) + k’Yus = f in B\ Q2, one is able to
derive from a three spheres inequality that [|us|2(5,\0,) is much smaller than 61| f| .2,
which is the order of an upper bound of |[us||g1(p,\0,)- Indeed, applying [2, Theorem 5.3]
to us in Br \ Qg with € = C||f|[12(p,\q,) for some positive constant C' large enough so that
[2, (1.29)] holds with F' = 0 (the largeness of C' depends only on R and €22), we obtain from

(2.18)) and (2.20) that, for 0 < 6 < 1/2,
lusll L2(Br\02) < CO 1 fll 22/ 0 (1/9),

for some positive constants C' and p, independent of f and ¢ (recall that R and rg are fixed);
which implies
lim df|usl| z2(Bp\2) = 0. (2.21)

Using (2.2)) in Lemma we get from ([2.21]) that
lim 6lus || 1 (B) = O-
From (2.17)) we have, for R > 0,
Hﬁg - ﬁ”Hl(BR) — 0 as o — 0.

The proof is complete. O
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Remark 2.1. One of the key points in the proof is the definition of s in after
introducing u; 5 and ug 5 as in [20]. In Q3 \ Q2, we remove u; 5 — ug 5 from us. The removing
term is the singular part of us in Q3 \ 2. The way of defining the removing term is intrinsic
and more robust than the one in [20], which is based on the separation of variables for
a general shell developed there. As seen from there, the removing term becomes more and
more singular when one approaches 9€)3. The idea of removing the singular term was inspired
by the study of the Ginzburg-Landau equation in the work of Bethuel, Brezis, and Helein in
[6]. Another new important point in the proof is to establish . This is obtained by first
proving that us is bounded outside 23 (this is again based on the behaviour of #s) and then
applying a three spheres inequality.

2.3 Some examples of doubly complementary media and a numerical sim-
ulation

We first present some examples of doubly complementary media with quite simple for-
mulas. Let 0 < 1 < 79 and o, > 1 be such that af —a — 5 = 0. Set r3 = rg‘/rf“l,
ro = r{/rs~t and m = r3/r; = (ra/r1)®, and define Q; = B,; for j =1,2,3. Assume that

1,1 in By, \ Br,,
A, Y= Al, Zl in BT2 \Brl, (222)
m?=2I,m? in B, \ By,,
where
ry r3e
A, X = o a_1€r®€r+(a—1)(69@694‘69@6@)] , (a—l)ﬁ ifd=3, (2.23)
and
A, =t T
1, El—a_1€r®6r+(a_1)69®66a (a—l)ml =2. (2.24)

Here the spherical and the polar coordinates are used. Considering F(z) = r§x/|z|* and
G(z) = r?m/\ajﬁ and noting that G o F' = ml, one can verify that (spA4, soX) is doubly
complementary [18] (see also [23] for the details), (A,X) = (I,1) in By, \ By,.

We next present simulations illustrating Theorem These are taken from the joint
work with Droxler and Hesthaven in [10], where we present various simulations illustrating
cloaking and superlensing properties of NIMs in the two and three dimensional acoustic
settings. The author thanks them for letting him present some simulations here. Consider
the two dimensional finite frequency regime with £ = 1. Set

ro=1/2, 1 =+v2/2, rp=1, r=+v2, and r=+2+1,
and define ; = B, for j = 1,2,3. Consider
I,1 in By, \ By,,
I,r3/|z|* in By, \ By,
1,4 in By, \ By,
21,2 in By,.

AN =
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Then (spA, spX) is doubly complementary by taking o = = 2. Since G o F' = 21, one can
verify that

Qs I,1  in By, \ B,
21,1/2 in B,,.

In Figure |2, we present a simulation of 4, the unique solution in H&(BM) of the equation
div(AVa) + k24 = f in B,, where f = 5 in D and 0 otherwise and D is the small (pink)
region visible on the figure. The real part of us, the unique solution in HE(B,,) to the
equation div(ssAVus) + k?ssXus = f in B,, with 6 = 5 1072, is given in Figure One

50 Value
I535d9:-33

W 00752634
0150537
022578

W0.0227a08
00902161
W0.0575425

W =31150

Figure 2: Simulation of 4.

easily sees from these simulations that the real part of us and @ are close outside B,,. This
is consistent with the prediction given in Theorem Note that us blows up in By, \ By,;
hence the removing term uy s — ug 5 is necessary for the boundedness of ;. m

3 Proof of Proposition (1.1

We prove Proposition [I.1] by contradiction. Assume that

limsup 5||VU5||%2(92\Q1) < 400. (31)
6—0

Since div(AVus) + kQSOSJ_IEug =01in 22\ Q; and ¥ is bounded above and below by positive
constants, it follows from a compactness argument that

sl L2(@a\01) < ClIVus 2 (0\01)-

"The simulations are done for a bounded domain but this point is not essential.
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0¥ alue

153649 -33
W n07az63a
W 150527
W 022579

W0 0752634
W0 oz17aes
00502161

Figure 3: Simulation of us with 6 = 5 x 1075,

We derive from (3.1) that
lim sup 5”%”%1(92\91) < +400.
6—0

Since, for R > 0,
lusll i (Bry < Clluslmr@a\01)
see, e.g., [22, Lemmas 1 and 3], it follows that, for R > 0,

lirglsup (5||U5||§_11(BR) < +00.
—0
Define

Ul = Ug O F~lin Q3\ Q

and set
Vs = ups — us in D.

We then obtain
div(AVuvs) + k*Yvs = g5 in D,

vs=0on DNOQy and AVus-v = hs on 0D NOQs.

Here )
10

1+

gs = —i6div (AVuy5) — f =

and
hs = 10Vuy s -v on 9D N 0Qs.

It is clear from ({3.2]) that

k*Suys— fin D

lgs + Fllz2(p) + 176l g-1/20proa,) < C5Y2,

15

(3.2)

(3.5)



for some positive constant C' independent of §. Using (3.3)), (3.4), and (3.5)), and applying
[22, Lemma 10], we have

lim sup 51/2”'UJHH1(D) = +00:
0—0

which contradicts (3.2]). The proof is complete. O

4 Proof of Proposition (1.3

This section containing two subsections is devoted to the proof of Proposition In the
first subsection, we present two lemmas used in the proof of Proposition [1.3|and the proof of
Proposition [1.3|is given in the second subsection.

4.1 Two useful lemmas

In this subsection, we establish two lemmas which are used in the proof of Proposition|1.3
The first one is a more general version of Proposition [L.2

Lemma 4.1. Letd >2,k>0,0<d <1, f € LZRY), g € HY?(993), and h € H~'/2(993).
Assume that (soA, s0X) is doubly complementary, supp f N3 =@, and Vs € (\p HY(Bgr\
00Q3) is the unique outgoing solution of

{ div(ssAVVs) + k2soXV5 = f in R\ 9Q, (4.1)

Vsl=9 and [AVVs-v]=h on 0Q3.
Then, for R > 0,

Vsl a1 (B\o0s) < Cr(If L2 @) + 191l 5r2005) + 12l m-1/2(004) )
for some positive constant Cr independent of 0, f, g, and h.

Here and in what follows in this paper, we denote [v] = v| . —v|,  and [MVuv-v] =

MVQM/’emt —MVU-Z/’W on 99 for a smooth bounded open subset  of R?, for a matrix-valued
function M, and for an appropriate function v.

Proof. The proof has its roots from [I7] (see also [20]) and the key point is to construct a
solution Vj of (@.1)) for 6 = 0. Let V € Mpso H'(Br \ 093) be the unique outgoing solution
to

div(AVV) + k2SV = f in R%\ §Qs,
Vl]=g and [AVV -v]=hon 03,
where (A,Y) is defined in (T.14). We obtain, for R > 0,

IVl g(Br\o0s) < Cr(IF N L2 + 19l 5172005 + 1l g-12(005)) (4.2)
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for some positive constant C'r independent of f, ¢, and h. Define Vj in R? as follows
14 in R%\ Qo,
Vo = VoF  inQy\Q, (4.3)
VoGoF in Q4.

Applying Lemma we derive from (L.11) that Vo € Nzoo H'(Br \ (093 U 9Q1)) is an
outgoing solution to

div(soAVVp) + k2s08Vp = f in R\ (0Q3 U 9Q;).
Applying Lemma again, one obtains from the definition of V4 and V that
Vo] =g and [AVV-v]=h on 0Qs.

and
Vo] =0 and [AVV-v] =0 on 09;.

Hence Vp € (Npao H'(Br \ 9Q3) is an outgoing solution of with § = 0. Set
Ws = Vs — V, in R%. (4.4)
Then W5 € H! (R9) is the unique solution to
div(ss AVIWs) + k*soSWs = — div (i0AVVilg, 0, ) in RY.

Here and in what follows, for a subset D of R? 1, denotes its characteristic function.
Applying Lemma [2.1] we have

Wl z1(Br) < CrlIVoll g1 (00\01)- (4.5)
The conclusion now follows from (4.2)), (4.3), (4.4)), and (4.5). O

Before stating the second lemma, we recall some properties of the Bessel and Neumann
functions and the spherical Bessel and Neumann functions of large orders. We first introduce,

forn >0,
T

Ju(r) =2"nldn(r)  and  Yo(r) = ~Fm D" (4.6)
and
3 — . oo ] U, = — yn(t)
() =13 2n+1jn(t)  and o = -3 on=1)’ (4.7)

where J,, and Y,, are the Bessel and Neumann functions and j,, and ¥, are the spherical Bessel
and Neumann functions of order n respectively. Then (see, e.g., [8, (3.57), (3.58), (2.37) and
(2.38)]), one has, as n — 400,

Jn(t) = t"[L+0(1/n)], Yu(t) =t"[14+0(1/n)], (4.8)

17



Jn()=1r"[1+0(1/n)] and gu(r) =r""'[1+O0(1/n)]. (4.9)
Using (4.8)) and (4.9), we can now implement the analysis in the quasistatic regime developed

in [20] to the finite frequency regime in this section.

We are ready to state the second lemma which is on a three spheres inequality for the
homogeneous Helmholtz equation in two and three dimensions.

Lemma 4.2. Let d = 2,3, k, R > 0, and let v € H'(Bg) be a solution to the equation
Av + k?v =0 in Br. Then, for 0 < Ry < Ry < R3 < R,

HUHHl(BRQ) < CR,kHUH?JI(BRI)HUHJILI_l?BRS)’

where oo = In(R3/R2)/In(R3/R1) and Cry, is a positive constant independent of Ri, Rz, Rs,
and v.

Remark 4.1. The case k = 0 is well-known and first noted by Hadamard in two dimensions.
A recent discussion on three spheres inequalities for second order elliptic equations and their
applications for cloaking using complementary media is given in [26].

Proof. By rescaling, one can assume that £ = 1. We consider the case d = 2 and d = 3
separately. We first give the proof in two dimensions. Since Av + v = 0 in Bpg, one can
represent v in the form

[e.9]
0= ansulle))e*™ in Bg,

n=0 =+

for ap + € C (n > 0) with ag+ = ap,— where J,, is defined in (4.6). Note that, for 0 < r < R,

olFrm,y ~ D> lan s n(2)e 3 5, (4.10)
n=0 =+

Here and in what follows in this section, a < b means that a < Cb for some positive constant
C' independent of n and 4, a ~ b means that a < b and b < a. On the other hand, for each
n, there exists a constant C,, > 1 such that

CoMant*1? < llan e Ju(|2) e |3 5,y < Culan£[*r?. (4.11)

The conclusion now follows from (4.8)), (4.10) and (4.11]) after applying Holder’s inequality.
The proof in three dimensions follows similarly. In this case v can be represented in the

form
[o@) n
v=> Y anin(x)Yp (%) in Bg,
n=0 —n

for aY € C and & = x/|z| where Y, is the spherical harmonic function of degree n and of
order m. The conclusion is now a consequence of (4.9) after applying Holder’s inequality as
in the two dimensional case. The details are left to the reader. O
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4.2 Proof of Proposition [1.3

The proof is in the same spirit as the one of [20, Theorems 1.2 and 1.3] and is divided
into two steps. By rescaling, one can assume that k = 1.

Step 1: Proof of the first statement. Define
_ -1 md
urs =us o F~ " in R\ B,,,

and
U5 = Ul § O G lin B,.,.

Let ¢ € H'(B,, \ B,,) be the unique solution to
Ap+¢=fin By, \ Br,, ¢=00n0B,,, and 0r¢—i¢p=0on JdB,,, (4.12)

and set
W =w—¢in By, \ By,.

Then W € HY(B,, \ B,,) satisfies
AW +W =0in By, \ Br,, W =0o0n0B,,, and 0,W =—-0,¢ondB,,. (4.13)

We now consider the case d = 2 and d = 3 separately.

Case 1: d = 2. Since AW + W =0in By, \ By,, one can represent W as follows
W= [anxn(|z]) + b Yo (z))] e in By, \ B, (4.14)
n=0 =L

for ap +,bp+ € C (n > 0) with ag 4+ = ao,— and by = by~ where J, and Y,, are defined in
(4.6). Using (4.8]) and the fact that W = 0 on 0B,,, we derive that, for large n,

[bn | ~ lan 2]73". (4.15)
It follows from (4.8) and (4.15]) that, for some N > 0 independent of W,

N o]
W1, ~ o S (sl +1basl) + S Sonla 3" < 400, (416)
n=0 =+ n=N+1 =+

We also assume that (4.15]) holds for n > N. One of the keys in the proof is the construction
of Ws € HY(B,, \ B,,) which is defined as follows

G 1 7 9 inb -
Ws =303 g lansdual) + bus Valla) ] in B\ By, (417)
n=0 =+ n
where
0 if 0 <n<N,
&n = (4.18)
51/2(T3/T’0)n ifn>N+1.
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From the definition of Wy, we have

AWs+Ws=0in By, \ B,,, Ws =0 on 0B,,, (4.19)
and
n|an i|
W5l 5,081, ~ ZZ (lan<l® + [bn=[*) + Z > o (4.20)
n=0 =+ n=N+1 =+
From the definition of &, in (4.18)), we have
nl\a—z zfi r3" < 6 nan + [2rén. (4.21)
A combination of (4.16]), (4.20), and (4.21)) yields
Wil (8,,\B,,) < CO'/2. (4.22)

Here and in what follows, C' denotes a positive constant independent of n and 6. Let Wy 5 €
H! (R?) be the unique outgoing solution to

diV(S(sAVWLg) +50XWi5=0in R2 \ 0B,
[ss AVW, 5 - v] = (=1 — i6)hs on 0B,,,

where

hs = —0r(¢ + Ws) on 0B,,,
and let W5 € H! (R?\ 0B,,) be the unique outgoing solution to

div(ss AVWo5) + 505Wa 5 = flga\p,, in R*\ 0By,
Wasl=¢+W;s; and [AVWy;s-v] = 0r¢ + 0.Ws on 0B,,.
From (4.12)), (4.19)), and the fact (A,%) = (1,1) in By, \ By,, we have
us — (¢ + Ws)lp, \p,, = Wis+ Was in R, (4.23)

Using (4.13)) and (4.17), we obtain, on 05,,,

h6 = —ar(¢+ WJ) = 8T<W—W5) = ar Z Z n [an,:l:jn(’x‘) + bn,:t?nﬂx’)] eiin@ )
1+&,
n=N+1 =+
It follows from (|4.15]) that
I < 3 SR e (1.21)
9 H*1/2(8BT2) ~ 1+ !&!2 n,£| T2 - .
n=N+1 =+

From the definition of &, in (4.18) and the fact that ro > |/rar3, we derive that

nfénl®

Tt |€n|2 < g™, (4.25)
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A combination of (4.24]) and (4.25) yields

ksl g-1/2(08,,) < C51/2HWHH1/2(33T0) < CH1/2,
Applying Lemma we have
IWisllm o) < (C/6)5"? = Co™!/2. (4.26)
On the other hand, from and Lemma we obtain

IWasllr (5,5, < CO2. (4.27)

The conclusion in the case d = 2 now follows from (4.22)), (4.23)), (4.26)), and (4.27).
Case 2: d = 3. We represent W in the form

W= SO (a4 Bda(eD] VA in By \ Buy, (4.28)

n=0 —n

for a?,, b7, € C and & = x/|x|, where j, and 4, are defined in (&.7)). Define W5 € H*(B,,\B;,)

my¥m

by

Ws =

7 +£ n(l2]) + bhin(|2)] Y (2) in By, \ B,

n=0 —n
where &, is given by (4.18} - The proof now follows similarly as in the case d = 2; however
instead of using (4.8]), we apply (4.9)). The details are left to the reader.

Step 2: Proof of the second statement. Define u; 5 = us o F' and denote uy—n and u; 9—n by
U, and uy,. for notational ease. We prove by contradiction that

lim sup 272 (|[unl 1(B,,\B,) + |Urnll (B, \B,,)) = +00- (4.29)

n—-+4o0o

Assume that

(Bry\By,)) < F00. (4.30)

m = sup 2_”/2(Hun||H1(Br3\Br2)
n

Define
Up = Up — ULy in By \ By, and ¢, =i2""0u1y on 0B,,.

Then, by Lemma [2.2] we obtain
Avy, + v, = fin Byy \ By, vp, =0o0n 0B,,, and 0yv, = ¢, on 0B,,. (4.31)
We claim that (v,,) is a Cauchy sequence in H(B,, \ By,). Indeed, set
Vi =vn41 — vy in By \ By, and @, = ¢pt1 — ¢y on 0B,,.
We have

AV, +V,=0in By, \ By,, V,=0o0n0dB,,, and 0o,V,, =, ondB,,.
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From (4.30)), we derive that
HV’"«HHl(BRQ\BRl) S Can/2 and H(I)nHHlﬂ(aBm) < CmQ—n/Z. (432)
Let U,, € H'(B,,) be the unique solution of
AU, + U, =01in By, \ 9B,,, [0,U,)=®,, and 0,U,—iU, =0 on 0B,,.
We have
1Unllm1(B,q) < Cll®nllf-1/2(98,,)- (4.33)
Applying Lemma for Vo1p, \p,, — Un in By,, we obtain from (4.33) that

||VnHH1(BTO\BT2) < C(”q)””?{—l/Q(an)HV”H}{:?BTS)\BTQ) + ||(I)n||H—1/2(8BT2)>a

where a = In(r3/ro)/In(r3/r2) > 1/2 since 1o < /r2r3. It follows from (4.32)) that

HVTLHHI(BrO\BQ) S Cm2*ﬁn7

where 3 = (2a — 1)/2 > 0. Hence (vy,) is a Cauchy sequence in H!(B,, \ By,). Let v be the
limit of v, in H*(B,, \ By,). It follows from (4.31)) that

Av+v=fin By \ By,, v=0o0n0Bg, 0w=0ondb,.
This contradicts the non-existence of v. Hence (4.29)) holds. The proof is complete. O

5 Cloaking a source via anomalous localized resonance in the
finite frequency regime

In this section, we describe how to use the theory discussed previously to cloak a source
f concentrating on a bounded smooth manifold of codimension 1 in an arbitrary medium.
We follow the strategy in [20]. Without loss of generality, one may assume that the medium
is contained in By, \ B, for some 0 < r3 < r3 and characterized by a matrix-valued function
a and a real bounded function o. We assume in addition that a is Lipschitz and uniformly
elliptic in B,, \ By, and o is bounded below by a positive constant. Let f € L?(9f2) for some
bounded smooth open subset Q@ CC B, \ By,. We also assume that 2 CC B(zg,rg) for
some 1o > 0 and z¢g € 0B,, where rg is the constant coming from Proposition Define
r1 =r3/r3. Let F: B.,\{0} = R\ B,, and G : R\ B,, — B,,\ {0} be the Kelvin transform
with respect to 0B,, and 0B, respectively. Define

a,o in By, \ By,,
Fla,F o in By, \ By,
AY = o\ B (5.1)
F7'G'a, F7'Golo in By \ Bz,

1,1 otherwise.

It is clear that (spA,soX) is doubly complementary. Applying Theorem and Proposi-
tion we obtain

22



Proposition 5.1. Let d > 2, 6 > 0, and Q CC D := B(zo,70) N (Byy \ By,) be smooth and
open, let f € L?(09Q) and let us and vs be defined by (1.4) and (1.6) where (A,X) is given in
(5.1). Assume that f & H where

H:={AVv- y‘ag;v € HX(Q) is a solution of div(AVv) + k*Sv =0 in Q}.
There exists a sequence (0,,) — 0 such that
lim Es, (us,) = +oo.
n—oo

Moreover,
vs,, — 0 weakly in HlloC (RI\ By,).

Remark 5.1. It is worth noting from the definition of H that H has finite dimensions and
for all positive k except for a discrete set, H = {0} by Fredholm’s theory. Therefore, as a
consequence of Proposition for all positive frequency except a discrete set, and for all
f € L?(09Q), f is cloaked by the structure (5.1)) after the normalization.

Proof. By Theorem and Proposition it suffices to prove that there is no W € H'(D)
such that

div(AVW) +k*S=finD and W =AVW .-n=0o0ndDNIB,,.

In fact, Theorem and Proposition only deal with the case f € L?, however, the same
results hold for f stated here and the proofs are unchanged. Suppose that this is not true,
i.e., such a W exists. Since div(AVW) + k?SW =0in D\ Q and W = AVW - v = 0 on
dD N OB,,, it follows from the unique continuation principle that W = 0 in D \ Q. Hence
W}Q € H}(Q) is a solution of div(AVW) +k*SW = 0 in Q. We derive that f = —AVW'V‘Q
on Jf). This contradicts the fact that f ¢ H. The proof is complete. O
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