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Quantization Design for Distributed Optimization

Ye Pu, Melanie N. Zeilinger and Colin N. Jones

Abstract

We consider the problem of solving a distributed optimization problem using a distributed computing platform, where the
communication in the network is limited: each node can only communicate with its neighbours and the channel has a limited
data-rate. A common technique to address the latter limitation is to apply quantization to the exchanged information. We propose
two distributed optimization algorithms with an iteratively refining quantization design based on the inexact proximal gradient
method and its accelerated variant. We show that if the parameters of the quantizers, i.e. the number of bits and the initial
quantization intervals, satisfy certain conditions, then the quantization error is bounded by a linearly decreasing function and the
convergence of the distributed algorithms is guaranteed. Furthermore, we prove that after imposing the quantization scheme, the
distributed algorithms still exhibit a linear convergence rate, and show complexity upper-bounds on the number of iterations to
achieve a given accuracy. Finally, we demonstrate the performance of the proposed algorithms and the theoretical findings for
solving a distributed optimal control problem.

I. INTRODUCTION

Distributed optimization methods for networked systems that have many coupled sub-systems and must act based on local
information, are critical in many engineering problems, e.g. resource allocation, distributed estimation and distributed control
problems. The algorithms are required to solve a global optimization problem in a distributed fashion subject to communication
constraints.

Inexact distributed optimization methods are attracting increasing attention, since these techniques have the potential to deal
with errors, for instance caused by inexact solution of local problems as well as unreliable or limited communication, e.g.,
transmission failures and quantization errors. Previous work has aimed at addressing the questions of how such errors affect
the algorithm and under what conditions the convergence of the distributed algorithms can be guaranteed. In [7], the authors
propose an inexact decomposition algorithm for solving distributed optimization problems by employing smoothing techniques
and an excessive gap condition. In our previous work [12], we have proposed an inexact splitting method, named the inexact
fast alternating minimization algorithm, and applied it to distributed optimization problems, where local computation errors as
well as errors resulting from limited communication are allowed, and convergence conditions on the errors are derived based
on a complexity upper-bound. Some other related references for inexact optimization algorithms include [6], [10] and [14]. In
[14], an inexact proximal-gradient method, as well as its accelerated version, are introduced. The proximal gradient method,
also known as the iterative shrinkage-thresholding algorithm (ISTA) [1], has two main steps: the first one is to compute the
gradient of the smooth objective and the second one is to solve the proximal minimization. The conceptual idea of the inexact
proximal-gradient method is to allow errors in these two steps, i.e. an error in the calculation of the gradient and an error
in the proximal minimization. The results in [14] show convergence properties of the inexact proximal-gradient method and
provide conditions on the errors, under which convergence of the algorithm can be guaranteed.

We consider a distributed optimization problem, where each sub-problem has a local cost function that involves both local and
neighbouring variables, and local constraints on local variables. The problem is solved in a distributed manner with only local
communication, i.e. between neighbouring sub-systems. In addition, the communication bandwidth between neighbouring sub-
systems is limited. In order to meet the limited communication data-rate, the information exchanged between the neighbouring
sub-systems needs to be quantized. The quantization process results in inexact iterations throughout the distributed optimization
algorithm, which effects its convergence. Related work includes [3], [9], [15] and [11], which study the effects of quantization
on the performance of averaging or distributed optimization algorithms.

We propose two distributed optimization algorithms with progressive quantization design building on the work in [14] and
[15]. The main idea behind the proposed methods is to apply the inexact gradient method to the distributed optimization
problem and to employ the error conditions, which guarantee convergence to the global optimum, to design a progressive
quantizer. Motivated by the linear convergence upper-bound of the optimization algorithm, the range of the quantizer is set to
reduce linearly at a rate smaller than one and larger than the rate of the algorithm, in order to refine the information exchanged
in the network with each iteration and achieve overall converge to the global optimum. The proposed quantization method is
computationally cheap and consistent throughout the iterations as every node implements the same quantization procedure.
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This work extends the initial ideas presented in [13] for designing a quantization scheme for unconstrained distributed

optimization. In particular, the paper makes the following main extensions and contributions:

o Constrained optimization problems: We consider distributed optimization problems with convex local constraints. To
handle the constraints, two projection steps are required. One is applied before the information exchange, and the other
after. The reason to have a second projection is that after the information exchange, the quantized value received by
each agent can be an infeasible solution subject to the local constraints. The second projection step therefore guarantees
that at each iteration every agent has a feasible solution for the computation of the gradient. We present conditions on
the number of bits and the initial quantization intervals, which guarantee convergence of the algorithms. We show that
after imposing the quantization scheme including the two projections, the algorithms preserve the linear convergence rate,
and furthermore derive complexity upper-bounds on the number of iterations to achieve a given accuracy. In addition, we
provide a discussion about how the minimum number of bits and the corresponding minimum initial quantization intervals
can be obtained.

o Accelerated algorithm: We propose an accelerated variant of the distributed optimization algorithm with quantization
refinement based on the inexact accelerated proximal-gradient method. With the acceleration step, the algorithm preserves
the linear convergence rate, but the constant of the rate will be improved.

« Distributed optimal control example: We demonstrate the performance of the proposed method and the theoretical results
for solving an distributed optimal control example.

II. PRELIMINARIES
A. Notation

V/1w||v]|c. Let C be a subset of R™. The projection of any point v € R™ onto the set C is denoted by Proj.(v) :=
argmin ¢ [ — v[|. Let f : © — Q be a strongly convex function; o denotes the convexity modulus f(v) > f(u) +
(0f (), v — py + F|lv — pl/?* for any v, € ©, where Of(-) denotes the set of sub-gradients of the function f at a given
point. L(f) denotes a Lipschitz constant of the function f, ie. ||f(v) — f(p)|| < L(f)||v — pl|, Yo, € ©. The proximity
operator is defined as

Let v € R™ be a vector. ||v]| and ||v||s denote the I and infinity norms of v, respectively. Note that ||v]je < ||v]l2 <

. 1
prox, (v) = argmin,,  f(w) + o lw—of* (1)

We refer to [2] and [8] for details on the definitions and properties above. The proximity operator with an extra subscript e,
i.e. 4 = prox f,e(U)’ means that a maximum computation error ¢ is allowed in the proximal objective function:

1 1
P+ gl = ol < et ming { £) + 5w - ol @

B. Inexact Proximal-Gradient Method
In this section, we will introduce the inexact proximal-gradient method (inexact PGM) proposed in [14]. Inexact PGM is
presented in Algorithm 1. It addresses optimization problems of the form given in Problem 2.1 and requires Assumption 2.2

for convergence with a linear rate.
Problem 2.1:

min  ®(x) = ¢(x) + P(x) .
rER"x
Assumption 2.2:
e ¢ is a strongly convex function with a convexity modulus o4 and Lipschitz continuous gradient with Lipschitz constant

L(V9).
e 1 is a lower semi-continuous convex function, not necessarily smooth.

Algorithm 1 Inexact Proximal-Gradient Method

Require: Require 2° € R and 7 < ﬁ

for k =0,1,--- do
htl = Prox,,, . (zF — 7(Vp(z*) + €F))
end for

Inexact PGM in Algorithm 1 allows two kinds of errors: {€*} represents the error in the gradient calculations of ¢, and
{€*} represents the error in the computation of the proximal minimization in (2) at every iteration k. The following proposition
states the convergence property of inexact PGM.



Proposition 2.3 (Proposition 3 in [14]): Let {z*} be generated by inexact PGM defined in Algorithm 1. If Assumption 2.2
holds, then for any k£ > 0 we have:

lz* = 2| < (1 =) ([la® =¥ +TF) 3)

where v = L(Uvd’ ) and z° and 2* denote the initial sequence of Algorithm 1 and the optimal solution of Problem 2.1,
respectively, and

k

p=0

As discussed in [14], the upper-bound in Proposition 2.3 allows one to derive sufficient conditions on the error sequences
{e*} and {€*} for convergence of the algorithm to the optimal solution x*, where y =1 — ~:

o If the series {||e¥||} and {V/€*} decrease at a linear rate with the constant # < g, then [|z¥ — z*|| converges at a linear
rate with the constant .

o If the series {||e¥|} and {V/€*} decrease at a linear rate with the constant ;< x < 1, then ||z* — z*|| converges at the
same rate with the constant .

o If the series {||¢*||} and {V/eF} decrease at a linear rate with the constant x = p, then ||z¥ — *|| converges at a rate of
O(k - k).

Remark 2.4: Compared to [14], we modify the index of the sequence in Algorithm 1 from zj, to x4 and the corresponding

index in Proposition 2.3, such that in Section III the quantization errors have the same index as the quantized sequences.

C. Inexact Accelerated Proximal-Gradient Method

In this section, we introduce an accelerated variant of inexact PGM, named the inexact accelerated proximal-gradient method
(inexact APGM) proposed in [14]. Compared to inexact PGM, it addresses the same problem class in Problem 2.1 and requires
the same assumption in Assumption 2.2 for linear convergence, but involves one extra linear update in Algorithm 2, which
improves the constant of the linear convergence rate from (1 —+) to /1 — /7.

Algorithm 2 Inexact Accelerated Proximal-Gradient Method

Require: Initialize 2° = y° € R and 7 < ﬁ
for k=0,1,--- do
2P = prox_, x (¥F — 7(Vo(y¥) + €¥))
YRl = ph+l 4 %(xk—o—l — zk)
end for

Proposition 4 of [14] presents a complexity upper-bound on the sequence {®(z**1) —®(2*)}, where the sequence {z**1} is
generated by inexact APGM. The following proposition extends this result and states a complexity upper-bound on ||z —2*|.

Proposition 2.5: Let {x*} be generated by inexact APGM defined in Algorithm 2. If Assumption 2.2 holds, then for any
k > 0 we have:

. D(2x0) — O(z*
R PNVl e S L0 @
V0o
where v = L(Uv(b L 20 and z* denote the initial sequence of Algorithm 1 and the optimal solution of Problem 2.1, respectively,

and

k—i - — 7p271. eP 9 ./ €eP
o= 2 Y-V (1) + (VEET3) + %) - ver)

The proof of Proposition 2.5 will be given in the appendix in Section V-A. The upper-bound in Proposition 2.5 provides
similar sufficient conditions on the error sequences {e*} and {¢*} for the convergence of Algorithm 2, which are obtained by
replacing u = 1 — ~ in the sufficient conditions for Algorithm 1 in Section II-B with y = /1 — /7.

D. Uniform quantizer

Let = be a real number. A uniform quantizer with a quantization step-size A and the mid-value Z can be expressed as

Q(x):x—i—sgn(x—x)-A{W—&—;J , 5)



where sgn(-) is the sign function. The parameter A is equal to A = %, where [ represents the size of the quantization interval
and n is the number of bits sent by the quantizer. In this paper, we assume that n is a fixed number, which means that the
quantization interval is set to be [T — é, T+ é] The quantization error is upper-bounded by
A l
I+ - Q@ < 5 = 57 - ©)

For the case that the input of the quantizer and the mid-value are not real numbers, but vectors with the same dimension n,,
the quantizer @) is composed of n, independent scalar quantizers in (5) with the same quantization interval [ and corresponding

mid-value. In this paper, we design a uniform quantizer denoted as Q*(-) with changing quantization interval [* and mid-value
z" at every iteration k of the optimization algorithm.

III. DISTRIBUTED OPTIMIZATION WITH LIMITED COMMUNICATION

In this section, we propose two distributed optimization algorithms with progressive quantization design based on the inexact
PGM algorithm and its accelerated variant. The main challenge is that the communication in the distributed optimization
algorithms is limited and the information exchanged in the network needs to be quantized. We propose a progressive quantizer
with changing parameters, which satisfies the communication limitations, while ensuring that the errors induced by quantization
satisfy the conditions for convergence.

A. Distributed optimization problem

In this paper, we consider a distributed optimization problem on a network of M sub-systems (nodes). The sub-systems
communicate according to a fixed undirected graph G = (V, £). The vertex set V = {1,2,--- , M } represents the sub-systems
and the edge set £ C V x V specifies pairs of sub-systems that can communicate. If (¢, j) € £, we say that sub-systems ¢ and j
are neighbours, and we denote by N; = {j|(,j) € £} the set of the neighbours of sub-system 7. Note that N; includes i. We
denote d as the degree of the graph G. The optimization variable of sub-system ¢ and the global variable are denoted by z;
and x = [xf, cee ,xfj]T, respectively. For each sub-system 4, the local variable has a convex local constraint z; € C; C R"mi.
The constraint on the global variable x is denoted by C = [[, ., ., C;. The dimension of the local variable z; is denoted by
m; and the maximum dimension of the local variables is denoted by mm, i.e. m := maxi<;<pm ;. The concatenation of the
variable of sub-system ¢ and the variables of its neighbours is denoted by x,/,, and the corresponding constraint on x/, is
denoted by Cpr, =[] JEN; C;. With the selection matrices E; and F};, they can be represented as zx;, = E;z and z; = Fjwn;,
j € N;, which implies the relation between the local variable x; and the global variable z, i.e. z; = Fy Bz, j € N;. Note

that F; and F}; are selection matrices, and therefore ||E;|| = ||F};|| = 1. We solve a distributed optimization problem of the
formulation in Problem 3.1:
Problem 3.1:
M
Juin - f(z) = ; filzaz)
s.t. ZCiECi,@‘iZ jix/\/j7j€-/\/’i7x./\/.i:Eixai:1527"'aM'

Assumption 3.2: We assume that the global cost function f(-) is strongly convex with a convexity modulus o and Lipschitz
continuous gradient with Lipschitz constant L, i.e. |V f(z1) — Vf(z2)| < L||z1 — x2]| for any z; and x.

Assumption 3.3: The local constraint C; is a convex set, for t =1,--- | M.

Assumption 3.4: We assume that every local cost function f;(-) has Lipschitz continuous gradient with Lipschitz constant
L;, and denote L,,q, as the maximum Lipschitz constant of the local functions, i.e. Ly,q, 1= maxi<i<nr L;.

B. Qualitative description of the algorithm

In this section, we provide a qualitative description of the distributed optimization algorithm with quantization refinement
to introduce the main idea of the approach. We apply the inexact PGM algorithm to the distributed optimization problem in
Problem 3.1, where the two objectives in Problem 2.1 are chosen as ¢ = Zf\il filxpr,) and ¢ = Zf\il I¢,(x;), where Ig,
denotes the indicator function on the set C;. The parameter v is equal to

_9r
=7 (N

The communication in the network is limited: each sub-system in the network can only communicate with its neighbours,
and at each iteration, only a fixed number of bits can be transmitted. Only considering the first limitation, the distributed
optimization algorithm resulting from applying the inexact PGM algorithm to Problem 3.1 is represented by the blue boxes in
Fig. 1. At iteration k, sub-system i carries out four main steps:

1. Send the local variable to its neighbours;

2. Compute the local gradient;
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Figure 1: Distributed algorithm with quantization refinement for subsystem ¢ at iteration k

3. Send the local gradient to its neighbours;

4. Update the local variable and compute the projection of the updated local variable on the local constraint.

To handle the second limitation, we design two uniform quantizers (the salmon-pink boxes) for the two communication steps
for each sub-system Qk and Q" 5,; using a varying quantization interval and mid-value to refine the exchanged information
at each iteration. Motivated by the second sufficient condition on the error sequences {e*} and {¢*} for the convergence of
the inexact PGM algorithm discussed in Section II-B (if the sequences {[e*||} and {\/_ } decrease at a linear rate with the
constant (1 —+) < x < 1, then |z — 27| converges with the same rate), the quantization intervals are set to be a linearly
decreasing function X , = C,x* and lk = Ok, with (1—+) < x < 1 and two constants C,, and Cj as the initial intervals.
We know that if for every k, the Values x¥ and V f; fall inside the quantization intervals, the quantization errors converge at
the same linear rate with the constant . In Section III-C, we will show that by properly choosing the number of bits n and
the initial intervals C, and Cpg, it can be guaranteed that x¥ and Vf; fall inside the quantization intervals at every iteration
and the quantization errors decrease linearly.

We add an extra re-projection step (green box) into the algorithm, because the quantized value &% A, can be an infeasible
solution with respect to the constraints Cps,. The re-projection step guarantees that at each iteration the gradient is computed
based 0n a feasible solution. Using the convexity of the constraints, we can show that the error caused by the re-projected
point Z% N, = Projc,. (& /\/) is upper-bounded by the quantization error. To summarize, all the errors induced by the limited
communication in the distributed algorithm are upper bounded by a linearly decreasing function with the constant x, which
implies that the distributed algorithm with quantization converges to the global optimum and the linear convergence rate is
preserved. These results will be shown in detail in Section III-C.

C. Distributed algorithm with quantization refinement

In this section, we propose a distributed algorithm with a progressive quantization design in Algorithm 3. For every sub-
system 4, there are two uniform quantizers Q% 4 and Qg ; using the formulation introduced in Section II-D with a ﬁxed number
of bits n, changing quantization intervals [X ; and lfg , and changing mid-values T+ and \Y f k _for transmitting =¥, and V f¥

at every iteration k. At iteration %, the quantization intervals are set to be l’; = Cyk” and lk = Cgrk, and the rnid-Values

a,t

are set to be the previous quantized values i’él = iffl and V fgl =V ff 71. The two pararneters C, =19
denote the initial quantization intervals.

In this paper, * is used to denote a quantized value, e.g. % = Q* .(x%) and ~ is used to denote a re-projected value, e.g.

s and Cg = lg,’i

if\/ = Proj. n (if\/) The quantization errors are denoted by o = 2% — z% and gF = \Y fE—vrk

Remark 3.5: We want to highlight Step 4 in Algorithm 3, because it is the key step that allows us to extend the algorithm
in [13] for solving an unconstrained distributed optimization problem to constrained problems. The re-projection step ensures
that the point used to compute the gradient at each iteration is a feasible solution subject to the constraints Cpr,, which is a
necessary condition for the convergence of the algorithm.

In the following, we present four lemmas that link Algorithm 3 to the inexact PGM and prove that Algorithm 3 converges
linearly to the global optimum despite the quantization errors. Lemma 3.6 states that due to the fact that the constraints are
convex, the error between the re-projected point and the original point [|Zk, — x| < [|&k, — z5/ || is upper-bounded by the
quantization error. Lemma 3.7 shows that the inexactness resulting from quantization in Algorithm 3 can be considered as the
error in the gradient calculation {e*} and the error in the computation of the proximal minimization {€*} in Algorithm 1.
Lemma 3.9 states that if at each iteration the values z¥ and V f¥ fall inside the quantization intervals, then the errors caused by
quantization decrease linearly and the algorithm converges to the global optimum at the same rate. Lemma 3.13 gives conditions



Algorithm 3 Distributed algorithm with quantization refinement

Require: Initialize ;' =20 =0, Vf, ! = Vfi(Proj(CNi 0), 1—7) <k <land T < 1.
for k=0,1,2,--- do '
For sub-system ¢, ¢ = 1,2,--- , M do in parallel:
: Update the parameters of quantizer Qlé,ﬁ lfv,i
: Quantize the local variable: 2 = QF ;(«F) = zF 4 of
: Send #¥ to all the neighbours of sub-system i
: Compute the projection of 25 : &K, = Projc,. (25,)
: Compute V fF =V fi(zh.) l
: Update the parameters of quantizer Q% ;: 15, = Csr¥ and Vf, = V!
: Quantize the gradient: V fF = Qg’i(Vfik) =Vfk+ gk
: Send Vf¥ to all the neighbours of sub-system i
9: Update the local variable: 2 = Proj¢, (aF — T ieN, Fji@fj’?)
end for

— k =k _ sk—1
= Cok" and T, ; = &;

0N N L AW

on the number of bits and the initial quantization intervals, which guarantee that #¥ and V f¥ fall inside the quantization intervals
for each iteration. Once we prove the three lemmas, we are ready to present the main result in Theorem 3.14.
Lemma 3.6: Let C be a convex subset of R™ and p € C. For any point v € R™v, the following holds:

[l = Proje (0)|| < [lp =l - (8)

Proof: Since p € C, we have Proj:(p) = p. Lemma 3.6 follows directly from Proposition 2.2.1 in [2]. [ ]
Lemma 3.7: Algorithm 3 is equivalent to applying the inexact proximal-gradient method in Algorithm 1 to Problem 3.1 with

¢ =1 filan). ¥ =0 I, (),
M M M
=N "EIV@E)+Y BB =Y EIVik)
=1 =1 i=1

and " = 1||2* — #¥||2. Furthermore, ||e*|| and V/é* are upper-bounded by

M M
¥ <> Li- > ekl + > IBF 9)
1 =1

i= JEN; 3
and

M
Vek < g > ekl (10)
=1

The proof of Lemma 3.7 will be provided in the appendix in Section V-B.

Remark 3.8: Lemma 3.7 shows that the errors ||e*|| and v/e* are upper-bounded by functions of the quantization errors ||/ ||
and ||3¥||. We want to emphasize that the quantization errors ||¥|| and ||3¥|| are not necessarily bounded by a linear function
with the rate k. They are bounded only if the values 2% and V f; fall inside the quantization intervals that are decreasing at a
linear rate. Otherwise, the quantization errors ||aF|| and ||3¥|| can be arbitrarily large.

From the discussion in Section II-B, we know that if ||¢*|| and V¥ decrease linearly at a rate larger than (1 — ), then
||z* — 2*|| converges linearly at the same rate as ||¥||. Lemma 3.9 provides the first step towards achieving this goal. It shows
that if the values of z¥ and V f¥ always fall inside the quantization interval, then the computational error of the gradient | e¥||
and the computational error of the proximal operator Vek as well as ||z* — 2*|| decrease linearly with the constant .

Lemma 3.9: For any parameter x satisfying (1 — ) < x < 1 and a k > 0, if for all 0 < p < k the values of z¥ and

i

. o N . i
Vi generated by Algorithm 3 fall inside of the quantization intervals of Q7 ; and QF , ie. [lz] — @} ;]lc < -5* and

2
- 17 ,
[V =V fE il < 45", then the error sequences |[e?|| and v/eP satisfy

eP|| < C1kP , VeP < CakP (11)

M /T LinawdCo-tyv/dC v .
™ e +V4C) 4nd Cy = ? . Mzn’flc‘*, and ||zP+! — 2*|| satisfies

(Cl + \/ﬁCQ)H
Lk+~v=1)(1-7)

where C| =

2P+ = 2| < 5P| [la? — 2| (12)



The proof of Lemma 3.9 will be provided in the appendix in Section V-C. From Lemma 3.9, we know that the last missing
piece is to show that the values =¥ and V f¥ fall inside the quantization interval at every iteration k. The following assumption
presents conditions on the number of bits n and the initial quantization intervals C, and C3, which guarantee that for each
iteration z¥ and V fF in Algorithm 3 fall inside the changing quantization intervals and the quantization errors decrease linearly
with the constant x, which further implies that the Algorithm 3 converges to the global optimum linearly with the same rate
K.

Assumption 3.10: Consider the quantizers Q’;Z and QE’Z- in Algorithm 3. We assume that the parameters of the quantizers,
i.e. the number of bits n and the initial quantization intervals C,, and Cg satisfy

Ca Cs Cq
a1+a22n+1+ 357 <5 (13)
Cq Cs Cs
b1+b2W+b32n+1 S5 (14)
with
o = (k 4+ 1)||2° — 2*|] 0 — My/mr(k 4+ 1)(dLymax + VL) + My/mL(k +~v —1)(1 — ) e — Mvdm(k +1)
' K T L(k+~—1)(1—7) CE T Lty -DA—9)

erlameH(H + 1)(dL7na;c + \/Z) + anwd\/ﬁlj(n + 1)(’% + Y — 1)(1 - ’Y)
Le(k+~—1)(1—7) ’

p o L5 4 Dl
K

Linax MV dmk(r + 1) + Lv/dm(s +v — 1)(1 — 7)
Li(k+~v—1)(1—7) '

Remark 3.11: The parameters of the quantizers n, C, and Cp are all positive constants. Assumption 3.10 can always be
satisfied by increasing n, C, and Cp.

Remark 3.12: For a fixed n, inequalities (13) and (14) represent two polyhedral constraints on C, and Cg. Therefore, the
minimal C,, and Cg can be computed by solving a simple LP problem, i.e. minimizing C, + C3 subject to C,, > 0, Cz > 0,
and inequalities (13) and (14). Since the minimal n is actually the minimal one guaranteeing that the LP problem has a feasible
solution, the minimal n can be found by testing feasibility of the LP problem.

Lemma 3.13: If Assumption 3.10 is satisfied and (1 — ) < x < 1, then for any k> 0 the values of ¥ and V fk i

Algorithm 3 fall inside of the quantization intervals of Q¥ . and Qﬁ oie |Jaf =2k ]l < Lo and |V fF — Vfﬁ illoo < <L 5.
The proof of Lemma 3.13 will be provided in the appendlx in Section V-D. After showmg Lemma 3.7, Lemma 3.9 and
Lemma 3.13, we are ready to present the main theorem.
Theorem 3.14: If Assumptions 3.2, 3.4 and 3.10 hold and (1 — ) < k < 1, then for k > 0 the sequence {z*} generated by
Algorithm 3 converges to the optimum linearly with the constant x and satisfies

(C1 +V2LC5)k
Lk+~v-1)(1—=7)

bs =

2Pt — %] < kP | ||2° — ¥ + (15)

with Oy = MY M(EmerdCatVdCa) ong ¢, — ‘[ MynCa,

2n+1 2n+1
Proof: Since Assumption 3.2, 3.4 and 3. 10 hold, Lemma 3.13 states that for each iteration the values ¥ and VfF in
Algorithm 3 fall inside of the quantization intervals of va,i and Q’g) ;- Then from Lemma 3.9, we know that the error sequences

[|€¥|| and VeF satisfy ||e¥|| < Cyk* and Vek < Cyk¥, and by Lemma 3.7 the sequence z* generated by Algorithm 3 satisfies
inequality (15). [ ]

Recalling the complexity bound in Proposition 2.3, we know that for the case without errors the algorithm converges linearly
with the constant 1 —~. After imposing quantization on the algorithm, it still converges to the global optimum linearly but with
a larger constant x > 1 —~. We conclude that with the proposed quantization design, the linear convergence of the algorithm is
preserved, but the constant of the convergence rate has to be enlarged in order to compensate for the deficiencies from limited
communication.

D. Accelerated distributed algorithm with quantization refinement

In this section, we propose an accelerated variant of the distributed algorithm with quantization refinement in Algorithm 4
based on the inexact accelerated prox1mal gradient method in Algorithm 2. Compared to Algorithm 3, Algorithm 4 has an

extra accelerating Step 5 gjf\[l = isf\/ + 1 +?(ac N, — ik N 1), and at each iteration the gradient V fF is computed based on gjj’ﬁ/ .

The accelerating step improves the constant of the linear convergence rate of the algorithms from 1 —~ to /1 — /7, and
changes the condition on the quantization parameter £ to /1 — /Y <k < 1.




Algorithm 4 Accelerated distributed algorithm with quantization refinement

Require: Initialize ;' = 2; ' = 20 =0, ‘%ij =0, Vf = Vfi(Proj(CNi(O)), VI-yA<k<landrt<+.
for k=0,1,2,--- do
For sub-system ¢, 1 =1,2,--- ;M do in parallel
: Update the parameters of quantlzer Qa i a = C kk and ¥ . = 2
: Quantize the local variable: £¥ = ’j”(xf) =aF +af
: Send #¥ to all the neighbours of sub-system i
: Compute the projection of 25 : &K, = Projc,, (Afv)

: Accelerating update: 7k, = Z. + 1+?(mN — &) ") and yF =2 + Lr:;( — i

: Compute VfF =V f;(7k:)
: Update the parameters of quantizer Qf ;: 15, = CgrF and Vf5, =V fI~!
: Quantize the gradient: VfF = Q% 5.4(Vfi Ky =VfF+pF
9: Send V f¥ to all the neighbours of sub-system i R
10: Update the local variable: ¥+ = Projo (yF — 7 D ieN: Fjinf)
end for

k—
i

0 1N L AW

Lemma 3.15: Algorithm 4 is equivalent to applying the inexact accelerated proximal-gradient method in Algorithm 2 to
Problem 3.1 with ¢ = M fi(z), ¥ = oM, Ie, (),
M M
h =S EIV Lk +ZETﬁk STEIVHGE)
i=1 i=1
~k||2

and " = 1||2* — #¥||2. Furthermore, ||e*|| and V/é* are upper-bounded by

lef <3 L lok |+ VT k=) £ 37 gH (16)
; E}v 1+f T Z

and o
V2 K
< -5 z_; o'l - (17)

Proof: The proof follows the same flow of the proof of Lemma 3.7. The only difference is that at each iteration the
gradient VfF is computed based on yN, which is a linear combination of %% v, and ik N . Hence, the upper-bound on the
computational error of the gradient ||e¥| is a function of the linear combination of |jaf~ 1H la| and ||B|]. |

Lemma 3.16: For any parameter « satisfying \/1 —,/7 < £ < 1 and a k > 0, if for all 0 < p < k the values of z?
and V f? generated by Algorithm 4 fall inside of the quantlzatlon intervals of Q¥

|V £k — vf[-},iHOO < ‘* L, then the sequences ||eP|| and \/eP satisfy

.
and Q7 ;. ie. |zk — zk Hoogl“T”'and

o,

[eF|| < CsrP ,  Ver < Cur® . (18)
where C3 = Mf(“”:;ffl atrvVdCs) and f Mg{;lc and ||zP! — 2*| satisfies
||.%‘p+1 B IIJ*H < Gt 2 (b(:po) — (I)(q;*) . (203 + 2v2LCy + \/20(;504)%3 (19)
B VO o(k—/1=7) /1= 7

Proof: The proof follows the same flow of the proof of Lemma 3.9 by replacing the upper-bounds on ||e*| and Vek
in Lemma 3.7 and the upper-bound on [|2P*! — z*|| in Proposition 2.3 by the ones in Lemma 3.15 and Proposition 2.5. In

addition, the proof requires the fact that /1 —\/y <k <land 1 <1+ .,/y<2. [ |
Assumption 3.17: We assume that the number of bits n and the initial quantization intervals C, and Cjg satisfy
Cs Cy
a4+a52n+1+ A5y < 5 (20)
Cq Cp Cp
b4+b52n+1+b62n+1§7 ; (2D



with
2(k 4+ 1)y/®@(2%) — (z*)

a4 = )
w7
o — 6M/m(k + 1)dLmax + My/me(s + 1)(2VL + \/54) + ogMym(s — /T = 7) - /T= /7
’ ool —/T— 7)1 -3 ’
2MVdm(k + 1)
ag =

o5k — /1= -V1—=7 '

2Lmax (26”4 3k + 1)/ (2°) — ®(z*)

by = = ,
b Limaz V(262 4 35 + 1) N 6MdLmas + ME(2VL + /55)

’ K? o5k —/T=7) V1= |’
e 2Lmax MVdm(26% + 3k + 1) + opVdm(s — /T— ) - /1= 7

opk(k—/1=7) - /1—=7
Lemma 3.18: If Assumption 3.17 is satisfied and /1 — /3 < k < 1, then for any k > 0 the values of z¥ and VfF in
k

k
Algorithm 4 fall inside of the quantization intervals of QF | and Qﬂ e ||ak —zk illoo < l"T and |V fF — ngnm < b
The proof of Lemma 3.18 will be provided in the appendlx in Section V-E.
Theorem 3.19: If Assumptions 3.2, 3.4 and 3.17 hold and /1 — /7 < k < 1, then for k > 0 the sequence {xk} generated
by Algorithm 4 converges to the optimum linearly with the constant x and satisfies

2,/®(x9) — <I>(:17*) (2C5 + 2V2LCy + /204,C4)k

k+1 * k+1
T —27|| <k , 22
” I'= V0o a¢ /{—\/1— \/1— (22
With G = MYTGLnardCat/ACs) g ¢, — 2 . MyTCa
Proof: The proof follows directly from the proof of Theorem 3.14 by replacing Lemma 3.7, Lemma 3.9 and Lemma 3.13
by Lemma 3.15, Lemma 3.16 and Lemma 3.18. [ ]

IV. NUMERICAL EXAMPLE

This section illustrates the theoretical findings of the paper and demonstrates the performance of Algorithm 3 and Algorithm 4
for solving a distributed quadratic programming (QP) problem originating from the problem of regulating constrained distributed
linear systems by model predictive control (MPC) in the form of Problem 4.1. For more information about distributed MPC,
see e.g. [5], [4] and [12].

Problem 4.1:

ui(t) € U; ;Zi(O):Zi 7i=1,2,-~-,M ’

M and N denote the number of subsystems and the horizon of the MPC problem, respectively. The state and input sequences
along the horizon of subsystem i are denoted by z; = [21(0), 27 (1),---, 2 (N)]T and w; = [ul'(0),u (1), - ,ul (N -1)]T.
The discrete-time linear dynamics of subsystem ¢ are given by z;(t + 1) = A;iz;(t) + > SN, B;ju;(t), where A;; and B;;
are the dynamic matrices. The initial state is denoted by Zz;. The control inputs of subsystem 7 are subject to local convex
constraints w;(t) € U;. l;(-,-) and l'if (+) are strictly convex cost functions. From Problem 4.1, we can see that subsystem i is
coupled with its neighbours in the linear dynamics.

We randomly generate a distributed MPC problem in the form of Problem 4.1. We first randomly generate a connected
network with M = 40 sub-systems. Each sub-system has 3 states and 2 inputs. The dynamical matrices A;; and B;; are
randomly generated, i.e. generally dense, and the local systems are controllable and unstable. The input constraint U; for
sub-system 7 is set to U; = {u;| —0.4-1 < u;(¢) < 0.3-1}, where 1 denotes the all-ones vector with the same dimension
as u;. The horizon of the MPC problem is set to N = 11. The local cost functions are chosen as quadratic functions
Li(zi(1), wi(t)) = 2F (£)Quzi(t) + ul () Ryu;(t) and I (z;(N)) = 2T (N)P;z;(N), where Q;, R; and P; are identity matrices.
The initial states Z; are chosen, such that more than 50% of the optimization variables are at the constraints at optimality.



Parameters Algorithm 3 Algorithm 4
Constant of rate | 1 —~ =0.8093 | /1 — /4 =0.7505
K 0.9333 0.7991

Nomin 13 19

Table I: The parameters in Algorithm 3 and Algorithm 4 for solving Problem 4.2.

Problem 4.2:
M M
Jmin - f(z) = Y filen) =) ek Hiew, + hizw,
i=1 i=1

s.t. x; € C

By eliminating all state variables distributed MPC problems of this class can be reformulated as a distributed QP of the
form in Problem 4.2 with the local variables z; = u; and the concatenations of the variables of subsystem ¢ and its neighbours
x,. Matrix H; is dense and positive definite, and vector h; is dense. The constraint C; = UY is a polytopic set.

Table I shows the parameters chosen in Algorithm 3 and Algorithm 4, including the constants of the convergence rate of
the algorithms, i.e. v = %f and /1 — /v, the decrease rates of the quantization intervals  satisfying 1 —~v < x < 1 for
Algorithm 3 and /1 — /7 < k < 1 for Algorithm 4 and the minimum number of bits required for convergence 7.

Fig. 2 shows the relationship between the number of bits n and the minimum initial quantization intervals C, and Cjg,
which satisfy Assumption 3.10 for Problem 4.2. We see that the minimum number of bits required for convergence is equal
t0 Nmin = 13, and as the number of bits n increases, the required minimum C,, and C3 decrease.

Fig. 3 shows the performance of Algorithm 3 and Algorithm 4 for solving the distributed QP problem in Problem 4.2
originating from the distributed MPC problem. For Algorithm 3, n is set to 13 and 15, respectively, and the initial quantization
intervals C, and C3 are set to corresponding minimum values satisfying Assumption 3.10. For Algorithm 4, n is set to 19
and 23, and C, and Cj to corresponding minimum values satisfying Assumption 3.17. In Fig. 3 we can observe that the
proposed distributed algorithms with quantization converges to the global optimum linearly and the performance is improved
when the number of bits n is increased. Due to the acceleration step, Algorithm 4 converges faster than Algorithm 3. However,
Algorithm 4 requires a larger number of bits n to guarantee the convergence.

x 10*

0'§2 ‘ 14 16 18 20 22

Figure 2: Relationship between the number of bits n and the minimum initial quantization intervals C,, and Cjp satisfying
Assumption 3.10 for Problem 4.2 originating from the distributed MPC problem.

V. APPENDIX
A. Proof of Proposition 2.5
Proof: By the strong convexity of the function ¢, we know

Dttt —at|? < @) - o)

From Proposition 4 in [14], it follows that

k
lz*+ —a* ) < (i(l—ﬁ)k“ V2(2(20) — B(a)) + 4/ % Sl + V2LVo)er) (1 — A7)~ + | Do er(1 - y7) P!
p=0



la* — |

=Algo.3,n=13 [ %, e, e,

10*10 == Algo. 3, n=15 /'/0,‘/ "/0,, ""i
== Algo. 3, NO errors ‘/./‘/ Yo,
wnAlgo. 4, n=19 ’/./’
wmAlgo. 4, n=23 Ve

1045 mmAlgo. 4, no errors :

0 50 100 150

Iteration k

Figure 3: Comparison of the performance of Algorithm 3 and Algorithm 4 with different n and corresponding minimum C,,
and Cg with the exact algorithms (no quantization errors) for Problem 4.2.

By the fact \/v + 1 < /v + \/p for any v, u € Ry, we simplify the inequality above as

K 2
2 2 o _ptl
" =l < (1= )t (ﬁ 2 4y o S+ (VRE(VS) + [ FVen L = i)~ )
p=0
Taking the square-root of both sides of the inequality above, we get inequality (4). [ ]

B. Proof of Lemma 3.7

Proof: By the definition, the gradient computation error e* in Algorithm 1 is equal to

= Vf(@E*) - Z E[Vfi(&); Z E[Vfi(a);
M

_ZETsz +ZETﬁk > EIVfi(aks).
1=1

Then,

M
le* |l < > IET - L - 2k, TIBEN -
i=1

i=1
Note that the matrix E; is a selection matrix, then ||E]|| = 1. Since z§, € Cy; and Z§, = Proj¢,. (£} ), Lemma 3.6 implies
25, — k|| < |2k, — f; ||. Hence, we have

M
el < L lla,
i=1

M M M
IBEI < Li- > ek + > 18F -
i=1 i=1 JEN: i=1

k

#%||2. Lemma 3.6 again implies

By definition in (2) and the fact that 2% € C and #* = Proj (%), we know €

= Lt
2
|z% — Z*|| < ||2* — £*||. Hence, we have

\/5 _ \/§ N \/§ -
\/:k:Tka—wkH§7||515k—$k||S*2 > [l
i=1



C. Proof of Lemma 3.9

Proof: From the property of the uniform quantizer, we know that if z and V f? fall inside of the quantization intervals
of Q7 ; and Q7 ;, then the quantization errors o} and 8} are upper-bounded by

L w L.
la?ll < v - laflloe < Vi - gy < Vim- o5, 1B [ mi- 187 e < /XA; mi- gy < Vdm - 2
JE

JEN;

where m := max;<;<p m; and d denotes the degree of the graph of the distributed optimization problem. From Lemma 3.7,
we have
e v b o X Vdm -1
Il Lee D, g+ 2

i=1 JEN; i=1

and
vmll,;

2n+1

M
V2
k< Y2
VE< 2y
i=1
Since the quantization intervals are set to I7, ; = Cor? and I ; = Cgr?, it implies that

M Lppazdy/m - CokP n M~/ dm - CgkP

— P
2n+1 2n+1 - Cl K=y

lle”]l <

and f<\[ M\/>OI€

P
2n+1 - CQK: ’

with Cq; = MW(L’”;ﬁ? ot VdC5) and Cy —2 Mﬁlc”, where Ly,q, := maxi<;<ay L;. Since (1—7) < k < 1, Lemma 3.7

and Proposition 2.3 imply that for 0 < p < k

L I e

(Cl+ V2LC5) p 4(] — y)Pti-at
g K
q:

o (CLHV2E05) G 1= e
< s [xo—x ||+( 1/;(1— 2 > —)r

q=0

Since 0 < (1 — ) < k < 1, by using the property of geometric series, we get that the expression above is equal to

(Cr + V2LCy) - il < P2 — 2| (C1+ V2LCo)x
L(1—7) e Lk+y-1)(1-7)

Hence, inequality (12) is proven. [ ]

= kP |20 — 2| +

D. Proof of Lemma 3.13
Proof: We will prove Lemma 3.13 by induction.

1

« Base case: When k = 0, since C,, and Cj are positive numbers and #; ' and z{ are initialized to zero, it holds that
lO

28 — 2oillee = llaf — A_llloo =0< 5 = G and V)~ Ve = IV = VI e = V() -
. _c
Vfi(PYOJcN 0PI =0< 5 =5

_ k
« Induction step: Let g > 0 be given and suppose that ||z¥ — z* illoo < L and |V fF — Vfngoo < l’;”' for 0 <k <g.
We will prove that

g+1
o™ = 5 e < 5 (23)

and
g+1

_ I3
IVH = V15 e < B (24)



for i =1,---, M. We first show (23). From Algorithm 3, we know

2™ — 22 77— #llo

oo = Il
< e - 3
M
— ||a:g+1 — 29 ZETFT g”OC
=1

< 29 — 290 + | ZETFT illo

M
<29 = 2 oo + (27 — @ [loo + | Y EF Fiafloo -
i=1
Since E; and F;; are selection matrices, then || F;|| = || Fi;|| = 1. The term above is upper-bounded by
M
< et —a*fla+ a? = ol + Y llafllz -
i=1

15 = 15
By the assumption of the induction, we know ||2¥ — % illoo < -%* and |V fF — Vfé“’iHoc < 5t for 0 < k < g. Then,

using Lemma 3.9, we obtain that the term above is upper -bounded by
(Cl —+ V 2LCQ)K/ :| 4RI |:|$ —$*|| i (Cl +\/2L02)I£ M\/%Ca,l{g
Lk +v—=1)(1-7) Lk +v-1)(1-7) bt

M‘/ﬁ(L’”;ﬁlC“J”/ECB) and Cy = g . Mﬁlc = and using the parameters defined in Assumption 3.10,

< RITH |20 — 2| +

By substituting C7 =
it follows that the expression above is equal to

:K/g-‘rl |:a1+a2 Ca Oﬂ :|

2n+1 + as - 2n+1

By inequality (13) in Assumption 3.10, the term above is bounded by “/<;9+1 Thus, inequality (23) holds. In the
following, we prove that inequality (24) is true.

IV =V oo = IV = Vo
= V@) = VE) + B8l
<IVHEE) = VEE) oo + 18l
<|IVHEEGY - VE)
< LillEEt =@+ 18711
< LillafEt = e |+ Loll#85 — 285"

7l

g+1 _ .9+l

Since xf’\fl,xjg\/ € Cu,s ~f\f+1 = Proj(CN (:%N ) and 7%, = = Projc,. (2%,), Lemma 3.6 1mplles ||x

et = gt
i

| and [|Z%, — 2. || < 2%, — =} [|. Hence, the term above is upper-bounded by

1 - 1 1
< Lillafft — ol |+ Lalladf " — 2% — 2k [+ 18

1 +1
< Lillaf{tt — 2% + L Z o ?H) + ||5§7||

JEN;
1
< Lillz9™ — 29 + Li > (lad ™+ [lef]) + 1187l
JEN;
1

< Linax (1297 = 2| + |29 = 2*])) + Lmax Y, (I + [lad]) + 1871 -

JEN;

. . . . - 1k = 15
Again by the assumption of the induction, we know ||z} — ZF ;[0 < <% and [V} — VfgiHOO < Stfor0<k<y.



Then, Lemma 3.9 implies that the term above is upper-bounded by

< L™ (IIxO — o+ W) T Lo (II:cO o) 4 (Gt VRLO)w VC’”)

Lk+y-1) L(k+vy—1)
mux\/izje./\[ (lg+l + lg ) + v dmlg,z
2n+1 2n+1
C + VvV 2LC2)I<E (Cl + vV QLCQ)K/
<Lmax g+l 0z ( ! Lmax g 0z~
< K <||x x| + Lty —1) + k9| |2 — 2| + Lty —1)
LunaxV/dmCo(s9! + 19) | VdmCyn?
2n+1 2n+1 :

By substituting C; = M‘/E(ngﬂlc atVdC3) and Cs = f MQQF = and using the parameters defined in Assumption 3.10,

it follows that the expression above is equal to

+ b3 -

= gItL. |:b1 + by - Oﬂ :| .

2n+1 2n+1

g+1
By inequality (14) in Assumption 3.10, the term above is bounded by %FL9+1 = ZB 22, Thus, inequality (24) holds.
We conclude that by the principle of induction, the values of z¥ and V fk 1n Algorlthm 3 fall inside of the quantization

intervals of Q¥ < 2 and |V fE— VfﬂZHOO < Bl for all & > 0. [ |

i

and Qﬂl,le |k — 2k

E. Proof of Lemma 3.18

Proof: The proof is similar to the proof of Lemma 3.13. The difference is that at each iteration the gradient Vf¥ is
computed based on gjjk\/ , which is a linear combination of :%j“\/ and :ij“\fl We therefore only show a brief proof for the second

step, i.e. the inequality |V ff — V5 [l < ’* ' for any k > 0 by induction.
» Base case: When k = 0, since Cj is posmve a number, Ty, M and z? are initialized to zero and v fi_1 = V fi(Proj¢,, (0)),
. = L - . 9, C ’
it holds that [|Vf? = V[ il = [VfP = Ve = IVFilR,) — Vfi(Proje,, ()] = 0= 5 =5~
< l°‘27 and [|[VfF = VfE [l < 1577 for0 <k <g.

o Induction step: Let g > 0 be given and suppose that ||z} — z% ;
We will prove

g+1
VI =V e < - (25)

From the algorithm, we know
V£ = V15 oo = IV = V|
—HVﬂ(““) Vﬁ@%)+ﬂﬂw

<L ||yg+1 Ag+1 g+1 _ ”
|
By substituting 9% = =2 — SV Y pp— z$ — 17‘ﬁxg_ and L,,qq = max,<;< s L, and using the
N 1+f TH AN IN = T3 45N T IR A TN maz - 1<i<M Lo, g
fact that =~ f <2 and 1 T f < 1, the expression above is upper-bounded by
< Lanax(2[|29%" = 2| + 3[|27 — 2% || + 297" = 2*|)) + Lmax _ @llad™ |+ 3llad || + [l 1) + 18] -

JEN;
By the assumption of the induction and Lemma 3.16, we obtain that the above is upper-bounded by

2,/®(20) — ®(z*) N (2C3 4 2V2LCy + /204,C4)k

SLmax(zﬁg+1 + 3kI + Klg_l)

N ook = VIT=) VI=V7
LinaxeV/md(20550 + 319+ 1971 Vdmif
2n+1 2n+1
By substituting C3 = Mﬁ(“”;‘f;ff{*+”ﬂcﬁ and Cy = ‘f Mgé: mCa and using the parameters defined in Assump-

tion 3.17, the expression becomes

C., Cs

__9+1
=r9 |:b4 + b - il + bg - il



g+1
By inequality (21) in Assumption 3.17, the term above is bounded by = SEpES - %77 Thus, the inequality ||V 7™ —

\Y ngr1 lloo < B “ holds. The proof of the induction step is complete.

_ k
By the principle of induction, we conclude that the inequality||V f¥ — V ngHOO < l’;'i holds for any & > 0. ]
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