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Bridging the gap between atomistic and
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Ecole Polytechnique Fédérale de Lausanne, 1015 Lausanne, Switzerland
(Dated: December 30, 2016)

CLUSTER DISTRIBUTIONS UNDER THE MULTIPLE CLUSTER MODEL

In the multiple cluster model described in the main text, the probability of cluster formation follows
(pn)  exp(—AG(n)), (1)
with
G(n ) = pun + ovin, (2)

and the effective interfacial free energy o is equal to the specific interfacial free energy ~ times a geometrical
constant Q. For our toy system, we selected parameters kg = 1, T = 0.58, u = —0.0562¢, v = 0.354¢/02,
Q = 4.836, v3 = 1.03502, and € and o are the Lennard-Jones energy and length units. These parameters were
selected to mimic those obtained in the calculations we performed for the Lennard-Jones system [1].

The probability distribution of the number of clusters that has n atoms (denoted by k,,) are approximated by
Poisson distributions, i.e.

P(n, kn) =A(n)"" exp (=A(n)) /kn!

A(n) =N; exp(—BG(n)), (3)

and we assumed Ng = 700.
The free energy profile G(not) as a function of total number of atoms in all the clusters can be computed by
enumerating all the possible combinations such as

exp (~BG (i) ) = Z Z Z 5(2% —nt0t>HPnk (4)

k1=0Ek2=0 kpx=0 n=1

where d(x = 0) = 1 and d(x # 0) = 0, and n* is the size of the critical nucleus. If a cutoff size ncyt is selected,
one can also compute the distribution of n¢. under the constraint that no cluster in the system is of size larger
than neye, i.e.

Ncut

exp (4}(;( Totot ) Z Z Z 5 (Z nkn nmt> H P(n, k) (5)

k1=0 k=0 k

neut =

On the other hand, if one restricts the system to have exactly one cluster larger than ncy, the distribution of
Niot Can be written as

Ntot

exp (fﬂé(l)(ntot)): Z P(np, 1) exp(— BG© (nmt—nb)) (6)

Np="Ncut

Furthermore, if one restricts the system to have two clusters that have sizes larger than ncy, the distribution of
Niot Can be written as

Ntot

exp (<00 () = o 32 Plia, 1Py 1) exp(~ 6 (e — o — 1) (7)

MNa=Ncut Mp=Ncut

We selected nc,; = 150, computed C;’(ntot) GO ) (o), GO (Ntot), and G(z)(ntot) and plotted them in Figure 1.
It can be seen that at niot > Neut + (Ntot), G( D (ntot) overlaps with G(ntot) In addition, at not > Neut + (Ntot)
it is many orders of magnitude less likely to have zero or two clusters of size larger than neu compared with
only having one such cluster. Therefore, at ntot > Ncut + (Nto) the system effectively only contains one large
cluster with size larger than nc,t, and G( (ntot) is a good approximation of G(ntot) Note that ne. does not
need to be decided exactly. As long as ncys is reasonably large, the conclusions above apply.
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FIG. 1: Free energy profiles é(ntot), GO (Ntot)s G(l)(ntgt), and @(2)(ntot) of the atomistic system of multiple

clusters. At ngyor < Neut, G(O)(ntot) is exactly equal to G (ntot). At ntor > Neut + (Mot ) G'(l)(ntot) lies on the
top of G(ntot)-

THE CONNECTION BETWEEN THE MULTIPLE CLUSTER MODEL AND THE
THERMODYNAMIC MODEL

In the main text, we introduced a thermodynamic model to describe the metastable liquid system, and argued
that for sufficiently large ® (here for simplicity we assume that the average order parameter in the solid phase is
larger than in the liquid), the probability distribution of ® in the liquid should follow

n*

o1 (B|N) = / dnp (3|, N — n) Ny exp(—AG(n). (8)

cut
On the other hand, we also employed the multiple cluster model, and suggested that at nyot > ncut,

Ntot

exp(—BG(miot)) = Y Naexp(—BG(n)) exp(—BG (neor — mp))- (9)

Np="Ncut

It is instructive to highlight the connection between Eqn. (8) of the thermodynamic model and Eqn. (9)
of the multiple cluster model. By inserting the definition for p (®|n, N —n), and using the approximation
o1 (P|IN — n) = p; (P|N), (which can be regarded as equivalent to the assumption that the presence of other
clusters do not affect the P(n, k,) in the multiple cluster model), one obtains

pi (®|N) Z/dwpz (® — ¢|N) Nyexp(—BG(p)), (10)

where we defined the free energy for a cluster characterized by an order parameter ¢,

n*

exp(—BG(p)) = dnps (p|n) exp(=BG(n)). (11)
Ncut
Eqn. (10) corresponds to a continuous version of Eqn. (9), in which the extensive order parameter ® is used to
characterize the solid fraction in the metastable liquid and the size of the largest solid cluster.

CONDITIONAL PROBABILITY DISTRIBUTIONS p, (®|n) AND p; (®|n) IN THE LENNARD-JONES
SYSTEM

For the Lennard-Jones system described in the main text, assuming the Gibbs dividing surface separating the
solid cluster and the bulk liquid has a spherical shape, we can compute the two probability distributions ps (®|n)
and p; (®|n) from simulations of the bulk phases.

For example, take a molecular dynamics simulation run of a bulk solid system that has N atoms. From each
snapshot, one can randomly select a volume that has a spherical shape, as illustrated in Figure 2. One can then
count the number of atoms n in that volume, as well as the extensive quantity ® associated with those n atoms.
After accumulating enough statistics for (n;, ®;), one can build the conditional probability distribution ps (®|n)
by

ps (@[n) = (5(®i — ®)d(n; —n))/(d(ni — n)), (12)
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(b) In the bulk liquid.

(a) In the bulk solid.

FIG. 2: A schematic illustration of selecting a contiguous portion of n atoms in a system.
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FIG. 3: The average extensive quantity ® for different system sizes.

where (...) denotes the ensemble average at the given thermodynamic condition. Furthermore, ps (®|n) can also
be computed from biased simulations, by statistical re-weighting

ps (B[n) = (6(Pi — @)6(ni — n) exp(BVi))/(8(ni — n) exp(BV3)), (13)

where V; is the instantaneous external bias for each snapshot.
For the bulk solid system, the average extensive quantity

To(n) = / ddp, (Bln) @ (14)

at each n was computed and plotted in the left panel of Figure 3. It can be seen that scales linearly with system
size, and thus can be expressed as ®, = ne¢s, where ¢ is the average value of order parameter of each atom in
the bulk solid. The average ® in bulk liquid ®;(n) = [ d®p, (®|n) is also shown in the right panel of Figure 3.
Similarly, in bulk liquid ®; = n¢;, where ¢, is the average value of order parameter of each atom in the bulk
solid. From simulations we determined ¢5 = 0.99000 and ¢; = 0.00936. We have also computed the variances of
® in the bulk solid and the bulk liquid at different n, using the equations

Var(®,) = / dB(® - né,)%p, () (15)
and

Var(®;) = /d<I>(<I> —ng1)%p (P|n). (16)
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FIG. 4: The variance of the extensive quantity ® at different sizes.
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FIG. 5: The free energies associated with the quantities ® — n¢s and ® — n¢, at different system size.

The computed variances of ® are plotted in Figure 4, which shows that the variances of ® in both phases also
scale linearly with the number of the atoms. Furthermore, in Figure 5 we plot the quantities fs(® — ngs | n)
and f;(® — n¢; | n), which are defined as

fs(® =nos | n) = —log(ps(® | n)), (17)

and

fi(®@ =ngy | n) = —log(pi(® | n)). (18)

The parabolic shapes of fi(®—n¢s | n) and fi(® —ng) | n) suggest that p; (®|n) and p; (P|n) follow Gaussian-like
distributions centered at n¢s and n¢, respectively. All in all, the analyses above suggest that ps (®|n) and
p1 (®|n) can be approximated as the distributions of the sum of n independent Gaussian-distributed random
variables.

THE PROBABILITY DISTRIBUTION p (M |nup, Ndown) OF SQUARE-LATTICE ISING MODEL

For the square-lattice Ising model with L? lattice described in the main text, the probability distribution
p (M |nyp, Ndown) can be determined as

14 (M|nup7 ndown) = /dM/pup (M/|nup) Pdown (M - Ml|ndown) . (19)

In general py, (M|n) = paown (—M|n) because of the symmetry in the system, therefore only one of them needs
to be characterized.

We took a Monte Carlo simulation of the Ising lattice, and from each snapshot we can randomly selected a
circle and then counted the number of up spins n as well as the magnetization M inside ( and outside) the circle.
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FIG. 6: The probability distributions p,, (M|n) at different values of n. The gray lines indicate the predictions
from the Binomial model.

Whether the n lattices were selected inside or outside the circle was found to have negligible effect. We plot
some of the probability distributions p,, (M|n) at different values of n in Figure 6.

We also found a Binomial model that is able to describe the behavior of p,, (M|n) very well at all values of n.
In this Bionomial model, we assume each spin has a probability of p = 0.00674 to flip to the opposite site in the
sea of up spins. As such, p,, (M|n) can be approximated as

pup (M]n) = <Z>pk(1 —p)" Tk, k= (M —n)/2. (20)

In Figure 6, we also plotted the predictions of this model, which find good agreement with the distributions
computed directly from the simulations.

Sample LAMMPS input file

Here is a sample LAMMPS input file for running the molecular dynamics simulations.

atom_style atomic

units 1j

dimension 3

boundary PPP

processors * ok 1

read_data ./data.lj # Coordinate file

Atoms of type 1 are the Lennard-Jones particles with the truncated pairwise potential [2-4]. The atom of type 2 is a fixed ghost atom that
does not interact with its surroundings. It is used as reference point in some of the collective variables.

group real type 1
velocity real create 0.6 RandomSeedHere dist gaussian

pair_style table linear 5000
pair_coeff 1 1 tr-1j.table TR_LJ 2.5
pair_coeff * 2 tr-1j.table NULL 2.5
neighbor 1.0 bin

timestep 0.004

An initial equilibration of 20’000 steps is performed following by a complete melting of the system. During these processes a highly efficient
Generalized Langevin thermostat [5] is employed.




fix 1 real press/berendsen iso 0.0 0.0 0.5

fix 2 real gle 6 0.84 0.84 12rrr5 smart2.A every 2
run 80000

unfix 2

fix 3 real gle 6 0.58 0.58 12rrr5 smart2.A every 5
run 20000

unfix 3

After the equilibration a metadynamics simulation in the NPT ensemble, using a Nosé-Hoover barostat and thermostat is started.

fix 4 real npt temp 0.58 0.58 0.2 iso 0.0 0.0 0.5
fix 5 all plumed plumedfile plumed.dat outfile p.log

thermo 500
thermo_style one

dump coord all xyz 5000 traj.xyz

run 20000000
write_restart restart.lj

Sample PLUMED input file

‘ Here we provide a sample input file for PLUMED. This input was used to compute the free energy profile during homogenous nucleation. ‘

UNITS NATURAL
RESTART

‘ Record the volume of the simulation cell. ‘

cell: CELL

We first compute the local order parameter k using the cubic harmonic function “FCCUBIC”. The sigmoid switchinlg function “SMAP” is
used to do a non-linear mapping on k. We collect ® = 3 S(x(i)) - the global order parameter used to identify nJ - using the keyword
“MORE_THAN”. The value of “cub.morethan” is proportional to the number of atoms in the fcc crystal.

The system contains a total of 23328 real atoms, The first atom is a “ghost” atom that stays stationary at the center of the supercell. This
ghost atom is only used as a reference point.

FCCUBIC ...
LABEL=cub
SPECIES=2-23329 SWITCH={CUBIC D_0=1.2 D_MAX=1.5} ALPHA=27 MEAN
MORE_THAN1={SMAP R_0=0.45 D_0=0.0 A=8 B=8}
. FCCUBIC

Finally the instantaneous values of the CV and the biases are recorded. These are used in the re-weighting processes to construct the FES,
e.g.

1 fdteBVtot(t)(;(q))
G(®) = 7Eln <4fdteﬁvt01(t) ’ (21)

where 8 = 1/kpT, and Vi, (t) is the total external bias including the metadynamics bias and the restraint biases at time ¢t.

METAD ...

LABEL=metad

ARG=cub.morethan-1

PACE=1000 HEIGHT=0.3 SIGMA=600 FILE=HILLS

TEMP=0.58 BIASFACTOR=400

ADAPTIVE=DIFF SIGMA_MAX=300 SIGMA_MIN=0.1
. METAD

fixmax: UPPER_WALLS ARG=cub.morethan-1 AT=2500 KAPPA=0.1

# monitor the two variables and the metadynamics bias potential
PRINT STRIDE=10 ARG=cell.ax,cub.*,metad.bias,fixmax.bias FILE=COLVAR

ENDPLUMED
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