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Abstract

Two channels are said to be equivalent if they are degraded from each other. The space of equivalent channels
with input alphabet X and output alphabet ) can be naturally endowed with the quotient of the Euclidean topology
by the equivalence relation. We show that this topology is compact, path-connected and metrizable. A topology on
the space of equivalent channels with fixed input alphabet X and arbitrary but finite output alphabet is said to be
natural if and only if it induces the quotient topology on the subspaces of equivalent channels sharing the same
output alphabet. We show that every natural topology is o-compact, separable and path-connected. On the other
hand, if |X’| > 2, a Hausdorff natural topology is not Baire and it is not locally compact anywhere. This implies
that no natural topology can be completely metrized if |X'| > 2. The finest natural topology, which we call the
strong topology, is shown to be compactly generated, sequential and 7. On the other hand, the strong topology
is not first-countable anywhere, hence it is not metrizable. We show that in the strong topology, a subspace is
compact if and only if it is rank-bounded and strongly-closed. We provide a necessary and sufficient condition
for a sequence of channels to converge in the strong topology. We introduce a metric distance on the space of
equivalent channels which compares the noise levels between channels. The induced metric topology, which we
call the noisiness topology, is shown to be natural. We also study topologies that are inherited from the space
of meta-probability measures by identifying channels with their posterior meta-probability distributions. We show
that the weak-* topology is exactly the same as the noisiness topology and hence it is natural. We prove that if
|X'| > 2, the total variation topology is not natural nor Baire, hence it is not completely metrizable. Moreover, it
is not locally compact anywhere. Finally, we show that the Borel o-algebra is the same for all Hausdorff natural
topologies.

I. INTRODUCTION

A topology on a given set is a mathematical structure that allows us to formally talk about the
neighborhood of a given point of the set. This makes it possible to define continuous mappings and
converging sequences. Topological spaces generalize metric spaces which are mathematical structures that
specify distances between the points of the space. Links between information theory and topology were
investigated in [1]. In this paper, we aim to construct meaningful topologies and metrics for the space of
equivalent channels sharing a common input alphabet.

Let X and ) be two fixed finite sets. Every discrete memoryless channel (DMC) with input alphabet
X and output alphabet ) can be determined by its transition probabilities. Since there are |X'| x || such
probabilities, the space of all channels from X' to ) can be seen as a subset of RI*I*IYI. Therefore, this
space can naturally be endowed with the Euclidean metric, or any other equivalent metric. A generalization
of this topology to infinite input and output alphabets was considered in [2].

There are a few drawbacks for this approach. For example, consider the case where X =) = F, :=
{0,1}. The binary symmetric channels BSC(¢) and BSC(1 —¢) have non-zero Euclidean distance if € # 3.
On the other hand, BSC(¢) and BSC(1 — ¢€) are completely equivalent from an operational point of view:
both channels have exactly the same probability of error under optimal decoding for any fixed code.
Moreover, any sub-optimal decoder for one channel can be transformed to a sub-optimal decoder for the
other channel without changing the probability of error nor the computational complexity. This is why
it makes sense, from an information-theoretic point of view, to identify equivalent channels and consider
them as one point in the space of “equivalent channels”.

The limitation of the Euclidean metric is clearer when we consider channels with different output
alphabets. For example, BSC (%) and BEC (1) are completely equivalent but they do not have the same
output alphabet, and so there is no way to compare them with the Euclidean metric because they do not
belong to the same space.
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The standard approach to solve this problem is to find a “canonical sufficient statistic” and find a
representation of each channel in terms of this sufficient statistic. This makes it possible to compare
channels with different output-alphabets. One standard sufficient statistic that has been widely used for
binary-input channels is the log-likelihood ratio. Each binary-input channel can be represented as a density
of log-likelihood ratios (called L-density in [3]). This representation makes it possible to “topologize” the
space of “equivalent” binary-input channels by considering the topology of convergence in distribution
[3]. A similar approach can be adopted for non-binary-input channels (see [4] and [5]).

The current formulation of this topology cannot be generalized to the quantum setting because it is
given in terms of posterior probabilities which do not have quantum analogues. Therefore, if we want to
generalize this topology to the space of equivalent quantum channels and equivalent classical-quantum
channels, it is crucial to find a formulation for this topology that does not explicitly depend on posterior
probabilities.

Another issue (which is secondary and only relevant for conceptual purposes) is that the current
formulation of this topology does not allow us to see it as a “natural topology”. Consider a fixed output
alphabet ) and let us focus on the space of “equivalent channels” from X to ). Since this space is the
quotient of the space of channels from X to ), which is naturally topologized by the Euclidean metric,
it seems that the most natural topology on this space is the quotient of the Euclidean topology by the
equivalence relation. This motivates us to consider a topology on the space of “equivalent channels” with
input alphabet X and arbitrary but finite output alphabet as natural if and only if it induces the quotient
topology on the subspaces of “equivalent channels” from X" to ) for any output alphabet )). A legitimate
question to ask now is whether the L-density topology is natural in this sense or not.

In this paper, we study general and particular natural topologies on DMC spaces. In Section II, we
provide a brief summary of the basic concepts and theorems in general topology. The measure-theoretic
notations that we use are introduced in section III. The space of channels from X to ) and its topology
is studied in Section IV. We formally define the equivalence relation between channels in section V. It
is shown that the equivalence class of a channel can be determined by the distribution of its posterior
probability distribution. This is the standard generalization of L-densities to non-binary-input channels.
We call this distribution the posterior meta-probability distribution because it is a probability distribution
on the space of probability distributions on X. In section VI, we study the space of equivalent channels
from X to ) and the quotient topology.

In Section VII, we define the space of equivalent channels with input alphabet X and study the properties
of general natural topologies. The finest natural topology, which we call the strong topology is studied in
Section VIII. A metric for the space of equivalent channels is proposed in section IX. The induced topology
by this metric is called the noisiness topology. In section X, we study the topologies that are inherited
from the space of meta-probability measures by identifying equivalent channels with their posterior meta-
probability distributions. We show that the weak-* topology (which is the standard generalization of the
L-density topology to non-binary-input channels) is exactly the same as the noisiness topology. The total
variation topology is also investigated in section X. The Borel o-algebra of Hausdorff natural topologies
is studied in section XI.

The continuity (under the topologies introduced here) of mappings that are relevant to information
theory (such as capacity, mutual information, Bhattacharyya parameter, probability of error of a fixed
code, optimal probability of error of a given rate and blocklength, channel sums and products, etc ...) is
studied in [6]. We also study the polarization process of Arikan [7] and its convergence under various
topologies in [8].

II. PRELIMINARIES

In this section, we recall basic definitions and well known theorems in general topology. The reader
who is already familiar with the basic concepts of topology may skip this section and refer to it later if
necessary. Proofs of all non-referenced facts can be found in any standard textbook on general topology



(e.g., [9]). Definitions and theorems that may not be widely known can be found in Sections II-J, II-N
and II-O.

A. Set-theoretic notations

For every integer n > 0, we denote the set {1,...,n} as [n].
The set of mappings from a set A to a set B is denoted as B.
Let A be a subset of B. The indicator mapping 145 : B — {0,1} of A in B is defined as:

1 ifze A,
0 otherwise.

Lap(z) =lpen = {

If the superset B is clear from the context, we simply write 1 4 to denote the indicator mapping of A in
B.

The power set of B is the set of subsets of B. Since every subset of B can be identified with its
indicator mapping, we denote the power set of B as 28 := {0,1}5.

A collection A C 2B of subsets of B is said to be finer than another collection A’ C 28 if A’ C A. If
this is the case, we also say that A’ is coarser than A.

Let (A;);c; be a collection of arbitrary sets indexed by I. The disjoint union of (A;);c; is defined as

HAi = U(Al x {i}). For every i € I, the i'"-canonical injection is the mapping ¢; : A; — HAZ'

iel iel iel
d%ﬁned as Egbi(x,-) = (x;,1). If no confusions can arise, we can identify A; with A; x {i} througlel the
canonical injection. Therefore, we can see A; as a subset of H A, for every i € 1.

el

A relation R on a set T is a subset of 7" x T'. For every :L*,jy € T, we write 2Ry to denote (x,y) € R.

A relation is said to be reflexive if xRx for every x € T'. It is symmetric if xRy implies yRx for every
x,y € T. It is anti-symmetric if xRy and yRx imply x = y for every z,y € T'. It is transitive if Ry
and yRz imply xRz for every z,y,z € T

An order relation is a relation that is reflexive, anti-symmetric and transitive. An equivalence relation
is a relation that is reflexive, symmetric and transitive.

Let R be an equivalence relation on 7. For every x € T, the set £ = {y € T : xRy} is the
R-equivalence class of x. The collection of R-equivalence classes, which we denote as 7'/R, forms a
partition of 7', and it is called the quotient space of T' by R. The mapping Proj, : T — T'/R defined as
Projgr(x) = z for every z € T is the projection mapping onto T /R.

B. Topological spaces

A topological space is a pair (T,U), where U C 27 is a collection of subsets of 71" satisfying:
edgcUand T € U.
« The intersection of a finite collection of members of ¢/ is also a member of U.
o The union of an arbitrary collection of members of I/ is also a member of /.
We say that U/ is a topology on T
The power set 27 of T is clearly a topology. It is called the discrete topology on T.
If A is a an arbitrary collection of subsets of 7', we can construct a topology on 7T starting from .4 as

follows:
N V.

AcvcaT,
V is a topology on T'

This is the coarsest topology on 7" that contains A. It is called the topology on T generated by A.

Let (T,U) be a topological space. The subsets of 7' that are members of U are called the open sets
of T'. Complements of open sets are called closed sets. We can easily see that the closed sets satisfy the
following:



e ¢ and T are closed.
o The union of a finite collection of closed sets is closed.
« The intersection of an arbitrary collection of closed sets is closed.

Let A be an arbitrary subset of 7T". The closure cl(A) of A is the smallest closed set containing A:

dA)= () F
ACFCT,
F'is closed

The interior A° of A is the largest open subset of A:

A= w
UCA,
U is open

If ACT and cl(A) =T, we say that A is dense in T.

(T,U) is said to be separable if there exists a countable subset of 7" that is dense in 7.

A subset O of T is said to be a neighborhood of x € T if there exists an open set U € U such that
xeUcCO.

A neighborhood basis of x € T is a collection O of neighborhoods of = such that for every neighborhood
O of z, there exists O’ € O such that O’ C O.

We say that (T,U) is first-countable if every point = € T' has a countable neighborhood basis.

A collection of open sets B C U is said to be a base for the topology U if every open set U € U can
be written as the union of elements of B.

We say that (T,U) is a second-countable space if the topology U has a countable base.

It is a well known fact that every second-countable space is first-countable and separable.

We say that a sequence (x,),>o of elements of 1" converges to x € T if for every neighborhood O
of z, there exists ny > 0 such that for every n > ng, we have =, € O. We say that x is a limit of the
sequence (2, ),>0. Note that the limit does not need to be unique if there is no constraint on the topology.

C. Separation axioms

(T,U) is said to be a Ti-space if for every x,y € T, there exists an open set U € U such that z € U
and y ¢ U. It is easy to see that (7,U) is 7 if and only if all singletons are closed.

(T,U) is said to be a Hausdorff space (or Ty-space) if for every x,y € T, there exist two open sets
UV eUdsuchthat r e U, ye Vand UNV =g.

If (T,U) is Hausdorff, the limit of every converging sequence is unique.

(T,U) is said to be regular if for every x € T and every closed set F' not containing z, there exist two
open sets U,V €U suchthat x € U, FCV and UNV = g.

(T,U) is said to be normal if for every two disjoint closed sets A and B, there exist two open sets
UV eUsuchthat ACU, BCVandUNV =g.

If (T,U) is normal, disjoint closed sets can be separated by disjoint closed neighborhoods. IL.e., for
every two disjoint closed sets A and B, there exist two open sets U, U’ € U and two closed sets K, K’
suchthat ACUCK,BcU Cc K'"and KNK' =¢.

(T,U) is said to be a T3-space if it is both T} and regular.

(T,U) is said to be a T-space if it is both 77 and normal.

It is easy to see that Ty = T3 = 15 = Tj.

D. Relativization

If (T,U) is a topological space and A is an arbitrary subset of 7', then A inherits a topology U, from
(T,U) as follows:
Uy ={ANU: UelU}.



It is easy to check that I/, is a topology on A.

If (T,U) is first-countable (respectively second-countable, or Hausdorff), then (A,U,) is first-countable
(respectively second-countable, or Hausdorff).

If (T,U) is normal and A is closed, then (A,U,) is normal.

The union of a countable number of separable subspaces is separable.

E. Continuous mappings

Let (T,U) and (S,V) be two topological spaces. A mapping f : T — S is said to be continuous if for
every V €V, we have f~1(V) € U.

f:T — S is an open mapping if f(U) € V whenever U € U. f : T — S is a closed mapping if f(F)
is closed in S whenever F' is closed in 7T .

A bijection f : T — S is a homeomorphism if both f and f~! are continuous. In this case, for every
ACT,AclUif and only if f(A) € V. This means that (7,U) and (S,V) have the same topological
structure and share the same topological properties.

F. Compact spaces and sequentially compact spaces

(T,U) is a compact space if every open cover of 7" admits a finite sub-cover. Le., if (U;);c; is a collection
n

of open sets such that 7" = U U; then there exists n > 0 and iy,...,7, € I such that T' = U Ui,
iel =1

If (T,U) is compact, then every closed subset of 7" is compact (with respect to the inheritjed topology).

If f:T — S is a continuous mapping from a compact space (7',U/) to an arbitrary topological space
(S,V), then f(7') is compact.

If A is a compact subset of a Hausdorff topological space, then A is closed.

(T,U) is said to be locally compact if every point has at least one compact neighborhood. A compact
space is automatically locally compact.

If (T,U) is Hausdorff and locally compact, then for every point = € T and every neighborhood O of
x, O contains a compact neighborhood of x.

A compact Hausdorff space is always normal.

(T,U) is a o-compact space if it is the union of a countable collection of compact subspaces.

(T,U) is countably compact if every countable open cover of 7" admits a finite sub-cover. This is a
weaker condition compared to compactness.

(T,U) is said to be sequentially compact if every sequence in 7' has a converging subsequence. In
general, compactness does not imply sequential compactness nor the other way around.

G. Connected spaces

(T,U) is a connected space if it satisfies one of the following equivalent conditions:

o ' cannot be written as the union of two disjoint non-empty open sets.

o ' cannot be written as the union of two disjoint non-empty closed sets.

« The only subsets of 7" that are both open and closed are ¢ and 7.

« Every continuous mapping from 7" to {0, 1} is constant, where {0, 1} is endowed with the discrete

topology.

(T,U) is path-connected if every two points of 7' can be joined by a continuous path. Le., for every
z,y € T, there exists a continuous mapping f : [0,1] — 7T such that f(0) = = and f(1) =y, where [0, 1]
is endowed with the Euclidean topology (defined below).

A path-connected space is connected but the converse is not true in general.

A subset A of T is said to be connected (respectively path-connected) if (A,U4) is connected
(respectively path-connected).



If (A;)ies is a collection of connected (respectively path-connected) subsets of 7" such that ﬂ A; # o,
iel
then U A; is connected (respectively path-connected).
el

H. Product of topological spaces
Let {(7},U;)}:cr be a collection of topological spaces indexed by I. Let T' = Hﬂ be the product of

iel

this collection. For every j € I, the j‘"-canonical projection is the mapping Proj ;o T — Tj defined as
PI'Ojj ((Iz)zel) = (L’j.

The product topology U := ® U; on T is the coarsest topology that makes all the canonical projections

iel
continuous. It can be shown that I/ is generated by the collection of sets of the form H U;, where U, € U;
el

for all < € I, and U; # T; for only finitely many i € [.

The product of 7} (respectively, Hausdorff, regular, 73, compact, connected, or path-connected) spaces
is Ty (respectively, Hausdorff, regular, 73, compact, connected, or path-connected).

1. Disjoint union

Let {(T;,U;)}icr be a collection of topological spaces indexed by I. Let T' = HTi be the disjoint
icl
union of this collection. The disjoint union topology U := @ U; on T' is the finest topology which makes

all the canonical injections continuous. It can be shown thzaetIU € U if and only if U NT; € U; for every
1€ I

A mapping f : T — S from (T,U) to a topological space (S,V) is continuous if and only if it is
continuous on 7; for every ¢ € I.

The disjoint union of 77 (respectively Hausdorff) spaces is 77 (respectively Hausdorff). The disjoint
union of two or more non-empty spaces is always disconnected.

Products are distributive with respect to the disjoint union, i.e., if (S,V) is a topological space then

S x (Hn> =J[(SxT;) and V& (@z,@) - P veu).

el el iel iel

J. Quotient topology

Let (T,U) be a topological space and let R be an equivalence relation on 7. The quotient topology on
T'/R is the finest topology that makes the projection mapping Projj continuous. It is given by

U/R = {U C T/R: Proj;\(U) e u} .

Lemma 1. Let f : T — S be a continuous mapping from (T,U) to (S,V). If f(x) = f(z') for every
x,x’ € T satisfying v Rx', then we can define a transcendent mapping f : T'/R — S such that f(z) = f(a')

for any ©' € z. f is well defined on T /R . Moreover, f is a continuous mapping from (T /R,U/R) to
(T, V).

If (T,U) is compact (respectively, connected, or path-connected), then (7'/R,U/R) is compact
(respectively, connected, or path-connected).

T/R is said to be upper semi-continuous if for every € T'/R and every open set U € U satisfying
2 C U, there exists an open set V' € U such that £ C V C U, and V can be written as the union of
members of 7'/ R.



The following Lemma characterizes upper semi-continuous quotient spaces:
Lemma 2. [9] T/ R is upper semi-continuous if and only if Projy is closed.
The following theorem is very useful to prove many topological properties for the quotient space:

Theorem 1. [9] Let (T, U) be a topological space, and let R be an equivalence relation on T such that
T/R is upper semi-continuous and I is a compact subset of T for every x € T. If (T,U) is Hausdorff
(respectively, regular, locally compact, or second-countable) then (T /R,U/R) is Hausdorff (respectively,
regular, locally compact, or second-countable).

K. Metric spaces

A metric space is a pair (M, d), where d : M x M — R* satisfies:

e d(z,y) =0 if and only if x = y for every x,y € M.

o Symmetry: d(x,y) = d(y,x) for every x,y € M.

o Triangle inequality: d(x,z) < d(z,y) + d(y, z) for every z,y,z € M.
d is said to be a metric (or distance) on M.

The Euclidean metric on R™ is defined as d(x,y) = Z(mZ —;)?, where = (;)1<i<, and y =
i=1
(Yi)1<i<n-
R™ is second countable. Moreover, a subset of R" is compact if and only if it bounded and closed.
For every x € M and every ¢ > (0, we define the open ball of center x and radius € as:

B(x)={y e M: d(x,y) < €}.

The metric topology U; on M induced by d is the coarsest topology on M which makes d a continuous
mapping from M x M to R*. It is generated by all the open balls.

The metric topology is always 7, and first-countable. Moreover, (M,U;) is separable if and only if it
is second-countable.

Since every metric space is Hausdorff, we can see that every subset of a compact metric space is closed
if and only if it is compact.

Every o-compact metric space is second-countable.

For metric spaces, compactness and sequential compactness are equivalent.

A function f : M; — M, from a metric space (M, d;) to a metric space (Ms,dy) is said to be
uniformly continuous if for every e > 0, there exists § > 0 such that for every x,z’ € M, satisfying
di(x,2") < 0 we have dao(f(x), f(2')) <e.

If f: M; — M, is a continuous mapping from a compact metric space (M, d;) to an arbitrary metric
space (Ms,ds), then f is uniformly continuous.

A topological space (T,U) is said to be metrizable if there exists a metric d on T such that I/ is the
metric topology on 7" induced by d.

The disjoint union of metrizable spaces is always metrizable.

The following theorem shows that all separable metrizable spaces are characterized topologically:

Theorem 2. [9] A topological space (T,U) is metrizable and separable if and only if it is Hausdorf},
regular and second countable.

L. Complete metric spaces

A sequence (z,),>0 is said to be a Cauchy sequence in (M, d) if for every e > 0, there exists ng > 0
such that for every ny, ny > ng we have d(z,,, T,,) < €.

Every converging sequence is Cauchy, but the converse is not true in general.

A metric space is said to be complete if every Cauchy sequence converges in it.



A closed subset of a complete space is always complete.
A complete subspace of an arbitrary metric space is always closed.
Every compact metric space is complete, but the converse is not true in general.
For every metric space (M, d), there exists a superspace (M, d) containing M such that:
« (M,d) is complete.
« M is dense in (M,d).
o d(x,y) = d(x,y) for every z,y € M.
The space (M, d) is said to be a completion of (M, d).

M. Polish spaces and Baire spaces

A topological space (7',U) that is both separable and completely metrizable (i.e., has a metrization that
is complete) is called a Polish space.

A topological space is said to be a Baire space if the intersection of countably many dense open subsets
is dense. The following facts can be found in [10]:

« Every completely metrizable space is Baire.

o Every compact Hausdorff space is Baire.

« Every open subset of a Baire space is Baire.

N. Sequential spaces

Sequential spaces were introduced by Franklin [11] to answer the following question: Assume we know
all the converging sequences of a topological space. Is this enough to uniquely determine the topology
of the space? Sequential spaces are the most general category of spaces for which converging sequences
suffice to determine the topology.

Let (7,U) be a topological space. A subset U C T is said to be sequentially open if for every sequence
(n)n>0 that converges to a point of U lies eventually in U, i.e., there exists ny > 0 such that x,, € U for
every n > ny. Clearly, every open subset of 7' is sequentially open, but the converse is true in general.

A topological space (7,U) is said to be sequential if every sequentially open subset of 7" is open.

A mapping f : T — S from a sequential topological space (7,U/) to an arbitrary topological space
(S,V) is continuous if and only if for every sequence (x,,),>o in 7" that converges to = € T, the sequence
(f(zy))n>0 converges to f(z) in (S, V) [11].

The following facts were shown in [11]:

« Every first-countable space is sequential. Therefore, every metrizable space is sequential.

» The quotient of a sequential space is sequential.

« All closed and open subsets of a sequential space are sequential.

« Every countably compact sequential Hausdorff space is sequentially compact.

« A topological space is sequential if and only if it is the quotient of a metric space.

0. Compactly generated spaces

A topological space (T,U) is compactly generated if it is Hausdorff and for every subset F' of T', F' is
closed if and only if F'N K is closed for every compact subset K of 7. Equivalently, (7,U) is compactly
generated if it Hausdorff and for every subset U of 7', U is open in 7' if and only if U N K 1is open in
K for every compact subset K of T

The following facts can be found in [12]:

o All locally compact Hausdorff spaces are compactly generated.

« All first-countable Hausdorff spaces are compactly generated. Therefore, every metrizable space is

compactly generated.

o A Hausdorff quotient of a compactly generated space is compactly generated.

o If (T,U) is compactly generated and (S,V) is Hausdorff locally compact, then (7" x S, U ® V) is

compactly generated.



III. MEASURE-THEORETIC NOTATIONS

In this section, we introduce the measure-theoretic notations that we are using. We assume that the
reader is familiar with the basic definitions and theorems of measure theory.

A. Probability measures

If A C 2™ is a collection of subsets of M, we denote the o-algebra that is generated by A as o(A).

The set of probability measures on (M, ) is denoted as P(M, X). If the o-algebra X is known from
the context, we simply write P(M) to denote the set of probability measures.

If PeP(M,Y) and {z} is a measurable singleton, we simply write P(z) to denote P({z}).

For every Py, P, € P(M,X), the total variation distance between P; and P, is defined as:

|Pr — Palry = sup |[P(A) — Pa(A)|.
Aex

The space P(M,Y) is a complete metric space under the total variation distance.

B. Probabilities on finite sets

We always endow finite sets with their finest o-algebra, i.e., the power set. In this case, every probability
measure is completely determined by its value on singletons, i.e., if P is a measure on a finite set X,
then for every A C X, we have

P(A)=> P(x).

TEA

If X is a finite set, we denote the set of probability distributions on X’ as Ay. Note that Ay is an
(]X| — 1)-dimensional simplex in RY. We always endow Ay with the total variation distance and its
induced topology. For every py, p2 € Ay, we have:

1 1
le —szTV = 53; \pl(fﬁ) —p2(1’)’ = 5”]?1 —szl-

Note that the total variation topology on Ay is the same as the one inherited from the Euclidean topology
of R by relativisation. Since Ay is a closed and bounded subset of R?, it is compact.

C. Borel sets and the support of a measure

Let (T,U) be a Hausdorff topological space. The Borel o-algebra of (T',U) is the o-algebra generated
by U. We denote the Borel o-algebra of (T',U) as B(T,U). If the topology U is known from the context,
we simply write 3(7) to denote the Borel o-algebra. The sets in B(7") are called the Borel sets of 7.

The support of a probability measure P € P(T,B(T)) is the set of all points x € T for which every
neighborhood has a strictly positive measure:

supp(P) = {x € T: P(O) > 0 for every neighborhood O of x}.

If P is a probability measure on a Polish space, then P(T \ supp(P)) =0.



D. Convergence of probability measures and the weak-x topology
We have many notions of convergence of probability measures. If the measurable space does not have
a topological structure, we have two notions of convergence:
« The total-variation convergence: we say that a sequence (P, ),>o of probability measures in P (M, X)
converges in total variation to P € P(M,Y) if and only if lim || P, — P||7v = 0.
n—oo
« The strong convergence: we say that a sequence (P,),>o in P(M,Y) strongly converges to P €
P(M,Y) if and only if lim P,(A) = P(A) for every A € X..
n—oo

Clearly, total-variation convergence implies strong convergence. The converse is not true in general.
However, if we are working in the Borel o-algebra of a Polish space 7" and (P, ),>o strongly converges
to a finitely supported probability measure P, then

| P, — Pllrv = sup [P,(B) — P(B)|
BeB(T)

< sup (}Pn(B\Supp(P)) — P(B\supp(P))|+ > IPn(l’)—P(w)l)

BeB(T) zesupp(P)

= sup <|PH(B\supp(P))‘+ Z \Pn(l')_P(x)’)

BeB(T) e
< |P(T\suwpp(P))[+ D |Pul) = P(a)]
xesupp(P)
= |P,(T \ supp(P)) — P(T\supp(P))‘ + Z Py (z) — P(x)| "= 0,

z€supp(P)

which implies that (P,),>o also converges to P in total variation. Therefore, in a Polish space, total
variation convergence and strong convergence to finitely supported probability measures are equivalent.

Let (T,U) be a Hausdorff topological space. We say that a sequence (F,),>o of probability measures
in P(T,B(T)) weakly-* converges to P € P(T,B(T)) if and only if for every bounded and continuous
function f from 7" to R, we have

lim f-dPn:/f-dP.

Note that many authors call this notion “weak convergence” rather than weak-* convergence. We will
refrain from using the term “weak convergence” in order to be consistent with the functional analysis
notation.

The weak-* topology on P(T,B(T)) is the coarsest topology which makes the mappings

P — f-dP
Ax

continuous over P(T, B(T)), for every bounded and continuous function f from 7" to R.

E. Metrization of the weak-x topology

If (T,U) is a Polish space (i.e., separable and completely metrizable), the weak-* topology on
P(T,B(T)) is also Polish [13]. There are many known metrizations for the weak-* topology. One
metrization that is particularly convenient for us is the Wasserstein metric.

The 1°'-Wasserstein distance on P(T, B(T)) is defined as

Wi(P,P") = inf / d(z,z") - dy(z,2'),
TxT

YEL(P,P)
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where I'(P, P') is the collection of all probability measures on 7" x 7" with marginals P and P’ on the
first and second factors respectively, and d is a metric on 7" that induces the topology U. I'( P, P’) is also
called the set of couplings of P and P’

If d is bounded and (7, d) is separable and complete, then W, metrizes the weak-x topology [13]. If
(T',U) is compact, then (P(7"), W;) is also compact [13].

If D= sup d(x,2') is the diameter of (T, d), then Wy (P, P') < D| P — P'||zv [13]. In other words,

z,x' €T
the Wasserstein metric is controlled by total variation.

F. Meta-probability measures

Let X be a finite set. A meta-probability measure on X is a probability measure on the Borel sets of
Ay. It is called a meta-probability measure because it is a probability measure on the space of probability
distributions on X.

We denote the set of meta-probability measures on X' as MP(X). Clearly, MP(X) = P(Ax).

A meta-probability measure MP on & is said to be balanced if it satisfies

/ p- dMP(p) = ma,
Ax

where 7y is the uniform probability distributions on X.
We denote the set of all balanced meta-probability measures on X as MPy(X'). The set of all balanced
and finitely supported meta-probability measures on X" is denoted as MPy;(X).

IV. THE SPACE OF CHANNELS FROM X TO Y

A discrete memoryless channel W is a 3-tuple W = (X, ), py) where X is a finite set that is called
the input alphabet of W, ) is a finite set that is called the output alphabet of W, and py : X x Y — [0, 1]
is a function satisfying Vo € X, pr(x, y) = 1.

yey
For every (z,y) € X x ), we denote py (z,y) as W(y|x), which we interpret as the conditional

probability of receiving y at the output, given that z is the input.
Let DMCy y be the set of all channels having X" as input alphabet and ) as output alphabet.
For every W, W' € DMCly y, define the distance between W and W’ as follows:

! ]‘ !
Qe y (W, W) = 2 max 3 [W(gl2) — W(gla)]

yeY

It is easy to check the following properties of dy y:

e 0<dyy(W,W') <1.

e dvy :DMCyxy x DMCyy — R is a metric distance on DMCy y.
Throughout this paper, we always associate the space DMCy y with the metric distance dy y and the
metric topology 7Ty y induced by it.

For every x € X, the mapping y — W (y|x) is a probability distributions on ). Therefore, every
channel W can be seen as a collection of probability distribution on )/, and the collection is indexed by
x € X. This allows us to identify the space DMCy y with (Ay)* = H Ay, where Ay is the set of

zeX
probability distributions on ). It is easy to see that the topology given by the metric dxy on DMCy y is

the same as the product topology on (Ay)*, which is also the same as the topology inherited from the
Euclidean topology of R**Y by relativization.

It is known that Ay is a closed and bounded subset of RY. Therefore, Ay is compact, which implies
that (Ay)?" is compact. We conclude that the metric space DMCy y = (Ay)?Y is compact. Moreover,
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since Ay a convex subset of RY, it is path-connected, hence DMCy y = (Ay)% is path-connected as
well.
If W € DMCyy and V € DMC,y =, we define the composition V o W € DMCy z of W and V as
follows:
(VoW)(zlz) =D V(zlyWl(ylz), Vo€ X, Vz € Z.

yey

It is easy to see that the mapping (W, V') — VoW from DMCy y x DMCy z to DMCy z is continuous.
For every mapping f : X — ), define the deterministic channel Dy € DMCy y as follows:

1 ify = f(a),
0 otherwise.

Dy(yle) = {
It is easy to see that if f: X — Y and g: Y — Z, then Dyo Dy = Dyoy.

V. EQUIVALENT CHANNELS AND THEIR REPRESENTATION

Let W € DMCy y and W' € DMCy z be two channels having the same input alphabet. We say that
W' is degraded from W if there exists a channel V' € DMCy z such that W/ =V o W. W and W’ are
said to be equivalent if each one is degraded from the other. In the rest of this section, we describe one
way to check whether two given channels are equivalent.

Let Ay and Ay be the space of probability distributions on X and ) respectively. Define P, € Ay
as

Pi(s) = T S Wwla). Yy,

TeX

This can be interpreted as the probability distribution of the output when the input is uniformly distributed
in X. The image of W is the set of output-symbols y € ) having strictly positive probabilities:

Im(W)={yey¥: Py >0}
For every y € Im(W), define W, ' € Ay as follows:

- W (ylz)
W, Hz) = ,
! X B (y)
W, (x) can be interpreted as the posterior probability of x, given that the output is y, and assuming a
uniform prior distribution on the input. In other words, if X is a random variable uniformly distributed
in X and Y is the output of the channel W when X is the input, then:
e P35 (y) = Py(y) for every y € ).
o W, () = Pxjy(zly) for every (z,y) € X x Im(W).
Let (z,y) € X x Y. If P3(y) = Py(y) > 0, we have

Ve e X.

Pxy(z,y)
Px(I)

On the other hand, if P (y) = 0, then we must have W (y|z) = 0. We conclude that P, and the collection
{W, " }yetmw) uniquely determine V.

The posterior meta-probability distribution (denoted MPy,) of W is a probability distribution on Ay
having masses Py, (y) on W, for each y € Im(WW):

MPw(B)= > Pyly), VB e B(Ax).
yEIm(W),
W, teB

W(ylz) = Pyix(ylz) = = |X|Py (y) Pxyy (zly) = |X |5 ()W, ().
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Another way to express MPyy is as follows:

MPw = > Pi(y) -0yt

y€Im(W)

where 5W-1 is a Dirac measure centered at W € Ay.

MPy can be interpreted as follows: after the receiver obtains the output of the channel, he can compute
the posterior probabilities of the input as the conditional probability distribution of the input given the
output symbol that he received. But before receiving the output symbol, the receiver does not know what
he we will receive. He just has different probabilities for different possible output symbols. Therefore,
the posterior probability distribution that will be computed by the receiver is itself random, and so we
need a meta-probability measure to describe it. MPyy is exactly this meta-probability measure.

Since Im(W) is finite, the support of MPy; is finite and it consists of all points in Ay having strictly
positive mass:

supp(MPyw) = {p € Ay : MPy (p) > 0}.
The rank of W is the size of the support of its posterior meta-probability distribution:
rank(W) = | supp(MPy)|.

Notice that for every = € X, we have

/A ) dMPw(p) = 3 MPw(p)p@) = Y Pyn)W; ()

pesupp(MPyy) y€Ilm(W)

a 1
= > Wi yezymvv(mx):m,

y€Ilm(W)

where (a) follows from the fact that W (y|z) = 0 for every y ¢ Im(W). Therefore, we can write

/ p - dMPy (p) = 7x, (D
Ax

where 7y is the uniform probability distribution on &". This shows that M Py is a balanced meta-probability
measure.

The following proposition characterizes posterior meta-probability distributions of DMCs with input
alphabet X:

Proposition 1. A meta-probability measure MP on X is the posterior meta-probability distribution of
some DMC with input alphabet X if and only if it is balanced and finitely supported.

Proof: The above discussion shows that if MP is the posterior meta-probability distribution of some
channel with input alphabet X', then it is balanced and finitely supported.
Now assume that MP is balanced and finitely supported, and let )) = supp(MP). Define the channel
W € DMCy_y as W(plz) = |X|MP(p)p(x) for every x € X and every p € Y = supp(MP). For every
r € X, we have:

> Wple)= > |XIp@)MP(p) =|X| [ p(x)-dMP(p) = |X|mx(z) = 1.
peEY pEsupp(MP) Ax
Therefore, IV is a valid channel. For every p € ), we have

Py (p |2Wp| lele z)MP(p) = > p(z)MP(p) = MP(p) > 0,

zeX rzeX
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which implies that Im(W) = Y. For every (z,p) € X x ) we have:
_ Wiplz) _ [XIMP(p)p(z) ().
X1 (p) || MP(p)
Therefore, I/Vp_1 = p for every p € ). For every Borel subset B of Ay, we have:
MPw(B)= >  Pgpp= >, MP(p)=MP(B)

pelm(W), pEsupp(MP),
W, 'eB pEB

We conclude that MPy, = MP. [ |

W, (x)

p

In [3], equivalent representations for binary memoryless symmetric (BMS) channels (namely L, D and
(G densities) were provided. A necessary and sufficient condition for the degradation of a BMS W’ with
respect to another BMS W was given in [3] in terms of the |D|-densities of W and W’. It immediately
follows from this condition that two BMS channels are equivalent if and only if they have the same |D|-
densities. One can deduce from this that two BMS channels (with finite output alphabets) are equivalent
if and only if they have the same posterior meta-probability distribution. The following proposition shows
that this is also true for channels with arbitrary (but finite) input and output alphabets:

Proposition 2. Let X',Y and Z be three finite sets. Two channels W € DMCy y and W' € DMCy 2
are equivalent if and only if MPy, = MPy,.

Proof: See Appendix A [ ]
Corollary 1. If W € DMCy y and rank(W') > | Z|, then W is not equivalent to any channel in DMCy z.

Proof: Since rank(W’) = |supp(MPy)| < |Z| for every W’ € DMCy z, it is impossible for W
and W' to be equivalent. [ |

Corollary 2. If |X| = 1, all channels with input alphabet X are equivalent.

VI. SPACE OF EQUIVALENT CHANNELS FROM X TO )
A. The DMCE@?J, space

Let X and Y be two finite sets. Define the relation Rg??y on DMCy y as follows:
YW, W' € DMCyry, WRE,W' < W is equivalent to 1",

It is easy to see that Rg?)y is an equivalence relation on DMCy y.

Definition 1. The space of equivalent channels with input alphabet X and output alphabet Y is the
quotient of the space of channels from X to Y by the equivalence relation:

DMCY), = DMCyxy /RY).

We define the topology 7;&03, on DMng?y as the quotient topology Tx y/ Rg??y,
Unless we explicitly state otherwise, we always associate DMCS??y with the quotient topology 7;503, .

For every W € DMCy y, let W e DMC()??), be the RS??y—equivalence class containing W.

Lemma 3. The projection mapping Proj : DMCy y — DMng?y defined as Proj(W) = W is continuous
and closed.

Proof: See Appendix B. [ ]
Corollary 3. For every W € DMCy y, Wis a compact subset of DMCy y.
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Proof: Since DMCy y is compact, then DMCE‘(’,y =DMCyy/ REQ)J, is compact as well.
Let Proj : DMCyy — DMC()??), be as in Lemma 3. Since Proj is closed and since {IW} is closed in
DMCy.y, {W} = Proj({W}) is closed in DMC()‘(’?y. Therefore, W = Proj~*({W}) is closed in DMCy y
because Proj is continuous. Now since DMCy y is compact, IV is compact as well. [ ]

Theorem 3. DMCEYO?), is a compact, path-connected and metrizable space.

Proof: Since DMCy y is compact and path-connected, DMCS?)J, =DMCyy / R()?)y is compact and
path-connected as well. 7 7

Since the projection map Proj of Lemma 3 is closed, Lemma 2 implies that the quotient space

DMCE??;V = DMCxy / Rg(;)y is upper semi-continuous. On the other hand, Corollary 3 shows that all

the members of DMC(A%, are compact in DMCy y. Therefore, the conditions of Theorem 1 are satisfied.
Since DMCy y is a metric space, it is Hausdorff and regular. Moreover, since it can be seen as a
subspace of RI*I'™ it is also second-countable. By Theorem 1 we get that DMCg?y = DMC xy/ R(O)

is Hausdorff, regular and second-countable, and from Theorem 2 we conclude that DMC Xy 18 separable
and metrizable. u

B. Canonical embedding and canonical identification
Let X,); and ) be three finite sets such that |);]| < |)k]. We will show that there is a canonical
embedding from DMC o Xy o DMC °) . In other words, there exists an explicitly constructable compact

subset A of DMC(O y, such that A is homeomorphlc to DMC . A and the homeomorphism depend
only on X', }; and y2 (this is why we say that they are canomcal) Moreover we can show that A depends
only on D/1| X and ).

Lemma 4. For every W € DMCy y, and every injection f from Y to Vo, W is equivalent to Dy o W.

Proof: Clearly Dy o W is degraded from W. Now let f’ be any mapping from ), to ); such that
F'(f(y1)) = w1 for every y1 € V1. We have W = (Dy o Dg) oW = Dy o (Dyo W), and so W is also
degraded from Dyo W. [ ]

Corollary 4. For every W, W' € DMCy y, and every two injections f,g from Yy to Yo, we have:
WRYL, W' & (DyoW)RE,, (Dyo W),

Proof: Since W is equivalent to D; o W and W’ is equivalent to D, o W', then W is equivalent to
W' if and only if Dy o W is equivalent to Dy o W'. [ |

For every W € DMCy yl, we denote the ny -equivalence class of W as W, and for every W e
DMCy y,, we denote the RX y,-equivalence class of W as W,

Proposition 3. Let [ : Vi — Y be any fixed injection between Y, and Y». Define the mapping F :
DMCS, — DMCY), as F(W) = Dy o W’ = Projy(DyoW"), where W' € W and Proj, : DMCyy, —
DMCS?Sy is the projection onto the R(O) ,-equivalence classes. We have:

o F is well defined, i.e., Proj,(Dy o W’) does not depend on W' € W.
o F'is a homeomorphism between DMC y, and F(DMCX », )

o F does not depend on f, i.e., I depends only on X,Y; and Ys.

. (DMCXy ) depends only on V1],

o For every W' € W and every W" € F(W), W' is equivalent to W".

Proof: Corollary 4 implies that Proj, (Do) = Proj,(DyolW”) if and only if W R, W'. Therefore,
Proj,(Ds o W') does not depend on W’ € W, hence F is well defined. Corollary 4 also shows that
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Proj,(Dy o W’) does not depend on the particular choice of the injection f, hence it is canonical (i.e., it
depends only on X', ); and )5).

On the other hand, the mapping W — D¢ o W is a continuous mapping from DMCy y, to DMCy y,,
and Proj, is contlnuous Therefore, the mapping W — Proj,(Dy o W) is a continuous mapping from
DMCyx y, to DMCY) ¥y, Now since Proj,(Dy o W) depends only on the RX y,-equivalence class W of
W, Lemma 1 1mphes that ' is continuous. Moreover, we can see from Corollary 4 that F' is an injection.

For every closed subset B of DMC()?), , B 1s compact since DMC Xy, 18 compact hence F (B)
compact because F' is continuous. This implies that F'(B) is closed in DMCY Xy, since DMCY) Xy, 18
Hausdorff (as it is metrizable). Therefore, /' is a closed mapping.

Now since F' is an in%'ection that is both continuous and closed, F' is a homeomorphism between
DMCE, and F(DMCY), ) ¢ DMCY), .

We would like now to show that F'( DMC XO Y ) depends only on |y1], X and )s. Let ) be a finite

set such that |V;| = |Vj|. For every W € DMCy 1, let W € DMCY
of W.

Let g : )3 — Y be a fixed bijection from ); to ) and let f' = f o g. Define F’ : DMC()‘; V=
DMC)?J, as F'(W) = Dm’ = Pron(Dfr o W'), where W' € W. As above, F' is well defined,
and it is a homeomorphism from DMCX o o F’( DMCX ! ) We want to show that F’(DMC

(DMC()??), ). For every W € DMCY.,,, let W’ € W. We have

X be the Rg??y{—equivalence class

Xy’)

XV
F'(W) = Projy(Dyr o W') = Projy(Dy o (Dy 0 W')) = F (D, o) € F(DMCY), ).

Since this is true for every W € DMC Xy We deduce that F’( DMC()‘; ! ) - F( DMC(/-,?V)),1 ) By exchang-
ing the roles of ), and ), and using the fact that f = f'og™!, we get F( DMCS??),I ) C F’( DMC()?)y{ )

We conclude that F( DMCg??yl ) =F'( DMCY ), which means that F (DMCS??),I ) depends only on

X,V
|y1|, X and yg.
For every W’ € W and every W” € F(W) = Dy o W/, W" is equivalent to Dy o W’ and Dy o W’ is
equivalent to W’ (by Lemma 4), hence W is equivalent to W’. [ |

Corollary 5. If |Vi| = |)s|, there exists a canonical homeomorphism from DMCXy to DMCX )
depending only on X,), and Y.

Proof: Let f be a bijection from ) to )s. Define the mapping F' : DMC Xy, — pMmcY Xy, as
F(W) = DfoW’ = PYOJZ(Df o W), where W’ € W and Proj, : DMCyy, — DMCXy is the
projection onto the RX7y2-equlvalence classes.

Also, define the mapping F” : DMC 0),2 % DMC oy as F(V) = D;?V’ = Proj;(Dy-1 0 V'),
where V' € V and Proj, : DMCy = DMCY x,y, 18 the projection onto the R y,-equivalence classes.

Proposition 3 shows that /' and F” are well defined.
For every W € DMCy y,, we have:

FEW) Y F(Dow) Y Do (Do W) =W,

where (a) follows from the fact that IV € W~and (b) follows from the fact that Do W € D/f\oT/V.
We can show similarly that F'(F'(V)) = V for every V € DMCy y,. Therefore, both F' and F’ are
bijections. Proposition 3 now implies that F' is a homeomorphism from DMCS??% to F(DMCS??M) =

DMCS?’)J,Q. Moreover, F' depends only on X', ); and ). [ |

Corollary 5 allows us to identify DMCE‘;?yl with DMCE,??),2 whenever |);| = [)s]. In the rest of this
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paper, we identify DMC(;?J, with DMC(;?M through the canonical identification, where n = || and

[n] =A{1,...,n}.

Moreover for every 1 < n < m, Proposition 3 allows us to identify DMC
subspace of DMC? X.m)]
DMCY X.jn] 1s a compact subspace of DMCY Xom]"

X.[n] with the canonical

that is homeomorphrc to DMC', .. In the rest of this paper, we consider that

X,[n]”

Intuitively, DMC( X[n J has a “lower dimension” compared to DMC . So one expects that the interior
of DMC(o 1n (DMC Xofm)’ 7'( [) }) is empty if m > n. The following proposrtron shows that this intuition
is accurate
Lemma 5. [f |X| > 2, then for every 1 < n < m, the interior of DMCS?)[R] in (DMC()?)[m}ﬂ;gO[)m]) is
empty.

Proof: See Appendix C. [ ]

VII. SPACE OF EQUIVALENT CHANNELS
We would like to form the space of all equivalent channels having the same input alphabet X'. The
previous section showed that if |))| = |)%|, there is a canonical identification between DMCE;”)J,1 and
DMC )? ,- This shows that if we are interested in equivalent channels, it is enough to study the spaces

DMCy [, and DMCY.  for every n > 1. Define the space

X, [n]

DMCy,. = [ [ DMCu

n>1

The subscript * indicates that the output alphabets of the considered channels are arbitrary but finite.

We define the equivalence relation RES)* on DMCy , as follows:
VIV, W' € DMCy ., WRS;)?*W’ & W is equivalent to W',

Definition 2. The space of equivalent channels with input alphabet X is the quotient of the space of
channels with input alphabet X by the equivalence relation:

DMCY), = DMCy.. /RY..

For every n > 1 and every W, W’ € DMCy,, we have WRES)*W’ if and only if WRE,?)[ ]W’ by

definition. Therefore, DMCy j,, / RX . can be canonically identified with DMCy ) / R = DMC

But since we identified DMC n 1O its image through the canonical embedding in DMC ) for every
m > n, we have to make sure t at these identifications are consistent with each other.

Remember that for every m > n > 1 and every W € DMCy j,), we identified W with D/fc/I/V, where

f is any injection from [n] to [m], W is the Rg?)[n]—equivalence class of W and D?cT/V is the Rg‘;)[m}—
equivalence class of Dy o IW. Since Dy oW is equivalent to W (by Lemma 4), W is Rg?)*-equivalent
to Dy o W for every W ¢ DMC X.[n]" We conclude that identifying DMC | to its image through the

canonical embeddrng in DMCY,  for every m > n > 1 is consistent with 1dent1fy1ng DMCx ) / RY X

&,[m]
to DMC X.n] for every n > 1. Hence, we can write

DMCY, = U DMogg?[n]

n>1
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For any W, W' € DMCy ., Proposition 2 shows that WRS?)* W' if and only if MPy, = MPyy. Therefore,
for every W e DMC /{,’ .» we can define the posterior meta- probability distribution of W as MP;, := MPy»

for any W’ € W. We also define the rank of W as rank(W) = | supp(MPy;)|. Due to Proposition 2, we
have

DMCY), = {W € DMCY), : rank(W) < n}.

n]_

A subset A of DMC()??* is said to be rank-bounded if there exists n > 1 such that A C DMC()??[H]. A
18 rank-unbounded if it is not rank-bounded.

A. Natural topologies on DMCE?,)*

Since DMC()??* is the quotient of DMCy , and since DMCy . was not given any topology, there is no
“standard topology” on DMCE??*.

However, there are many properties that one may require from any “reasonable” topology on DMCS?’)*.
For example, one may require the continuity of all mappings that are relevant to information theory such
as capacity, mutual information, probability of error of any fixed code, optimal probability of error of a
given rate and blocklength, channel sums and products, etc ... The continuity of those mappings under
different topologies on DMCS?)* is studied in [6].

In this paper, we focus on one particular requirement that we consider the most basic property required
from any “acceptable” topology on DMC()??*:

Definition 3. A ropology T on Dl\/ng?,)* is said to be natural if it induces the quotient topology T)éo[)n] on
DMCS?)M for every n > 1.

The reason why we consider such topology as natural because Dl\/lC o) ] is subset of DMC()‘;)* and the
quotient topology T(O[ ] is the “standard” and “most natural” topology on DMC . Therefore, we do

not want to induce any non-standard topology on on DMC ] by relativization.
Before discussing any particular natural topology, we would like to discuss a few properties that are
common to all natural topologies.

Proposition 4. Every natural topology is o-compact, separable and path-connected.

Proof Since Dl\/lC
{DMC Py [n]}n>1) DMCY X 18 O- compact and separable as well.

is the countable union of compact and separable subspaces (namely

X x

On the other hand, since ﬂ DMC X = DMC) Pty # ¢ and since DMC X[n) is path-connected for
n>1
every n > 1, the union Dl\/ng‘(’?* = U DMC()‘(’?[H} is path-connected. [ |

n>0

Proposition 5. If |X| > 2 and T is a natural topology, every open set is rank-unbounded.

Proof: Assume to the contrary that there exists a non-empty open set U € 7 such that U C DMCS?)[R]
for some n > 1. U N DMC;)[ ] is open in DMCX[ ] because 7 is natural. On the other hand,

Un DMC(O vy CUC DMCX[ - Lemma 5 now implies that U N pMCY

Xt = 9 Therefore,

U=UnNDMCY),, C UNDMCY) . =0,

which is a contradiction. [ ]
Corollary 6. If |X| > 2 and T is a natural topology, then for every n > 1, the interior of DMCE?)M in
(DMCE@?*,T) is empty.
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Proposition 6. If |X'| > 2 and T is a Hausdorff natural topology, then (DMCE@?*, T) is not a Baire space.

Proof: Fix n > 1. Since T is natural, DMCE?’)[n is a compact subset of (DMCS??*,'T). But 7 is
Hausdorff, so DMCE@?M is a closed subset of (DMC(A?}*, T). Therefore, DMCE@?* \DMC()‘(’?[H} is open.
On the other hand, Corollary 6 shows that the interior of DMCE\‘?’)M in (DMC(;?*, T) is empty. Therefore,
DMCY), \DMCY), , is dense in (DMCY,, 7).
Now since
N (DMCS@}* \DMcg‘;}[nﬁ — DMCY, \ (U DMC()??[n]) =g,

n>1 n>1

and since DMCS??*\DMC(;?M is open and dense in (DMCS??*,T) for every n > 1, we conclude that
(DMCE\?’)*, 7)) is not a Baire space. u

Corollary 7. If |X| > 2, no natural topology on DMCE@?* can be completely metrizable.

Proof: The corollary follows from Proposition 6 and the fact that every completely metrizable
topology is both Hausdorff and Baire. [ |

Proposition 7. If |X| > 2 and T is a Hausdorff natural topology, then (DMC()??*, T) is not locally compact
anywhere, i.e., for every We DMCE??*, there is no compact neighborhood of W in (DMCE??*, 7).

Proof: Assume to the contrary that there exists a compact neighborhood K of V. There exists an
open set U such that W € U C K.
Since K is compact and Hausdorff, it is a Baire space. Moreover, since U is an open subset of K, U
is also a Baire space.

Fix n > 1. Since the interior of DMCE?)M in (DMC()??*, T) is empty, the interior of U N DMCE?)M in

U is also empty. Therefore, U \ DMCE&)M is dense in U. On the other hand, since 7 is natural, DMCE\(;’)[”]

is compact which implies that it is closed because 7 is Hausdorff. Therefore, U \ DMCS?)M is open in

U. Now since
N (v\pMe,) = v (U DMCS@?M> =0,
n>1

n>1

and since U\ DMCES)M is open and dense in U for every n > 1, U is not Baire, which is a contradiction.
Therefore, there is no compact neighborhood of W in (DMCE@?*, 7). u

VIII. STRONG TOPOLOGY ON DMCS??*

The first natural topology that we study is the strong topology 7;(2* on DMC()??*, which is the finest
natural topology.

Since the spaces {DMCy [, }n>1 are disjoint and since there is no a priori way to compare channels
W € DMCy |, with channels W’ € DMCy 1 if n # n/, the “most natural” topology that we can define
on DMCy . is the disjoint union topology 7, v . = EBTXM. Clearly, the space (DMCuy ., Tsx.4) is

n>1
disconnected. Moreover, 7T, x . is metrizable because it is the disjoint union of metrizable spaces. It is

also o-compact because it is the union of countably many compact spaces.
We added the subscript s to emphasize the fact that 7; v . is a strong topology (remember that the
disjoint union topology is the finest topology that makes the canonical injections continuous).

Definition 4. We define the strong topology 7;(‘;()* on DMC()??J, as the quotient topology Ts x ./ RE@)*
We call open and closed sets in (DMCE\?’)*, ’7'(36)7*) as strongly open and strongly closed sets respectively.

S,
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Let Proj : DMCy ., — DMC )?* be the projection onto the R;*-equivalence classes, and for every

n > 1 let Proj, : DMCy ) — DMC be the projection onto the R X.[n ]—equivalence classes. Due to
the identifications that we made i 1n Sectlon VII, we have Proj(W) = Proj, (W) for every W € DMC X,[n)
Therefore, for every U C DMCY Yoo WE have

Proj (U) = | | Proj,"(U nDMCY, ).

n>1

hence,
UeT, & Proj'(U) € Tox.
Y Proj{(U) N DMCi o € T Vn > 1

& (H Proj; (U N DMC(;?W])> NDMCu ) € Taom V0 > 1

n/>1

& Proj, (UNDMCY), ) € Tapu ¥n > 1
4 vnpMcy),, e T, Va1,

where (a) and (c) follows from the properties of the quotient topology, and (b) follows from the properties
of the disjoint union topology.

We conclude that U C DMC()??* is strongly open in DMCE??* if and only if U N DMC(;?M is open
in DMC();’?[H} for every n > 1. This shows that the topology on DMC(O)n that is inherited from
(DMC ;*,7'33*) is exactly TO Therefore, T x. IS @ natural topology. On the other hand, if 7 is

S

an arbltrary natural topology and U € 7T, then U N DMC.  is open in DMC( for every n > 1, so

X,[n]
Ue 7; . We conclude that T v« 1s the finest natural topology.

We can also characterize the strongly closed subsets of DMC )?)* in terms of the closed sets of the
DMCS?)[H] spaces:

F'is strongly closed in DMC()??* & DMCS?)* \F'is strongly open in DMCE?)*

& (DMCS?* \F) NDMC', - is open in DMC = vn > 1

X, [n] X[]

& DMCX[]\<FHDMCX[]> is open in DMC?, . ¥n > 1

X,[n]
s Fn DMCX’[H] is closed in DMC)?)M VYn > 1.

Since DMCS?)M i1s metrizable for every n > 1, it is also normal. We can use this fact to prove that the

strong topology on DMC(O?* is normal:

Lemma 6. (DMCX o T f@ .) is normal.
Proof: See Appendix D. [ |
The following theorem shows that the strong topology satisfies many desirable properties.

Theorem 4. (DMC();*, T *) is a compactly generated, sequential and Ty space.

Proof: Since (DMCy ., T; x ) is metrizable, it is sequential. Therefore, (DMCE??*, TS(}) .), which is
the quotient of a sequential space, is sequential.
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Let us now show that DMCE,?* is Ty. Fix W e DMCg{ .. For every n > 1 we have {W}HDMCX oy 1
either ¢ or {W} depending on Whether W e DMC  Or not. Since DMC 1s metnzable itis 7y and SO
singletons are closed in DMCY X We conclude that in all cases {W} N DMC 1s closed in DMC'? X.[n]
for every n > 1. Therefore, {W} is strongly closed in DMC v+ This shows that (DMCX,*, T(OX)’*) is T}.

On the other hand, Lemma 6 shows that (DMC()??*, 7;(33*) is normal. This means that (DMC()??*, 7;(33*)
is Ty, which implies that it is Hausdorff.

Now since (DMCy ., 75 x «) is metrizable, it is compactly generated. On the other hand, the quotient
space (DMCS?)*,’Y;(?*) was shown to be Hausdorff. We conclude that (DMC&??*,TS(;)*) is compactly

generated. [ ]

Corollary 8. If |X| > 2, (DMC()??*, T *) is not locally compact anywhere.

Proof: Since 7;(2’\3* is a natural Hausdorff topology, Proposition 7 implies that 7;(33* is not locally
compact anywhere. [ |

Although (DMCy ., 75 x..) is second-countable (because it is a o-compact metrizable space), the
quotient space (DMCE,??*, 7;(33*) is not second-countable. In fact, we will show later that (DMCE,??*, 7;(33*)
fails to be first-countable (and hence it is not metrizable). This is one manifestation of the strength of the
topology T<; .- In order to show that (DMCS??*, 7;(2*) is not first-countable, we need to characterize the
converging sequences in (DMC X 7;(32 )

A sequence (WW,),>; in DMCX* is said to be rank-bounded if rank(W,) is bounded. (W), is
rank-unbounded if it is not bounded.

The followmg proposition shows that every rank-unbounded sequence does not converge in
(DMCY,. T.%.).

Proposition 8. A sequence (W,),o converges in (DMCS‘(’?*, ’7; X, *) if and only if there exists m > 1 such
that W, € DMCE?)M for every n.> 0, and (W,),>o converges in (DMC T(O[m])

Proof: Assume that a sequence (Wn)nzo in DMCS??* is rank-unbounded. This cannot happen unless
|X| > 2. In order to show that (TW,),>o that does not converge, it is sufficient to show that there exists
a subsequence of (Wn)n>0 which does not converge.
Let (Wnk>k>0 be any subsequence of (Wn)n>0 where the rank strictly increases, i.e., rank(W,,) <
rank(W,,,,) for every 0 < k < k’. We will show that (Wnk)k>0 does not converge.
Assume to the contrary that (Wnk)k>g converges to I € DMCg{ .. Define the set

A={W, : k>0\W.

For every m > 1, the set AHDMCX[ |
a finite union of singletons (which are closed in DMC O)g ), hence AN pMCY X,m] is closed in DMC
for every m > 1. Therefore A is closed in (DMCY Yoo T )

Now define U = DMC()?* \A. Since A is strongly closed U i1s strongly open. Moreover, U contains
W, so U is a nelghborhood of W. Therefore, there exists ky > 0 such that Wnk € U for every k Zﬁo-
Now since the rank of (Wnk)k>0 strictly increases, we can find k > ko such that rank (W, ) > rank(1).
This means that Wnk # W and so Wnk € A. Therefore, 1, ¢ U which is a contradiction.

We conclude that every converging sequences in (DMC ,j*, T(O) ,) must be rank-bounded.

Now let (W,)n>0 be a rank-bounded sequence in DMCY A 1-€., there exists m > 1 such that W, €
DMCY X.m)

since DMC

contains finitely many points. This means that AN DMC °) % is

X,[m]

S

for every n > 0. If (W,),>o converges in (DMC%*,T(X .) then it converges in DMCX ol

X is strongly closed.
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Y [m],T( x.m)) 1O W e DMC(O . Let O be any
neighborhood of TV in (DMC()Q*J; X*) There exists a strongly open set U such that WeUco.
Since U N DMCS)M is open in (DMC ’7;0[7”]) there exists 7o > 0 such that W, € U N DMCX[ |

for every n > ng. This implies that W E O for every n > ny. Therefore (Wn)nzo converges to W in
(DMCY, T2.). n

Conversely, assume that (Wn)n>0 converges in (DMC(O

Corollary 9. If |X| > 2, (DMC)?)*, T. 33 .) is not first-countable anywhere, i.e., for every W e DMCE,??*,

there is no countable neighborhood basis of W.

Proof: Fix We DMC ) x and assume to the contrary that W admits a countable neighborhood basis
{On}n>1 in (DMC;*, 7;)( .). For every n > 1, let U/ be a strongly open set such that W € U’ C O,,.

Define U,, = ﬂ U!. U, is strongly open because it is the intersection of finitely many strongly open sets.

Moreover, U, Z:Cl O,, for every n > m.

For every n > 1, Proposition 5 implies that U, (which is non-empty and strongly open) is rank-
unbounded, so it cannot be contained in DMCY .- Hence there exists W, € U, such that TV, ¢ DMC

Since W, ¢ DMCY v [n> We have rank(WW,) > n for every n > 1. Therefore, (W,,),>1 is rank- unbounded.
Proposition 8 implies that (WW,,),>; does not converge in (DMCS@’?*, 7;(33*)

Now let O be a neighborhood of T in (DMC()?*, A 33 .)- Since {0, }n>1 is a neighborhood basis for
W there exists ng > 1 such that O,, C O. For every n > ng, we have W el, C Ono This means that
(Wn)n>1 converges to W in (DMC%)*,T OX) .) which is a contradiction. Therefore, W does not admit a

S

countable neighborhood basis in (DMC )?7*, 7;(33*) u

A. Compact subspaces of (DMCES)*, T(OX) .)

S

It is well known that a compact subset of R is compact if and onl 1f 1t 1s closed and bounded. The
following proposition shows that a similar statement holds for DMC Yoo T X *)

Proposition 9. A subspace of (DMC()??*, 7; X, *) is compact if and only if it is rank-bounded and strongly
closed.

Proof: If |X| = 1, all channels are equivalent to each other and so DMCg?* — DMCY
point. Therefore, all subsets of DMC'Y x. are rank-bounded, compact and strongly closed.
Assume now that |X'| > 2. Let A be a subspace of (DMC()?)*,ﬁ(;)*) If A is rank-bounded and
strongly closed, then there exists n > 1 such that A C DMCE??[H}. Since A is strongly closed, then
A= AﬁDMCX[ | is closed in DMCX[ |
Now let A be a compact subspace of (DMCX*,T)g*) Since (DMCX*,T?Y)*) is Hausdorff, A is

strongly closed. It remains to show that A is rank- bouilded ’

Assume to the contrary that A is rank-unbounded. We can construct a sequence (Wn)nzo in A where
the rank is strictly increasing, i.e., rank(W,) < rank@Wn/) for every 0 < n < n'. Since the rank of
(Wh)n>o is strictly increasing, every subsequence of (W,,),>¢ is rank-u)nbounded. Proposition 8 implies

o

that every subsequence of (Wn>n20 does not converge in (DMC()??*, 7:,( x..)- On the other hand, we have:

X.[1] is a single

which is compact. Therefore, A is compact.

« A is countably compact because it is compact.
« Since A is strongly closed and since (DMCE,??*, ’7;(33*) is a sequential space, A is sequential.

« A is Hausdorff because (DMCS‘(’?*, 7'(0237*) is Hausdorff.

S,
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Now since every countably compact sequential Hausdorff space is sequentially compact [11], A must be
sequentially compact. Therefore, (WV,,),>o has a converging subsequence which is a contradiction. We
conclude that A must be rank-bounded. [ |

IX. THE NOISINESS METRIC ON DMC SPACES
Theorem 3 implies that DMCE?)M is metrizable for every n > 1. One might ask whether the spaces

DMC X, Aare “simultaneously metrizable” in the sense that we can define a metric d,, on DMC X.[n] for

every n > 1 in such a way that d,, is the restriction of d,,; for every n > 1. If this is the case, we can

then define a metric on DMC()??* = U DMCE,?)M as d(W,W') = d,(W,W’) for any n > 1 satisfying
n>1

W, W e DMCS‘;)M. In this section we will show that such metrics can be constructed.

A. Noisiness metric on DMC()??J,

For every m > 1, let Ap,«x be the space of probability distributions on [m| x X.
Let Y be a finite set and let W' € DMCy . For every p € Ap,«x, define P.(p, W) as follows:

P.(p,W)=  sup E p(u, 2)W (ylz)D(uly). (2)
DEDMCy ue[m]
TeX,
yey

P.(p, W) can be interpreted as follows: let (U, X) be a pair of random variables distributed according to
p, send X through the channel W, and let Y be the output of W in such a way that U — X — Y is a
Markov chain. Let U be the estimate of U obtained by applying a random decoder D € DMCy, ;. In
this interpretation, p can be seen as a random encoder. The probability of correctly guessing U by using

the decoder D is given by
S plu2)W (yl2) D(uly).

u€[ml,

TEX,

yey
Therefore, P.(p, W) is the optimal probability of correctly guessing U from Y. Note that we can take
the supremum in (2) over only deterministic channels D € DMC,, ;) because the optimal decoder can
always be made deterministic.

It is well known that if W is degraded from W’, then P.(p, W) < P.(p, W’) for every p € Apyxx and
every m > 1. It was shown in [14] that the converse is also true. Therefore, W is equivalent to W’ if
and only if P.(p, W) = P.(p, W’) for every p € Ap,xx and every m > 1. This shows that the quantity
P.(p, W) depends only on the Rg??y—equivalence class of W. Therefore, if W & DMCE??J,, we can define
P.(p,W) := P.(p, W') for any W' € W.

Define the noisiness distance dg??y : DMC()??), X DMCE??J, — R* as follows:

dg?,)y(Wh WQ) = sup |[Fu(p, Wl) — Pu(p, W2)|

m>1,
PEA[m]x x

It is easy to see that 0 < dgg)y(Wl, WQ) <1 for every Wl, W, € DMCS‘(’?D,. Moreover, we have:

d()?y(W W) = 0 for every W e DMC

« For every Wy, W, € DMCX s if d()?y(Wl,Wg) = 0, then P(p, Wy) = P.(p,Ws) for every p €
AA[m]X x and every m > 1, which implies that the channels in W1 are equivalent to the channels in
Wy, hence W, = Wh.

. d(éy(Wl, Wg) = df{??y(Wg, Wl) for every W, W, € DMCE,??J,.
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. dgyo?y(Wl, Wg) < dféj?y(Wl, WQ) + dE\??y(WQ, W3) for every Wb WQ, W3 € DMCE\??JJ
This shows that d()??y is a metric on DMC()??),. d()??y is called the noisiness metric because it compares the

“noisiness” of W, with that of Wy: if P.(p, Wl) is close to P.(p, Wg) for every random encoder p, then
W, and W, have close “noisiness levels”.

A natural question to ask is whether the metric topology on DMCS??J, that is induced by dg‘(’?y is the
same as the quotient topology 7}&03, that we defined in Section VI-A. To answer this question, we need
the following lemma.

Lemma 7. For every Wi, W, € DMCy y, we have:
A9 (Wi, Wa) < day(Wh, W),

where Wl and W2 are the Rg??y-equivalence classes of W1 and W5 respectively.
Proof: See Appendix E. [ ]
Proposition 10. (DMC Xy d(o) y) and (DMng?y, ’7;%,) are topologically equivalent.

A

Proof: Consider the projection mapping Proj : DMCyy — DMCS‘;)), defined as Proj(W) = W,
where W is the Rfé’?y-equivalence class of WW.

Lemma 7 implies that Proj is a continuous mapping from (DMCy y,dy y) to (DMC()??J,, dg??y). Now
since Proj(W) Proj(W’ ) whenever WRg?yW’ Lemma 1 implies that the identity mapping id :
DMCXy — DMCXy is contlnuous from (DMCXy, 7}3,) to (DMCXy, d ). We have:

o For every U C DMC y that is open in (DMCS?)y,d()??y), U =id ( ) € T)ﬁ‘@, because id is a

continuous mapping from (DMC XQ,,T)S);,) to (DMCS??J,, d‘;?y).

. For every U € 733, the set DMCY),\U is closed in (DMCY),, 747,) which is compact.
Therefore, DMC ) y \U is a compact subset of (DMCS?)J,, ’T )) Now since id is continuous from
(DMCXy,ﬁ(O%,) o (DMC()?J,,d,?y) DMC()?J,\U = zd(DMCXy\U) is a compact subset of
(DMCY Xy d(x)y) which is Hausdorff (because it is metrlc) This shows that DMC'? vy \U is closed in
(DMCS?)J,, d(o3 y), which implies that U is open in (DMCXy, dX y)

We conclude that U C DMCX,y is open in (DMCS?Q,, dx,)y) if and only if it is open in (DMC()‘(’?y, ’7;%,)
]

Corollary 10. (DMCS??y, d()??y) is a compact path-connected metric space.

The reader might be wondering why we considered and studied the quotient topology 7}%, while it is
possible to explicitly define a metric on the space DMCS?’)J,. There are two reasons:

o The definition of dg??y does not seem to be intuitive at the first sight and it is not clear why one
would adopt it as a standard metric on DMCE&)),. Just being a metric is not convincing enough. On
the other hand, the existence of a natural standard topology on DMC y makes the quotient topology
the most natural starting point.

o If one wants to show that a mapping f : DMCS??), — S is continuous from (DMCS??y,dg??y) to
a topological space (S,V), it is much easier t0 prove it through the quotient topology T/réoj), rather
than proving it directly usmg the metric d . Therefore, it is important to show the topological
equivalence between (DMCY) Vs dg()y) and (DMCE?J,, ngog,)

It is worth mentioning that in the proof of Proposition 10, the only topological property of

(DMCS??J,, T)éog,) that we used is its compactness. This means that we do not need Lemma 3 to prove
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Theorem 3. An alternative proof of Theorem 3 would be to show the compactness and path-connectedness
by inheriting those properties from DMCy y, and then show that (DMC(A%,, 7;5‘)%,) is topologically
equivalent to (DMC()??y, dg??y) as in Proposition 10.

The main reason why we restricted ourselves to topological methods in Section VI-A is because they
might be useful if one wants to generalize our results to spaces of non-discrete channels. It might not be
easy to find an explicit metric for those spaces, or even worse, those spaces might fail to be metrizable.
Therefore, one might want to prove weaker topological properties such as being Hausdorff and/or regular.
In such cases, the methods of Section VI-A might be useful.

B. Noisiness metric on DMCS??*

For every Wy, W, € DMCE?)*, define the noisiness metric on DMCS??* as follows:
d()?)*(VV, W) = dg? [n](W’ W') where n > 1 satisfies W, W’ € DMC()??[n]

d °) (W W) is well defined because dg??[n](W,W’) does not depend on n > 1 as long as W, W’ &

DMC We can also express dg?)* as follows:

X,[n]”

AL (Wi, Wo) = sup  [Bu(p, W) = Pa(p, Wa)|
pegb[il];x

It is easy to see that d') Y.« 18 @ metric on DMC .. Let T;’i be the metric topology on DMCE;)’)* that is
induced by av X .. We call 7;5, the noisiness topology on DMC ; .

Clearly, TX is natural because the restriction of d'? X ON DMCY X.jn] is exactly d( X.[n)* and the topology
induced by dEY,[n] is 7}71 If |X| > 2, Proposition 7 and Corollary 7 imply that (DMC A d )?*) is not
complete nor locally compact

Since T v 1s the ﬁnest natural topology, 7;( X) . 18 finer than TX .. On the other hand, if |X| > 2, T
is metrlzable and T v« 18 not (because it is not first- countable) Therefore, if | X| > 2, the strong topology
7; ¥ 18 strictly finer than the noisiness topology TX,*'

It is worth mentioning that Propositions 8 and 9 do not hold for (DMCE??*, ’T(O) .). It is easy to find a
rank-unbounded sequence {1V, },,~o which converges in (DMCS?)*, 7}502) to a point W € DMCY Y The
set {W, : n >0} U{W} is clearly compact and rank-unbounded. ’

X. TOPOLOGIES FROM POSTERIOR META-PROBABILITY

We saw in Section VIII that for every W e DMCS??*, a posterior meta-probability distribution MP;, on
A X is defined. Moreover, Proposition 2 implies that W is uniquely determined by MP ;. Therefore, each
R( .-equivalence class in DMC . can be identified with its posterior meta-probability dlstrlbutlon On the
other hand, Proposition 1 shows that the collection of posterior meta-probability distributions of channels
with input alphabet X" is the same as the collection of balanced and finitely supported meta-probability
measures on X.

Therefore, the mapping W — MPy;, is a bijection from DMCE,??* to MPys(X). We call this mapping
the canonical bijection from DMCS‘(’?* to MP,¢(X). Similarly, the inverse mapping is called the canonical
bijection from MPys(X) to DMCS??*.

Since Ay is a metric space, there are many standard ways to construct topologies on MP(X). If we
choose any of these standard topologies on MP(X) and then relativize it to the subspace MPy;(X'), we
can construct topologies on DMCE@?* through the canonical bijection.
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We saw in Section III-D that there are three topologies that can be constructed on MP(X): the total
variation topology, the strong convergence topology, and the weak-* topology. But since every measure in
MPys(X) is a finitely supported Radon measure, strong convergence and total variation convergence are
equivalent in MP;;(X) (see Section III-D). Therefore, it is sufficient to study the total-variation topology
and the weak-* topology. We will start by studying the weak-* topology because it is more interesting.

A. Weak-x topology

We first note that in the case of binary input channels, the weak-* topology is equivalent to the topology
induced by the convergence in distribution of D-densities (or L-densities, or G-densities) that was defined
in [3].

Consider the topology on DMCE,??* that is obtained by transporting the weak-* topology from MP;(X)
to DMCS??* through the canonical bijection F¢,,, i.e., we let U C DMCE@?* be open if and only if F_1(U)

is weakly-* open. We will call this topology the weak-* topology on DMC()??*.

In this section, we show that the weak-* topology is the same as the noisiness topology 7;50,2 We will
show this using the Wasserstein metric.

Since Ay is complete and separable, the 15/-Wasserstein distance metrizes the weak-* topology [13].
Therefore, in order to show that the weak-x topology and the noisiness topology 7;202 are the same,
it is sufficient to show that the canonical bijection F,, from (MPys(X), W) to (DMC()??*,dg??*) is a
homeomorphism.

Note that since Ay is compact, the metric space (MP(X), W7) is compact as well [13].

Lemma 8. For every W, W' € DMC()??*, we have d()?)*(W, W) < |X|- Wi(MPy,, MPy,).
Proof: See Appendix F. [ |

Lemma 8 can also be expressed as follows: for every MP,MP' € MP,(X), we have
d()é’?*(Fcan(MP),Fcan(MP’)) < |X| - Wi (MP,MP’). This shows that the canonical bijection F,, is
continuous. Therefore, the weak-* topology is at least as strong as 7}02 It remains to show that F_! is

can

continuous. One approach to prove the continuity of F_! is to find a lower bound of dg??*(W, W’ ) in

can
terms of the Wasserstein metric, but this is tedious. We will follow another approach in order to show

that the canonical bijection F¢,, is a homeomorphism. We need the following proposition:
Proposition 11. The weak-x closure of MPy;(X) is MP,(X).
Proof: See appendix G. [ |

Theorem 5. The weak-+ topology on DMC()??* is the same as the noisiness topology T)ﬁ"j

Proof: Let (DMCES?*, 3(;)*) be a completion of (DMC()??*, dg?)*) Since MP,(X) is the weak-x* closure
of MPy¢(X) (Proposition 11), we can extend the canonical bijection Fi,, : MPps(X) — DMCE??* to a
mapping F : MPy(X) — DMC();)?* as follows:

F(MP) = lim F.,,(MP,,), 3)
n—oo
where (MP,,),,>¢ is any sequence in MP,(X) that converges to MP € MP,(X), and where the limit

in (3) is taken inside DMCE;*. In order to show that F is well defined, we have to make sure that the
limit in (3) exists and that it does not depend on the sequence (MP,,),>o.

Since the sequence (MP,),>o converges, it is a Cauchy sequence. Therefore for every ¢ > 0 there
exists 1o > 0 such that for every ny,ny > 1 we have W (MP,,,,MP,,,) < ﬁ By Lemma 8, we have

C_iE\f,)*(F’can(NIPru)a Fcan(MPnz)) = dE\(’),)* (Fcan(MPnp Fcan(MPnQ)) S ‘X‘ : Wl (MPTH ) MPn2> <€



26

Therefore, (Fian(MP,,))n>0 is a Cauchy sequence in (DMCS?*,EE??*) which is complete, hence the limit
in (3) exists. Now assume that (MP!),,>o is another sequence in MP;(X) which converges to MP. We
have:

lim 5, (Fean(MP,,), Fean(MP?)) = lim d, (Fran(MP,,), Fean(MP",))

n—oo n—oo

(0)

(a)
< lim |X|- Wy (MP,,,MP") £ 0,
n—oo

where (a) follows from Lemma 8 and (b) follows from the fact that (MP,,),>o and (MP/,),,> converge to

the same point. Therefore, (Fean(MP;,))n>0 and (Fean(MP},)),>0 converge to the same point in D—MCES)*

We conclude that F is well defined.
Now fix MP, MP" € MP,(X) and let (MP,,),,>0 and (MP},),>o be two sequences in MP,;(X) that
converge to MP and MP’ respectively. We have:

a3, (FOMP), F(MP')) = ), ( 1im Feun(MP,), lim Feu, (MP,))
’ ’ n—>00 n—>00

D Yim @Y (Fran(MP,,), Faan (MP,))

n—oo

= lim d, (Fuan(MP,,), Fean(MP.))
n—00 ’

() .

< lim |[X]- W,(MP,,, MP,) £ || - W, (MP, MP'),
n—oo

where (a) and (c) follow from the fact that metric distances are continuous, and (b) follows from Lemma 8.
Therefore, F is continuous from (MP,(X), W) to (DMCE\??*, ES)*) Moreover, since MPy(X) is weakly-
* closed in MP(X) which is compact, MP,(X) is compact under the weak-* topology. Therefore for

every weakly-* closed subset A of MP,(X), A is compact and so F(A) is compact in (DMCE,?L,&E??*)

which is Hausdorff. This implies that F'(A) is closed in (DMCES?*,ES??*) for every weakly-* closed subset

A of MPy(X). Therefore, F is both continuous and closed. In particular, F(MP(X)) is closed in
(DMCy,,d%). But F(MPy(X)) D F(MPys(X)) = Fun(MPy(X)) = DMC,, and DMCY. is
dense in (D—l\/ICg?)*,c_l(;)*) Therefore, we must have F(MP,(X)) = D—MCgi)* We conclude that F is a
homeomorphism from (MP,(X), W;) to (D—I\/ICS?)*,C_ZE,?)*)

Now since F(MPy(X)) = DMCY),, the restriction of F' to M7Py(X) is a homeomorphism from
(MPyp(X), W7) to (DMC()??*,d()??*). But the restriction of F' to MPy(X) is nothing but F,,. We
conclude that the canonical bijection is a homeomorphism from (MP(X), W) to (DMCE??*,dS??*).

Therefore, the weak-* topology on DMCS??* is the same as the noisiness topology 7}02 [ ]

Since (MPy(X), W1) is homeomorphic to (DMCS’)*, c_l()??*), we can interpret this by saying that DMC();)?*
is the space of all equivalent channels with input alphabet X and arbitrary output alphabet (with arbitrary

cardinality). Moreover, since DMCS??* is dense in (DMC(;?*,E(;?*), we can say that any channel with
input alphabet X can be approximated in the noisiness/weak-* sense by a channel having a finite output
alphabet.

B. Total variation topology
The total-variation metric distance dg?‘)/ X ON DMCS‘(’?* is defined as
Ay e o (W, W) = [IMPy, = MPyy, ||y

The total-variation topology TT(‘O/) ¥ 18 the metric topology that is induced by dg)‘)/ X ON DMCE??*. We
will refer to the open sets (respectively, closed sets, compact sets, ...) of 7'T(€/) x.. as TV-open (respectively,
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TV-closed, TV-compact, ...). The same notation is also used for open sets of MP;(X), MP,(X) and
MP(X) in the total variation topology.

Proposition 12. If |X| > 2 and n > 2, then DMCX[  is not TV-compact in DMC(O)

1 1 ) . e
Proof: Let p,p’ € Ay be such that p # p’ and 3P + ép’ = mx, Where 7y is the uniform distribution
on X. For every n > 1, define p,,p,, € Ay as

1 1
pn=—p+|1l—-—)7x,
n n

, 1
p+11——|7my.
n

Now let MP,, = %5pn + %6% , where d,,, and J,, are Dirac measures centered at p,, and p;, respectively.
Clearly, MP,, is balanced and finitely supported for every n > 1. Let W,, = Fi,,(MP,,). We have

| supp(MPy;, )| = | supp(MP,,)| = [{pn, 1, }| = 2.

Therefore, W, € DMCS?)[Q} C DMCE?)[W] for every n > 1 and every m > 2. It is easy to see that

and

Py, =

S|

1 1
Clearly, 5Pn + ip; = my for every n > 1.

dt VX*(WM,W ) = || MP,, —MP,,, |lrv =1 for every ny > n; > 1. Therefore, no subsequence of

(MP,, )n>1 can converge. This means that DMCY. s not sequentially compact for any m > 2. Now

X[ ]
since T Tv.x . 18 metrizable, we conclude that DMCY X.[n] is not compact for any n > 2. [ ]

Corollary 11. If |X| > 2, then ’TT(‘O/) x.« is not a natural topology.

Proof: If 7}(‘0/) x. Were natural, DMCY)

X2 would be compact, and this is not the case. [ |

Since the noisiness topology is the same as the weak-* topology, T;,goi is coarser than TT(f/) x4 On the

other hand, since 7}503 is natural and 7}1/ x. 18 NOL, 7}502 is strictly coarser than 7}(3) x.. When [X] > 2.
Note that the sequence MPn 1n the proof of Proposmon 12 converges in the strong topology because
of Proposition 8. Therefore, 7' v« 1s not finer than 7}‘/ X

Although 7}(3 x.« 18 not a natural topology itself, it has many properties of natural topologies.
Proposition 13. If |X| > 2, every non-empty TV-open subset of DMCS??* is rank-unbounded.

Proof: Let U be a non-empty open set of DMCE??*. Let W € U and let € > 0 be such that W' € U

whenever dg?‘), X’*(W, W) < e
Let p, ', p, and p/, be as in Proposition 12. Define MP,, € MP(X) as follows:

E) MPW + 8% . Z((Spi + 5p§).

MPn:(1—4

1=

Clearly, MP,, is balanced and finitely supported, so MP,, € MP;;(X’). Moreover,
o €
Ay e (Fean(MPr), W) = [MPy = MP iy < 5 < e

Therefore, Fi..,(MP,) € U for every n > 1. On the other hand, supp(MP,) D {p;,p; : 1 < i < n},
which means that |supp(MP,,)| > 2n and so F..,(MP,,) ¢ DMCS??M for every n > 1. We conclude that
U is rank-unbounded. [ ]
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Corollary 12. If |X| > 2, the TV-interior of DMC()??[H] in DMCS‘(’?* is empty.

Note that the sequence (Fia,(MP,,))n>0 in the proof of Proposition 13 is rank-unbounded and converges
in total variation to /. Proposition 8 implies that (Fiy(MP,)),>0 does not converge in (DMCS?)*)
Therefore, ’TT(@) x. 18 not finer than 7;(})*

Although DMCE??M is not TV-compact if |X'| > 2 and n > 2, it is TV-complete:

Proposition 14. For every n > 1, DMC&?’)M is TV-complete in DMCS??*.

Proof: Let MP,,(X) be the set of balanced meta-probability measures whose support is of size at
most n:

MPyn(X) ={MP € MP,(X): |supp(MP)| < n}.

Since (DMCS?M, dg?‘)/yx,*) is isometric to (MPy,(X), | - |l7v), and since (MP(X), | - ||rv) is complete,
it is enough to show that MP,,(X) is TV-closed in MP(X).

Let MP be in the TV-closure of MP,,(X). Since we are working in a metric space, there exists a
sequence (MP,,,),,>0 in MPy,,,(X') that TV-converges to MP. Assume that MP ¢ MP,,,,(X). There exist
D1y .-+, Pny1 € Ay that are pairwise different and which satisfy MP(p;) > 0 for every 1 < i < n+1. Since
(MP,,,)m>0 TV-converges to MP, there exists m, > 0 such that MP,, (p;) > 0 for every 1 <i <n+ 1.
This contradicts the fact MP,,, € MP,,(X). Therefore, MP € MP,,,(X) for every MP in the TV-

closure of MPy,,,(X). This shows that MP,, ,(X) is TV-closed. Therefore, DMC x.[n) 18 TV-complete in
(0)
DMCY.. n

Proposition 15. If |X| > 2, (DMCS??*, ’TTV x..) is neither Baire nor locally compact anywhere.

Proof: Since DMC()?)M is TV-complete, it is TV-closed. Since it also has empty T V-interior, the same

techniques that were used for natural topologies in Section VII-A can be applied for TT(;) X [ ]

The above proposition shows that (DMCS??*, TT(;) x..) cannot be completely metrized. Note that since

(DMC;*,dg?VX .) is isometric to (MPys(X),] - |l7v), and since (MP(X),| - ||7v) is complete, the

completion of (DMCA?)*, dTVX .) 18 isometric to the closure of MPy¢(X) in (MP(X),||-||rv). It can be

shown that the TV-closure of Mbe( ) in MP(X) is the set of all balanced and countably supported

meta-probability measures on X. Therefore, the completion of (DMCES?*, dg’& x..) can be thought of as

the space of equivalent channels from X to a countably infinite output alphabet. This allows us to say
that any channel with input alphabet A and a countable output alphabet can be approximated in the total
variation sense by a channel having a finite output alphabet.

XI. THE NATURAL BOREL 0-ALGEBRA ON DMCS?)*

Let 7 be a Hausdorff natural topology on DMCS??* Since T ‘v 1s the finest natural topology, we have
T C 'TX* Therefore, B(T) C B(Tsx*)

On the other hand, for every U € T v, and every n > 1, we have Un DMCX [n] € T v But T is a
natural topology, so there must exist U € T such that U, NDMCY Xn] = =U ﬂDMCE,( - Since U,, € T, we
have U,, € B(T ). Moreover, DMCY v.[n 18 T-closed (because it is compact and 7" is Hausdorff). Therefore,

DMCS??M € B(T). This implies that U N DMCE,?[ = Un N DMC(O) | € B(T), hence

U=|JWnDMCY), ) € B(T).

n>1
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Since this is true for every U € TX*, we have TX* C B(T) which implies that B(TX*) C B(T).

S

We conclude that all Hausdorff natural topologies on DMC ’* have the same o-algebra. This o-algebra
deserves to be called the natural Borel o-algebra on DMC o)

Note that for every n > 1 the inclusion mapping i, : DMC X DMC(O)* is continuous from
(DMCS??M, T(O) ) to (DMC Ao T ;3 *) hence it is measurable. Therefore, for every B € B(T.% X, ) ), w

S, S,

have i, '(B) = B N DMC n] € B(T o) In the followmg, we show a converse for this statement.

Fix n > 1 and let U € 7;( There exists U’ € TX* such that U = U’ N DMCX[ Since U’ and
DMC x.[n] are open and closed in the topology ’T X respectrvely, they are both in its Borel o- algebra.
Therefore u=U0n DMCS??M € B(T(X ,) for every U € T . This means that T xfn C 8(7; X, ) ) and
B(T ) C B(T(O) ) for every n > 1.

Assurne now that A C DMC . satisfies AN DMC ] € B(T On]) for every n > 1. This implies that
AN DMCS?’)[R] € B(T(X ,) for every n > 1, hence

A=[JANDMCY)) € BT.3.)-

n>1

We conclude that a subset A of DMC(;?* is in the natural Borel o-algebra if and only if AN DMCE@?M €
B(T)go[)n}) for every n > 1.

XII. CONCLUSION

The fact that the noisiness and weak-* topologies are the same gives us more freedom in proving
theorems. Statements that can be hard to prove using the weak-* formulation might be easier to prove
using the noisiness formulation. For example, the convergence of the polarization process is slightly easier
to prove in the noisiness formulation [8].

The strong topology is too strong to be adopted as the “standard natural topology”. However, it can
still be useful because it is relatively easy to work with as it has a quotient formulation. Moreover, since
it is finer than the noisiness/weak-* topology, many statements that are true for the strong topology are
also true for coarser topologies, e.g., any sequence that converges in the strong topology also converges
in the noisiness/weak-* topology.

Although the total variation topology is not natural, it can still be useful because it is finer than the
noisiness/weak-* topology.

Many interesting questions remain open: Are all natural topologies Hausdorff? Can we find more
topological properties that are common for all natural topologies? Is there a coarsest natural topology? Is
there a natural topology that is coarser than the noisiness/weak-* one?

Finding meaningful measures on DMCS??* might be challenging. One might be tempted to require

that the measure of DMCE‘;[ ]

“infinite dimensional”. On the other hand, if DMCS?)M has a zero measure for every n > 1, the whole

should be zero because it is “finite dimensional” whereas DMCS‘;)* is

space DMCg?L will have a zero measure because it is a countable union of those subspaces. However,
statements such as “the property X is true for almost all channels” can still make sense. One possible
definition of null-sets is as follows: for every set A in the natural Borel o-algebra, we say that A is a null-

set if and only if there exists ny > 1 such that P, (Proj; 1(A N DMCE??MD = 0 for every n > ng, where
Proj,, is the projection onto the R(;,)[n} -equivalence classes and P, is the uniform probability measure on
DMCyx ) = (A[n])X . Another possible definition, which is weaker, is to say that A is a null-set if and
only if lim P, (Projgl(A N DMcg‘;)[n])) —0.

n—oo 5
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As we stated in the introduction, the standard weak-* approach is not possible in the quantum setting
because there is no quantum analogue for the conditional probability of the input given the output. On
the other hand, since the strong topology and the noisiness metric are defined in terms of the forward
transition probabilities, they can be generalized to the quantum setting. Perhaps this is the most important
application of this work because, to the best of our knowledge, no topology were previously constructed
for equivalent quantum channels. The standard metric that is used to compare quantum channels is the
diamond norm [15], but it only compares quantum channels having the same input and output state spaces,
and it does not compare equivalence classes of quantum channels.
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APPENDIX A
PROOF OF PROPOSITION 2

For every A C Ay, let conv(A) be the convex hull of A. We say that p € A is convex-extreme
if it is an extreme point of conv(A), i.e., for every pi,...,p, € conv(A) and every Ai,..., A, > 0

satisfying Z A; =1 and Z Aip;i = p, we have p; = ... = p, = p. It is easy to see that if A is finite,

i=1 i=1
then the convex-extreme points of A coincide with the extreme points of conv(A). We denote the set of

convex-extreme points of A as CE(A).

Let W € DMCy y and W' € DMCy z be such that W' is degraded from 1. There exists V€ DMCy, z
such that W/ =V o WW. Let X be a random variable uniformly distributed in X, let Y be the output of
W when X is the input, and let Z be the output of VV when Y is the input in such a way that X —Y — 7
is a Markov chain. Clearly, Py x(z|x) = W'(z|z) for every (z,2) € X x Z.

For every z € Z, we have:

Pi(z) = Pz(z ZPY )Pziv (2]y) = Z V(zly) Py (y)- “)
yey y€Im(W)

Define V! € DMCIm(W’),Im(W) as
Py(y)Pgy(zly) V(= |3/) ( )

Pg(z) Y V(= ()

y' €lm(W)

Note that for every (y, z) € Im(W) x Im(WW’), we have V~!(y|z) = 0 if and only if V(z]y) = 0.
For every (z,2) € X x Im(W’), we have:

V' (ylz) = Pyiz(ylz) =

Wz{_1< ) PX\Z ZPXY|Z X y| Z PX7y|Z(JI,y|Z)
yey yEeY,
Py (y)>0
_ (a) ~1
= Z Pyz(y|2) Pxyy,z(zly, 2) = Z V7 (ylz) Pxyy (zly) )
y€lm(W) yEIm(W)
= Y VW, (),
y€lm(W)

where (a) follows from the fact that X — Y — Z is a Markov chain.
Equation (5) shows that for every z € Im(W’), we have

W, e conv({W, ! - y € Im(W)}) = conv(supp(MPy)).
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Therefore,

conv(supp(MPyy)) = conv({W/™ : z € Im(W’)}) C conv(supp(MPy)). (6)

Now for every p € Ay, define
Y, i={y€Im(W): W '=ph

y
Similarly,
Zy={ze€Im(W'): W/t =pl

Let pe,; € CE(supp(MPyy)) and let 2 € Z. Equation (5) shows that z € Z,,_, if and only if V! (y|z) =
0 for every y ¢ YV,..,- Now since V(y|z) = 0 < V(z|y) = 0 for every (y,z) € Im(WW) x Im(W"), we

have z € Z, , if and only if V(z|y) = 0 for every y ¢ ), ,,. Therefore,

MPyw/(pewr) = > Pin(2) 2 Y S ViR )

Zezpezt ZeZpezt yeIm(W)

®)

=2 2 VEWRW s Y 3 VEWRG) )
Zezpezt yeypezt ZEIIH(W’) yeypczt

= Y Py(y) = MPy (pear),
yeypezt

where (a) follows from Equation (4), and (b) follows from the fact that for every y ¢ V..., we have
V(zly) = 0.

Now assume that W and W’ are equivalent. Equation (6) (applied twice) implies that we must
have conv(supp(MPy)) = conv(supp(MPy )) which implies that supp(MPy~) and supp(MPy)
have the same convex-extreme points. Now fix a convex-extreme point p.,; € CE(supp(MPy~)) =
CE(supp(MPyy)). Equation (7) (applied twice) implies that MPyy (pest) = MPw+ (pest). By using Equation

(7) again we obtain:
2. 2 VEwRWw = 3. > VERP©)

Zezpext yeypext ZGIm W/) yeype:ct

> > V() Py (y) =0

z€lm(W\Zp, s Y€V peay

hence

But Pg, (y) > 0 for every y € ypm Therefore, for every z ¢ Z, ., and every y € ), ,,, we must have
V(z]y) = 0 (which implies that V' ~!(y|z) = 0). We conclude that for every 2z € Im(WW’) \ Z,_,,, we can
rewrite Equations (4) and (5) as:

Pext

Piu(z)= Y V(PR

yelm(W)\prTt

wot= Y VWt

yeIm(W)\Vpp

and

We can now repeat the above argument but on supp(MPy) \ {pes:} and supp(MPy) \ {pest} instead of
supp(MPyy ) and supp(MPy ). We deduce that conv(supp(MPy )\ {pext }) = conv(supp(MPy )\ {pest })
s0 supp(MP )\ {pest } and supp(MPyy+ )\ {pess } have the same convex-extreme points. We can also prove
that MPyw (p,,) = MPy~(p.,,) for every pl., € CE(supp(MPy~) \ {pext}) = CE(supp(MPyw) \ {pext})-

Notice that any point of supp(MPyy) (respectively supp(MPy)) becomes convex-extreme after remov-
ing a finite number of elements from supp(MPy) (respectively supp(MPyy)). Therefore, after inductively
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applying the above argument a finite number of times, we can deduce that supp(MPy,) = supp(MPy)
and MPy (p) = MPy(p) for every p € supp(MPy ) = supp(MPy), hence MPy, = MPyy..

Now let W € DMCy y and W’ € DMCy z be any two channels satisfying MPy, = MPy,,. We have
supp(MPy ) = supp(MPy), and for every p € supp(MPy ) = supp(MPy), we have
> Pi(y) = MPw(p) = MPun(p) = Y Pi(2).

yEYp z2€EZ,

Define the channel V' € DMCy z as

1
| IPO )
Vizly)=q W\ i e Im(W) and 2 € 2,
NPy (17, ) ify € Im(W) and z € Wit
0 otherwise.

A simple calculation shows that Z V(z|y) = 1 for every y € ), so V is a valid channel.

z€Z
Notice that for every (y, z) € Im(W) x Im(W’), we have:

2€ 2y & WIi=W" & ye Yy

Moreover, if z € Im(W’) and y € Yy,,-1, we have MPy. (W, ") = MPy (W,~"). Therefore, we can
rewrite V' as:

Pg.(2) ,
W if z € Im(W’) and y € sz/—l,
— 1
Ve =9 = ify ¢ Im(W),
12|
0 otherwise.

Let W/ =V oW € DMCy z. For every z € Z \ Im(W’), Equation (4) implies that:
o o (@) o
y€Im(W)

where (a) follows from the fact that V(z|y) = 0 if y € Im(W) and z ¢ Im(W").
On the other hand, for every z € Im(1/’), Equation (4) implies that:

Pyu(z)= > V(zly)Py( Z ﬁ%’w()

y€Im(W) yEy

: ﬁéﬁz R = S P (1) = R )

Therefore, Pg,.(z) = P§.(z) for every z € Z, which implies that Im(W") = Im(W").
Now define V! € DMCrywy imw) as

V(zly) Py (y )
S VEW)PLY)

y' €Im(W)

Viylz) =
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Equation (5) implies that for every z € Im(W"” ) = Im(W’ ), we have:

Wit =Y vilylewy ! Z Vo (ylw,
yelm(W) yEy w!
S vigawi Y S vyt =w
yEyW;l y€Im(W)

where (a) and (b) follow from the fact that for every (y, z) € Im(W) x Im(W"), we have V~!(y|z) =
if and only if V' (z]y) = 0.

We conclude that P35, = Pg., and for every z € Im(W"”) = Im(W’), we have W/~! = W/L
Therefore, W/ = W" =V o W and so W’ is degraded from . By exchanging the roles of W and W’
we get that W is also degraded from W', hence W and W' are equivalent.

APPENDIX B
PROOF OF LEMMA 3

We need the following lemma:
Lemma 9. The relation RE??), is closed in DMCy y x DMCy y.
Proof: Define the mapping f : (DMCy y)? x (DMCy y)? — (DMCx y)* as:
fOW W' V.V =WV oW W VoW).

f is continuous because channel composition is continuous.
Define the set A C (DMCy y)* as:

A= {(W,W,W,W') . W,W' € DMCq.}.
It is easy to see that A is a closed subset of (DMCy y)*. We have:
FHA) = {(W, W, V, V") € (DMCay)? x (DMCyy)?: V' o W' =W, VoW = W'}

Since f us continuous and since A is a closed subset of (DMCyx )%, f~!(A) is a closed subset of
(DMCy y)? x (DMCy y)? which is compact. Therefore, f~!(A) is compact.
Now define the mapping g : (DMCy y)? x (DMCy y)? — (DMCy y)? as follows:

gW, W' v,V = (W, W").

Since g is continuous and since f~'(A) is compact, g(f~'(A)) is a compact subset of DMC? ,,. Now
notice that

g(f 1 (A) = {(W. W) € (DMCxy)*: IV, V' € DMCy,y, (W, W', V. V') € f~1(A)}
= {(W,W') € (DMCxy)?: 3V,V' € DMCyy, VoW =W, VoW = W'}
= {(W,W') € (DMCxy)?: W is equivalent to W'}
= {(W, W) € (DMCxy)?: WRE, W'} = RY),.
We conclude that jo?y is compact, hence it is also closed because (DMCy y)? is a metric space. |

Now we are ready to prove Lemma 3:

Let Proj : DMCyy — DMCY), be defined as Proj(W) = W. The continuity of Proj follows from
the definition of the quotient topology.

Now let A be a closed subset of DMCy y. We want to show that Proj(A) is closed.
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Since A is closed in DMCy y, the set DMCy y x A is closed in (DMCy y)2. On the other hand, RE,??J,
is closed in (DMCy y)? by Lemma 9. Therefore, (DMCy y X A) N Rfé’?y is closed in (DMCy y)? which
is compact, hence (DMCy y xA) N Rg??y is compact. We have:

(DMCuy xA) N RY), = {(W,W') € (DMCyy)?: WRE, W’ and W' € A}.
Now define the mapping g : (DMCy y)* — DMCy y as
g(W, W'y = W.

Let A := g((DMCyy X A) ﬂRfé’,)y). Since g is continuous and since (DMCy y x A) ﬂRE@?y is compact,
Apg is also compact. We have:

Ap={W € DMCyy: 3IW' € A, WRY,W'} = Proj~" (Proj(A)).

Since DMCy y is a metric space and since Ay is compact, Proj ' (Proj(A)) = Ag is closed in
DMC,y. On the other hand, we have Proj~" ( DMC{, \ Proj(A)) = DMCyx,y \ Proj " (Proj(A)), hence
Proj~' (DMCY), \ Proj(A)) is open in DMCy,y, which implies that DMCY), \ Proj(A) is open in
DMCS?’)J,. Therefore, Proj(A) is closed in DMCS?’)J,.

APPENDIX C
PROOF OF LEMMA 5

let U be an arbitrary non-empty open subset of (DMC(;?[m],

the Rg??[m]—equivalence classes. Proj~*(U) is open in the metric space (DMC x,[m]» dx,m])- Therefore, there
exists W € DMCy [, and € > 0 such that Proj’l(U ) contains the open ball of center W and radius e.
We will show that there exists W’ € DMCy |, such that rank(W’) = m > n and dy ) (W, W') <.
If rank(W) = m, take W' = W.
Assume that rank(WW) < m. Let Pjj, € Apy, Im(W) and {W, ' : y € Im(WW)} be as in Section V.
Let {vy},epm) be a collection of m vectors in R such that:
. Z Py (y) - v, = 0.
y€Im(W)
. Z v, = 0.
y€[m\Im(W)
« For every y € ), Zvy(:v) = 0.

reX
o The vectors {vy},cm) are pairwise different.

Such collection can always be found.
Let 0 < 8,8 < 1 and define P3,, € RI™ as follows:

(1- 5)5Pv°v(y) if y € Im(W),

ngo) ) and let Proj be the projection onto

;[ml

Py (y) = .
. th .
m— | Im(W)] otnerwise

Clearly, Py, € Ay, and Py, (y) > 0 for every y € [m]. Now for every y € ), define W;fl as follows:

Y

-l = (L—=0)W, ' + 6ma + 0'vy if y € Im(W),

Ty + 0'vy otherwise,
where 7y € Ay is the uniform probability distribution on X. A simple calculation shows that
Z P (y)W, ! = ma, and for every y € Y we have Z W, a) = 1.

yey zeX
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Notice that for y € Im(W), since 0 < & < 1, (1—8)W, ' +dmx lies inside the interior of the probability
distribution simplex Ay. This means that for ¢ small enough (1=)wW, L4+ 0mx + 6'v, € Ay for every
y € Im(W), and mx + 6'v, € Ay for every y ¢ Im(W). For every 0 < ¢ < 1, choose ¢’ := §'(J) so that
0<¢ <éand W) € Ay for every y € [m].

It is easy to see that for § small enough, W, - LA W;;l for every 1, y2 € [m] satisfying y; # yo. Define
the channel W’ € DMCy |, as follows:

W' (ylz) = | X[ P (y) W~ ().

Since Py, (y) > 0 for every y € Y, we have supp(MPy) = {W,;~' . y € [m]}. Therefore, there exists
do > 0 such for every 0 < 0 < Jp, we have rank(W’) = m. On the other hand, we have lim P, = Py},

6—0

and hm W,~t = W, for every y € Im(W). Therefore, hm W' = W (where the limit is taken in

(DMCX im]» dxm)))- This shows that there exists W' € DMCX m) such that rank(1W’) = m > n and
dx m) (W, W') < €, which means that W' € Proj~ Y(U) and W’ is not equivalent to any channel in
DMCyx [ (see Corollary 1). Therefore, Proj(WW’) € U and Proj(W’) ¢ DMC(;?M because W' is not
equivalent to any channel in DMCy ). This shows that every non-empty open subset of DMCE??M 1s
not contained in DMC 0) . We conclude that the interior of DMC(O ] in DMCY

X,[m] is empty.

APPENDIX D
PROOF OF LEMMA 6

Define DMC X0 = 9 which is strongly closed in DMC
Let A and B be two disjoint strongly closed subsets of DMC .. Foreveryn > 0,let A, = AODMCS?)M
and B, = BN DMCE”TL]. Since A and B are strongly closed in DMC(;?*, A, and B, are closed in

DMCS?’)M. Moreover, A, N B, C AN B = ¢.
Construct the sequences (U,),>o, (U, )n>0, (Kp)n>o and (K7),>o recursively as follows:
Uy =Ul =Ky =K) =0 C DMCX[0 Since Ay = By = ¢, we have Ay C Uy C K, and

By C U} C K|,. Moreover, U, and U are open in DMC( ) Ky and K] are closed in DMC(O)
KoN K| =o.

Now let n > 1 and assume that we constructed (U; )0<Z<n, (UD)o<i<n, (Ki)o<i<n and (K[)o<i<n such that
forevery() <i<n,wehave A; CU; C K; C DMC ,B; U/ C K| C DMCXH, U; and U] are open

in DMC X i) K; and K are closed in DMCX L and K ﬂK’ = ¢. Moreover, assume that K; C U, and
K;cUj,, forevery 0 <i<n-—1.

Let C, = A, UK, and D, = B, UK/ ;. Since K,,_; and K _, are closed in DMC Wthh is
closed in DMC()??[H] and since DMCEYO?[WH is closed in DMC® x[n)» WE can see that K, _; and K _, are

closed in DMCS??[R]. Therefore, C,, and D,, are closed in DMCS??[N]. Moreover, we have
C.ND,= (A, UK, )N (B, UK] ;)
=(A,NB)U(A,NK,_ )U(K,.1NB,) U(K,1NK]_ ;)
@ (4N K, NDMCY), ) U (K, NDMCY), 0B,
=(A, 1 NK YUK, 1NB,1)C (K, 1NK YUK, 1NK, |) =0,

X0 X0 and

where (a) follows from the fact that A, N B,, = K,,_1 N K/, = ¢ and the fact that K,,_; C pMCY
and K| | C DMCX 1]

Since DMC'? Py is normal (because it is metrizable), and since C),, and D,, are closed disjoint subsets
of DMCX O there exist two sets U, U/, C DMC(O that are open in DMC ] and two sets K, K, C

X,[n—1]
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DMC{),, that are closed in DMCY), | such that C,, C U, C K,, D, C U}, C K/, and K, N K/, = o,

Clearly, A, C U, C K, ¢ DMCY),\. B, C U, € K}, ¢ DMCY) . K,_y C U, and K}, , C U},. This
concludes the recursive construction.

Now define U = U U, = U U, and U = U U, = U U, . Since A,, C U, for every n > 1, we have

n>0 n>1 n>0 n>1

A=ANDMCY, = An (U DMCE,??M> = (A N DMCE??[TLO =JA. cJu. =1

n>1 n>1 n>1 n>1

Moreover, for every n > 1 we have

UNDMCY,, = <U UZ-> npmMcy) (U Ui) noMcy, = U (Ui N DMC(;?M),

i>1 i>n i>n

where (a) follows from the fact that U; C K; C U;,; for every 7 > 0, which means that the sequence
(U;)i>1 is increasing.

For every ¢ > n, we have DMCS??[R] C DMCE?)M and U; is open in DMCS?)[i], hence U; N DMC()??[n] is

open in DMCE?)M. Therefore, U N DMCE?)M = U (U,- N DMCES)M]) is open in DMCES)M. Since this is

>n

true for every n > 1, we conclude that U is strongly open in DMCS??*.

We can show similarly that B C U’ and that U’ is strongly open in DMCES?*. Finally, we have

Unu = (UUn) n (U U,g,) - U v @ Jwanu) c Jwnr) =o

n>1 n/>1 n>1,n'>1 n>1 n>1
where (a) follows from the fact that for every n > 1 and every n’ > 1, we have

U,N U,/@/ - Umax{mn/} NnU’

max{n,n’'}

because (U,),>1 and (U}),>; are increasing. We conclude that (DMCE\?’)*, T(f\z’*) is normal.

S,

APPENDIX E
PROOF OF LEMMA 7

Let W;, Wy € DMCy y, and let Wl and WQ be the Rg??y—equivalence classes of W and W, respectively.
Fix m > 1, p € Apyxx and D € DMCy ,,,. We have:



> p(u, x)Wi(yla) D(uly)

u€lm],
TEX,
yeY
= ( > plu, 2)Wy(y|a) D uw> Z - (Wh(ylz) — Walylx)) - D(uly)
gﬁX% xeX
yey yey
< sup Z p(u, £)Wa(ylz) D' (uly) Z Wl (ylz) — Wg(y|x)) D
D'€DMCy, ] 1)
TEX, xeX
yey yey
<PpWo)+ > plux)- > (Wilylr) — Walylz)) - D(u!|y)
u€[m], yeY: u’€[m]
TEX Wi(ylz)>Wa(yl|z)
= Pe(p,W2) + Z p(u,z) - ( Z (Wi (ylz) — Wz(?i‘@))
u€[m], yey:
T€X Wi(ylz)>Wa(ylz)
(a)
< P(p,Wa) + Y plu,x) - day(Wi, Wa) = Po(p, Wa) + dx (Wi, Wa),
u€lm],
zeX

where (a) follows from the fact that

S (Walsle) — Walsle)) = 5 3 [Wilyle) — Walulo)

yeY: yey
Wi (ylz)>Wa(y|z)

< —supz (Wi(ylz) — Walylz)| = dxy(Wh, Wa).

meX
Therefore,
P.(p,Wh) =  sup Z p(u, 2)Wi(yle) D(uly) < Pu(p, Wa) + daey (Wi, Wa).
DEPMCy ) )
TeX,
yey

Similarly, we can show that P.(p, Ws) < P.(p, W}) + dx » (W7, W), hence
|Pe(p, Wh) — Pa(p, Wa)| < dx (Wi, Wa).
We conclude that

dg?,)y(thz): sup | Pu(p, Wi) — Pu(p, Wa)|
m>1,
pGA[jn]XX

= sup | Pe(p, W) — Pe(p, W2)]
pGA[;];X

< dyy(Wy, Wy).

(uly)
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APPENDIX F
PROOF OF LEMMA &

Let v € I'(MPy;,, MPy;,,) be a measure on Ay x Ay that couples MPy;, and MPyy,,.

Let S = supp(MPy;,) and S" = supp(MPW,) be the supports of 1W and W' respectively. Since MP;,
and MPy;,, are finitely supported, 7 is also finitely supported and its support is a subset of S x S’
Therefore, there exists a collection of coefficients «,,, € [0,1] such that

= Z . p O(p,p')

pES,
plesl

where §(, /) is a Dirac measure centered at (p,p’) € Ax X Ay. Since MPW and MPy;,, are the marginals

of v on the first and the second factors respectively, we have MPy;, Z a,, for every p € S.
p'es’

Similarly, MPy;, Z o,y for every p’ € 5.

Let Y =S x 5" and deﬁne the channels W, W’ € DMCy y as:
W(p,p'|z) = |X|ay,y - p(x),
and
W (p,p'|x) = |X|op - P (2).
For every z € X, we have

Z W(p,p'|lz) = |X| Z Qg - P(T |X|ZMP (x)

(p,p)€Y (p,p')eSxS’ peS

=12 | pte) - Py ) = ¥y =1

Similarly, Z W'(p,p'|z) = 1. Therefore, W and W’ are valid channels.

(pp)EY
For every (p,p’) € Y, we have

Py (p,p) Z | W(p,p'|z) = ZO‘p,p’ p(2) = apy-
TEX reX
Therefore, Im(W) = {(p,p') € YV : appy > 0}. For every (p,p’) € Im(W) and every « € X, we have:
W(p,p,‘l‘) _ ‘X|QP,P’ p(l’) _ ({L‘)
| X[ By (p, ) | X 7

W l(z) =

p,p

hence ij;, = p for every (p,p’) € Im(W), which shows that supp(MPy,) C S. Similarly, we can show
that

Im(W') ={(p,p') € YV : oy >0},

supp(MPy~) C ', and for every (p,p’) € Y, P53 (p,p') = o,y and WI;;,,I =p.
For every p € S, we have:

MPy (p Z PW = > ay =Y apy=MPy(p) > 0.

yGIm es, pes’
Wy —p oy o >0

This shows that supp(MPy) = S = supp(MPy;;) and MPy (p) = MPy;,(p) for every p € S. Therefore,
MPy, = MPy;, and so W' is equivalent to every channel in W. Similarly, we can show that MPy» = MPy;,
and W' is equivalent to every channel in W’.
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Let W and W’ be the Rg??y-equivalence classes of W and W' respectively. We can write W =W and
W' = W' because of the canonical identification of DMCES?y with DMC()??[n], where n = |)|. We have:

o e ) 1
A9V, W) = d2y (W, W) < duy(W.W') = Smax > [W(p,p'la) = W (p,p|a)]
(pp)EY
R ;. / J— /
= max Z X0y ple) ~ Xl -p/(2)| = 51 max Z gt P (@)
P ES’ p GS’
1 1
< SIS D - Iple) = P @) = 51X Y apr Y Ip(a) -
r€EX pEeS, peS, TEX
p'es’ p'es’
1
= 5] > appllp =l = 1% > appdlp,p) = |X| d(p,p') - dv(p,p),
pES, PES, AxxAx
p'es’ p'es’

where (a) follows from Lemma 7, and d(p,p’) = %||p — p/||1 is the total variation distance between p and
p’. Therefore,

a0 WY <ix ot d) - drs) = X WPy MPy).
)AXXAX

’YEF(MP‘;V,MPW/

APPENDIX G
PROOF OF PROPOSITION 11

If |X| =1, Ay consists of a single probability distribution and MP(X) consists of a single meta-
probability measure which is balanced and finitely supported, so MP(X) = MP,(X) = MPpys(X).

Now assume that |X| > 2. We start by showing that MP,(X) is weakly-* closed.

For every x € X. Consider the mapping f, : Ay — R defined as f,(p) = p(x). Clearly, f, is bounded
and continuous. Therefore, the mapping

F,: MP(X) - R
defined as
FMP) = [ fdMP = / p(z) - AMP(z)
AX AX

1
is continuous in the weak-* topology. Therefore, F, * ({m}) is weakly-* closed. It is easy to see that

MPy(X ﬂ F- ({ x| }) This proves that MP,(X), which is the finite intersection of weakly-x

TEX
closed sets, is weakly-* closed.

It remains to show that MP,;(X) is weakly-+ dense in MP,(X’). We will show that for every € > 0
and every MP € MP,(X), there exists MP' € MP,;(X) such that W;(MP, MP’) < ¢
Fix 0 < ¢ < 1 and let MP € MP,(X) be any balanced meta-probability measure on X, i.e., for every
r € X we have
1

/A p(z)dMP(z) = Ik
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Now fix € X. By the definition of the Lebesgue integral, there exists a finite partition {B,;}1<i<k,
of Ay and a sequence of positive numbers (b, ;)1<;<x, such that for every 1 <1i < k,, B, ; is a Borel set
of Ay, b,; < p(x) for every p € B, ;, and

k
R € 1 €
> by MP(B,;) > “dMP(p) ) — —— = — — —

By applying the same reasoning on the function 1 — p(x) > 0, we can find a finite partition {C,;}1<i<m,
of Ay and a sequence of positive numbers (c,;)1<i<m, such that for every 1 <1i < m,, C,; is a Borel
set of Ay, ¢;; < p(z) for every p € C,,; and

My € 1 €
. ) < : ~ x| ‘
> e iMP(Cyy) < ( /A @) dMP(p)) oo T 12

=1

Let d be the total variation distance on Ay, i.e., d(p, p’) = 2|lp — p'|. Since Ay is compact, it can
€

be covered by a finite number of open balls of radius §, i.e., there exist h points pi,...,p; such that

h
Ay = UBi(p;.) U {p €Ay : d(p,p)) < i} For every 1 < i < h, define the set

i=1
D; = B<(p;) \ ( N B;(P})) :
1<j<i
Clearly, the sets {D,}i<;<p are disjoint Borel sets that cover Ay. Let n = h X H(kz -m,), and let

zeX
Ay, ..., A, be the Borel sets obtained by intersecting the sets in the collections { D1, ..., Dy}, {Byi}1<i<k,
and {C,;}1<i<m, for every z € X. In other words,

{Dmm T,ip a:] 1§Z§h,ande€X,1§ZI§k’xand1§]x§mx}
reX
For every 1 <i <mn, let[,; = b, where i’ is the unique integer satisfying 1 < ¢’ <k, and A; C B, ;.
Similarly, let u,; = ¢, ;» where " is the unique integer satisfying 1 < ¢” <k, and A; C C, ;. Clearly,
lp; <p(x) <wu,, for every x € A;. Moreover,

€

and
1 €
szP :BzMP acz T sl PPNITE
Z“ ZC |X| + 12 X]

For every 1 <1 <mn, choose pi € A; arbltrarlly. Let j; be the unique integer such that A; C Dj,. Since
€ €

D; C Be(p},), we have d(p,p},) < 1 for every p € A;. Therefore, d(p, p;) < d(p,p};,) +d(p},, pi) < 5 for
every p € A i

Define the mapping f : Ay — Ay as f(p) = p; for every p € A;. Clearly, d(p, f(p)) < 5 for every
pE A/\(.

Now let MP; = f4(MP), where fx(MP) is the push-forward measure of MP by the mapping f, i.e.,
MP(B) = (f#(MP))(B) = MP (f_l(B)) for every Borel set B of Ay. We have:

MP(B) =Y MP(f'({p:})) = Y MP(4) = > a,

piEB pi€B pi€B
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where «; = MP(A4;) for every 1 < i < n. Therefore, MP/ is finitely supported and
supp(MPy) C {p;: 1 <i<n}.

Moreover, MP¢(p;) = «; for every 1 <i < n.

Now define the mapping f. : Ax — Ax x Ay as fx(p) = (p, f(p)), and define the measure ¢ on
Ay x Ay as the push-forward of MP by fy, i.e., 7;(B) = f;'(B) for every Borel set B of Ay x Ay.
It is easy to see that the marginals of v, on the first and second factors are MP and MP; respectively.
Therefore, v is a coupling between MP and MP, hence

Wi(MP,MP;) = inf / d(p,p") - dy(p,p’) < / d(p,p") - dve(p,p)
AXxAX

~ET(MP,MPy) AxxAy

g /A d(p, f(p)) - AMP(p) <

where (a) follows from the fact that ~; is the push-forward of MP by f.(p) = (p, f(p)). (b) follows
from the fact that d(p, f(p)) < 5 for every p € Ax. Therefore, MP; well approximates MP and it is
finitely supported. However, MP; may not be balanced, so more work needs to be done in order to find
a balanced and finitely supported meta-probability measure that well approximates MP.

For every x € X, we have:

(a) 1 €
[ v es) 2 [ () aveg sz szMP > T~

Ax

€
27

where (a) follows from the fact that MP; is the push-forward of MP by f. (b) follows from the fact that
pi € A; and so p;(x) > I;, for every 1 < i < n. Similarly, we have

1 €
( dMP pz < U xMP < o7 T Tol v’
/AX e Z Z X 12lX

where (c) follows from the fact that p; € A; and so p;(z) < u;, for every 1 <i < n. We conclude that
for every x € X, we have

€

mato) = [ ate) - sy >] s

where 7y is the uniform distribution on X. Define p € Ay as:

p= /A p-dMPg(p).

For every x € X, define

p/(x) _ 6(7TX(:E) —]5(%’)) +]5(ZE)

Clearly, Z p'(z) = 1. Moreover,

TeEX

6 ( mx(z) (2) = —
@ O\ T T T oy 1 € 1 .
2 _|_ _ — — > 0’

e A 120X 2] 120A T




42

Where (a) follows from the fact that |7y (z) — p(x)| < ﬁ We conclude that p’ € Ay. Now define

the meta-probability measure MP’ as follows:
MP’ = % G+ (1 - %) MP,

where 6,/ is a Dirac measure centered at p'.
For every z € X, we have
€

[ v ) =)+ (1 5) [ ple)- aMP) = £ o)+ (1= 5) - lo)

= mr(@) = pla) + < - pla) + (1 - £ ) Bla) = ma(a).

Therefore, MP’ is balanced and finitely supported. Moreover,

(a)
W1 (MP, MP') < Wy (MP, MP;) + Wy (MP;, MP') < g + |[MP; — MP'|[ 1

€ € € € € €
= MP—(l——)MP _fsl << H—-MP H H—a,
2+ / 6 e V_2+6 fTV+6pTV
=E+E+E<e
2 6 6 7

where (a) follows from the fact that the 1% Wasserstein metric is upper bounded by the total variation
multiplied by the diameter of Ay (which is equal to 1 in our case) [13]. We conclude that MPys(X) is
dense in MP,(X) which is weakly-* closed. Therefore, MP;(X') is the weak- closure of MPys(X).
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