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Article history: In this paper, we investigate the limiting absorption principle associated to and the
Received 31 August 2015 well-posedness of the Helmholtz equations with sign changing coefficients which are
Available online 27 February 2016 used to model negative index materials. Using the reflecting technique introduced in

[26], we first derive Cauchy problems from these equations. The limiting absorption

é\g%;l principle and the well-posedness are then obtained via various a priori estimates
35B35 for these Cauchy problems. Three approaches are proposed to obtain the a priori
35B40 estimates. The first one follows from a priori estimates of elliptic systems equipped
35J05 with complementing boundary conditions due to Agmon, Douglis, and Nirenberg
78A25 in their classic work [1]. The second approach, which complements the first one,

is variational and based on the Dirichlet principle. The last approach, which
Keywords: complements the second one, is also variational and uses the multiplier technique.
Helmholtz equations Using these approaches, we are able to obtain new results on the well-posedness of
Limiting absorption principle these equations for which the conditions on the coefficients are imposed “partially”

Negative index materials

A or “not strictly” on the interfaces of sign changing coefficients. This allows us to
Localized resonance

rediscover and extend known results obtained by the integral method, the pseudo
differential operator theory, and the T-coercivity approach. The unique solution,
obtained by the limiting absorption principle, is not in H} (R?) as usual and possibly
not even in L2 (R). The optimality of our results is also discussed.
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RESUME

Dans cet article, on étudie le principe d’absorption limite et le caractére bien
posé des équations de Helmholtz avec changements de signe des coefficients, ce
qui modélise des matériaux d’indice négatif. En utilisant la technique de réflexion
introduite dans [26], on dérive d’abord des problémes de Cauchy. Le principe
d’absorption limite et le caractére bien posé sont ensuite obtenus grace a des
estimations a priori pour ces problémes. Trois approches sont proposées pour obtenir
ces estimations. La premiére utilise les estimations a priori des systémes elliptiques
pour des conditions aux limites complémentaires dans l'ouvrage classique [1]
d’Agmon, Douglis et Nirenberg. La deuxiéme approche, qui compléte la premiére, est
variationnelle et utilise le principe de Dirichlet. La derniere approche, qui complete
la seconde, est également variationnelle et utilise la technique du multiplicateur.
Utilisant ces approches, on peut obtenir des nouveaux résultats sur le caractére
bien posé de ces équations, pour lesquelles les conditions sur les coefficients sont
imposées “partiellement” ou “pas strictement” sur les interfaces ou les coefficients
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changent la signe. Cela permet de redécouvrir et d’étendre les résultats connus
obtenus par la méthode intégrale, la théorie des opérateurs pseudo differentiels, et
P’approche T-coercivité. La solution unique, obtenue par le principe d’absorption
limite, n’est pas dans H llac (R?) comme d’habitude et n’est peut-étre méme pas dans
L? (R?%). L’optimalité de nos résultats est également discutée.

© 2016 Elsevier Masson SAS. All rights reserved.

1. Introduction

This paper deals with the Helmholtz equation with sign changing coefficients which are used to model
negative index materials (NIMs). NIMs were first investigated theoretically by Veselago in [44]. The existence
of such materials was confirmed by Shelby, Smith, and Schultz in [42]. The study of NIMs has attracted a
lot of attention in the scientific community thanks to their many possible applications such as superlensing
and cloaking using complementary media, and cloaking a source via anomalous localized resonance.

We next mention briefly these three applications of NIMs. Superlensing using NIMs was suggested by
Veselago in [44] for a slab lens (a slab of index —1) using the ray theory. Later, cylindrical lenses in the
two dimensional quasistatic regime, the Veselago slab lens and cylindrical lenses in the finite frequency
regime, and spherical lenses in the finite frequency regime were studied by Nicorovici, McPhedran, and
Milton in [36], Pendry in [38,39], and Pendry and Ramakrishna in [41] respectively for constant isotropic
objects. Superlensing using NIMs (or more precisely using complementary media) for arbitrary objects in
the acoustic and electromagnetic settings was established in [27,31] for schemes inspired by [36,39,41] and
guided by the concept of reflecting complementary media introduced and studied in [26]. Cloaking using
complementary media was suggested and investigated numerically by Lai et al. in [18]. Cloaking an arbitrary
inhomogeneous object using complementary media was proved in [30] for the quasi-static regime and later
extended in [35] for the finite frequency regime. The schemes used there are inspired by [18] and [26]. Cloaking
a source via anomalous localized resonance was discovered by Milton and Nicorovici for constant symmetric
plasmonic structures in the two dimensional quasistatic regime in [22] (see also [24,36]) for dipoles. Cloaking
an arbitrary source concentrated on a manifold of codimension 1 in an arbitrary medium via anomalous
localized resonance was proposed and established in [28,29.33]. Other contributions are [3,4,11,17,34] in
which special structures and partial aspects were investigated. A survey on the mathematics progress of
these applications can be found in [32]. It is worthy noting that in the applications of NIMs mentioned
above, the localized resonance, i.e., the field blows up in some regions and remains bounded in some others
as the loss goes to 0, might appear.

In this paper, we investigate the well-posedness of the Helmholtz equation with sign changing coefficients:
the stability aspect. To ensure to obtain physical solutions, we also study the limiting absorption principle
associated to this equation. Let & > 0 and let A be a (real) uniformly elliptic symmetric matrix defined in
R? (d > 2), and ¥ be a bounded real function defined in R? (hence ¥ can take both positive and negative
values). Assume that

A(z) =T in R\ Bg,, A is piecewise C*,"
and
Y(z) =1 in R*\ Bg,,

for some Ry > 0. Here and in what follows, for R > 0, B denotes the open ball in R? centered at the origin
and of radius R. Let D CC Bg, be a bounded open subset in R of class C2. Set, for § > 0,

! The smoothness assumption of A is only used in the proof of the uniqueness where the unique continuation is applied.
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—1—-14) in D,
ss(z) = (1.1)
1 in R4\ D.
We are interested in the well-posedness in the class of outgoing solutions of the following equation
div(sgAVug) + k*soXug = f in RY, (1.2)

and the limiting absorption principle associated with it, i.e., the convergence of us to ug (in an appropriate
sense) under various conditions on A and ¥ as § — 0. Here us € H'(R?) (§ > 0) is the unique solution of
the equation

div(ssAVug) + k?soXus + idus = f in RY, (1.3)
Recall that a solution v € H} (R?\ Bg) of the equation
Av + k*v =0 in R?\ Bg,
for some R > 0, is said to satisfy the outgoing condition if

Orv —ikv = 0(1"7%) as r = |z| = +o0.

Physically, k is the frequency, (ssA, soX) is the material parameter of the medium, and ¢ describes the loss
of the material. We denote

I'=0D,
and, for 7 > 0,
D; = {z € D; dist(x,T) < 7} (1.4)
D_.={ze R4\ D; dist(x,T) < T} (1.5)

As usual, D denotes the closure of D for a subset D of R

The well-posedness of the Helmholtz equation with sign changing coefficients was first established by
Costabel and Stephan in [15]. They proved, by the integral approach, that (1.2) is well-posed if A =T in
R?\ D and A = Al in D provided that ) is a positive constant not equal to 1. Later, Ola in [37] proved,
using the integral method and the pseudo-differential operators theory, that (1.2) is well-posed in three and
higher dimensions if T' is strictly convex and connected even though A = 1, i.e., A = I in RY. His result
was extended for the case, where I' has two strictly convex connected components by Kettunen, Lassas,
and Ola in [16]. Recently, the well-posedness was extensively studied by Bonnet-Ben Dhia, Ciarlet, and
their coauthors in [5-10,13] by T-coercivity approach. This approach was introduced by Bonnet-Ben Dhia,
Ciarlet, and Zwolf in [9] and is related to the (Banach-Necas-Babuska) inf-sup condition. The sharpest
result for the acoustic setting in this direction, obtained by Bonnet-Ben Dhia, Chesnel, and Ciarlet in [5],
is that (1.2) is well-posed in the Fredholm sense in H' (this means that the compactness holds?), if A is
isotropic, i.e., A = al for some positive function a, and roughly speaking the contrast a4 /a_ is not 1 on T".

In this paper, we are interested in the limiting absorbtion principle and the well-posedness of (1.2) for
solutions obtained by the limiting absorption process. Our starting point is to obtain Cauchy’s problems
using the reflecting technique introduced in [26]. To this end, we introduce

2 They considered the bounded setting and the uniqueness is not ensured in general and is not a consequence of the compactness.
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Definition 1. Let 7 > 0 and U be a smooth open subset of R? such that D C U. A transformation
F:U\D — D, is said to be a reflection through I if and only if F is a diffeomorphism and F(z) = z on T.

Here and in what follows, when we mention a diffeomorphism F : Q — Q' for two open subsets 2, Q’
of RY, we mean that F is a diffeomorphism, F € C*(Q), and F~! € C1(QY).

The idea is simple as follows. Let F': U\ D — D, be a reflection through I" for some smooth open subset
U of R? such that D C U and for some 7 > 0. Set v5 = us o F~!. By a change of variables (see Lemma 4),
it follows from (1.1) that

div(F,AVvs) + k*F.Yvs = F.f + O(6v;) in D,
div(AVus) + k*Sus = sy ' f + O(Sus) + O(5f) in D,
vs—us =0onI' and F,AVuv; - V—AVU(;’D ‘v = i&AVu5|D -vonl.

Here and in what follows, for a matrix a, a function o, and a diffeomorphism 7', the following standard
notations are used:

DT (z)a(x)DTT (z)
J(x)

and T.o(y) = M, (1.6)

where
J(z) = |det DT(z)|] and x=T"'(y),

and on the boundary of a smooth bounded open subset of R?, v denotes the normal unit vector directed
to its exterior unless otherwise specified. Here O(v) denotes a quantity whose L2-norm is bounded by
C||v|| 2 for some positive constant C' independent of § and v for 0 < § < 1. We hence obtain Cauchy’s
problems for (ug,vs) in D, by considering O(dvs), O(dug), O(6f), and i§ AVus - v like given data which are
formally 0 if 6 = 0. The use of reflections to study NIMs was also considered by Milton et al. in [23] and by
Bonnet-Ben Dhia, Ciarlet, and their coauthors in their T-coercivity approach. However, there is a difference
between the use of reflections in [23], in the T-coercivity approach, and in our work. In [23], the authors
used reflections as a change of variables to obtain a new simple setting from an old more complicated one
and hence the analysis of the old problem becomes simpler. In the T-coercivity approach, the authors used a
standard reflection to construct test functions for the inf-sup condition to obtain an a priori estimate for the
solution. Our use of reflections is to derive the Cauchy problems. This can be done in a very flexible way via
a change of variables formula stated in Lemma 4 as observed in [26]. The limiting absorption principle and
the well-posedness of (1.2) are then based on a priori estimates for these Cauchy problems under various
conditions on A, %, F, A, and F,X in D,. Appropriate choices of reflections are important in the applications
and discussed later (Corollaries 2, 3, and 4).

In this paper, we introduce three approaches to obtain a priori estimates for the Cauchy problems. The
first one follows from a priori estimates for elliptic systems imposing complementing boundary conditions
(see Definition 2) due to Agmon, Douglis, and Nirenberg in their classic work [1]. Applying their result, we
can prove in Section 2:

1. Assume that Ay := A’Rd\D €CY(D_,;)and A_ := A‘D € CY(D,) for some small positive constant 7,
and Ay and A_ satisfy the (Cauchy) complementing boundary condition on I'. Then the limiting
absorption principle and the well-posedness in H}. (R?) for (1.2) hold (Theorem 1 in Section 2).

In fact, we establish that the conclusions hold if F, A} and A_ satisfy the (Cauchy) complementing boundary
condition on I where F' is the standard reflection in (2.17). Using the characterization of the complementing
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boundary condition established in Proposition 1, we can prove that F,A, and A_ satisfy the (Cauchy)
complementing boundary condition on I' if and only if A, and A_ do; this implies the first result. Using the
first result, one obtains new conditions for which the well-posedness and the limiting absorption principle
hold. In particular, the condition A, > A_ or A_ > A, on each connected component of I' is sufficient
for the conclusion (see Corollary 1). Here and in what follows, we use the following standard notation
for a matrix M: M > 0 means that (Mz,z) > 0 for all z # 0 where (-,-) denotes the Euclidean scalar
product in R%. To our knowledge, Corollary 1 is new and cannot be obtained using the known approaches
mentioned above. Corollary 1 is in the same spirit of the one of Bonnet-Ben Dhia, Chesnel, and Ciarlet in [5];
nevertheless, A, and A_ are not assumed to be isotropic here. Theorem 1 also implies the well-posedness
in the case where neither A, > A_ nor A_ > A, holds (see Proposition 1 and Remark 2). One can verify
that if F,Ay = A_ on I then the complementing boundary condition is not satisfied (see Proposition 1). To
deal with this situation, we develop a second approach to obtain a priori estimates for the Cauchy problems
in Section 3. This approach is variational and based on the Dirichlet principle. Using this approach, we can
establish:

2. Assume that there exist 7 > 0 (small), a smooth open subset U of R? with D C U, and a reflection
F:U\ D — D; such that, on every connected component of D,

either A— F,A > dist(z,I)*I or F.A— A2 dist(z,I)I, (1.7)

for some 0 < a < 2. Then the limiting absorption principle and the well-posedness for (1.2) hold
(Theorem 2 in Section 3).

The unique solution, which is obtained by the limiting absorption principle, might not be in H }OC(Rd)
in this case; the proof of the uniqueness is nonstandard. The appropriate space in which the solution is
defined is revealed by the limiting absorption principle; more precisely, by a priori estimates obtained for
ug defined in (1.3). Once the uniqueness is obtained, the stability is based on a compactness argument.
A new compactness criterion in L? (Lemma 7) is established in this process and the condition a < 2 is
required there. Various consequences of this result are given in Section 3 (Corollaries 2 and 3). The choice of
the reflections is crucial in deriving these consequences. Theorem 2 implies, unifies, and extends the known
results mentioned above. In particular, a variant of the result of Ola in [37] in two dimensions holds and is
contained in Theorem 2.

Similar conclusion still holds in the case FyA = A in D, under additional assumptions on ¥ and F, X
in D,. To reach the conclusion in this case, we propose a third approach to deal with the Cauchy problems
in Section 4. It is variational and based on the multiplier technique, i.e., based on the use of appropriate
test functions. In this direction, we can prove the following result:

3. Assume that there exist 7 > 0 (small), a smooth open subset U of R? with D C U, and a reflection
F:U\ D — D; such that either

F,A—A>0 and Y- F,X > dist(z, )’ (1.8)
or
A-—F,A>0 and F.X—-X>dist(z,I'", (1.9)

in each connected component of D, for some § > 0. Then the limiting absorption principle and the
well-posedness for (1.2) hold (Theorem 3 in Section 4).
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The unique solution, in this case, is not even in L? (R?) and f is assumed to be 0 near I'. The appropriate

loc
space for which the solution is defined is again revealed by the limiting absorption principle. Once the
uniqueness is established, the stability is based on a compactness argument. Due to the lack of L?-control,
the compactness argument used in this case is non-standard and different from the one used in the second
setting (see the proofs of Theorem 2 and Theorem 3). A simple application of this result is given in Corollary 4
which is a complement to Corollary 3 in two dimensions. As far as we know, Theorem 3 is the first result
on the limiting absorption principle and the well-posedness for the Helmholtz equations with sign changing
coefficients where the conditions on the coefficients contain the zero order term X.

Tt is known that in the case (F, A, F,.X) = (A4, X) in D,, the localized resonance might appear. Media with
this property are roughly speaking called reflecting complementary media introduced and studied in [26,31]
for the Helmholtz and Maxwell equations respectively. The notion of reflecting complementary media plays
an important role in various applications of NIMs mentioned previously as was discussed in [27-31,34,35].
The results obtained in this paper, in particular from the second and the third results, showed that the
reflecting complementary property of media is necessary for the occurrence of the resonance. In Section 5,
we show that even in the case (Fi A, F.X) = (A, X) in B(xg,79) N D; for some z¢ € I" and ro > 0, the system
is resonant in the following sense (see Proposition 2): There exists f with supp f CC Bpg, \ T such that
limsups_, [|us||£2(x) = +oo for some K CC Bg, \ I'. Here and in what follows B(x,r) denotes the open
ball centered at x and of radius r. This result implies the optimality of the second and the third results
mentioned above. The proof of Proposition 2 is based on a three sphere inequality and has roots from [29].

The paper is organized as follows. Sections 2, 3, and 4 are devoted to the proof of the three main results
mentioned above and their consequences respectively. In Section 5, we discuss the optimality of these results.

2. An approach via a priori estimates of elliptic systems imposed complementing boundary conditions

A useful simple technique suggested to study the Helmholtz equations with sign changing coefficients is the
reflecting one introduced in [26]. Applying this technique, we obtain Cauchy problems from the Helmholtz
equations with sign changing coefficients. An important part in the investigation of the well-posedness and
the limiting absorption principle is then to obtain appropriate a priori estimates for these Cauchy problems.
In this section, these follow from an estimate near the boundary of solutions of elliptic systems imposed
Cauchy data due to Agmon, Douglis, and Nirenberg in their classic work [1] (see also [19]). Before stating
the result, let us recall the notation of complementing boundary condition with respect to the Cauchy data
derived from [1].

Definition 2. (See Agmon, Douglis, Nirenberg [1].) Two constant positive symmetric matrices A; and A
are said to satisfy the (Cauchy) complementing boundary condition with respect to direction e € 9By if
and only if for all £ € RZ\ {0}, the only solution (u;(z), uz(x)) of the form (' vy (t), e vy (t)) with
x =y + te where t = (x, e), of the following system

{ div(A;Vuy) = div(42Vug) =0 in RY

u; = ug and A;Vuy - e = A3Vug - e on Rio,
which is bounded in R¢ | is (0,0).
Here and in what follows, for a unit vector e € R?, the following notations are used
R, ={¢eR% (£,e) >0} and REG={£eR% (£,e) =0} (2.1)

Recall that (-,-) denotes the Euclidean scalar product in R.
We are ready to state the main result of this section:
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Theorem 1. Let f € L?(R%) with supp f CC Bpr,, and let us € H*(R?) (0 < § < 1) be the unique solution
of (1.3). Assume that Ay = A’]Rd\D € CY(D_p) and A_ = A‘D € CY(Dy,), and Ay (x), A_(z) satisfy the
(Cauchy) complementing boundary condition with respect to v(z) for all x € T. Then

lusll 2 (Br) < CrllfllL2@ey VR >0, (2.2)

for some positive constant Cr independent of § and f. Moreover, (us) converges to ug weakly in H}OC(Rd)

(RY), as 6 — 0, where ug € H (RY) is the unique outgoing solution of (1.2). We also

and strongly in L? loc

loc
have

luoll 1 (Br) < CrllfllL2@e)y VR > 0. (2.3)
We next give an algebraic characterization of the complementing boundary condition.

Proposition 1. Let e be a unit vector in R and let Ay and As be two constant positive symmetric matrices.
Then A1 and As satisfy the (Cauchy) complementing boundary condition with respect to e if and only if

(Age,e)(As€, &) — (Aze, )% # (Are, €)(A1€,€) — (Are,&)® VE e P\ {0}, (2.4)

where

P = {5 e R (€, e) = O}.

In particular, if As > Ay then Ay and As satisfy the (Cauchy) complementing boundary condition with
respect to e.

Remark 1. If A; and A, satisfy the (Cauchy) complementing boundary condition with respect to e then
they satisfy the (Cauchy) complementing boundary condition with respect to —e.

Remark 2. Assume that A; is isotropic, i.e., Ay = AI for some A > 0, and d = 2. Then A; and Ay satisfy
the complementing boundary condition with respect to e if and only if det Ay # A2. In general, (2.4) is only
required on a subset of P, which is of co-dimension 1.

Using Theorem 1 and Proposition 1, one obtains new conditions for which the well-posedness and the
limiting absorption principle hold. In particular, one can immediately derive the following result:

Corollary 1. Let f € L?*(R%) with supp f CC Bg,, and let us € H*(R?) (0 < § < 1) be the unique
solution of (1.3). Assume that Ay = A’Rd\l_) € CY(D_;) and A_ := A’D € CY(D,) for some T > 0, and
Ap(x) > A_(z) or A_(x) > Ay (z) for allz € T'. Then

usllmr(Br) < CrllfllL2@ay VR >0,

for some positive constant Cr independent of & and f. Moreover, us — ug weakly in H} (R?), as § — 0,

loc
1
where vy € Hj,,

(RY) is the unique outgoing solution of (1.2). We also have
[uollr(Br) < CrllflL2@ay VR > 0.

To our knowledge, Corollary 1 is new and cannot be obtained using the known approaches mentioned
in the introduction. Corollary 1 is in the same spirit of the one of Bonnet-Ben Dhia, Chesnel, and Ciarlet
in [5]; nevertheless, Ay and A_ are not assumed to be isotropic here. Using Proposition 1 and applying
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Theorem 2, one can also obtain the well-posedness for the case, where neither A, > A_ nor A_ > A, holds
(see Remark 2).

The rest of this section contains three subsections. In the first one, we present some lemmas which are
used in the proof of Theorem 1. The proof of Theorem 1 is given in the second subsection. In the third
subsection, we present the proof of Proposition 1.

2.1. Preliminaries

In this section, we present some lemmas used in the proof of Theorem 1. The first one is on an estimate
for solutions to the Helmholtz equation. The proof is based on the unique continuation principle via a
compactness argument.
Lemma 1. Let d > 2, Q be a smooth bounded open subset of R?, f € L?(Q), and let a be a real uniformly
elliptic matriz-valued function and o be a bounded complex function defined in ). Assume that a is piecewise
Lipschitz and v € HY () is a solution to

div(aVv) +ov = f in Q.
We have
ol < O (12 + ol ssrsgom + 1aV0 - vl i-175(0m))- (25)

for some positive constant C' independent of f and v.
Proof. We first establish

lollzay < C(IF Iz + Wl arvaomy + 1670 - vl g-13(00) ), (2.6)

by contradiction. Here and in what follows in this proof, C' denotes a positive constant independent of f,
v, and n. Assume that there exist a sequence (f,) C L?(2) and a sequence (v,) C H'(Q) such that

[onllze) =1 Ifnllz@) + ol vz o) + laVon - vlig-1/200) < 1/n (2.7)
and
div(aVuy,) + ov, = fr in Q. (2.8)

Multiplying the equation of v,, (the conjugate of v, ) and integrating on €2, we obtain

IVonllzzo < C(lvnlla@) + I fallzz@) + loallimon) + laVon - vilg-1200) (2.9)
which implies
vnllar @) < C.

Without loss of generality, one might assume that (v,) converges to v weakly in H!(Q) and strongly in
L?(Q). Tt follows from (2.7) and (2.8) that

div(aVv) + ov =0 in Q
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and v = AVv-v = 0 on 99. By the unique continuation principle, see e.g., [40], v = 0 in Q. This contradicts
the fact, by (2.7),

[vllp2(0) = 1.
Hence (2.6) holds. The conclusion now follows from (2.9) where v, is replaced by v. O

Remark 3. Assume that a € C'(Q). Using a three spheres inequality, see e.g., [2,35], one can choose the
constant C' depending only on €2, the elliptic and Lipschitz constants of a, the boundedness of a and o.

The following lemma is used to obtain an a priori estimate for us defined in (1.3).

Lemma 2. Let f € L*(R?%) with supp f CC Bpg, and let us € H'(R?) be the unique solution of (1.3). Then
2 1 = 2
sl ey < € (5| | £s| + 17122y ). (2.10)
Rd
for some positive constant C independent of f and 6. Consequently,

C
[us || g1 (ray < ngHL?(Rdy

Proof. Multiplying the equation of us by s and integrating on R?, we have

—/(85AVU5,VU5>+//€2302|u<;\2+i(5|u(;|2 :/fﬁg. (2.11)

R4 R R4

Considering the imaginary part of (2.11), we obtain
C _
J1vus+ [1usP <G| [ s
D Rd Rd
This implies

cf.
s 2o + 1AV s - V12 -2 o) < 3\/fu(;]+0||fuiz<w).
R4

Let Q be the complement of the unbounded connected component of R\ D. Applying Lemma 1, we have

2 ¢ - 2
sl oy < 5| [ £is] + CUf 12y (2.12)

Rd
Considering the real part of (2.11) and using (2.12), we obtain
2 1 - 2
[uslz (ray < C(g’ fua‘ + Hf||L2(]Rd)>-
R4

The proof is complete. O
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The following lemma on the stability of the outgoing solution is standard (see, e.g., [20]%).

Lemma 3. Let Q C Bg, be a smooth open subset of R, and let f € L2(R%\ Q) and g € Hz(8Q). Assume
that R\ Q is connected, supp f C Bgr,, and v € H} (R?) is the unique outgoing solution of

loc

{Av—l—k’%:f in R4\ Q,

v=yg on 08.
Then
ol se) < Cr(Ilf lz2@ae) + 19043 o) Y7 >0,
for some positive constants C. = C(r, k,Q, Ry, d).

We next recall the following result [26, Lemma 2], a change of variables formula, which is used repeatedly
in this paper.

Lemma 4. Let Q1 CC Qy CC Q3 be three smooth bounded open subsets of R:. Let a € [L>(Qy \ 01)]9%4,
o€ L®(Q2\ Q) and let T be a diffeomorphism from Qa2 \ Q1 onto Q3 \ Qq such that T(x) = x on 98s.
Assume that uw € H (Qz \ Q1) and set v=uoT~t. Then
div(aVu) +ou = f in Q3 \ Oy,
for some f € L?(Q\ 1), if and only if
div(TaVv) + Thov = T f in Q3 \ Qa. (2.13)
Moreover,
v=u and T.aVv-v=—aVu-v on . (2.14)
Recall that T.a, T.o, and T, f are given in (1.6).
2.2. Proof of Theorem 1
We first establish the uniqueness for (1.2). Assume that f = 0. We prove that ug = 0 if ug € H} (R?) is
an outgoing solution of (1.2). The proof is quite standard as in the usual case, in which the coefficients are

positive. Multiplying the equation by wug, integrating on Bpg, and considering the imaginary part, we have,
by letting R — +o0,

lim / lug|* = 0.
R—4o0
OBRr

Here the outgoing condition is used. By Rellich’s lemma (see, e.g., [14]), up = 0 in R\ Bpg,. It follows from
the unique continuation principle that ug = 0. The uniqueness is proved.

3 In [20], the proof is given only for d = 2, 3. However, the proof in the case d > 3 is similar to the case d = 3.
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We next establish (2.2). Applying Lemma 2, we have

C
lus | g1 (ray < g|\f||L2(JRd)~ (2.15)

In this proof, C' denotes a positive constant independent of § and f. Using the difference method due to
Nirenberg (see, e.g., [12]), one has’

us € H*(D_, UD,). (2.16)
For 7 > 0 small, define F': D_, — D, as follows
F(zr +tv(ar)) = 2r —tv(zr) Var €T, t e (—71,0). (2.17)
Let vs be the reflection of us through I' by F, i.e.,
vs=uso F~lin D,.
By Lemma 4, we have
div(F, AVvs) + k*F.Yvs + i Fulvs = F,. f in D,
and
vs — us|, =0, F,AVuvs - v — AVu5|D ‘v = iéAVU5|D -vonl.
Recall that
div(AVus) + k*Sus + k2(s5 'so — 1)Sus + ids; 'us = s5 ' f in D,

Note that A, and A_ satisfy the complementing boundary condition on I' if and only if FL A and A_
satisfy the complementing boundary condition on I" by (2.4) in Proposition 1. Applying the result of Agmon,
Douglis, and Nirenberg [1, Theorem 10.2], we have

||U6||H2(DT/2) + ||U6||H2(D,/2)

< C(”u(;HHl(DT) + ”U&HHl(DT) + ||i5AVU5|D . V||H1/2(F) + ||fHL2(Rd)). (2.18)

Since

1AV us] - vy < C (sl o, 0 + 11l )

it follows that, for small §,

||U6||H2(DT/2) + ||U6||H2(DT/2) < C(H”&HHl(DT) + sl e (o, + ||f||L2(Rd))~ (2.19)

Using the inequality, for A > 0,

lell (o, ) < Allellaz(, ,,) + Cxllellz(p, )

4 We do not claim that u € Hﬁm(Rd); this fact is not true in general.
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we derive from Lemmas 1 and 3 that, for small 4,

sz, ) + lesllarzco. )+ sl e < Cr(lusllzzoop + 1 flizn) YR>0. (220

The proof now follows by a standard compactness argument. We first claim that

[usllL2(Bry) < Cllfllz2a)- (2.21)

Indeed, assume that this is not true. By (2.15), there exist a sequence (4,) — 04 and a sequence (f,) such
that supp f,, C Br,,

||u5nHL2(BRO) =1, and ||anL2(Rd) — 0.

We derive from (2.20) that (us, ) is bounded in H}. (R?). Without loss of generality, one might assume that

(us,) converges to ug weakly in H} (R?) and strongly in L? (R?). Then uo € H} (R%),

diV(SoAVUQ) + ]{12502’&0 =0in Rd,

and u satisfies the outgoing condition by the limiting absorption principle. It follows that ug = 0 in R¢ by
the uniqueness. This contradicts the fact ||UO||L2(BRO) = limy, 400 ||Us,, ||L2(BR0) = 1. Hence (2.21) holds.
A combination of (2.15), (2.20), and (2.21) yields

luslim(Br) < CrllSf L2 @a)- (2.22)

Hence for any sequence (J,,) — 0, there exists a subsequence (dy, ) such that (us, ) converges to ug weakly
in H (R?) and strongly in L% (R%). Moreover, ug € H}. (R?),

div(soAVug) + k?soXug = f in RY,

and ug satisfies the outgoing condition. Since the limit ug is unique, (us) converges to up weakly in H} (R?)

and strongly in L#(R%) as § — 0. The proof is complete. O
2.8. Proof of Proposition 1
Using a rotation if necessary, without lost of generality, one may assume that e = e4 := (0,---,0,1).
Denote x = (2/,t) € R¥! x R. Fix a non-zero vector ¢ = (&1, ,&4-1) € R?¥™! and denote & = (¢',0).
Since u;(z) = e"®&v;(t) (j = 1,2) is a solution to the equation
div(A4;Vu;) =0 in R x (0, +00),
it follows that, for j =1, 2,

a;vy (t) + 2ibv(t) — cjv;(t) = 0 for t > 0,

where
d—1 d—1d-1
a; = (A)aa b= (Ajarbe, and ¢ = (Aj)k1&kb-
k=1 k=11=1
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Here (A;)i,; denotes the (k,l) component of A; for j = 1,2 and the symmetry of A; is used. Define, for
J=12

A= —b? +ajc;.
Since A; is symmetric and positive, it is clear that, for j =1, 2,
aj = (Ajeq,ea) >0, by =(A;€eq), and A;=(Ajeq eq)(4;€,€) — (4;eq,6)* > 0.
Since v; is required to be bounded, we have
v;(t) = a e’
for some o; € C, where
nj = (—ib; — \/B))/a.
Using the fact that u; = us and A1Vuy - eq = AsVus - eq, we have
o1 =ay and og ((iAgf + neAseq,eq) — (1A1§ + mAieq, ed>) =0.
The complementing boundary condition is now equivalent to the fact that
A # Aq,

for all non-zero & = (¢',0) € R%. Condition (2.4) is proved.
It remains to prove that if Ay > A; then (2.4) holds. Define M = Ay — Ay, fix £ € P\ {0}, and set

A = (Age,e) (A2, ) — (Aze,)? = ((Are,e) (A1, ) — (A1e.8)?).
Using the fact Ao = Ay + M, after a straightforward computation, we obtain
A = (Me,e)(Ai€,€) + (ME,€)(Are, €) + (Me, e) (ME,€) — 2({Me, £)(Are, €) — (Me, &), (2.23)

We have, by Cauchy’s inequality,

(Me, ) (A1.€) + (ME ) (Are,e) = 2((MEE(Me.) (Are,e)(Ai6. ) (2.21)
Since M and A; are symmetric and positive and (€, ) = 0, we obtain, by Cauchy-Schwarz’s inequality,
(Me, ) (ME, ) (Are,e){A1€. ) > (Me, &% Are.€)? (2.25)
and
(Me,e)(ME,€) > (ME,e)?. (2.26)
A combination of (2.23), (2.24), (2.25), and (2.26) yields
A > 0.

The proof is complete. O
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3. A variational approach via the Dirichlet principle

In this section, we develop a variational method, which complements the one in Section 2, to deal with
a class of A in which F,A; might be equal to A_ on I' and A, and A_ are not supposed to be smooth
near I'; this is not covered by Theorem 1. One motivation comes from the work of Ola in [37]. The other is
from the work of Bonnet-Ben Dhia, Chesnel, and Ciarlet in [5], where the smoothness of the coefficients is
not required.

The following result is the main result of this section.

Theorem 2. Let f € L?(RY) with supp f C Bg,, and let us € H*(R?) (0 < § < 1) be the unique solution
of (1.3). Assume that there exists a reflection F from U \ D onto D, for some 7 > 0 and for some smooth
open subset U of R® with D C U such that

either A — F,A > cdist(z,1)*I or F.A—A>cdist(z,T)], (3.1)

on each connected component of D, for some ¢ > 0, and for some 0 < o < 2. Set vs = us o F~' in D,.
Then

1/2
Juslizaqay + s = vsllnco,) + ([ 1A= FoA)Vus, Vus)]) < Callflipgey (32
D,

Moreover, (us) converges to ug weakly in H. (R \T) and strongly in L? (R%) as § — 0, where ug €

loc loc

H} (RI\T)N L2 (RY) is the unique outgoing solution of (1.2) such that the LHS of (3.3) is finite, where

loc
vo :=ug o F~1 in D,. Consequently,

1/2
luollz2(Br) + w0 — vol a1 (p,) + (/ |((A - F*A)VUOaVUM) < Crllf 2 way- (3.3)
D,

Here Cr denotes a positive constant independent of f and 6.

Remark 4. We only make the assumption on the lower bound of F,A — A or A — F,A in (3.1), not on the
upper bound.

The solution ug in Theorem 2 is not in H lloc(]Rd) as usual. The meaning of the solution is given in the
following definition:

Definition 3. Let f € L?(R%) with compact support and let F' be a reflection from U \ D to D, for
some 7 > 0 (small) and for some smooth open set U with D C U such that (3.1) holds. A function
ug € HE (RA\T)N L2 (R?) such that the LHS of (3.3) is finite is said to be a solution of (1.2) if

loc loc

div(soAVug) + k?soXug = f in R4\ T, (3.4)
UO‘D —v9=0 and (F.AVuy —AVUO|D)-I/:OOH I, (3.5)
and
lim / (F*AVUQ - vvg — AVug - Vﬂo) =0. (3.6)
t—04

dD\T
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Remark 5. Since ug — vy € H'(D,) and div(F.AVvy — AVug) € L*(D,) (the LHS of (3.3) is finite), it
follows that ug|,, —vo € H/*(T') and (F,AVuv, — AVug| ) -v € H~*/*(T"). Hence requirement (3.5) makes
sense. It is clear that the definition of weak solutions in Definition 3 coincides with the standard definition
of weak solutions when o = 0 by Lemma 4. Requirements in (3.5) can be seen as generalized transmission
conditions.

The proof of Theorem 2 is based on the Dirichlet principle. The key observation is that the Cauchy
data provides the energy of a solution to an elliptic equation (Lemma 5). The proof is also based on a new
compactness criterion in L? (Lemma 7). The requirement o < 2 is used in the compactness argument; we
do not know if this condition is necessary. As a direct consequence of Theorem 2 with a = 0, we obtain the
following result:

Corollary 2. Let f € L*(R?) with supp f C Bg,, and let us € H*(R?) (0 < § < 1) be the unique solution of
(1.3). Assume that Ao F~1(x) or A(x) is isotropic for every x € D, and

either Ao F'(z)— A(x)>cl or Ax)—AoF Yx)>cl (3.7)

in each connected component D, for some small T > 0 and for some ¢ > 0, where F(xp + tu(xp)) =
axr —tv(zr) forar €T and t € (—7,7). Then

lusllzr1(Br) < CrIIfllL2Ra)-

Moreover, us — ug weakly in H;OC(Rd) as & — 0, where uy € H}OC(Rd) is the unique outgoing solution of
(1.2) and

ol (Br) < CrI fllL2(Re)-

Remark 6. Applying Corollary 2, one rediscovers and extends the result obtained by Bonnet-Ben Dhia,
Chesnel, and Ciarlet in [5] where Ay and A_ are both assumed to be isotropic.

We next present another consequence of Theorem 2 for the case a = 1. The following notation is used.

Definition 4. The boundary I" of D is called strictly convex if all its connected components are the boundary
of strictly convex sets.

We are ready to present

Corollary 3. Let d > 3, f € L?>(R?) with supp f C Br,, and let us € H*(RY) (0 < § < 1) be the unique
solution of (1.3). Assume that D is of class C3, A is isotropic and constant in the orthogonal direction of
T’ in a neighborhood of T, i.e., A(xr + tv(zr)) is independent of t € (—70,70) for xr € T' and for some
small positive constant 1y, and T is strictly convex. There exist ¢ > 0, 7 > 0, a smooth open set U DD D,
a reflection F : U\ D — D, such that F,A— A > cdist(z,[)I or A— F,A > cdist(xz,T')I on each connected
component of D,. As a consequence, us satisfies (3.2) with a = 1. Moreover, us — ug weakly in H} (R?\T)
as & — 0, where ug € H} (RI\T)N L2

loc loc

(R9) is the unique outgoing solution of (1.2) and uq satisfies (3.3).

Remark 7. In particular, if A is isotropic and constant in each connected component of a neighborhood of T,
then the conclusion of Corollary 3 holds.

Remark 8. Applying Corollary 2, one rediscovers and extends the well-posedness result obtained by Ola [37]
and Kettunen, Lassas, and Ola in [16] where A = I in D and I" has one or two connected components.
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Remark 9. Corollary 3 does not hold in two dimensions. The strict convexity of I' is necessary in three
dimensions. In four or higher dimensions, the strict convexity of T' can be relaxed (see Remark 11).

The rest of this section containing three subsections is organized as follows. In the first subsection, we

present some lemmas used in the proof of Theorem 2. The second and the third subsections are devoted to
the proof of Theorem 2 and Corollary 3 respectively.

3.1. Some useful lemmas

We begin with the following lemma which plays an important role in the proof of Theorem 2.

Lemma 5. Let Q be a smooth bounded open subset of R, and A, and Ay be two symmetric uniformly elliptic
matrices defined in Q. Let fi, fo € L*(Q), h € H~Y/2(99) and let uy,us € H(Q) be such that

—div(A;Vuy) = f1 and —div(A2Vue) = fo in Q, (3.8)
uy =uy and AiVui-v = AsVus v+ h on 0. (3.9)
Assume that

Then

/<(A1 — AQ)VU17VU1> + / |V(’LL1 — UQ)‘Q
Q

Q

< O, fosur, w23y + Il 27200 (1, 12) s 20y ) (3.11)

Proof. By considering the real part and the imaginary part separately, without loss of generality, one may
assume that all functions in Lemma 5 are real. Set

M= |[(f1, f2ur,u2) 2 () + 0l 1200 | (ur, u2)ll 12 o0 -

Multiplying the equation of u; by u; (for j = 1,2) and integrating on 2, we have

/<AjV’U,j,VUj> = /ijj + /AjVUj CV Uy (3.12)
Q Q 0
Using (3.8) and (3.9), we derive from (3.12) that
/<A1Vu17 V’LL1> — <A2VU2, VU2> S CM (313)

Q

Here and in what follows, C denotes a positive constant independent of f;, h, u; for j = 1, 2. By the Dirichlet
principle, we have
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1
5/<A2VU2,VU2> 7/f2U2 — /AQVUQ sV Ug
Q

Q o0

1
<5 [1aVun V)~ [ o~ [ 4902w (3.14)
Q

Q o0

A combination of (3.8), (3.9), and (3.14) yields

/<A2VU27 VU2> — <A2VU1, VU1> S CM (315)
Q

Adding (3.13) and (3.15), we obtain

/<(A1 — A2)Vuy, Vuy) < CM. (3.16)
Q

Set
w=u; — Uy in N.
We have, in €,

div(A3Vw) = div(A2Vuy) — div(AaVug) =div(4A1Vuy) — div(AsVus) + div([As — A1]Vuy)
=— fi+ fa +div([A2 — 41]Vuy).

Multiplying this equation by w, integrating on €, we obtain, by (3.8) and (3.9),

/|Vw|2 < /C|<(A1 — A9)Vur, V)| + CM. (3.17)
Q Q

Since A; > As and A; and As are symmetric, we have, for any A > 0,

/|<(A1 — Ag)Vul,VwH S A/ |<(A1 — AQ)Vul,Vu1>| + % / |<(A1 - AQ)V’U],V”[UH
Q Q Q

It follows from (3.16) and (3.17) that

/|Vw\2 < OM. (3.18)
Q

The conclusion now follows from (3.16) and (3.18). The proof is complete. O
We next recall Hardy’s inequalities (see, e.g., [21]).

Lemma 6. Let Q be a smooth bounded open subset of R%. Then, for allu € H(Q), and for a > 1,

/ dist(z, ) 2Ju(x)2 dz < Co / (dist(, 00)°[Vue)? + u(2)|?) de. (3.19)
Q Q

Here Cy q 1s a positive constant independent of u.
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Remark 10. Lemma 6 also holds for Lipschitz domains, see [25, Theorem 1.5].

Using Lemma 6, we can prove the following compactness result which is used in the compactness argument
in the proof of Theorem 2.

Lemma 7. Let 0 < o < 2, Q be a smooth bounded open subset of RY, and (u,) C H'(Q). Assume that
sup/ (dist(x,aQ)a|Vun(a:)\2 + |un|2> dz < +oo. (3.20)
"o

Then (uy,) is relatively compact in L?(€2).

Proof. Without loss of generality, one can assume that o > 1. By Lemma 6, we have
/dist(x,aQ)a*2|un(x)|2d:c < CQ,Q/ (dist(a:,aQ)a|Vun(x)\2 + |un(:c)|2) dz. (3.21)
Q Q
In this proof, C, o denotes a positive constant depending only on o and 2 and can be changed from one
place to another. We derive from (3.20) and (3.21) that, for 7 > 0 small,
/ lup (2)[2 dz < 72 / (dist(a:, 8Q)% |V, (2)[? + |un|2) dz < Coqr?". (3.22)
Q, Q

Fix € > 0 arbitrary. Let 7 > 0 (small) be such that

llunllr2,) <€/2 VneN. (3.23)
Such a 7 exists by (3.22). From (3.20) and Rellich-Kondrachov’s compactness criterion, see, e.g., [12], there
exist Up,, - , Uy, such that
k
{un € L2 @\ Q) nen} c U {ue 2@\ Q)i flu = un, 2o, <2/2}. (3.24)

A combination of (3.23) and (3.24) yields
. 2
{u, € L*(Q); neN} C U {ue L2(Q); lu — un, | 12(0) < €}

Therefore, (uy,) is relatively compact in L%(Q). O
We end this section with the following lemma which implies the uniqueness statement in Theorem 2.

Lemma 8. Let F' be a reflection from U \ D to D, for some small 7 > 0 and for some smooth open subset
U of R with D C U. Assume that ug € HL (R\T)N L2 _(RY) is an outgoing solution to

div(soAVug) + k?soXug = 0 in RE\ T, (3.25)
such that the LHS of (3.3) is finite with vg := ug o F~ in D,

up—vo =0 and (F.AVvy— AVu|,)-v=0onT (3.26)
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and

Jim 3 / (F.AVvy - viig — AVug - viig) | = 0. (3.27)
dD\T

Then ug = 0 in RY.

Proof. Fix R > Ry. Multiplying (3.25) by @ and integrating on Bg\ (DUF~!(D;)) and D\ D, respectively,
one has, for 0 <t < 7,

— / <AVUO, VUQ> + k2 / E|uo|2 + / (9Tu0ﬁo + / AVUO SV Uy = 0 (328)
Br\(DUF~1(Dy)) Br 0Br [0F—1(Dy)]\T

and

/ <AVUO, VUO> - k2 / E|’UJO‘2 - / AVUO vV ﬁo =0. (329)
D\D; D\D; OD\I'

Here v denotes the normal unit vector directed to the exterior of the set in which one integrates. Set
vo=wuoo F~'in D,.

Then, by [26, Lemma 2],

/ AVUO vV 110 = — / F*AVUO vV 1_10.
OF—1(Dy)\T dD,\T
It follows from (3.27) that
}ir%% / AVug - vug + / AVug-vug| =0. (3.30)
—
OF ~1(Dy)\I 0D\

Subtracting (3.29) from (3.28), letting ¢ — 0, and using (3.30), we obtain

%{ / 8ru0ﬂ0} —0.

OBR

This implies, by Rellich’s lemma,
uo =0 in R?\ Bg,.
Using (3.26) and the unique continuation principle, we reach
up = 0 in Bp,.

Hence uy = 0 in R?. The proof is complete. O
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3.2. Proof of Theorem 2

The uniqueness of ug follows from Lemma 8. We next estimate us. By Lemma 2,

C
[us || g1 (rey < ngHLZ(Rdy (3.31)

We prove by contradiction that
usllL2(Bry) < CllfllL2(ray- (3.32)
Suppose that this is not true. There exist 6, — 0., f, € L?>(R?) with supp f,, CC Bg, such that
lus, l2(Br,) =1  and || fallL2gay — 0. (3.33)

Here us, € HY(R?) is the unique solution of (1.3) with § = §,, and f = f,,. Using (2.10) in Lemma 2, we
have

s | g may < C, 12, (3.34)
We derive from Lemma 4 that
div(F,AVvs, ) + k*F.Svs, + 6, Fulvs, = F.f, in D,
and
vs, = us, and F.AVvs -v=(1+1id,)AVus, |D -vonT. (3.35)
We also have
div(AVus,) + k*Sus + (s5 'so — 1)k*Sus, + s5 'idnus, = s5 ' f in D,.

From (3.33), we derive that

I (u(;",v(;”) |H1/2(3DT/2\F), I (AVu(;" ‘v, Fx AVus, - V) ||H*1/2(8DT/2\F) are bounded. (3.36)

Applying Lemma 5 with D = D, /5 and using (3.33), (3.34), and (3.36), we obtain

2<—l—oo.

+ [V (us, —vs,)

swp [ (4~ F.A)Tus, Vs, )
n o,

By Lemma 7,
(us, ), (vs, ) are relatively compact in L?*(D, /2)-
This implies
I (U5n,v(5n) ||H1/2(0DT/4\F), I (AVU(;n ‘v, F % AV, - y) HHfl/z(aDTM\F) are bounded.
From Lemmas 1 and 3, one may assume that

(us, ) converges in L7 (R?),
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and (us,) and (vs,) converge almost everywhere. Let ug be the limit of (us,) in L%, (R?) and vy be the

loc
limit of (v(;n) in L2(D,). Then ug € H} (R*\T) N L?

loc 2 (R%) is a solution to

div(sgAVug) + k*soXug = 0 in RY\ T,

ug satisfies the outgoing condition by the limiting absorption principle, and vy = ug o F~! in D,. From
(3.31) and (3.35), we obtain

ug —vo =0 and (AVu0|D—F*AVv0)-u=00nF,

and
1/2
luollL2(Br) + lluo = volli(p,) + (/ (A~ F*A)VU07VU0>|> < +o0.
DT
Multiplying the equation of vs and us by vs and ugs respectively, integrating on D., and considering the

imaginary part, we have

%{ / (F*AV’U(; - VU§ — (1 + ié)AVu(; . V’[L(;) + /Z'(S(F*I‘U(SP + <AVU5, V’LL5> + ‘U§|2>}
D\ D.

23{/F*f175+/fﬂ5}-
D, D,
Letting § — 0, we obtain
%{ / (F*AVUO . Vl?o - AVUO . I/ﬁo)} = %{ /F*fﬁo + / fﬂo}
OD\T Dy D,

It follows that

lim S{ / (F*AVUO - vy — AVug - Vﬂo)} =0. (3.37)

t—0
OD\T

Hence ug = 0 by Lemma 8; this contradicts the fact [|uol[z2(5,,) =1 by (3.33). Estimate (3.32) is proved.
Estimate (3.2) now follows from Lemma 5. Hence, as above, for any sequence (4,) — 0, there exists a
subsequence (d,, ) such that (us, ) converges to up weakly in H} (RY\T) and strongly in L2 (RY). It is
clear that ug € HL (R4 \T') N L?

2 (RY), ug —vg € H(D,), and ug is the unique outgoing condition to

div(sgAVug) + k*soXug = f in RY.

Since the limit ug is unique, the convergence holds as 6 — 0. It is clear that estimate (3.3) is a direct
consequence of (3.2). The proof is complete. O

8.8. Proof of Corollary 3

The proof of Corollary 3 is based on a reflection which is different from the standard one used in
Corollary 2. Let F' be defined as follows:

ap — tv(zr) — or + t[1 + te(zr)|v(ar),
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for zr € T and ¢ > 0 (small). Here c(zr) = Stracell(zr) where II(ar) is the second fundamental form of
I' at zr and f is a constant defined later. In this proof, v(ar) denotes the unit normal vector of ' at ar
directed into D. Fixing zr € I', we estimate F.A — A at xp + t[1 + tc(zr)|v(zr) for small positive ¢. To
this end, we use local coordinates. Without loss of generality, one may assume that xp = 0 and around
xr = 0, [ is presented by the graph of a function ¢ : (—gg,£0)?"! — R with ¢(0) = 0, and {(2/,z4) €
(—e0,€0)% 24 > p(z')} € D. We also assume that V'¢’(0) := (94,0, ,0x,_,¢)(0) = 0 € R¥! and
V72p(0) = Me1 ®eq+- - Ag_1€4—1 @ eq—1 where \1,--+ , A\g_1 are the eigenvalues of II(xr). Here e1,--- ,eq
is an orthogonal basis of R%. Since I is strictly convex, one can assume that ¢ is strictly convex or strictly
concave. We only consider the case ¢ is strictly convex; the other case can be proceeded similarly. Hence,
in what follows, we assume that A; > 0 for 1 <i<d— 1. Set

Qo(xl’ t) = (p(mla 0).

Define
t[1 4 te(x'))
Gi(z',t) = (2, p(z")) + — Va2, 1).
1(#'s1) = (@' 9(0) + e (= Vel 1)
A computation yields
VG1(0,t) = T —tV2p(0) + 2tc(x')eq ® eq + O(t%). (3.38)

Here and in what follows in this paper, O(s) denotes a quantity or a matrix whose norm is bounded by C|s|
for some positive constant C' independent of s for small s. Define

t

VIVie(@)? +1

Gala!, 1) = (o', p(a')) - (- V'), 1).
We have
VGo(0,t) = T —2eq @ eq + tV2p(0). (3.39)
From the definition of F', G1, and G5, we have
F(y) = GioGy(y).

This yields

VF(y) = VGi(z',1)[VGa(a, )] where Go(a',t) = y.
We derive from (3.38) and (3.39) that

VE(y) =1 —2eq® eq — 2t — 2tc(0) eq ® eq + O(t?),
for y = G(0,t). Here for notational ease, we also denote II = V2¢(0). We have, for y = G5(0,1),
|det VE(y)| "' VF(y)" VF(y) = [1 4 2t tracell — 2tc(0)] (I — 4¢I1 + 4tc(0)eq ® eq) + O(t?)

d—1

=I+2t Z [tracell — 2); — c(0)]e; ® e; + 2t[c(0) + tracellleq ® eq + O(t?).
i=1
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By taking ¢(0) = Stracell with —1 < 8 < 0 and f is closed to —1, we have
B:=|det VE(y)| 'VF(y)'VF(y) — I > ~tI,
for some y > 0. The conclusion now follows from Theorem 2. The proof is complete. O

Remark 11. Corollary 3 does not hold for d = 2. Indeed, assume that A = I in R?, D = B,, \ B,, for
0 <7 <rg Let F': By \ By, = By, \ By, be the Kelvin transform with respect to 0B, and let
Y =F,1in B,, \ B, then F,A = A and F,.X = X: the resonance appears (Proposition 2 in Section 5). The
strict convexity condition of T is necessary in three dimensions. In fact assume that D = {(z1, 79, z3) € R3;
23 +23 <1land 0 <z3<1}andlet G:R?x (0,1)\ D — D be defined by G(z1,z2,23) = (F(1,22),23).
Set (A4,%) = (1,1) in R*\ D and (I, G.1) otherwise. The problem is not well-posed again for some f by
Proposition 2 in Section 5. Nevertheless, the strict convexity condition can be weaken in four or higher
dimensions. To illustrate this point, let consider the case d = 4. Then

1
ﬂB:()\24*/\37/\17&)61®61+(>\1+/\37/\27ﬂ)66®62

+ ()\1 + Ay — Ay — 5)63 ® ez + (1 "‘5)(/\1 + Ao+ )\3)64 X eq + O(t)

Assume that A1, Ao, A3 > 0 and if A\ Ao A3 = 0 then only one of them is 0. Then B > ~¢[I if 8 is chosen as in
the proof of Corollary 3. Hence the conclusion of Corollary 3 holds in this case.

4. A variational approach via the multiplier technique

In this section we develop a variational approach via the multiplier technique to deal with the case
F,A= Ain D,. This complements the results in the previous sections. The main result of this section is:

Theorem 3. Let f € L*(R%) with supp f C Bgr, \ T, and let us € H'(R?) (0 < § < 1) be the unique solution
of (1.3). Assume that there exists a reflection F' from U\ D to D,, for some 7 > 0 and for some smooth
bounded open subset U of R% with D C U such that either

FLA-A>0 and X — FX > cdist(x, )7, (4.1)
or
A—F,A>0 and F.X—X>cdist(z,)?, (4.2)

in each connected component of D,, for some 3 > 0 and ¢ > 0. Set vs = uso F~! in D,. Then, for all
0<p<R,

/ |u5\2+/\Z—F*Z||u5|2+/\((A—F*A)VU5,Vu5>\
D, D,

Br\(D,UD-,)

[ s = ool 419 a5 = 00 < Clf Iy (43)
D,

Moreover, (us) converges to ug weakly in H} (R%\ T) and strongly in L? (R*\T) as 6 — 0, where

loc loc

ug € H- (R?\T) is the unique outgoing solution of (1.2) such that the LHS of (4.4) is finite, where

loc
vo :=ug o F~1 in D,. Consequently,
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uo|? + / |2 — F.2uo|* + / [{(A — F,A)Vug, Vug)|
Bgr\(D,UD_,) D, D,

+ / lup — vo|® + |V (uo — v0)|* < Cr,p
b,

1122 (gay- (4.4)

Here Cg,, denotes a positive constant depending on R, p, A, ¥, Ry, 8, ¢, and the distance between supp f
and T, but independent of f and §.

The solution ug in Theorem 3 is not in L7 (R?). Its meaning is given in the following definition:

Definition 5. Let f € L?(R?) with supp f CC R4\ T, and let F be a reflection from U \ D to D, for some
7 > 0 and for some smooth open subset U of R? with D C U such that (4.1) or (4.2) holds. A function
ug € H,(R%\ T) such that the LHS of (4.4) is finite is called a solution to (1.2) if, with vy = ug o F~1,

loc

div(soAVug) + k?soXug = f in RI\ T, (4.5)
ug—vg =0 and (FyAVyy— AVUO|D) -v=0onT, (4.6)
and
Jim 3 / (P, AVvo - viig = AVug - viig) | = 0. (4.7)
OD\T

Remark 12. Since ug —vg € HY(D,), (X — F.X)ug € L*(D,), and (A — F.A)Vuy € L*(D,), it follows
that div(F,AVvy — AVug) € L*(D,) and F,AVvy — AVug € L*(D,). Hence ug — vo € H'/*(T'), and
(F AV — AVUO|D) -v € HY2(I"). Requirement (3.5) makes sense.

Remark 13. 3 is only required to be positive in Theorem 3. In (4.1) and (4.2) of Theorem 3, we only make
the assumption on the lower bound and not on the upper bound of the quantities considered.

The proof of Theorem 3 is based on a variational approach via the multiplier technique. One of the key
point of the proof is Lemma 9, a variant of Lemma 5, where test functions are used. Sylvester in [43] used
related ideas to study the transmission eigenvalues problem. The compactness argument used in the proof
of Theorem 3 is different from the standard one used in the proof of Theorem 2 due to fact the family (us)
might not be bounded in L2, (R?) in the context considered in Theorem 3.

Here is a corollary of Theorem 3 which is a complement to Corollary 3 in two dimensions.

Corollary 4. Let d = 2, 09 € R, D = By, f € L?*(R?) with supp f C Bg, \ T, and let us € H'(RY)
(0 < 6 < 1) be the unique solution of (1.3). Assume that (A,X) = (I,1) in D_; and (A, %) = (I,00)
in D; for some small 7 > 0. Let F' be the Kelvin transform with respect to 0D. Then Fi.I =1 in D.;
and F,1 — o¢ > cdist(x,T') in D) if oo < 1 and 09 — Fx1 > c in D/ if 09 > 1 for some ¢ > 0.
As a consequence, (us) converges ug weakly in H. (R*\T) and strongly in L7 (R?*\T) as 6 — 0, where
ug € HL (RE\T) is the unique outgoing solution of (1.2); moreover, uq satisfies (4.4).

The rest of this section contains three subsections and is devoted to the proof of Theorem 3 and Corol-
lary 4. The first one is on a variant of Lemma 5 used in the proof of Theorem 3. The proof of Theorem 3
and Corollary 4 are given in the last two subsections.
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4.1. A useful lemma

The following lemma is a variant of Lemma 5 and plays an important role in the proof of Theorem 3.

Lemma 9. Let Q be a smooth bounded open subset of R, and Ay and Ay be two symmetric uniformly elliptic
matrices, and ¥, and Yo be two bounded real functions defined in Q. Let fi, fa € L>(Q), h € H-/2(09Q),
and let uy,us € H*(Q) be such that

div(A1Vuy) + Zqug = f1 and  div(AsVug) + Youg = fo in Q, (4.8)
and
uy =us and Ai1Vui-v = AsVus-v+h on 0. (4.9)
Assume that
A > Ay and Yo > in Q. (4.10)

We have

/(22 — E1)|UQ|2 + ((A1 — A2)Vug, Vug) + |V(ug — U2)|2 < ON(f1, fa, hyur, u2),
Q

for some positive constant C independent of uy, us, f1, fo, and h, where
N(f1, fo, hyur,ug) = || (ur, u2)l L2) | (f1, f2)ll 20
+ Bl 17200 [1(w1; u2) [l 172 00 + [lur — UZH%Q(Q)'

Proof. By considering the real part and the imaginary part separately, without loss of generality, one may
assume that all functions mentioned in Lemma 9 are real. Define

w = Uy — Uy in Q.
From (4.8) and (4.9), we have
div(41Vw) + Ziw = f1 — fo + (22 — X1)ug + div([A2 — 41]Vug) in O, (4.11)
w=0, and AVw-v=hon 0. (4.12)
Multiplying (4.11) by us and integrating on 2, we have

/(fl — fa)ug + (X2 — E1)|U2|2 + /<(A1 — A2)Vug, Vuy)

Q Q

= / (dlv(A1Vw) + El’w)UQ + /(Al — AQ)VUQ -V ug.
Q o

Integrating by parts and using the fact that
AVw v+ (A1 — A3)Vug - v = A1Vuy - v — AsVug - v = h on 99,

/A1V’LUVUQ = /AQV’LUVUQ =+ /(Al — AQ)VU]VUQ,
Q Q Q
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and
Yiwug = (21 — EQ)?UUQ + Yowus,

we derive from (4.10) and (4.12) that

/(22 Sl + /((A1 — A9)Vus, Vo)

Q Q

< CN(f, for by, ) + / (1 — So)wus + / (A3 — A1)V, Vua). (4.13)
Q Q

Here and in what follows in this proof, C' denotes a positive constant independent of f;, h, u; for j = 1,2.
Multiplying (4.11) by w and integrating on €2, we have
/<A1V’U}, Vw> S CN(fl, fg, h,ul,u2) + /(El — EQ)’IU’LLQ + /<(A2 — Al)VUQ, Vw) (414)
Q Q Q
A combination of (4.13) and (4.14) yields

/(22 — Sl + /<(A1  A9)Vus, V) + /<A1w,w>

S CN(fl,fQ,h,Ul,UQ) + 2/(21 - ZQ)U)UQ + 2/<(A2 - Al)Vw,Vu2>. (415)
Q Q

We have for A > 0, since A; > Ao,
/((AQ — Al)VUQ, VU} )\/ A2 VUQ, V’LLQ> + A~ <(A1 — Ag)Vw7 Vw>, (416)
Q Q
and, since Yo > ¥4,
1
2/(21 — Yo)wuy < 2/(22 —Y)w? + 3 /(22 — ¥p)uj. (4.17)
Q Q Q
By choosing A smaller than 1 and close to 1, we derive from (4.15), (4.16), and (4.17) that
/(EQ — 21)|U2|2 + /<(A1 — AQ)V’LLQ,VU2> + / |Vw|2 S CN(fl,fQ,h,ul,UQ). (418)
Q Q Q

The proof is complete. O
4.2. Proof of Theorem 3

The proof of the uniqueness of uy, i.e., if f = 0 then ug = 0 is similar to the one of Lemma 8. The details
are left to the reader.
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We next establish the estimate for us by a compactness argument. The compactness argument used in

this proof is different from the one in the proof of Theorem 2 due to the loss of the control of us in L% (RY).

Without loss of generality, one may assume that supp f N (D, U F~1(D,)) = 0. By Lemma 2, we have

C
Hu(;”?ﬁll(Rd) < gHf||L2(]Rd)||u5||L2(BRO\(DTUF*1(D,.)))- (4.19)
We first prove that

usllz2(Bro\(D-,uFP-1(D-,)) < CllfllL2ras (4.20)

by contradiction® where 0 < 7 < 7/3 is a positive constant chosen later. Assume that there exist §, — 0,
fn € L%(RY) with supp f,, C Bgr, and supp f,, N (D, U F~Y(D,)) = () such that

[frllz@ay = 0 and  |[unllz2(BR \(D., uF-1(D4,)) = 1, (4.21)

where u,, is the solution of (1.3) with § = §,, and f = f,,. Set v,, = u, o F~! in D,. By Lemma 4,

div(F,AVv,) + k*F,Xv, + i6, F.lv, =0 in D, (4.22)
and
v, = u, and Aan|D -v=F,AVu, -v+ iénAVun‘D -vonT. (4.23)
We also have
div(AVuy,) + E2Su,, + (iénsé_nl + [s0s5} — 1]k22)un —0in D,. (4.24)

Applying Lemma 9 with D = D, o and using (4.19) and (4.21), we have
[ =Rl + [ (4= FATu, Tu)

D.,./z D-r/2

+ / IV (t, — )2 gCT(l+ / \un—vn|2). (4.25)
D Do,

T/2

By choosing 7 small enough, one has

1
C('r / |un - Un|2 S 5 / |v(un - Un)|2a
Dr, D.)s
since u,, — v, = 0 on I'. It follows from (4.25) that
/ 15— FoS|un]? + / (A — Fu AV, V)| + / IV (= v) | + / i — w2 < Cr. (4.26)
D, 2 D;/2 D:/2 D,

This implies, by (4.1) and (4.2), for 0 < p < 7/4,

| (wn, ) | zr120p,\1) | (AVuy, - v, F x AV, - V)HH—1/2(8DP\F) are bounded.

5 We do not prove that H“tSHL'Z(BRﬂ) < C||fllL>(rey- This is different from the proof of Theorem 2.
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Using Lemmas 1 and 3, we derive that

|un|2 + ‘vun|2 < Op,R7 (4.27)

Br\(D,UD—,)

for 0 < p < R. Without loss of generality, one may assume that (u,) converges to ug weakly in Hj (R?\T),
2

2 (RI\T), (vy,) converges to vy weakly in HL (D, ) and strongly in L? (D,), and (u,, —vy,)

loc loc

and strongly in L
converges to ug — vg weakly in H*(D,) and strongly in L?(D,), and vg = up o F~! in D,. We have,
by (4.26),

/|E—F*Z||u0|2+/|<(A—F*A)Vu0,Vu0)|

D. D

# [lio— P+ [V - P+ [ jwl+[Vuol < Gy
DT

Br\(D,UD,)

and up € HL,(R?\T) is an outgoing solution to the equation
div(soAVug) + k?soXug = 0 in R?\ T

From (4.19) and (4.23), we obtain

ug —vg =0 and (AVu0|D — F,AVvy)-v=0o0nT.

Similar to (3.37), we also have

tl_i>I(IJ1+ %{ / (F*AVUO - Vg — AV’LLO . l/ﬂo)} =0.
OD\I'

Hence ug = 0 in R? by the uniqueness. We have a contradiction with the fact that
[woll L2(Bro\(D-, uF-1(D, ) = 10 ([l L2 (B, \ (D, P10, ) = 1-

Claim (4.20) is proved. The conclusion now is standard as in the proof of Theorem 2. The details are left
to the reader. O

4.8. Proof of Corollary 4

It suffices to check F.1 — o > cdist(z,I') if 09 < 1 and 09 — Fi1 > ¢ if 09 > 1 in D, /5 for some ¢ > 0
provided that 7 is small enough. A computation gives

|det(VF)(y)| = 1 — 4dist(z,T) + O(dist(z,I')?),
where F(y) = z. This implies
1/|det(VE)(y)| = 1+ 4dist(z,I') + O(dist(z,T)?),

where F(y) = x. The conclusion follows from the definition of F1 and the fact F,I =1. 0O



370 H.-M. Nguyen / J. Math. Pures Appl. 106 (2016) 342-374

5. Optimality of the main results

In this section, we show that the system is resonant if the requirements on A and ¥ mentioned in
Theorems 1, 2, 3 are not fulfilled and Theorems 2 and 3 are “optimal”. More precisely, we have

Proposition 2. Assume that there exists a reflection F : U\ D — D, for some smooth open subset U of R?
with D C U and some T > 0 such that

(A, E) = (F*A, F*E) m B(xo,fo) N l)7
for some g € T and #o > 0. Let f € L*(R?) with supp f CC Bpg, \ ' and assume that A is Lipschitz
in DN B(xg, 7). There exists 0 < rq < 7g, independent of f, such that if there is no solution in H*(D N
B(xg,r0)) to the Cauchy problem:
div(AVw) 4+ k*Sw = f in DN B(zo,79) and w= AVw-v =0 on dD N B(xg,1),
then lim sups_q [|us||L2(x) = +00 for some K CC B, \I" where us € H*(R?) is the unique solution of (1.3).

Recall that B(z,r) denotes the open ball centered at « and of radius r.

Proof. Without loss of generality, one may assume that 2o = 0 and 7( is small. We prove Proposition 2
by contradiction. Assume that the conclusion is not true. Then even for small ry, there exists f with
supp f N By, \ T such that there is no solution in H'(D N B(z, 7)) to the Cauchy problem:

div(AVw) + k*Yw = f in DN B(z¢,70) and w = AVw-v =0 on dD N B(xg, 7o),
and

lim sup ||us|| z2(x) < 400 for all K CC Bg, \T.
6—0

Using Lemma 2, we have
sl 1 (B ry) < CO™Y2, (5.1)

since supp f CC Bg, \ I. Set vs = us o F~! in D N B(zo, ) and define ws = vs — us in D N B(xg, o). By
Lemma 4, we have

div(AVvs) + k*Yvs = —i6, Fylvs in D N B(xg, 7).
Since
div(AVus) + k*Sus = k*(1 — s5 'so)Sus — ids5 'us + 85 f in D N B(wo, 7o),
it follows that
div(AVws) + k*Sws = gs in D N B(xg, 7o),
where

gs = f — i0F,1vs — k*(1 — s5 's0)Sus + ids; 'us — (s5 ' + 1) f in D N B(wo, 7).
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By Lemma 4, we also have
ws=0 and AVws-v= i(SVu(s}D v on 0D N B(xg, fo).
Using a local chart and applying Lemma 10 below, we have

lim sup 51/2Hw5|\H1(DnB(%7,ﬁ0)) = +00.
§—0

This contradicts (5.1). The proof is complete. O
The following lemma is used in the proof of Proposition 2.

Lemma 10. Let R > 0, a be a Lipschitz symmetric uniformly elliptic matriz and o be a real bounded function
defined in BR NR%, and let g € L?(Bgr). Assume that Ws € H'(BR N R%) (0 < § < 1) satisfies

div(aVW;) + cWs = gs in BR NR%,

Ws =0 onBRﬁ]Rg, and aVWs-v =hs onBRﬂ]Rg,

for some hs € H-'/?(Br NRY) such that

lgs — 9||L2(BR0R1) + ||h5||H*1/2(BRﬁRg) < 651/2, (5.2)

for some ¢ > 0. There exists a constant 0 < r < R depending only on R, and the ellipticity and the Lipschitz
constants of a, but independent of &, ¢, gs, g, hs, and o, such that if there is no W € H' (B, N R‘j_) with
the properties

div(aVW) + oW =g in BeNR%L, W =0 on BRNRY, and aVW -v =0 on BRNRY, (5.3)

then
limsup51/2||W5||H1(BRmRi) = +00. (5.4)
6—0
Here and in what follows, we denote RY =R¢ | and R§ =R¢ | with eg = (0,---,0,1) € R%.

Proof. For notational ease, Wo—n, go—n, and hy—» are denoted by W, g,, and h,, respectively. We have

div(aVW,) + oW, = g, in BN R‘j_,

W, =0 on BRﬂRg, aVW,, -v =h, on BRﬂRg.
We prove by contradiction that

limsup2_"/2||Wn||H1(BRmRi) = +00. (5.5)

n—-+oo
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Assume that
m = sup 27”/2||Wn||H1(BRmRi) < o0. (5.6)

Set

Whpt1 — W, —w,, in Bp ﬂRi,
Wy, =

—Wp, in BR N R‘i7
where w,, € H'(Bpg) is the unique solution of

div(aVwy) + owWn = (gn+1 — 9n)lp,nre in Br \ R4,
[aVW, V] = hyy1 — by on BRI and  aVw, - v —iw, = 0 on dBx.

Here we extend a and o in Bg by setting a(a’,zq) = a(z/,—x4) and o(z',24) = 0 for (2/,z4) €
(R4=1 x R_) N Bpg; though we still denote these extensions by a and o. We also denote 1q the charac-
teristic function of a subset 2 of R%. We derive from (5.2) and (5.6) that

Wl (Br) < Cm27 "2, (5.7)
In this proof, C' denotes a constant independent of n. From the definition of w,,, we have

div(aVwy,) + ow, = 0 in Bg.

From (5.6) and (5.7), we derive that

lwn |l g1 (Br) < Cm2™?  and Hwn”Hl(@BRﬂRi) < Cm2 "2, (5.8)

Set S = (0,---,0,—R/4) € R By [35, Theorem 2| (a three sphere inequality), there exists ro € (R/4, R/3),
depending only on R and the Lipschitz and elliptic constants of a such that

2/3 1/3
lwn(- = $)lra@B,,) < Cllwal- = )liom, o lwa = Hlikiom, )
where
lellaen,) = llellazos,) + 1aVe - vig-1208,)

This implies, by (5.8),

lwa(- = S)lm(@B,,) < Cm27"/8.
By Lemma 1, we obtain

||wn(' - S)HHl(B,.O) < Cm2in/6- (59)

Since w,, converges in H'(Bg) by (5.7), it follows that (W,,) converges in H'(B, NR%) with r := ro — R/4.
Let W be the limit of W,, in H'(B, NR%). Then

div(aVW) + oW =gin B,NRY, W =0on B, NRY, aVW-n=0on B, NRY.

This contradicts the non-existence of W. Hence (5.5) holds. The proof is complete. O
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Remark 14. Lemma 10 is inspired by [29, Lemma 2.4]. The proof also has roots from there. The fact
that r does not depend on ¢ is somehow surprising. This is based on a new three spheres inequality in
[35, Theorem 2]. Proposition 2 is in the same spirit of the results in [29] and [16] and extends the results
obtained there.

Acknowledgement

The author thanks Boris Buffoni for interesting discussions on the work of Agmon, Douglis, and Nirenberg
in [1].

References

[1] S. Agmon, A. Douglis, L. Nirenberg, Estimates near the boundary for solutions of elliptic partial differential equations
satisfying general boundary conditions. II, Commun. Pure Appl. Math. 17 (1964) 35-92.

[2] G. Alessandrini, L. Rondi, E. Rosset, S. Vessella, The stability for the Cauchy problem for elliptic equations, Inverse Probl.
25 (2009) 123004.

[3] H. Ammari, G. Ciraolo, H. Kang, H. Lee, G.W. Milton, Spectral theory of a Neumann—Poincaré-type operator and analysis
of cloaking due to anomalous localized resonance, Arch. Ration. Mech. Anal. 218 (2013) 667-692.

[4] H. Ammari, G. Ciraolo, H. Kang, H. Lee, G.W. Milton, Anomalous localized resonance using a folded geometry in three
dimensions, Proc. R. Soc. Lond. Ser. A 469 (2013) 20130048.

[5] A.S. Bonnet-Ben Dhia, L. Chesnel, P. Ciarlet, T-coercivity for scalar interface problems between dielectrics and metama-
terials, ESAIM: Math. Model. Numer. Anal. 46 (2012) 1363-1387.

[6] A.S. Bonnet-Ben Dhia, L. Chesnel, P. Ciarlet, T-coercivity for the Maxwell problem with sign-changing coefficients,
Commun. Partial Differ. Equ. 39 (2014) 1007-1031.

[7] A.S. Bonnet-Ben Dhia, L. Chesnel, P. Ciarlet, Two-dimensional Maxwell’s equations with sign-changing coefficients, Appl.
Numer. Math. 79 (2014) 29-41.

[8] A.S. Bonnet-Ben Dhia, L. Chesnel, X. Claeys, Radiation condition for a non-smooth interface between a dielectric and a
metamaterial, Math. Models Methods Appl. Sci. 23 (2013) 1629-1662.

[9] A.S. Bonnet-Ben Dhia, P. Ciarlet, C.M. Zwélf, Two- and three-field formulations for wave transmission between media
with opposite sign dielectric constants, J. Comput. Appl. Math. 204 (2007) 408-417.

[10] A.S. Bonnet-Ben Dhia, P. Ciarlet, C.M. Zwolf, A new compactness result for electromagnetic waves. Application to the
transmission problem between dielectrics and metamaterials, Math. Models Methods Appl. Sci. 18 (2008) 1605-1631.

[11] G. Bouchitté, B. Schweizer, Cloaking of small objects by anomalous localized resonance, Q. J. Mech. Appl. Math. 63
(2010) 437-463.

[12] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Universititex, Springer, 2010.

[13] L. Chesnel, P. Ciarlet, Compact imbeddings in electromagnetism with interfaces between classical materials and metama-
terials, STAM J. Math. Anal. 43 (2011) 2150-2169.

[14] D. Colton, R. Kress, Inverse Acoustic and Electromagnetic Scattering Theory, second ed., Appl. Math. Sci., vol. 98,
Springer-Verlag, Berlin, 1998.

[15] M. Costabel, E. Stephan, A direct boundary integral equation method for transmission problems, J. Math. Anal. Appl.
106 (1985) 367—413.

[16] H. Kettunen, M. Lassas, P. Ola, On absence and existence of the anomalous localized resonance without the quasi-static
approximation, preprint, http://arxiv.org/abs/1406.6224.

[17] R.V. Kohn, J. Lu, B. Schweizer, M.I. Weinstein, A variational perspective on cloaking by anomalous localized resonance,
Commun. Math. Phys. 328 (2014) 1-27.

[18] Y. Lai, H. Chen, Z. Zhang, C.T. Chan, Complementary media invisibility cloak that cloaks objects at a distance outside
the cloaking shell, Phys. Rev. Lett. 102 (2009).

[19] Y.B. Laptinskii, On a method of reducing boundary problems for a system of differential equations of elliptic type to
regular integral equations, Ukr. Mat. Zh. 5 (1953) 123-151.

[20] R. Leis, Initial-Boundary Value Problems in Mathematical Physics, B. G. Teubner/John Wiley-Sons, Ltd.,
Stuttgart/Chichester, 1986.

[21] V.G. Mazya, Sobolev Spaces with Applications to Elliptic Partial Differential Equations, second, revised and augmented
edition, Grundlehren Math. Wiss., vol. 342, Springer, Heidelberg, 2011.

[22] G.W. Milton, N-A.P. Nicorovici, On the cloaking effects associated with anomalous localized resonance, Proc. R. Soc.
Lond. Ser. A 462 (2006) 3027-3059.

[23] G.W. Milton, N.P. Nicorovici, R.C. McPhedran, K. Cherednichenko, Z. Jacob, Solutions in folded geometries, and associ-
ated cloaking due to anomalous resonance, New J. Phys. 10 (2008) 115021.

[24] G.W. Milton, N.P. Nicorovici, R.C. McPhedran, V.A. Podolskiy, A proof of superlensing in the quasistatic regime and
limitations of superlenses in this regime due to anomalous localized resonance, Proc. R. Soc. Lond. Ser. A 461 (2005)
3999-4034.

[25] J. Necas, Sur une méthode pour résoudre les équations aux dérivées partielles du type elliptique, voisine de la variationnelle,
Ann. Sc. Norm. Super. Pisa, Cl. Sci. 16 (1962) 305-326.


http://refhub.elsevier.com/S0021-7824(16)00014-3/bib41444E4949s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib41444E4949s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416C657373616E6472696E69526F6E6469s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416C657373616E6472696E69526F6E6469s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416D6D617269436972616F6C6F4B616E674C65654D696C746F6Es1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416D6D617269436972616F6C6F4B616E674C65654D696C746F6Es1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416D6D617269436972616F6C6F4B616E674C65654D696C746F6E32s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416D6D617269436972616F6C6F4B616E674C65654D696C746F6E32s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416E6E65536F70686965436865736E656C436961726C657431s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416E6E65536F70686965436865736E656C436961726C657431s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416E6E65536F70686965436865736E656C436961726C657433s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416E6E65536F70686965436865736E656C436961726C657433s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416E6E65536F70686965436865736E656C436961726C657432s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416E6E65536F70686965436865736E656C436961726C657432s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416E6E65536F70686965436865736E656C436961726C6574312D31s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416E6E65536F70686965436865736E656C436961726C6574312D31s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416E6E65536F706869652D436961726C657430s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416E6E65536F706869652D436961726C657430s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416E6E65536F706869652D436961726C65743031s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib416E6E65536F706869652D436961726C65743031s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib426F756368697474655363687765697A65723130s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib426F756368697474655363687765697A65723130s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4272416E616C79736531s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib436865736E656C436961726C6574s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib436865736E656C436961726C6574s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib436F6C746F6E4B72657373496E7665727365s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib436F6C746F6E4B72657373496E7665727365s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib436F73746162656C45726E7374s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib436F73746162656C45726E7374s1
http://arxiv.org/abs/1406.6224
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4B6F686E4C75s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4B6F686E4C75s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4C61694368656E5A68616E674368616E436F6D706C656D656E74617279s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4C61694368656E5A68616E674368616E436F6D706C656D656E74617279s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4C6Fs1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4C6Fs1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4C656973s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4C656973s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D617A7961536F626F6C6576s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D617A7961536F626F6C6576s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D696C746F6E4E69636F726F76696369s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D696C746F6E4E69636F726F76696369s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D696C746F6E2D666F6C646564s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D696C746F6E2D666F6C646564s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D696C746F6E4E69636F726F766963694D635068656472616E506F646F6C736B6979s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D696C746F6E4E69636F726F766963694D635068656472616E506F646F6C736B6979s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D696C746F6E4E69636F726F766963694D635068656472616E506F646F6C736B6979s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib6E65766361733632s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib6E65766361733632s1

374 H.-M. Nguyen / J. Math. Pures Appl. 106 (2016) 342-374

[26] H.-M. Nguyen, Asymptotic behavior of solutions to the Helmholtz equations with sign changing coefficients, Trans. Am.
Math. Soc. 367 (2015) 6581-6595.

[27] H.-M. Nguyen, Superlensing using complementary media, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 32 (2015) 471-484.

[28] H.-M. Nguyen, Cloaking via anomalous localized resonance. A connection between the localized resonance and the blow
up of the power for doubly complementary media, C. R. Math. Acad. Sci. Paris 353 (2015) 41-46.

[29] H.-M. Nguyen, Cloaking via anomalous localized resonance for doubly complementary media in the quasi static regime,
J. Eur. Math. Soc. 17 (2015) 1327-1365.

[30] H.-M. Nguyen, Cloaking using complementary media in the quasistatic regime, Ann. Inst. Henri Poincaré, Anal. Non
Linéaire (2016), http://dx.doi.org/10.1016/j.anihpc.2015.06.004, in press.

[31] H.-M. Nguyen, Reflecting complementary and superlensing using complementary media for electromagnetic waves, revised.

[32] H.-M. Nguyen, Negative index materials and their applications: recent mathematics progress, Chin. Ann. Math. (2016),
in press, http://cama.epfl.ch/files/content/sites/cama/files/documents/Survey.pdf.

[33] H.-M. Nguyen, Cloaking via anomalous localized resonance for doubly complementary media in the finite frequency regime,
submitted for publication, http://arxiv.org/abs/1511.08053.

[34] H.-M. Nguyen, H.L. Nguyen, Complete resonance and localized resonance in plasmonic structures, ESAIM: Math. Model.
Numer. Anal. 49 (2015) 741-754.

[35] H.-M. Nguyen, H.L. Nguyen, Cloaking using complementary media for the Helmholtz equation and a three spheres in-
equality for second order elliptic equations, Trans. Am. Math. Soc. 2 (2015) 93-112.

[36] N.A. Nicorovici, R.C. McPhedran, G.M. Milton, Optical and dielectric properties of partially resonant composites, Phys.
Rev. B 49 (1994) 8479-8482.

M.H. Protter, Unique continuation for elliptic equations, Trans. Am. Math. Soc. 95 (1960) 81-91.

S.A. Ramakrishna, J.B. Pendry, Spherical perfect lens: solutions of Maxwell’s equations for spherical geometry, Phys. Rev.

B 69 (2004) 115115.

[42] R.A. Shelby, D.R. Smith, S. Schultz, Experimental verification of a negative index of refraction, Science 292 (2001) 77-79.

[43] J. Sylvester, Discreteness of transmission eigenvalues via upper triangular compact operators, SIAM J. Math. Anal. 44
(2012) 341-354.

[44] V.G. Veselago, The electrodynamics of substances with simultaneously negative values of ¢ and u, Usp. Fiz. Nauk 92

(1964) 517-526.

]
|
9] J.B. Pendry, Perfect cylindrical lenses, Opt. Express 1 (2003) 755-760.
]
]


http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4E672D436F6D706C656D656E74617279s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4E672D436F6D706C656D656E74617279s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4E672D53757065726C656E73696E67s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4E672D43414C522D43524153s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4E672D43414C522D43524153s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4E672D43414C52s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4E672D43414C52s1
http://dx.doi.org/10.1016/j.anihpc.2015.06.004
http://cama.epfl.ch/files/content/sites/cama/files/documents/Survey.pdf
http://arxiv.org/abs/1511.08053
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D696E684C6F6331s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D696E684C6F6331s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D696E684C6F6332s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4D696E684C6F6332s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4E69636F726F766963694D635068656472616E4D696C746F6E3934s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4E69636F726F766963694D635068656472616E4D696C746F6E3934s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib4F6C61s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib50656E6472794E65676174697665s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib50656E64727943796C696E64726963616C4C656E736573s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib50726F747465723630s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib50656E64727952616D616B726973686E61s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib50656E64727952616D616B726973686E61s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib5368656C6279536D697468536368756C747As1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib53796C766573746572s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib53796C766573746572s1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib566573656C61676Fs1
http://refhub.elsevier.com/S0021-7824(16)00014-3/bib566573656C61676Fs1

	Limiting absorption principle and well-posedness for the Helmholtz equation with sign changing coefﬁcients
	1 Introduction
	2 An approach via a priori estimates of elliptic systems imposed complementing boundary conditions
	2.1 Preliminaries
	2.2 Proof of Theorem 1
	2.3 Proof of Proposition 1

	3 A variational approach via the Dirichlet principle
	3.1 Some useful lemmas
	3.2 Proof of Theorem 2
	3.3 Proof of Corollary 3

	4 A variational approach via the multiplier technique
	4.1 A useful lemma
	4.2 Proof of Theorem 3
	4.3 Proof of Corollary 4

	5 Optimality of the main results
	Acknowledgement
	References


