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Abstract

We establish very precise estimates for the time harmonic scattering effects
of an inhomogeneity. Our estimates are valid at all frequencies, and are indepen-
dent of the contents of the inhomogeneity. The involved constants are independent
of the frequency. We use these estimates to assess the effectivity of approximate
electromagnetic cloaks constructed by so called “mapping techniques”.
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1. Introduction

In this paper we study solutions to the (inhomogeneous) Helmholtz equation,
that is, the reduced wave equation, in all of Rd, d = 2, 3. In particular, we are inter-
ested in scattering from an (unknown) inhomogeneity surrounded by an absorbing
(“lossy”) layer. We establish very precise L? estimates for a large class of such
scattering solutions. Special emphasis is placed on the case when the incident wave
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is a plane wave. The novelty of our estimates is threefold: (1) the involved con-
stants are independent of frequency, (2) the estimates apply to all frequencies, and
(3) the estimates are completely independent of the material parameters inside the
inhomogeneity.

Estimates of the effect of a small inhomogeneity are extremely useful in order to
assess the approximate effectiveness of the cloaking technique known as “cloaking
by mapping”. If one uses the very natural approximation scheme introduced in [8]
(for zero frequency, that is, for the steady state conductivity problem) (see also [19]
for a similar scheme) then the estimation of the degree of cloaking amounts exactly
to the estimation of the effect of the presence of a small inhomogeneity. To obtain
a proper estimate of the degree of cloaking (in the sense that it holds irrespective
of the object being cloaked) it is important that the estimation of the effect of the
small inhomogeneity (on the voltage potential) be independent of its “contents”.

For the corresponding approximate “cloaking by mapping” approach to work
at any fixed, non-zero frequency, it is necessary to employ an absorbing (“lossy”)
layer right outside the cloaked area. If such a layer is not present then it is well
known that there exists a family of objects that will defy any attempts at cloaking
(see [9] for the case of a bounded domain, and [13] or [1] when it comes to the entire
space). For a detailed discussion of “lossless” cloaking issues, and the quite com-
plicated resonance phenomena (given a fixed object, and a “resonant” frequency),
we refer the reader to [14].

Suppose the incident wave is a plane wave of frequency w, and let vs . denote
the scattered field caused by an inhomogeneity of diameter & ¢, surrounded
by a “lossy” layer of thickness & &/2 with permittivity (or index of refraction)
14+ —,0 < A < 1. One of our main results (Theorem 2 of Section 2.3) asserts

weN’

that

(a) For large frequencies, namely w > 1/¢,

— |vs,5|2 <ced ! VB> e
B JBy\B.

(b) For moderate to small frequencies, namely 0 < w < 1/,
(bl) ford =3,

1
5y vs.e)* £ Cmax{l,2*/(0’e)}e> VB > &,
Bg\B:
(b2) ford =2,
(1) 2

1 |Hy (Bow)|
= 5.0 £ Cmax{1, 2%/ (@)} p—m———. VB>
B J oy \Bg |Hy (ew)|

This result is a follow up to Theorem 1 (Section 2.3) which concerns scattering
estimates for the Helmholtz equation with a “general” source in the presence of
an appropriate “lossy” layer. Given the fact that (after the rescaling x — x/¢) the
relevant parameter in the Helmholtz equation really is we (not w) it is not surpris-
ing that our estimates degenerate as we goes to 0. However, it is not a priori clear
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exactly how sharp they are. To address this point we show that the above estimates
are optimal in the following sense: for fixed & and S there exist scattered fields
generated by incidents waves (plane waves for d = 3) such that the left-hand sides
of (b1) and (b2) are of the same order as right-hand sides of (1) and (b2) (see
Lemmas 7, 8 in the Appendix).

With the extreme choice 1 = 0, using the two dimensional estimates (a) and
(b2), we recover the optimal estimates given in Proposition 3 of [7] for the case
when the total field vanishes on the boundary of the circular “lossy” layer. This
is consistent with the well-known fact that an infinitely “lossy” layer effectively
behaves as a sound-soft barrier (see for example [5] or [11]).

For any fixed frequency w, with ¢ tending to zero, one will eventually achieve
that @ is less than ¢~ !. Thus the appropriate estimates are (b1) and (b2). These
two estimates now assert that the right choice for A is of magnitude smaller than
or equal to &, in which case the scattering effects (measured in norm) are bounded
by Ce (for d = 3) and C/|loge| (for d = 2). Such estimates, with A = ¢, were
obtained in [9] for a bounded domain (see also [13], where the author used a quite
different “lossy” layer, for the whole space).

For the proof of the high frequency estimate (a) we use a variant of Morawetz’s
multiplier technique (see [12]) in which we take into account the effect of the “lossy”
layer. The particular way we implement the multipliers is related to the approach
taken by PERTHAME and VEGA [18]. For the low frequency case [estimates (b1) and
(b2)] our proof may be viewed as an extension of the proof found in [13].

We apply our scattering estimates to assess the effectivity of approximate cloak-
ing schemes (Theorem 3 of Section 3). The approximate cloaking schemes we con-
sider are so-called “cloaking by mapping schemes” that include a “lossy” layer, as
previously discussed in [9]. The fact that our scattering estimates are very precise in
their dependence on frequency makes it possible to estimate the degree of cloaking
as a function of frequency. We consider incident waves only in the form of plane
waves (although our method can be applied in a much more general setting). From
our assessment we may conclude that it is never possible, with one fixed scheme, to
obtain cloaking (by mapping) uniformly in frequency. The obstructions to uniform
cloaking are related to low frequency “probing” and they are most severe in two
dimensions. To be more precise: (1) in three dimensions it is possible to achieve
cloaking uniformly in frequency, using a fixed mapping but allowing the amount of
absorption (conductivity) in the “lossy” layer to depend on frequency (becoming
unbounded as w — 0); (2) in two dimensions a prescribed level of cloaking will
require both a mapping and an amount of absorption (conductivity) that depend on
frequency (as w — 0).

An important application of the high frequency scattering estimates proven
in this paper is the analysis of approximate, damped cloaking for the full wave
equation. An analysis of such space-time approximate cloaking (using these high
frequency estimates) may be found in [16], where sharp estimates are derived under
the additional assumption that the objects being cloaked have range-bound material
parameters.

The approach to cloaking based on change of variables was introduced
by GREENLEAF-LASSAS—UHLMANN [2], PENDRY—SCHURIG-SMITH [17], and
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LEONARD [10]. Their “transformation optics” schemes use a singular change of
coordinates which blows up a point to a cloaked region. Although this approach is
excellent in many aspects, it has the defect that one needs to work with a singular
structure. This gives difficulties in practice as well as in theory, see for example, [3]
and [21]. The reader can find a survey on cloaking in [4]. The approximate cloaking
schemes we consider represent a natural regularization of these singular schemes,
obtained from a change of variables that tranforms a small ball with a thin “lossy”
layer to a unit-size cloaked region, surrounded by a lossy layer (as in [9]).

2. Scattering Estimates

As already mentioned, our analysis is significantly different, depending on
whether the frequency w is smaller than or larger than the reciprocal diameter of
the scattering inhomogeneity. We start by considering the case in which w is larger
than the reciprocal diameter.

2.1. The High Frequency Case

2.1.1. Preliminaries In this section we establish two lemmas that are crucial
for the proof of our scattering estimates. These lemmas are localized versions of
results already derived in [18]. In order to state and prove the two lemmas we
shall need some convenient notation. We denote » = |x|, and e, = x/|x|. We use
v" synonymously with v, = a%v, and define Vyp v := Vv — e,v,, divyp, F =
div F — 0, (er - F), where B, denotes the ball of radius r. N signifies the real part
of the associated expression, and < its imaginary part. We shall repeatedly use that

R
/ u =/ / u(ro) dord! dr,
Br\Bq o« JoB

and the latter integral we shall often write, for shorthand,

R
o BB[

implicitly implying that we think of the function u#(x) = u(ro) as a function of
the “two” variables (r, ) € R x dBj. Our first lemma establishes a very useful
integral identity.

Lemmal.letd 2 2,0 > 0,0 < a < 8 < R < 00, and let P and Q be
two continuous real functions defined on o, R], with P, Q € C%([e, Bl) and
P,Q € C2([,B, R]). For any u € H](l,c (R, u complex valued, we then have the
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identity

o ( / (P("iiy + Q) (Au +w2u))
Br\By
2 d—1 1 / 2
=w / Or)— ——P(r)— =P'(r)) |ul
BR\Ba 2}" 2

d—1 1 )
+/ (2 P(r)——P(r)—Q(r))lurl
Bg\Ba r 2

1 , d-3 2
+—/ (P (r)+——P(r) — 2Q(r)) |Vop,ul
2 JBr\B, r

1 " d—1 I 2
+§/ (Q rH+——0 (r)) |u|
BRr\By\dBg r

1
+§/ (Q'(By) — Q' (BN ul* + Fa,u) — F(R, u),
JaBg

where F is defined by
1

l 2
2 ) Q' (1)|ul

t

w? 1 "2
F(t,u) = 7 | P(0)|ul” — 2 s P@)u'|” +
t t

1 2N/ 1 2
2 ewaup +5/ P(O)|Vg,ul
dB; ¢

2 9B,

Proof. We recall that
Au =Ti(u) + Tr(u),

where

T\(u) = 'Y and,

=1
. | 1
Tr(u) = divyp, (Vypu) = P divyp, (Vo u(r-)) = r—onM(V'),

with A, = divyp, (Vyp, - ) denoting the Laplace-Beltrami operator on d B;. In the
following computations we initially ignore terms contributed from d Bg; of course
we account for these terms at the very end.

Step 1 We calculate

E| = %/ (P(r)it, + Q(r)it)u.
Br\By
2)/

Since (|u|?) = uu’ + i'u = 290 (u'u) this becomes (modulo terms from 9 Bg)

1 R
E = —/ / P(r)rd”<|u|2)’+/ 0 luP?
2 Ja JoaB Br\By

R
—1// (P(r)rd—1>’|u|2—1P<a>ad—1/ |u|2<ao>+/ 0.
2 Jo Jan, 2 B Br\Be
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A simple computation therefore gives

d—1 1 l 2 1 2
Elz/ (Q(r)——P(r)——P(r)) Ju| ——/ P)ful®, (2.1
Br\Be 2r 2 2 3By

modulo terms from 0 Bg.
Step 2 We calculate

E, = 5]{/ P(ryu, Ty (u).
BR\By

This becomes

—/ Vi d—1 /
Er, =90 Pruw|lu +——u
BR\By r
d—1 1 (R
=/ ——wva+—/’/ PO (' PY
Br\Ba T 2 Jo Jos
d—1 1 (R _ 1 _
=/ mnwﬁ——/ / (Pr=Y W' — ~ P(a)a?!
Br\Be T 2 Ja Jon 2

x/ u'|*(ao),
dB

and a simple computation therefore gives

E —/ (d_lp(r)—lp/(r)) Iu/lz—l/ PP, (22)
2= Br\By 2r 2 2 WP | |

modulo terms from 9 Bg.
Step 3 We calculate

E3 = ‘h/ Qr)uT (u).
Br\Bo
This becomes

R
E3 = / Qra(r®~"u'y
o 33|

R
= —m/ Q) riw — Q(a)ad—‘m/ (o) (o)
o d B dB;

1 (R 1
=—/ Q@WV——/‘ va“mmW——/ (@) (lul?,
Bg\Ba 2 Ju Jos 2 /s,

and a simple computation therefore gives

12 1 " d—1 1 2
E3=—/ Q@r)|u’l +§/ Q' (r)+——0) ) lul
BR\Bq Br\Bu\dBg r

1 ’ l 2 1 ’ 2 1 2/
+—/ (Q(B+) — O (B-))|ul +—/ Q' (o) |ul ——/ Q) (lul?),

2 Jomy 2 JoB, 2 JoB,
2.3)

modulo terms from 0 Bg.
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Step 4 We calculate
E4:= ‘R/ P(ru,Tr(u).
Br\By

This becomes

R o0
E4 = Sﬁ/ / P(r)r? =3 Agu = —m/ / P(rri 3V, i’ Vou
o dB] o B

R
=—%// P(ryr'=(1Voul®)
a JdB;

1 (R 1
! / / (P Vol + + P(@)a ™ / VouP(ao),
2 o 0B 2 By

and a simple computation therefore gives

1 , d—3 5 1 5
Eq4= - P(r)+ ——P) ) IVypul”+ = P(a)|Vap,ul”,
2 JBg\Bq r 2 Ja,
2.4)
modulo terms from 0 Bg.
Step 5 We calculate
Es := Gn/ 0T (u).
Br\Ba
This becomes
R R
Es= m/ / 0(rr' A ,u = —/ / 0(r)r1=3|V,ul?,
o dB o dB
and so
Es=-— / 0" Vap,ul. 2.5)
BR\Boz

Step 6 We now finally calculate
E:=% (/ (P()it, + Q(r)it)(Au + wzu)) .
BR\ By
A combination of the identities (2.1)—(2.5) yields
) d—1 1, 2
E=w Qr) — ——P(r)— P (r) ) |ul
Br\By 2r 2

/ (QPU lP’()) 12
+BR\Ba o PO )
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ool o d-3 ,
—/ 0| +§/ P+ L2 P ) Vas,ul
BR\BQ BR\Bot r

2 1 1 d—1 / 2
—/ O)|Vap,ul +§/ (Q r)+—0 (r)) |ul
Br\Ba B\ By \0Bg r

1
+§/ (Q'(B1) — Q' (B-Nul* + F(a, u),
aBﬁ

modulo terms from 0 Bg. Simplifying the expression on the right-hand side and
including terms coming from 0 Bg, we finally arrive at

R I GO = RO I
Br\Bq r 2

d—1 1, 5
+/ (Z—P(V) - =P (r) - Q(V)) ity |
Bg\Bq r 2
1

+-/ (P’(r>+EP<r>—2Q<r)) |Vss,ul®
2 JBr\Bq r

1 7 d—1 / 2
+5/ (Q (r)+—Q(r)) |
Br\B\0By r

1
+5/ (' (Bs) — Q' (Bul> + Flaw.u) — F(R, ),
2By

exactly as asserted in the statement of this lemma. O

With particular choices for the functions P and Q, we may use Lemma 1 to
derive the following extremely useful localized energy estimate.

Lemma 2. Given 8 > 0 and d = 2, define

Py(r) = 2y and Q.(r) =
71 if0<r <8,

a1 Ir=F gifr>ﬂ,
1

if0<r < §B.

Forany u € Hl(l)C (Rd), andany 0 <a < 8 < R < 00, w > 0, we then have

N (/ (P(ritr + Qu(r)u)(Au + wzu))
BR\Ba

_ 2
PO [ WP b - o,

1
< (IVul? +o? ul®)+
d — 1 Bﬂ\Ba 2 BR\Bﬁ r

where F, is defined as in Lemma 1, with P = P, and Q = Q..
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Remark 1. The weight functions P, and Q. were used by PERTHAME—VEGA [18]
(in combination with a limiting absorption argument) to establish high frequency
estimates for the Helmholtz equation in all of space. As mentioned earlier, these
choices are also in the spirit of MORAWETZ and LuDwIG [12].

Proof. With these particular choices of P and Q the expressions in the right-hand
side of the identity in Lemma 1 become

d—1 1, 0 if r > B,
0 (r) — o P*(r)—EP*(r)z _ 1 it0 <1 < B, (2.6)
d—1
d—1 1, 0 if r > B,
> Py(r) — EP*(F) = 0=y 1 it0 <1 < B, 2.7
d—1
1 _ —% ifr >,3,
—(P;<r>+ P*(r)—ZQ*(r))= rd=1 2.8)
2 r .
- if0 <r < B,
d—1
B3 —d) .
d—1 (4
o'+ ton=) 5 =k 2.9)
r 0 if0 <r < B,
and
1
0, (By) — QL(B-) = -3 (2.10)

The desired inequality now follows directly from the identity in Lemma 1 by drop-
ping the two negative terms

2 1 1
I B LI Ly

d—1/)pg\By 7 28 Jos,

on the right-hand side. O

2.1.2. Scattering Estimates for the High Frequency Case We are now ready
to prove a local H' estimate for solutions to a Helmholtz equation that models an
inhomogeneity surrounded by an absorbing (“lossy”) layer in the high frequency
regime. A main feature of this estimate is that its constant is independent of both
frequency and the contents of the inhomogeneity.

Proposition 1. Letd =2 or 3,0 < A < 1, and w > wy, for some fixed, positive
wy. Let a be a real symmetric matrix valued function and o be a complex function,
both defined on By ;. Suppose a is bounded and uniformly elliptic, and suppose
o satisfies 0 < ess inf I(o) < esssupI(o) < 400, and 0 < ess inf R(o)
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< ess supN(o) < +oo. Let f € L*(R?) with supp f C By \ By, and let v,, €
Hkl)C (RY) be the unique solution of

div(AVu,) + 0?*Zv, = f inRY, .
%L;":iwvw—l-o(r’%), asr — 00, @10
with
1,1 inR\ By,
A, =11,1+i/(wk) in B\ By, (2.12)
a,o in By2.
Then
1
- (IVel* + 0*|v,|*) < C/ \f1? forany p>1.  (2.13)
B JBs\B RY

The constant C depends on wy, but is independent of a, o, w, B, A, and f.

Remark 2. Estimate (2.13) is not true when X is a real valued function. The main
observation here is that such an estimate holds in the presence of an appropriate
“lossy” layer (remember X lies between 0 and 1). A similar phenomenon, for fixed
(non-resonant) frequency, was observed in the work of KOHN—ONOFREI-VOGELIUS
—WEINSTEIN [9] and NGUYEN [13].

Proof. In this proof C = C(wp) denotes a constant, which may vary from one place
to another, but which is always independent of a, o, w, B, A, and f. To simplify
notation we drop the subscript @ from v,,. We note that since

1 1
—,/ (Vv + o*v?) E/- (V> + *v?) forl < p <8,
B JBy\B: B' B JBy\B,

it clearly suffices to prove (2.13) for all B sufficiently large. We consider first the
case d = 3. Multiplying (2.11) by v and integrating the expression obtained on
Bgr, R > 1, we obtain

/ v,a—/ (AVv,Vﬁ)+a)2/ Sit= [ fi.
9Br Bg Bg Bg

By letting R go to infinity, using the outgoing radiation condition, and considering
only the imaginary part of these expressions, we get

a)limsup/ |v|2+‘i)/ |v|2§/ 1 Fllvl. (2.14)
R—oo JaBg A Bi\Bi)2 R4

It is easy to see that the lim sup on the left-hand side actually is the limit as R tends
to oo, but that is immaterial here. Since Av + w?v + i%v = 01in By \ By, and
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w > wy, it follows from multiplication of (2.11) by ¢>¥ and integration by parts
that

/ |Vol? < sz/ v)?
Bs/10\Be/10 Bi\Bi,2

(the Caccioppoli inequality). Use of (2.14) now gives
/ |Vv|2§0w2/ |v|2§cxw/ 111l
Bs/10\Bs/10 Bi\Bi2 R4
Thus there exists « € (6/10, 8/10) such that
/ |Vv|2+w2|v|2§cm/ L1l (2.15)
9By R4
and so

w
—/ |v||v’|§c:w/ vl 2.16)
A JaB, RA

An application of Lemma 2 yields

1
—/ Vo> + o |v]* £ Fi(a, v) — Fu(R, v) + ’/ forv + )
Bg\ By R4

2
w
+_/ i, 2.17)
A Bi\B1,2

for any R > B > 4. Recall that

2
w o 1 o
F(a,v>=——a/ |v|2——/ |v’|2——/ (|v|2)/+—/ |Vag,vl*.
* 2 JsB, 2 JoB, 2 JaB, 2 Jam,

Since
1 2v/ / w(z)“ 2 1 "2
- (5 = V| £ —— V" + — v,
2 JoB, 9By 2 JoB, 2w5a JyB,

we may conclude

Fi(a, v) g/ Vom, ol + [ — —9/ v'?
= 2 Jys, “ Zw(%a 2 ) JaB,

c/ |Vl

dBgy

It now follows from (2.15) that

IN

[IA

Fu(a, v)gcm/ |1l (2.18)
Rd
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We next estimate F, (R, v) for R large. By definition of F we have

2 2
@ v
—F(R,v) = por |v|2+é/ Iv/|2+ﬁ/ vl
2 dBg 2 dBgr 2 9

By R?
LB B
2 Jopy R 2 Jag

2 2 24/
v v

g&/ |v|2+é/ W+§/ WE LB
2 Jasg 2 Jog 2 Jopy R 2 Jopy R

Using the outgoing radiation condition (v(x) = iwv(x) + o(r~') asr = |x| —
00) and the fact that v(x) = O(r~!) as r — 00, we now obtain

2
|VaBg V]

limsup —F, (R, v) < Bow? limsup/ [v]2. (2.19)
dBr

R—o0 R—o0

It is easy to see that the lim sups on both sides actually are the limits as R tends
to oo, but that is immaterial here. A combination of (2.17), (2.18), and (2.19) (and
use of (2.14) and (2.16)) yields

/ IVvI2+w2|v|2§C(ﬁw/ IfIIvI+/\w/ |f||v|+/ | FI]V]
Bg\ By R4 Rd R4

+/ If||v|+w/ Ifllvl),
R4 R4
or, after simplification,

1
/ |Vv|2+a)2|v|2§Cw(ﬂ+1+,\+—)/ |f||v|+C/ Lf1v'].
Bg\Bq w R4 R4
(2.20)

From the fact that w > 2, and 0 < A < 1, it follows that

/ Vol + 2o < Cwﬁ/ vl +C/ FlIV]. forany B> 4.
Bg\ By R4 R4

2.21)
Since f has support inside B4 \ By

c 1
w/ IfIIv|+/ |f||v’|§—/ (|Vv|2+w2|v|2>+—/ IfI1%, (2:22)
R? Rd 2 JBs\B, ¢ Jra

for any ¢ > 0. By taking 8 = 5in (2.21) and using (2.22) with ¢ sufficiently small,

we now obtain
/ |Vv|2+w2|v|2§C/ Vs
Bs\ By R4

and therefore

w/ |f||vl+/ LI = C/ Vi (2.23)
Rd Rd R
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A combination of (2.21) and (2.23) yields

1
= (IVVl* + o |v]?) §c/ |fI*, forany g > 4.
B JBy\B, R4
This verifies the lemma in the case d = 3.
The only essential difference in the case d = 2 (when compared to the case
d = 3) is the presence of the additional positive term

BB —d) > _p v)?

2 Bgr\Bg 1"3 2 Bg\Bg }"3

on the right-hand side of (2.17). We now show that this term can be absorbed by
the term o? /, Bs\Bq |v|? for any B sufficiently large. To this end, we note that v has
the expansion

o0
v(x) = Z dka(l)(a)r)eike, 4 <r,
k=—o00

where H k( D is the first kind Hankel function of order k. It is well-known (see [20])
that

r|Hk(l)(r)|2 < r/lHk(l)(r/)l2 forO <7 <r foranyk #0,

and that
rlHy" ()1> < Cr'|HP ()P for 1< <.
Consequently
oo
/ W =21 > |dl*r|H (@r)
JdB, k——o0

2 (2.24)

o0
< car > 1P| HE () =c/ lv

oo 9B,

for 4 <’ < r.Based on (2.24) we estimate

1 1
Bl =g 5[ wParscr [ wro o)
R2\ By g 1 Jos, B Jas,

and similarly,
/ pPzcl -4 | WP, (2.26)
Bp\ By dBg
for any § > 4. A combination of (2.25) and (2.26) yields

1 c )
B WP/ sco [ P s s ol
R2\Bg B Josy BB —4) Jpy\B,
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and for B sufficient large (that C/B8(8 — 4) < a)(z)/Z) this gives
2 2
1) 1)
B l?/r < — > £ —- ol
R2\ By 2 JBy\B, 2 JBy\B,

’

since w > wq, and o € (6/10, 8/10). We conclude that the additional term of the
right-hand side of (2.17) may be absorbed by (half of) the left-hand side. The rest
of the proof of (2.13) for the case d = 2 (and B sufficiently large) proceeds exactly
as before. 0O

2.2. The Low Frequency Case

2.2.1. Some Useful Lemmas In this section, we establish some preliminary
results that will be used in the proof of Proposition 2, that is, in the proof of
our scattering estimates for the low frequency regime. We begin with the following

Lemma 3. Let d = 2, 3, let D be a smooth open subset of RY with D C By, and
such that R? \ D is connected. Suppose 0 < w < wy for some sufficiently small
wo > 0. For f € L>(RY), with supp f C Bu, and g € HZ (D), let v,y € H' R
be a solution of

Avy + @?v, = f in R4\ D,
Vo = § on 9D, (2.27)
vy, satisfies the outgoing radiation condition.
Then
Vol g1 Bs\py = CpUlfll2ray + IIgllH%(aD)) forall p =1,  (2.28)

for some positive constant Cg = C(wo, B, D), independent of w. Furthermore, for
all B = 1 we have

1
Iollz20) = CBZALf lL2@ay + N8l 1 ) ford =3,

HZ2(dD) o
|Hy (Bow)|
1ol 22(Bp\8p) < CBULSl2may + llgll 1 )—2

1 — ord =2,
H2 0D HD (@)

(2.29)

with C = C(wg, D) independent of w and B. If the data depend on w (that is,

8 = 8w and [ = fy) in such a way that || foll;2wre) + ”gw”H%(aD) is bounded,

and f, — 0 weakly in L*(R%), g — 0in L%(dD) as w — 0, then
al)iino ||Uw||L2(B,3\D) =0 foranyp = 1. (2.30)

Remark 3. Statement (2.28) with f = 0 is proved in [13, Lemma 1]. Statements
(2.29), (2.30) and the inclusion of a non-trivial f are not found in [13], however,
the proof of these “extensions” follow along the lines of the proof of Lemma 1 in
[13]. For completeness we give the details here.
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Proof of Lemma 3. The proof for the case d = 3 is the simplest of the two. It can
be obtained by modifying the proof for the case d = 2, which we now proceed to
give. We recall the following properties of Hk(l), the Hankel function of the first
kind of order k, see for instance [20, page 143 and page 446],

(1)
2 . dH, ' (r) 2
(D 0
m H =—, 1 —_— =, 2.31
rLO |Inr| © ") in rg%r dr im ( )

and r|Hk(l)(r) 12,k #0,isa monotonically decreasing function on R, so that
W2 < gD a2 <
tHH (O] = s|H '(s)]7, forall0 <s < ¢, and any k # 0. (2.32)
We first prove by contradiction that

ol 2o S CUF g +lgl,y ) )0 0<w <o (233)

for some positive constant C depending only on wp and D (wp sufficiently small).
Suppose this is not true. Then there exist a sequence w, — 04 and sequences

f, € L2(R?), with supp f, C B, gn € H?(9D) such that
nILHgO ||fn||L2(]R2) + ”gn”H%(BD) =0 and ||Un||L2(B5\D) =1, (2.34)
where v, € H! (R?\ D) is a solution of

Av, + a)ﬁvn = fu in RZ\ D,
Up = &n on dD, (2.35)

vy, satisfies the outgoing radiation condition.

Since Av,, + a),% v, = 0in R? \B_4, and v, satisfies the outgoing radiation condition,
it follows that v,, can be represented as

o
1 .
i) = > acnH (@alxDe™ |x| > 4.

k=—00
We decompose
Up = V0,n + V1,n, (2.36)
where
Vo = aonHy (@nlx]) and vi, =D axnH (0alxe™. (237
k#£0
Since {e’kg} e _oo are orthogonal in L*(3B;) and lvnll2s\py = L. it follows

from (2.31), (2.32), and (2.37) that

lao,n] = C/|Inw,| (2.38)
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and
/ |v1,n|2 <C VR >9/2. (2.39)
9Bg

In particular it follows that

lvnll 22(BR\D) < Cg forany R = 1 (not just for R = 5). (2.40)
From (2.35)
vy, _ vy, _ _
/ |an|2 - wi/ |Un|2 :/ _nvn _/ _ngn - fuUn.
Bs\D Bs\D aBs Or ap OV Bs\D
(2.41)

Since Av, + a)ﬁ v, = 0in R? \ By it follows from elliptic regularity results that

vy,
e < Cllvall2gg\py) = C.
ar L208s) (Bs\B4)

lvnllz2as) + ‘

For the last inequality we have used (2.40). It now follows that

/ vy _
v
dBs ar "

Since Av, + a)ﬁvn = f, in R?\ D (and llvnllz2(ps\py = 1) a simple variational
argument gives that

and so

< vy,
= | or

X ||Un||L2(335) <C. (2.42)
L%(0Bs)

vy,
ov

= CUIVull 2\ py + lvnll 28\ 0y + I full 2085\ D))
H-1/2(3D)

< CIVonllr2s\py + D

/ vy _
p OV 8En
The fact that || £ Il 1285\ p)> 18l H1/2(3py> and [lVnll12(ps\ p) are bounded, in com-
bination with (2.41), (2.42) and (2.43), now yields that

= CUIVunll 2\ 0y 18l 12 a0y + I8nll 129 py)- (2.43)

/ Vv, 2 £ C, (2.44)
and so from (2.43)

<cC. (2.45)

This last expression actually tends to zero as n — oo, but that fact will not be
used. Since Bs could be replaced by any By in this last argument, we may (after
the extraction of subsequences and the use of a diagonalization argument) assume
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that v, — v weakly in H! (R*\ D) and that v, — v in LZ_(R?\ D). We next
prove that fRZ\D |Vu|? < +o0. To that end

/ |Vv|2§1iminf/ |V, |2, (2.46)
Bgr\D n—=>00 JBr\D

for any R > 1, and by the equivalent of (2.41) (with 5 replaced by R)

av,
/ |V, |* gw,%/ |vn|2+/ “ 1 vl
Bgr\D Br\D aBg | Or
ovy, _ _
+ 8n| t+ SaUn| .
ap OV Br\D
We claim that
lim inf/ |V, |? < lim sup/ [Vu,|?> £ C, (2.47)
=00 JBr\D n—0o00 JBgr\D

with C independent of R > 1. It clearly suffices to prove this for R sufficiently
large, say R > 16. Due to (2.45) (and the fact that w, — 04 and || f,||;2 — 0) it
thus suffices to prove that

lim sup/
n—>00 JOBg

with C independent of R > 16. We have

ovy

lunl = C, (2.48)

v avo, vy,
/ " |vn|§/ " |vn|+/ A
9Bg 8}" 9Bg Br 9Bg 3]"
From (2.31) and (2.38)

limsup sup |vg,| < C and limsup sup R =0. (249

n—00 Byr\Bg n—>00 Byr\Bg

vg,
ar

Very shortly we prove that

limsup sup |vi,|+limsup sup R|Vvi,| < C/v/R VR >16. (2.50)

n—>00 Byr\Bg n—>00 Byr\Bg
A combination of (2.49) and (2.50) yields

. 3vo,n avl,n
lim
n—00 [ap.

v, £C VYR > 16,

n—o00

vyl =0 and limsup/
dBR

from which (2.48) follows immediately. We now return to the proof of (2.50). For
R > 16, define Vg ,(x) = v1 »(Rx/4). It follows from (2.39) that

16
/ [Veal?dx £ — lvial*dx £ C/R. (2.51)
Bio\ B2 R Bior/a\Br)2
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On the other hand, Avy , + wﬁvl,n = 0 for |x| > 4, and this implies
@’ R?
AVgn+ 11_6VR’n =0 on By \ B>. (2.52)

Using the standard theory of elliptic equations (and the fact that w, — Oasn — 00)
we deduce from (2.51) and (2.52) that

limsup sup |Vg,(x)|+ limsup sup |[VVg,(x)| < C/\/E R > 16.

n—>00 Bg\B3 n—00 By\B3

We arrive at (2.50) by a change of variables, and this completes the proof of (2.47).
From (2.46) and (2.47) it follows that

/ IVv|? < +o0. (2.53)
R2\D

Moreover, (2.34), (2.35), (2.49), (2.50) give that v € Hkl)C (R2\ D) satisfies

Av=0 inR2\D

v=0 iR\ D, (2.54)
v=0 onadD,
sup v] £C, (2.55)

R2\Bis

/ v =1.
Bs\D

We shall now see that the existence of a solution v with these properties is impos-
sible, which means we have arrived at a contradiction, and therefore may conclude
that the estimate (2.33) holds. Fix ¢ € C'(R?) such that 0 < ¢ < 1,¢ = 1 if
|x] £ 1and ¢ = 0if |x| > 2, and define

Pr(x) = ¢ (x/R).

Multiplying the first equation of (2.54) by v¢r and integrating the expression
obtained on R? \ D, we obtain

0:/ VoV (ipR) :/ IR +/ iVuVer.  (2.56)
R2\D R2\D R2\D

Since |Vggr| < C/R and supp Vg C By \ Bg, it follows from (2.55) that

1
2
/ 1VoVer| = C (/ |VU|2) R > 16. (2.57)
R2\D Byp\Bg

A combination of (2.53) and (2.57) yields

and

lim VuVer =0, (2.58)
R—o0 R2\D
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and from the definition of ¢g, and (2.56). we therefore get

/ Vo> = lim IVo>pr = — lim/ 1VuVer =0. (2.59)
RZ\D R—o0 RZ\B R—o0 RZ\D

Since v = 0 on dD it follows that v = 0. This is inconsistent with the fact that
lvllz2(gs\py = 1 (and thus completes the proof of (2.33)).

We next use (2.33) to prove (2.28). We first note that the value 5 is not special,
and so in place of (2.33) we might as well have proved

Iollr2g, 0y = CpUl fll 2Ry + ||g||H%(3D)) forany g = 1.
Since Av, + @’v, = 01in Bg i1\ By, with 0 < w < wy, local elliptic regularity
theory gives

< >
0ol 3 gy S CoUS N2y gl 3 ) forany 25,

It follows from a standard energy estimate that
Il gpoy < Colf iy + Ul g ) forany p 2 5.

(and thus for any B = 1) as asserted in (2.28). To prove (2.30), we proceed as fol-
lows. Suppose wj, is a sequence, with @, — 0. Since || fo, | 2®2) + | 8w, ”H%(aD)
is bounded, it follows from (2.28) (after extraction of subsequences and a diag-
onalization argument) that v,,, — v weakly in Hl(lm (R? \ D) and v,,, — v in
leo . (R?\ D) along some subsequence (also referred to as w, ). Since fw, converges

to 0 weakly in L2, and Vo, loD = 8w, converges to 0 in L?

Av=0 inRz\E,
v=0 ondD.

We also have (as in (2.53) and (2.55)) that

/ |Vv|2 <400 and sup |v| < 400,
RA\D R?\Bi6

and so as before we arrive at v = 0. In other words: any sequence v,,,, @, — 0,
contains a subsequence such that the v,,, tend to 0 in leoc; it immediately follows
that lim, . v, = O'in L2 .

It remains to prove (2.29). To this end we use (2.28), (2.32) and the decompo-
sition (2.36), noting that since (2.28) is already proven it clearly suffices to verify
(2.29) for B > 5. We have

(1) 2
i 1H ()]
V0,017 < CBlap o1 HL" (wB)? < Cp2—2 Vo2,
(1) 2
Bzﬁ\Bﬁ |H0 (Cl))| B5\B4

(2.60)
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and

1
[l £2n Y a1 wp)P
BQﬂ\Blg

k0

A

1078 a1 H o) > < vol?. (2.61)
k£0 Bs\ By

Here we have used (2.32) to estimate

B @B _ _wBlH" @B _ .
|H" (5w) 2 SolH" 5w)]2 ~

for =5, k#0.

‘We also note that

L 1HY (@B) 2

<cC
|H" ()2

forallB =5, 0 < w < wyp.

By a combination of this inequality with (2.60) and (2.61) we arrive at

)] 2
H," (»
[l sept B R o gz
Byg\Bg |Hy ' (w)|* JBs\Bs

Finally, using (2.28) (with 8 = 5) we obtain

(1) 2
15" (@P)
[ P s e ey + el ) forp S,
B\ H @) whap)

This proves (2.29) (in the case d = 2). O

Remark 4. Lemma 3 holds without the smallness assumption on wg. In order to
verify this, it suffices to establish the estimate (2.33) for @ bounded away from
zero and infinity, since the rest of the proof is entirely independent of any smallness
assumption on wg. This version of (2.33) follows by an argument very similar to
the one presented here. Since we shall not need this extension here, we leave the
details to the reader.

The estimate (2.29) also leads to the following inequalities.

Lemma 4. Under the assumptions of Lemma 3, we have

1
Clwo, DB f 2, + g,y ) ford =3

Clwn. DB f ey + gl y ) ford =2,

Ioll g1 (Bs\D) =

forany B = 1.
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Proof. First we prove the corresponding L2(B,3 \ D) bounds. For this purpose it
obviously suffices to consider d = 2 (the L? estimate for d = 3 is already part of
(2.29)). Since

|HS (0B) 2

TEC for21, 0 <w < wp,
|Hy (w)]?

(2.29) implies the estimate

/ vol?> < CB2 (I f I 2ay + g’y ) ford =2 and B =1.
Bag\Bg H2 (D)
(2.62)

Let ko = 0 be chosen so that 2% 8 > | > 2~%0=1 g By summation (of ko copies)
of the inequality (2.62) and (one copy) of (2.28) we now get

ko—1

/ vol* = Z/ |vw|2+/ vl
Bﬂ\D k=0 Bszﬂ\327k71ﬂ Bsz()ﬂ\D
ko—1
S C 2—k—1 2 2 _|_ 2
< §)< B Wy + 18171
+CU I 2y + 1817 1 )
RE) HZ(D)
< CB S pas + N8l :
< CB U Waqeay + 1817y )

or

/ vol? < CBUIf I 2ay +lIgl? , ) ford =2 and = 1.
Bg\D H2 (D)
(2.63)

This verifies that

1
Clon. DIB2 (N N2y + gy ) ford =3

C(wo, DB fll2ray + ”g”H%(aD)) ford =2,

Vo llL2Bs\0) =

(2.64)
for any B = 1. It remains to prove that
1
Clwo, DB (If 2@y + gl 1 ) ford =3

Clwo. DB lpageay + gl y ) ford =2.
(2.65)

Vv ll 285\ D) =

Let 0 < ¢ < 1 be a cut-off function, with

1 1
¢(x)=1forl < |x|] < B+ 1 and ¢(x) = Onear 9D and for |x| > 8 + o
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and such that |[V¢ (x)| < C, with C independent of 8. Multiplication of the identity
Av, + w?v, = f by ¢*1,, and integration by parts gives

/ Vo, l*¢? = o? / lvwl?¢® —2 / Uud Ve - Vo
Bg1\D Bgi\D Bg1\D

- / L0
Bgi1\D

By use of the estimate

_ 1
2 aeveeve|ss [ ivulee2[ juPiver
Bg1\D Bg1\D Bg1\D

(and the bound on |V¢|), it follows that
1

—/ Vvo4® < (@ 4 C) |vw|2+/ 7P
2 Bg1\D Bg1\D Bg1\D

Together with (2.64) this immediately yields

/ |va|2§C/ |vw|2+/ IfI? (2.66)
Bg\ B Bg1\D Bgy1\D

CBUIL 172y + ||g||2%(w)) ford =3
= 2 2 2 _
CBZUS N2 ey + ||g||H%(aD)) ford = 2.

IN

(2.67)

From (2.28) we already know that

lvoll g1 g oy = CULS Nl L2way + ”g”H%(aD))’
and so the estimate (2.65) is verified. O
The following simple lemma will also be used in the proof of Proposition 2.

Lemma 5. Let D be a bounded subset of R? with a C' boundary. There exists a
positive constant C depending only on D such that

11325y = Cliull 2y lull g1 (py, Y € HY(D).

Proof. Assume first that D = Rfi andu € C 1(Ri) with compact support. We
have (for real u)

o0
G, 0)2 = —2 / u(x', )
0 ax,

ou
(x/, Xp) dxp.
n

This implies
2
”u”LZ(Rg) g Cllu ”LZ(Ri) |0u/0dxy, ”Lz(Ri)-

The proof in the general case follows by application of a standard density argument
and use of local charts for 9D. 0O

Remark 5. Lemma 5 was proved and used in [5]. Similar inequalities related to
the quantities div and curl were introduced in [6].
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2.2.2. Scattering Estimates for the Low Frequency Case We are now ready to
establish the low frequency analog of Proposition 1.

Proposition 2. Let d = 2 0or 3,0 < A < 1, and 0 < w < wy, for some suffi-
ciently small wy > 0. Let a be a real symmetric matrix valued function and o be
a complex function, both defined on By ;. Suppose a is bounded and uniformly
elliptic, and suppose o satisfies 0 < ess inf (o) < ess supI(o) < 400, and
0 < ess inf R(o) < ess supN(o) < o0. Let f € L2(RY) with supp f C B4\ By,
and let vy, € Hl})C (RY) be the unique solution of

Vg

div(AVu,) + @*Zv, = f inRY,
2= iwv, + o(r_%), asr — 00,

with
11 inRY\ By,
A, X =11,1+i/(w)) in B\ By,
a,o in By.
Then, forall B = 1,
1
Vo ll2(Bg\By S CB2 max{1, A/w}l| £l 2 ford =3,
(1)
[Hy " (0B)] (2.68)
100l 2808y < CHmAX{L, A/} fll 2L ford =2.
|Hy ()]
with a constant C = C(wy), independent of a, o, f, B, w and A.
Proof. We first prove by contradiction that
A
Vel 22 (B5\ By) < Cmaxil, > Ifll2, 0 <o < w, (2.69)

for wo sufficiently small. Suppose this is not true. Then there exist {w,}, {},}, and
{fn}, supp f C Ba\ Bj,suchthatw, — 04, max{%, B fullp2 — 0,asn — oo,
and

||Un||L2(B5\Bl) =1 (2.70)
As in (2.40) we conclude that the inequality (2.70) implies that
lvall2(gg\By) = Cr forany R > 1. (2.71)

We have, for any % <a<l,

[0
/ Ianlz—w,%/ |vn|2—i—”/ |va|?
Bs\By Bs\By An JBi\B,
= —/ JnUn +/ V), Un —/ v, Up. (2.72)
Bs dBs 3By
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Since

3/ v, = lim 3/ v v, = lim a)n/ [val> =0,
9Bs R— o0 9BR R—o0 9BR

—s/ V) Ty =s(—/ < AV, VT, > +w,%/ E|vn|2) >0,
9By By By

and

for any o > 1/2, it follows from (2.70), (2.72) and the assumption about { f,,} that

A
/‘ mﬁgl/WLMMeo%naw.
B1\By Wy JRA

The convergence is uniform in 1/2 < « < 1, and so

/ |vn|2—>0 asn — oo.
Bi\Bi2

From

2 2
/ V| §C/ [vnl”,
Bs/10\Be/10 Bi\B1,2

(Caccioppoli’s inequality) it now follows that

/ wmwuéq/ [ |* — 0.
Bsg/10\Bs/10 Bi\B12

As a consequence, for some «,, € (6/10, 8/10)

2
/'|me§C/ funl? > 0.
dBy, Bi\B1,2

n

Due to (2.71) and elliptic regularity,

/ v, Un
9Bs

<C.

(2.73)

Considering the real part of (2.72) (with @ = ¢,) and using the assumptions on f;,

and vy, and (2.73) we therefore obtain

/ IVu, | £ C,
BS\Ban

and so

/ Vo, £ C.
Bs\Bs/10

On the other hand, from (2.73), as n goes to infinity,

2 2
/ lva|” = / [va]” — 0.
B1\Bsg/10 Bi\Bi,2
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An application of Lemma 5 gives

2
lonllz2 a5,y = Cllvall2esy\ By 100l 11 (B1\Bg 1) = O s — oo.

Since || full 2(rey — 0, Lemma 3 (with D = B;) now yields
Am (lvnll 2 (g5\5,) = 0-

This is an obvious contradiction to the fact that [[v, |12 (p,\ 5,) = 1, and so we may
conclude that (2.69) holds. It is clear that the value 5 plays no particular role in
the above proof, in other words, we have established the analog of (2.69) with the
left-hand side || v, || L2(Bg\By) and a constant Cg, that dep.ends onf (for any /3 = 1.
The proof of the estimates (2.68) now follows from (a slightly modified version of)
Lemma 3. Indeed, elliptic regularity and (2.69) gives

A

||Uw||H1/2(339/2) = C||Uw||L2(35\B]) < Cmax 1, > 1fll2, 0 <o < wo,

and a slight modification of Lemma 3 (with B; replaced by Bs, D = By, f =0,
and g = Va8, /2) now yields

1 A
Voll L2(8y\Byjp) = CB? max [1, 5} £ .2 ford =3,

(1
A |Hy (Bw)|
”vw“Lz(Bzﬁ\Bﬂ) § CIB maX[ s } ”f”Lz g

1, — D ford = 2,
@ [Hy (o)l

with C = C(wq) independent of w and 8 = 5. A combination of these estimates
with (2.69) immediately leads to (2.68). O

The same approach that was used to derive Lemma 4 from Lemma 3 may also
be applied to Proposition 2, to arrive at the following estimates.

Corollary 1. Under the assumptions of Proposition 2, we have

Vel g1 < C(wo)ﬂ%max{l,k/w}||f||L2 ford =3,
ollH'(Bg\By) = C(wo)pmax{l, A/} fll;2 ford =2.

2.3. Uniform Scattering Estimates

By a combination of the Propositions 1 and 2 we arrive at our main scattering
result.

Theorem 1. Let d = 2 0r3,0 < A < 1, and 0 < w. Let a be a real symmetric
matrix valued function and o be a complex function, both defined on By 2. Suppose
a is bounded and uniformly elliptic, and suppose o satisfies 0 < ess inf J(o) <
ess supJ(o) < 400, and 0 < ess inf R(o) < ess supM(o) < +oo. Let f €
L2(R?) with supp f C Ba \ By, and let v, € Hkl)c (R?) be the solution of

d—1

av—“’—ia)vw+0(r_T), asr — 00,

{div(Ava) +w?Tv, = f inRY,
ar =
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with
11 in RY\ By,
A2 =1114i/(wA) in B\ B2,
a,o in Bip.

For any wy > 0 there exists a constant C such that

(a) For w > wy,

1 C
2 vl < —2/ \f1? for allf > 1.
B JBg\B, w? Jpa

(b) For0 < w < wg, andd =3,
1

- |%V§CWMLﬂm%/|ﬂ2ﬂrWﬂ>L
:3 Bﬂ\B| Rd

For0 < w < wy, andd = 2,

1

1 21y @p)?
ﬁ Bog\Bg

, for all B > 1.
|H" ()2

v ? < Cmax{l,)\2/w2}ﬂ/ | f]
Rd

The constant C depends on wy, but is independent of a, o, f, B, w and A.

Remark 6. The low frequency estimates in (b) are weaker than the high frequency
estimates in (a) due to the presence of the term involving A /w. However, the esti-
mates in (b) are optimal in this regard. We shall discuss the optimality of this part
of the estimates in the appendix (see also Remark 9).

Remark 7. A direct combination of the propositions 1 and 2 yields Theorem 1 with
the proviso that wy > 0 be sufficiently small. However, note that the estimates in
(b) are equivalent to the estimate in (a) for w bounded away from 0 and infinity.
The theorem therefore remains valid if we increase the separator wg between the
cases (a) and (b), and so it holds with any fixed separator, as formulated above.
For the the remainder of this paper we make the selection wy = 1.

Since the results of Proposition 1 and Corollary 1 pertain to the H'! norm, we
can include derivatives in our estimates. The use of Corollary 1 also eliminates the
fraction involving Hankel functions in the low frequency, d = 2, case.

Corollary 2. Under the assumptions of Theorem 1, we have

1
5 s (@ vol* + Vo) £ CIIfI7, @>1,
p\DI1
and
1 (oal 4+ (Voo ) < | Cmax(lL /M Ifl,  ford =3,
w w = =
B JBp\B: Cpmax{l, 2%/} fII7, ford =2,
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From Theorem 1 we may deduce very precise estimates for the scattering effect
of an arbitrary object surrounded by a “lossy” layer in the case when the incident
wave is a plane wave.

Corollary 3. Letd = 2, or 3 and w > 0. Suppose a is a real symmetric matrix val-
ued function which is bounded and uniformly elliptic. Suppose o € L*°(Bj2)
is a complex function with 0 < ess inf J(o) < ess supI(o) < +00,0 <
ess inf R(o) < ess supR(o) < 400, and suppose 0 < A < 1. Define
1 if xeRY\ By,
and ¥ = 1+L if x € By \ By,
WA

I if x e R\ By,
a(x) otherwise,

o(x) otherwise.

Given n € R4, with |n| = 1, let v, be the solution of
div(AVv,) + ©*Ev, =0, in R,

of the form v, = vs + €' “%, with vy € HliL (RY), the scattered wave, satisfying
d=1

the outgoing radiation condition: % =iwvg +o0 (r_ 2 ) asr — oo. Then
(a) Forw > 1,
1 2
- lvg|© < C forall B> 1.
B JBs\B
(b) ForO0 <w<1,andd =3,

1

- los|?> < Cmax{1, x2/w?} forall B> 1.
B JBs\B

ForO<w<1,andd =2,

&) 2
1 H w
= Jvs|* < € max{l, /\z/wz}ﬂ#-
B J a8y |Hy (@)?
The constant C is independent of w, B, ., n,a and o.

Remark 8. By a slight variation of the following proof of Corollary 3 (using
Corollary 2 in place of Theorem 1) we may also show that

1
3 (@*v5* + |V, ) £ Co? Vo > 1,
Bp\ B
and
L Gl vupy < | Emaxll i/t ford =3,
B JBs\B ’ 7= | cBmax{l, A2/w?} for d =2, =



796 HoA1-MiNH NGUYEN & MICHAEL S. VOGELIUS

Proof of Corollary 3. We introduce
v =v;(x) + Y (x),

where ¥ € C®(R?) is a cut-off function with ¢/ = 1 forx € By and ¥ = 0
forx € R4 \ Bj3. The function v is in H]})C (R9), it satisfies the outgoing radiation
condition and

div(AVv) + 0’*Sv = f. (2.74)
Here the source f is given by
f = 2iwe' "y Vi + T AY.
An application of Theorem 1 yields the desired estimates. O

Remark 9. The low frequency estimates in (b) of Corollary 3 are significantly
weaker than the high frequency estimates in (a) due to the presence of the term
AJw. As o approaches 0 these estimates allow for scattered fields (from incident
plane waves) whose L? norms become unbounded on bounded sets. In the appendix
we show that this does indeed occur for d = 3, we also show that the L2 norm (on
B4\ Bj) is bounded from below by A/w (see Lemma 7). For d = 2 the situation
is a little bit more complicated: in the appendix we show that there exist locally
bounded incident waves for which the L2(Ba \ B1) norm of the scattered field is
bounded from below by A /w, however, the incident waves we exhibit are not plane
(see Lemma 8).

From the previous result we obtain (by rescaling) the following result, which
provides an estimate of the scattered field, v, (x), caused by an incident plane
wave “hitting” a diametrically small object surrounded by a thin “lossy” layer.

Theorem 2. Let d = 2 or 3,0 <e< ,0<A<1l,0w>0,andn € R with
[n] = 1. Let Vo (x) = vs.¢(x) + €' “*7 be the solution of

div(A,Vv,) + 0’ Zev, =0, inRY,

where vg ¢ € Hklm (RY), the scattered field, satisfies the outgoing radiation condi-

. d . _d-1 .
tion: SS/E =iwvse +0(r~ 2 ) asr — oo. Here the coefficients A, and X are

given by

3 1 lf X € RS \ B,

1 ifx € R7\ Bg)a, i

Ae = and X, =414+ — i B.\ B, ).

) [as(x) otherwise, ¢ + we if x € Be\ B2
0e (%) otherwise.

ae is a real symmetric matrix valued function, that is bounded and uniformly ellip-
tic in Bgjy; 00 € L(Bg)2) is a complex function with 0 < ess inf J(op) <
ess sup J(oe) < +00, and 0 < ess inf N(oy) < ess sup R(o,) < +oo. Then
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(a) forw > 1/e,
1

E |vs,8|2 <ced=! forallp > e.
B/S\Be

(b) ForO0 <w < 1/g,andd =3,

5y lus.e[? < Cmax{1, A?/(w?e?)}e? forall B > e.
Bg\Bs

For0 <w<1/¢, andd = 2,

1
ﬁ Bog\Bg

|HP (Bo)|?

lvs.e* < Cmax{l, 32/ (0e)}p—T——
|Hy" (ew)|?

forall B > ¢.

Most importantly: the constant C is independent of ¢, w, B, A, 0, a; and o,.

3. Applications to Cloaking

It is by now fairly well-known that estimates of the scattering effect of small
inhomogeneities are very related to estimates of the efficiency of approximate
cloaks obtained by so-called mapping techniques (see for instance [8,9,15], or
[13]). This is especially true for estimates that are uniform with respect to the
“contents” of the inhomogeneity. Based on Theorem 2, we shall now, in this spirit,
derive efficiency estimates that are also explicit in their frequency dependence.
Let us first recall the following basic fact on which our (approximate) change-of-
variable-based cloaking schemes rely. The proof of this fact is quite elementary and
left to the reader.

Lemma 6. Let d = 2, let A be a real symmetric matrix valued L™ function, and let
Y be a complex L™ function defined on R?. Suppose F : R — R< is Lipschitz,
surjective, and invertible, with F (x) = x on RY \ By, anddet DF > ¢ > 0 almost
everywhere x € RY. Thenu € I-Ikl)C (RY)Y is a (distributional) solution of

div(AVu) + o’*Tu = f inR?
ifand only ifv:i=uo F~' ¢ Hkl,C (RY) is a solution of
div(FLAVV) + 0’ F,Sv = fi in RY.

Here

DF(x)A(x)DFT(x) > (x) f(x)

F*A(y): detDF(_x) y F*E(y):detDF(X)’ f*(y):detDF(x)’

with x = F~! (y). Note that u = v outside B;.
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Let F;,0 < ¢ < 1, denote the particular continuous, radial Lipschitz mapping
R? — RY given by

x if x e R\ By,
2—2¢ [x| X .
F, = (2_8 2_8)?| if x € By \ B, (3.1
al if x € B,.
e

We notice that F, transforms B; and B, into B, and By, respectively, with F; = id
outside Bj.

The following theorem provides estimates of the degree of near invisibility
achieved by

(Fe)sl, (Fe)sl in By \ By,

the approximate cloak = i .
(Fe)«l, (Fe)s {1+ ——=) in By \ By,2,
WEA
where the dependence on frequency is explicit. These estimates are optimal in their
dependence on ¢ and w (as explained in the appendix).

Theorem 3. Let d = 2, or 3 and w > 0. Suppose a is a real symmetric matrix
valued function which is bounded and uniformly elliptic, suppose o € L*°(By2)
is a complex function with 0 < ess inf J(o) < ess supI(o) < o0, and 0 <
ess inf R(o) < ess supNR(o) < +00. Define, for0 <& < 1,and0 < A < 1,

1,1 inR\ By,
|EnEoa in B> \ By,
Aé, Eg = i .
(Fe)sl, (Fe)s \ 1+ —=) in B1\ By,
weA
a(x),o(x) in By.

Givenn € R4, with |n| = 1, letu,, € I'-Ikl)C (R?) be the solution of
div(ASVu,) + 0?Eu, =0, inRY,
of the form u, = us + €'**", with ug € H]lc (RY), the scattered wave, satisfying
the outgoing radiation condition: % =ioug + 0(r_%) asr — oo. Then
(a) Forw > 1/,
1

— lug|> < ce?! VB> 2.
B JB\B,
(b) ForO <w < 1/e,andd =3,

1

- lug|> < C max{l, 22 /(w?e?)}e? VB > 2.
B JBs\B,
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For0 <w<1/¢, andd =2,

1

1
1 Hy (Bo) 2
/3 Bzﬁ\Bﬂ

Jus? < € max{1, %/ (e?0)} 55
Hy (ew)|?

> 2.

Most importantly: the constant C is independent of a, o, w, &, A, B, and n.

Proof. In the following we drop the subscript @ from the solution u,,. Set u; =
u o Fy (so that ug(x) = u(x) for [x| > 2) and define u; o (x) = ug(x) — €' “*" (so
that us . (x) = ug(x) for |x| > 2). Then, by Lemma 6,

div(A,Vu,) + 0’ Z.u, = 0,

andu, (x) = us’g(x)—i—ei“’x'”,with Use € Hl(l)C (R%) satisfying the outgoing radiation
condition. Here
1,1 inR?\ B,,
- . _ . i .
Aes Tp = (F7DLAL (F7 DB = 111+ — in B \ Beja.,

weM
2 4a(x/e), e %o (x/e) in Bg)a.

According to Theorem 2 we have
(a) Forw > 1/e,

1

5 lug.e|* < Ced™! forall B > .
Bﬁ\Be

(b) For0 <w< 1/e,andd = 3,

1

— |1,ts,g|2 < Cmax{l, A2 /(2w?)}e? forall B > e,
B JBy\B.

forO <w < 1/g,and d = 2,

1

1 |Hy" (Beo)
ﬂ Byg\Bg

Jug.e? £ Cmax{l, 2%/(*0*)}p— 1
|Hy (ew)?

forall B > e,

The constant C is independent of ¢, @, B, A, n, a and o. Since u; ¢ (x) = us(x) for
|x| > 2, the conclusion follows. O

Remark 10. Even though it might not appear so practically important, it is fairly
simple to generalize the “approximate cloaking” results proven in Theorem 3 to the
case when By, By and By, are replaced by 2D, D and %D, where D is a bounded,
smooth, convex set containing 0. For a general D, the associated map F, will of
course be more complicated, and no longer radial.
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Remark 11. If we take the size of the scattered wave as a measure of approximate
invisibility, then Theorem 3 gives a very precise estimate of the degree of “approx-
imate invisibility” associated with

(Fe)«l, (Fg)4l int\Bl,
(Fe)sd, (Fe)« (1 + —) in By \ Bi.

the approximate cloak = i
weM
For @ > 1/ this (“norm-squared”) estimate is O (¢¢~"), uniformly in 0 < A < 1.

For 0 < w < 1/e, the situation is a little bit different. If we select A = we then

Theorem 3, in the case d = 3, asserts that

1
— lug|> < Ce* VB > 2.
B JBs\B,

In other words it guarantees the same degree of “approximate invisibility” as for
w > 1/e.Ford =2 and 0 < w < 1/¢ the (best) choice, A = we, gives

1
ﬁ Bzﬁ\Bﬂ

|HV (Bo) |2

vy £ CB—L—.
|HV (sw) 2

It is easy to see that if w = €7, for some y > 0, then the right-hand side is bounded
from below by c¢g > 0 (independently of ¢ and 8 > 2) and so we have an estimate
that predicts very poor “approximate invisibility”.

4. Appendix: Two Optimality Results

The purpose of this appendix is to prove two optimality results related to the
estimates in (b) of Theorems 1, 2 and 3. These results are a natural extension of
those presented in [13] to show that a “lossy” layer is necessary for an approx-
imate invisibility that is independent of the contents of the cloaked region. The
coefficients of the Helmholtz equation are now defined as follows

I,1 inRY \ By,
AL =111+-L inB\Bp, (4.1)
I,q2/a)2 in B]/z,
with) <w < 1,0 <A < 1l,andg € R. u5 € Hklx (R9) is the “outgoing” scat-

tered field corresponding to the incident field u;,, that is, u; satisfies the outgoing
radiation condition and u := ug + u;yc is a solution of

div(AVu) + 0’Tu =0 inRY. 4.2)

Lemma 7. Suppose d = 3. There exist positive constants 8y, ¢ and q, such that for
any0<w < 1,0 <A< ,with0) <w/A < o,

cA
sl 2 )y 2 - (4.3)



Full Range Scattering Estimates and their Application 801

Here uy is the outgoing scattered field corresponding to (4.2) with an incoming
plane wave ujn. = ¢, n € R3, |n| = 1. The constant c is independent of w,
and n.

Proof. Itis well known that the plane wave u;,.(x) = €19 hag the J acobi-Anger
expansion

o0
e =" i"(2n + 1) ju(]x]) Py (cos ),
n=0

where j, is the spherical Bessel function of order n, P, is the n’th Legendre poly-
nomial, and € denotes the angle between x and the direction 7. Since this expansion
is orthogonal in L?(sin 6d6), and the same is true for the corresponding expansion
of the solution ug, it suffices to prove the estimate (4.3) for a single mode. In other
words, it suffices consider an incident wave of the form

Uine = jo(wlx]),
the mode corresponding to n = 0. Let v be in the first quadrant of the complex

plan, such that v> = ®? 4 iw/A. With this we have

us = aho(w|x|) for [x| > 1,
ur = y1jovlx) + y2ho(vix|) for1/2 < |x| <1,
ur = Bjo(qlxl) for x| < 1/2,

where u; := ug -+, in By, and hg = h(()l) denotes the (first kind) spherical Hankel
function of order 0. Due to the transmission conditions on the boundary of B and
B2,

Us 4+ Uine = Uy at x| =1,
dug Ollinc _ % at x| = 1,
or or ar

Url+ = us|— at|x| =1/2,
0 0

S 2 at x| = 1/2,
or |, ar |_

and so

aho(w) + jo(w) = y1jo(v) + y2ho(v),
awhy(w) + wjy(w) = y1vjo(v) + yavhy(v),
Y1jo(v/2) + y2ho(v/2) = Bjo(q/2),
Y1vjo(v/2) + y2vhy (v/2) = Bajo(q/2).

(4.4)

From the last two equations of (4.4) it follows that

v2 = Byi, 4.5)
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where
_ Jo(v/2)qjs(q/2) — vijs(v/2) jolq/2)
ho(v/2)qjy(q/2) — vhy(v/2)jo(q/2)
We recall that
el ) sint
ho(t) = —, and jo(r) = —, (4.6)
it 1
and as a consequence
thy(1)
= —1+4it, .7
ho(1)

and

y , . _ . Jo@/2) .
ho(v/2)qjy(q/2) — vhy(v/2) jo(q/2) = ho(v/2) jolq/2) | ¢~ +2—iv).
Jo(q/2)

qj0q/2)
Jolq/2) —

ho(v/2)qjo(q/2) — vho(v/2) jo(g/2) = —ivho(v/2)jo(q/2).
On the other hand, it follows from (4.6), with this choice of ¢, that

, . ./ . 4jo(q/2) Vj{)(V/Z)] . .
2 2) — 2 2) = — 2 2
Jow/2)qjo(q/2) — vjo(v/2) jo(q/2) [jo(q 2 002 Jo(q/2)jo(v/2)

= [=24+ 0V 1jo(q/2) jo(v/2).

Now choose ¢ such that

—2 (there exist many such ¢). Then

Thus

% =—"?[1+ o(v)]. (4.8)

We next calculate o from the first two equations of (4.4). Set

. Y1 jo(v))
= 1+ — .
rnen ( * y2 ho(v)

Due to (4.8),
7=yl —ie P+ 0(vH)]sin)) = pll —iv+ O], (4.9)
and due to (4.5), (4.6), and (4.8),

v o)

Y1 sin(v) — v cos(v)
Y2 hy(v)

@i +v)ev
=1+0(v)). (4.10)

=1+4"2[1+ 0(vP)]

A combination of (4.9) and (4.10) yields

) (1+%,j°((3) =pl+iv+O(PHIT+O0 ()=l +iv+O(vH)].
0
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The first two equations of (4.4) can therefore be written

aho(w) + jo(w) = y2ho(v),

awh(y () + wjj(@) = Pl +iv + O(v[*)vhy(v),
which implies

__Jo@Ml+iv+ O (V) vy (v) = wjy(@)ho(v)

: ) 4.11)
ho(@)[1 4 iv + O(|v[)vhj(v) — whfy(@)ho(v)
Using (4.6) and (4.7) we easily calculate
Jo@)1 + iv + O([H)Ihy(v) — wjj(@)ho(v)
= —hoM) (o(@)[1 +iv+ O(WIH)](1 — iv) + wjj(w))
= —hoW[1 + O(v|*) + O(w?)). (4.12)

Similarly, we calculate
ho(@)[1 +iv + O ([ Ay (v) — why(w)ho(v)
= ho(@)ho(W)([1 +iv + O(WH)](—=1 +iv) + 1 —iw)
= ho(@)ho(v)(—iw + O(Jv|*)). (4.13)
A combination of (4.11), (4.12), (4.13) yields
b= LFOWP) + 0@
ho(w)(—iw + O(Jv[2))’

Since
,; 2 0] 1)
=—(1+0 <C—, d o< —,
b"=-0+0@)=C,, and 0=
(remember: 0 < A < 1 and 0 < /X < §p implies that w < w/A < Jp) it follows
that there exists a positive constant ¢, independent of w and A (and 7) such that

ck‘

l| 2 (4.14)

ho(w)w

for 0 < w/A < §o (provided dg is sufficiently small). From (4.14) it follows
immediately that

1AV
SN

sl 2o\ By
and this completes the proof of Lemma 7. O

‘We note that the corresponding choice u;,. = Jo(w|x|) does not lead to a lower
bound of the order A/w for dimension d = 2, and indeed, in this case we do not
know if such a bound holds for the scattered field created by an incoming plane
wave. We are, however, able to establish this lower bound for different incident
fields that satisfy

ltincllLoxy E Ck,

uniformly in 0 < w < 1, on any compact set K C R2.
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Lemma 8. Suppose d = 2, and let ug denote the scattered field corresponding
to the incident wave ui,.(x) = Jz(a)|x|)62i0/|J2 (w)|. Here Jy denotes the Bessel
function of order 2. There exist positive constants 8¢, ¢ and q [of (4.1)] such that
forany0 <w < 1,0 <A < 1, with) < w/A < o,

cA
lusllz2(By\B) 2 P 4.15)

The constant c is independent of w and ).

Proof. Note that for 0 < w sufficiently small, J>(w) does not vanish, and so u;;,
is well defined. Let i;,, denote the incoming wave

finc(x) = J(w]x])e??,

and let u; denote the corresponding scattered field. As in the previous proof, let v
be in the first quadrant of the complex plan, such that v> = w” + iw/A. We then
have

iy = aHy(w|x|)e*? for |x| > 1,
i, = y1o(wlx)e?® + o Hr(v|x e for 1/2 < |x] < 1,

ii, = BJa(qlx])e? for x| < 1/2,

with u; := g + u; in B|. Here Hy = Hz(l) denotes the Hankel function (of the
first kind) of order 2. Due to the transmission conditions on the boundary of B; and

By 2,

aHy)(w) + S (@) = y12(v) + 2 Ha (v),
awH) () + wly(@) = y1vJ5(v) + y2vHy (v),

(4.16)
Y12(v/2) + 2 Ha(v/2) = BJ2(q/2),
vy (v/2) + yavHy(v/2) = BqJy(q/2).
‘We recall that
t? 4 4i
S (1) = 3 +0("), H(t)= ——3 +0(),
t 8i
J5(t) = 2t o), Hyr) = —5+ ot h, (4.17)
2 .
t 8i
1) = — 4+ 0@Y, tH)(1) = — + 0(1).
1) = 7+ 0", tH () = — +0()
From the last two equations of (4.16), we have
y2 = By,
where
_ L (v/2)qJ5(q/2) —vJ3(v/2)J2(q/2) @.18)

Hy(v/2)qJ5(q/2) — vH;(v/2)12(q/2)
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Since

qJ3(q/2)  vH)(v/2)
2(q/2)  Hy(v/2)
xHy(v/2),

Hy(v/2)qJ5(q/2) — vH;(v/2)J2(q/2) = ( ) J2(q/2)

and

vHy (/%) —2[ il +0(1)}/[— a +0(1)} =4+ 0P
Ho2) " Law/2? 7(v/2)? - o

it follows that

/ ’ CIJQ/(Q/Z) 2
Hy(v/2)qJ5(q/2) —vH,(v/2)J)2(q/2) = /2 +4+ 0(v[") ) J2(q/2)
x Hy(v/2).
: qJ3q/2) _ . .
By choosing ¢ such that haD = —4 (there exist many such ¢) we obtain

Hy(v/2)qJ5(q/2) — vH(v/2)J2(q/2) = O(Iv|*)Ja(q/2) Ha(v/2). (4.19)
With this choice of ¢, we also have

’ oy N qu/(Q/z)_VJz/(v/z)
J2(v/2)qJ3(q/2)=v ]y (v/2)2(q/2) = (Jz(q/Z) Jz(v/Z)) J2(v/2)J2(q/2)

=[-8+ O (v/2))2(q/2). (4.20)

A combination of (4.18), (4.19), and (4.20) [and use of (4.17)] now gives

L_oa/mp
—_ = V .
B
Set
. 71 Jz(V))
=pl1+= .
n=n ( v2 Hy(v)
Then
7= pll+ o),
and

1 Jz/(v)) - 2
1+ ——=—) = 1+ 0 .
Vz( + vs Hi(0) w1+ O0(v|)]

Hence the first two equations of (4.16) can be written as follows

aHy(w) + Jr(w) = o Ha(v),
awH}(®) + o5 (@) = 7l + O(v|HvHS(v),
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and this implies
__h@U + 0O(vAWH(v) — 0J3(@) Hy(v)

; ; . (4.21)
Hy(w)[1+ O([vI®)vH}(v) — wHj(w)H2 (v)
Based on (4.17) we easily calculate
L@+ O(vHIVH;(v) — o} (w) Ha(v)
_ 2 VH) (V) B a)Jz’(a)))
= ([1+0(|v| )] ) @) S (w)Ha(v)
= —4(1 4+ O(Iv|* 4+ 0?)) )2 (w) Hy (v), (4.22)
and
Hy()[1 + O(vHIvH;(v) — 0 Hj(0) Hy(v)
B »  VH (V) B wH;(w)
= ([1 + O(v|)] () () )Hz(w)Hz(V)
= O(|v* + 0*) Ha (@) Hy (v). (4.23)
Since

P = %(1 +0@Y) < c;, and w* < 50%,

a combination of (4.21), (4.22), and (4.23) yields
ol > [2(w)] ic& IJz(a))I’
O(w/M)| Hz(0)] o |Hy (o)

for some positive constant ¢. This immediately implies that

lusliz2gy\B)) = m”ﬁsnLZ(&\Bl)

_ el
|J2(w)]
||| Ha(w)] A
c————— 2 c—,
| 2(0)] w

which completes the proof of Lemma 8. O

| H2(@lxD Nl 2B\ By)

v
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