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Abstract

We present two inequalities for liftings of smooth maps from the torus T4 into the unit circle S!. Using these inequalities,
we answer a question of J. Bourgain, H. Brezis, and P. Mironescu in [J. Bourgain, H. Brezis, P. Mironescu, Lifting, degree, and
distributional Jacobian revisited, Comm. Pure Appl. Math. 58 (2005) 529-551] and establish an estimate of liftings in the spirit
of R.R. Coifman and Y. Meyer [R.R. Coifman, Y. Meyer, Une généralisation du théoreme de Calderon sur I’intégrale de Cauchy,
in: Fourier Analysis, in: Proc. Sem., El Escorial, vol. 1, Asoc. Mat. Espa nola, Madrid, 1980, pp. 87-116]. To cite this article:
H.-M. Nguyen, C. R. Acad. Sci. Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Inégalités relatives aux relevements et applications. Nous présentons deux inégalités pour des relevements des applications
régulieres du tore T4 dans le cercle unité S!. Ces inégalités nous permettent de répondre a une question de J. Bourgain, H. Brezis, et
P. Mironescu dans [J. Bourgain, H. Brezis, P. Mironescu, Lifting, degree, and distributional Jacobian revisited, Comm. Pure Appl.
Math. 58 (2005) 529-551] et d’établir une estimation des relevements dans 1’esprit de R.R. Coifman et Y. Meyer [R.R. Coifman,
Y. Meyer, Une généralisation du théoreme de Calderon sur I’intégrale de Cauchy, in : Fourier Analysis, in : Proc. Sem., El Escorial,
vol. 1, Asoc. Mat. Espa nola, Madrid, 1980, pp. 87-116]. Pour citer cet article : H.-M. Nguyen, C. R. Acad. Sci. Paris, Ser. I 346
(2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée
J. Bourgain et H. Brezis [1] (voir aussi [2]) ont prouvé

Théoreme 1. Soient d > 1 un entier, T le tore de dimension d, y € C*°(T¢,R), et g = €'V Alors il existe Yy, Y €
C>® (T4, R) telles que W = Y| + 2,

< Clgl? t <C ,
Wilwis <Clgl et Il <Clgl,y

pour une certaine constante C > 0 qui ne dépend que de d.
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Dans cette Note, on considere la semi-norme suivante de I’espace W7 (T O <s<1let p > 1) défini par (1) et
1 1
onnote H2 = W22,
Question. Soient d > 1 un entier, T4 le tore de dimension d, p>1,qg= %, v e COO(Td, R),et g = eV . Est-ce
qu’il existe Y1, ¥, € C°(T4, R) telles que ¥ = ¥ + 2,
< Clgl? et <C ,
[Yilwir < |g|w%-" IlﬂzIW%,p\ |g|W$,q

pour une certaine constante C > 0 qui ne dépend que de d et de p ?
Le but principal de la Note est de donner une réponse positive a cette question au cas d = 1. En fait, on prouve :

Théoreme 2. Soient p > 1, g = %, ¥ € CHTLR), et g = e'V. Alors il existe Y1, yn € C°(T!, R) telles que
Y =11+ Yo,

Vilwi1 SCT5(8) et [l 1, <Clgl 1

1
PP q,q’

pour une certaine constante C > 0 qui ne dépend que de d et de p. Ici T, est défini par (2).
Un autre résultat de la Note est

Théoreme 3. Soientd > 1, p>1,q= %, Y e CY(TY; R), et g = e'V. Supposons que |glgmo = B < 1. Alors il
existe une constante C > 0 qui ne depend que de d et de p telle que

C
< — .
Vb < 7580 b
Ici la BMO-semi-norme est définie par (4).
1. Introduction and main results

J. Bourgain and H. Brezis [1] (see also [2]) proved

Theorem 1. Let d > 1, T4 be the d-dimensional torus, Y e C°°(Td, R), and g = eV, Then there exist Y, Y €
C®(T?, R) such that ¥ = Y1 + ¥,

2
v < and < (
| 1|Wl,1 \C|g| % |1//2|H% S |g|H%’

for some constant C > 0 depending only on d.

In this Note, one considers the following semi-norm of W“’(']I‘d ),forO<s <1land p>1,

— e(p)|P 7
'g'W“"’=<f dedy) , 0

|x — y[dtsr
T4 x T4

and one notes H2 = W22,
Their proof is delicate. Using the inequality (see e.g. [7])

oy
\/ Pt
Td

where g = ¢'¥ and ¥ € C'(T¢,R) and a dual argument one can prove that there exist ¥; and v, such that ¥ =
v+ ¥, [Y1lpy + |¢2|H% <C(lgl?, + |g|H%) in the case d = 1 (argument communicated to us by H. Brezis
H2

<C(Ieh +1¢l, 1) (18 +1gl, 1)

(S]]
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and P. Mironescu). From these facts, J. Bourgain, H. Brezis, and P. Mironescu suggested the following (see [3, Open
Problem 1])

Question. Let d > 1 be an integer, T be the d-dimensional torus, p>1,q= ﬁ, v e COO(Td, R), and g = e,
Does there exist 1, Y € C>°(T¢, R) such that ¥ = vy + 2,

< b <
[Yilwia \ClgIWI_lyp and Iwzlw%,p\Clglwé_q,
for some constant C > 0 depending only on d and p?

The main goal of this Note is to give an affirmative answer to this question in the case d = 1. We first introduce

Definition 1. Let d > 1 be an integer, T4 be the d-dimensional torus, g€ L®°(T4,S!) and § > 0. Define

Ty(g) = / / y|d+1 dxdy. @)

T4 x T4
lg(x)—g(y)| =3

We next prove two inequalities related to liftings.

Lemmal.Letd > 1, p > 1, q—L1 e CHT4R), v € CY(T?;R), and g = €'V Then
_‘”;dx CIE =T 5@ +1¢1 1, lgl 1) 3)
V3 wa 'S lwpp/’

for some constant C > 0 depending only on d and p.

Lemma2.Lerd >1, p>1,qg= 7, ¢€C (T4, R), € C'(T?; R), and g = e'V. Assume that |g|lgmo = B < 1.
Then there exists a constant C > 0 dependmg only on d and p such that

C
<— .
‘ / e ‘ =Kl alel
Hereafter, we use the following BMO-semi-norm:

|fIBMO(2) ==  sup ‘f(é) - ][ f () dn‘ d§, VfeBMO(£). “)
B(x, r)C.Q
B(x,r)
Here B(x, r) denotes the ball in £2 of radius r centered at x.
Using Lemma 1 and the dual argument, we can prove

Theorem 2. Let p > 1, g = %, v € CY(TY, R), and g = e'V. Then there exist Y1, Y, € C®°(T!, R) such that
Y =1+,

Wil SCT5(e) and |yl 1, <Clgl 1.

for some constant C > 0 depending only on p.

This theorem answers positively [3, Open Problem 1], which corresponds to the question in the case d = 1 and
p > 2. Our method does not seem to be generalized to the case d > 2. After our work was finished, P. Mironescu
[8] informs us that the answer to the question is also true in higher dimensional cases. The reader can find many
interesting questions related to liftings of S!-valued maps in [7].

We next give a useful consequence of Lemma 2.
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Theorem3.Letd >1,p>1,q = %, V¥ € CH(T?; R), and g = ¢'V. Assume that |g|lgmo = B < 1. Then there exists
a constant C > 0 depending only on d and p such that

C
< —— .

This result is inspired by the one of R.R. Coifman and Y. Meyer [6] (see also [5]) who proved that there exists a
constant ¢ > 0 such that if |g|gpmo < ¢ then | |mo < 4|glBMO (g = e”//).

2. Proofs
2.1. Proof of Lemma 1

Step 1: Proof of Lemma 1 in the one-dimensional case.

Since le ¥’ ds = 0, without loss of generality, one may assume that le ¢ds =0. Set g(s) = g(e”) and Z‘(s) =
z(e') for s € R. Let B be the unit ball of R? and x € C'(Bj) be such that x(x) = 1 for |x| > 3 x(x) =0 for
[x] < %, 0< x(x)<land|Dy(x)| <1, for x € By. Define u: By R? and 7: By — R as follows

0+2mh 0+2mh
u[(l—h)eie]z][ g(s)ds and n[(l—h)e"9]=][ Z(s)ds,
6 6

for h € [0, 1] and 6 € [0, 27r]. Set 7 = xn and define

u(X)/[uX)| if [u(X)| > e,

) VX € By,
u(X)/a otherwise,

ii(X) ={

for some small positive regular value o of |u|. Then it € W1°°(B;) and 7j € W!-*°(By). Since |it| < 1 and | Dit| < | Du|
on Bj, integrating by part, one has

‘ / V¢ do
']1'1

Hereafter B := B(0, %). Applying the method used in [9] (see also [4] in the case +/3 is replaced by & for § < +/2),
2
one obtains

<nllze / |detDﬁ|dX+/|Dﬁ||Du|dX. (@)
Bl\B% B

/ det Dit|dX ST /5(2)- (6)
Bl\B%

On the other hand, since % + [l[ = 1, by Holder’s inequality, since 7 =0 in B 1 one has

1 1
/|Dﬁ||Du|dX<< / h/’_2|Du|1’dX>p< / hq_2|Dn|qu)q. )

By Bi\B | Bl\B%

[N

However, for h < %

0+2mh
|Du|[(1—h)eie]g%|§(9+2nh)—g(9)|+% ][ |8(s) — g(0 +2mh)| ds (8)
6

and
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27 1 { A 27 1 1 I O0+2mh
/f h_2 |g(9+2nh)—g(9)|’7dhd9+/[% / |8(5) =80 +27m)|" dsdhdd S 1gl” | .
0 0 0 0 0 wr
Hence, it follows that
hP~2DulPdX < lgl” . 9)
wrr
Bi1\B|
2
Similarly,

/ WDl X Sl (10)

Bi\B|
2

1
g1

The conclusion in the case N = 1 follows from (5), (6), (9), and (10), since le ¢ds=0.

Step 2: Proof of Lemma 1 in the general case.

Without loss of generality, one may assume that i = 1. The proof in this case follows as in Step 1 by using the
extension u : B; x T?~! > R defined as follows

u[(1—h)e' xa, ... . x4] = ][ g(s)ds,
B(x,h)

where x = (eig, X2,...,Xq) € T9. The details are left to the reader. O
2.2. Proof of Lemma 2

Without loss of generality, one may assume that i = 1. We use the same notation as in the proof of Lemma 1.
The essential point in this proof is to choose 1 — f <« < 1 — B/2 such that « is a regular value of |u|. Then since
|glBMo = B, it follows that |u| > « in By. Hence, from the definition of &, |iz| = 1. Thus (see (5) in the case d = 1)

v < 1 / 3
‘/Bxlgdx”vl_ﬂ [D7||Duldx.
Td

By xTd-1

Therefore, as in the proof of Lemma 1, one obtains
Y 1
—rdx| < —— . O
‘ / e ’ ST g8l )
Td

2.3. Proof of Theorems 2 and 3

Proof of Theorem 2. Set D(A) = {(¢,¢); ¢ € Cl(Tl;]R)} and define A: D(A) — R by A(¢,¢) = /T. ¥'c. By
Hahn—Banach’s theorem and Theorem 1, there exists A : L°(T!) x W%’q(ﬂl’1 ; R) = Rsuchthat A(¢y, &) = A(¢y, &2)
for (£1,¢2) € D(A) and [A(51, &) ST slSillL~ + IgIW%,,,HCleW;m Define ¢1(¢) = A(¢, 0) and ¢2(¢) = A(0, ¢)

1 1
for ¢ € C'(T"). Then ¢; € M(T'), the space of all Radon measures on T!, and ¢ € [W4'?]*, the duality of W47,

< < i 1 = =
leillm ST 5(8) and ||('02||[qu,(1]* S |g|W$'q' Without loss of generality, one may assume that (@1, 1) = (¢2, 1) =0.

Then there exist ¥ and ¥, such that Wi = ¢y, wé =@ and ¥ = Y| + Y. It is clear to see that |V |py < Tﬁ(g),

1 .
|¢2|W%,p S |g|W%‘p. Define WI,n =Y * o and 1pZ,n =Y — Ipl,n + Y. Since Yi1=¢ -y € Wp’p, when n is
sufficiently big, one has |1p2,,,|W%Y,, <Y — ¢1~”|W%m + Wz'w%’” < |g|W%'p. On the other hand, it is clear to see
that [Y1algy <Y1l ST 5(9). O
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Proof of Theorem 3. For & € C*(T%) with [, & dx =0, define ¢ by Apa¢ =& and 1, ¢ dx =0. Here Aqa denotes
the Laplace—Beltrami operator on T¢. Applying Lemma 2, one has

d
oY 85 1
dx| = —
/Wé Z/E)xi dx; Z 8x, $q|g|W%1’
Td l:le =1
This implies
fmdx —ﬁnsn who I8l 1
Td
Hence,
_ — _ - oo rmd
‘/(w ][w>§dx _‘/<s fg)wdx ﬂllsll[w%,p]*lglwﬁ,,, VE € C®(T?).
Td Td Td Td
It follows that
¥ =¥ - : g | o
4 Wll”p a Wp P - B
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