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Abstract In this paper, we study some properties related to the new characterizations of
Sobolev spaces introduced in Bourgain and Nguyen (C R Acad Sci, 343:75-80, 2006),
Nguyen (J Funct Anal 237: 689-720, 2006; J Eur Math Soc 10:191-229, 2008). More
precisely, we establish variants of the Poincaré inequality, the Sobolev inequality, and the
Rellich—Kondrachov compactness theorem, where fRN |Vg|? dx is replaced by some quan-

tity of the type
I5(g) = // |N+p dxdy.

Ig(X) g(y)|>8

Mathematics Subject Classification (2000) 26D10 - 26A54 - 26D20 - 26A24 -
26A33 - 42B25

1 Introduction

We first introduce the quantity /s5(g), which plays an important role in this paper,

5P
IB(g) = / / m dx dy Vg € Llloc(RN)'
RN RN
lg()—g(y)|>8

We next recall some new characterizations of Sobolev spaces in [2,16,18]. The first one is
as follows
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Proposition 1 Let 1 < p < +o00. Then
(a) There exists a constant Cy , depending only on N and p such that
Is(g) < CN,p/ IVglPdx, ¥§>0, Yge W'’®RM).
RN
(b) Ifg € LP(RN) satisfies
lim inf 75(g) < +o0,
8—04

then g € WHP(RV).
(c) Moreover, for any g € WHP(RN),

1
lim J, —K Vel dx,
B_I)I& 5(8) » N,p/| glfdx
RN

where Ky, is defined by
Knp= / le-o|?do, (1.1)
SN-1
forany e € SN1.

Remark 1 Assertions (a) and (c) are proved in [16] (Theorem 2). Assertion (b) is proved
by Bourgain and Nguyen in [2]. The proof of Assertion (b) is delicate. Under the following
stronger assumption

lim sup I5(g) < +o0,

8—04

a simple proof is given in [16] (see the proof of Theorem 2).
In [18], we improve statement (b) in Proposition 1 by proving

Proposition 2 LetN > 1, p > 1,and g € L”(RN). Assume that I5(g) < +o0 forall § > 0,
and

SP
lim inf ————dxdy < 4+00.
5—04 / / [x — y|N+P Y
RN RV
d<|g(x)—g(y)|<10s

Then g € WhP(RN).

Remark 2 To prove Proposition 2, we developed the method introduced in [2]. The obser-
vation used in the proof Proposition 2 will play an important role in the proof of statement
(b) in Theorem 1 which is crucial to establish Theorem 3 and Proposition 6.

The second characterization is a generalization of Proposition 1.

Proposition 3 [18, Theorem 1] Let 1 < p < +00 and (Fy)nen be a sequence of functions
from [0, 400) into [0, +00) such that

(1) Fy,(t) is a non-decreasing function with respect to t on [0, +00), for alln € N.
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Some inequalities related to Sobolev norms 485

(ii) / Fo()t= PtV dt =1, foralln € N.
0
(iii) F,(t) converges uniformly to O on every compact subset of (0, +00) as n goes to
infinity.
Then
(a) Ifg € WhP(RN), then for everyn € N,

o0

// Fa(1g(x) — D dxdyfCN,p/Fn(t)t_(erl)dt/|Vg|pdxv

|x — y|N+p
RN RN 0 RN

where Cy , is a positive constant depending only on N and p.
(b) Ifg € LP(RY) and g satisfies

liminf//F"(|g(x) EDD iy < +oo,

n—00 [x — |N+P
RN RN

then g € whP(RN) and

liminf//F"(lg(x) 2PN dyzKN,p/ngdx.

n—00 |x — y|N+P
RN RN RN
(c) Moreover, if
o0
lim sup/ F,(0)t~ PV dr < 400,
n—o0

then, for any g € WP (RV),

Fu(Ig(x) —gOD
n—)oo// |x — y|N+p dXdyZKN-,P/|Vg|pdx.

RN RN RN

Here K ), is defined by (1.1).

Remark 3 Proposition 1 follows from Proposition 3 by choosing

0 if 0 <t <6,

Fu(t)=1 pst , (1.2)
5 otherwise.
1- 511

Remark 4 Assumption (i)—(iii) of the sequence (F;,) are necessary to obtain (a)—(c) (see [18,
Remark 4] for detailed discussion).

In this paper, we establish variants of the Poincaré inequality, the Sobolev inequality,
and the Rellich-Kondrachov theorem which are inspired by these characterizations. Our first
result motivated by Proposition 1 and the Poincaré inequality is the following theorem, which
is proved in Sect. 2.
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486 H.-M. Nguyen

Theorem 1 Let N > 1, p > 1, and g be a real measurable function defined on a ball

B C RV, Assume that
5P
B B

|[g(x)—g(y)|>6
Then

@ Ifp =1, wehave
//Ig(X)—g(y)l”dxdySCN,p
B

B

Ntp 1)
x| |B|™¥ // 7|x_y|N+pdxdy+8P|B|2 7
B B

lg(x)—g()|>d

(1.3)
for all 5 > 0 and for some positive constant Cy ), depending only on N and p.
(b) If p > 1, we have
// lg(x)—gWIPdxdy<Cy,p
B B
N+p SP
Ntp A pip2
x | |IB|™WN // T dxdy+387|\B|” |,
B B
d<|g(x)—g(y)I<10s
(1.4)

forall § > 0. Here Cy ), is a positive constant depending only on N and p.
Remark 5 We do not know whether (1.4) is valid with p = 1.
Remark 6 Inequality (1.4) plays an important role in the proof of Theorem 3 below.

Remark 7 A variant of estimate (1.3) was established by Bourgain et al. [4] as follows. Let
g € C(I =1[0,1],R). Then

' 1
//Ig(X)—g(y)ldxdySC 1P // mdxdyﬂll2 ,
1 I 1

1
leig() —eig()|>§

for some universal positive constant C, when 8 is small. The continuity of g is necessary for

such a result. Recently in a joint work with Brezis [6], using a completely different argu-

ment, we establish the above inequality for any § < +/3 and for any g € VM O(I, R) (/3

is optimal). The proofs in [4] and [6] are involved. The approach in [6] can also be used to

obtain a similar inequality for p > 1. These results can be extended to higher dimensions for
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Some inequalities related to Sobolev norms 487

a smooth function g using the idea in Step 2 of the proof of Theorem 1 in this paper (see [7]).
Nevertheless we do not know how to obtain (1.3) under the general condition as in statement
(a) using this approach since the standard density arguments do not work in this context. This
is due to the fact that quantity in the RHS of (1.3) is “unstable” under the convolution.

Our next result is a variant of Rellich—-Kondrachov theorem, whose proof is presented in
Sect. 3.

Theorem2 Let N > 1, p > 1, (g,) : RY — R be a bounded sequence of functions in
LP(RN) and (8,) be a sequence of positive numbers converging to 0 such that

817
liminf I5, (g,) = liminf / / d dx dy < +oo0. (1.5)
n—oo " n—>00 [x — y|N+P

RN RN
|gn (X)—8n (¥)|>8n

Then there exist a subsequence (g,,) of (g,) and g € LP (RN such that (g,,k) converges to
gin LIOC(RN). Moreover, g € WHP(RN) for p > 1 resp. g € BV(RY) for p = 1 and there
exists a positive constant C, depending only on N and p, such that

/ |[Vg|? dx < Climinf I5, (gn). (1.6)
n—oo
RN
Remark 8 The optimal constant in (1.6), which was discussed in the context of Gamma-con-

vergence in [17,19], is strictly less than Ky ,/p.

Remark 9 The conclusion of Theorem 2 still holds in the case p > 1 if (1.5) is replaced by
the conditions that /s, (g,) < +oo foralln € N, and

. 8
liﬂgéf // dedy < 4-o00.
RN RV
Sn<|gn(x)—gn (¥)| <108,

Remark 10 When p > 1, Theorem 2 implies the well-known Rellich—-Kondrachov theorem,
since I5(g) < Cn,p [pv [VgIP dx.

A variant of the Sobolev inequality, which is proved in Sect. 4, is as follows

Theorem 3 Let 1 < p < N, 8 > 0, and g be a real measurable function defined on RN
such that

I5(g) = // |N+p dxdy < +o00.

RN RN
lg(x)—g(y)[>3d

Then there exist two positive constants C and X, depending only on N and p, such that

1
/ gl? dx ClIs()17, (1.7
1gl>28
with q = Aivfp
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488 H.-M. Nguyen

Remark 11 Letting § go to 01in (1.7), we rediscover and extend the Sobolev inequality since
limg_ I5(g) = %KN,,, Jen IVgIPdx, Is(8) < Cn.p [an IVgIP dx (see Proposition 1), and
limg_.o flg\>>»8 1gl7dx = [pn|gl?dx for g € wLr(@®RN). Since I5(g) < 8,,, > Is(g) for
8 > &/, Theorem 3 is more interesting when it is applied for large §.

When N > 1 and p = N, estimates (1.3) and (1.4) clearly imply that g € BMORV),
the space of all functions of bounded mean oscillation defined on RY if g € L'(RV) and
Is(g) < +oo for some 6 > 0. Moreover, there exists a positive constant C, depending only
on N, such that

1
lglamo = sgp][][ lg(x) —g(Mldxdy < C (IBN (&) + 8) ,
00

where the supremum is taken over all cubes of R™. In a joint work with Brezis [7] we also
show that if g € L'(R") and I5(g) < 400 (p = N) forall § > 0, then g € VM O(RN),
the spaces of all functions of vanishing mean oscillation. More properties in the case p = N
can be found in [7]. When p > N and I5(g) < +oo for some §, one cannot hope that
g€ LE"C’(RN). This follows from the fact that the function g(x) := Inln|In |x|| in By (A is
small), the ball centered at the origin with radius A, does not belong to L°°(B,) and

8r
X —
B, B, Y

[g(x)—g()|>d

Applying Theorem 1, we can prove that the sharp function of g belongs to L, (R") with
g = Np/(N —p)if g € LP(RY) (p = 1) and I5(g) < +oo for some § > 0 (see Sect. 4).
In fact we can prove that g € LY(RY) if p > 1 and I5(g) < +oo for some § > 0 (see
Theorem 3). However, we have the following

Open question 1 Let p = 1 and N > 2. Is it true that g € L% ®RNY if g € LY(RN) and
Is(g) < 400 for some 6 > 0?

Motivated by Proposition 3, we establish the following results, whose proofs are presented
in Sect. 5.

Proposition 4 Let g be a real measurable function defined on a ball B C RN and F :
[0, +00) — [0, 400) be a non-decreasing function. Then there exists a constant C > 0,
depending only on N and p, such that

1

F(1)+/F(z>f<"+”dr //|g<x>—g<y>|”dxdy

B B
F
<c |B|*// (|i(f)y|N‘g+(If)|)d dy + F(1)| B2

PropositionS Let 1 < p < N, (F,) : [0,400) — [0,400) be a sequence of non-
decreasing functions such that lim,_, ~ F,,(1) =0,

1
Fu(1) +/Fn(r>z—<”+”dr =1,
0
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and (gp) : RN — R be a bounded sequence of real functions in LP (RN). Assume that

F —
lirninf// ”(|f;(f)y|N§’;(y)|) dx dy < +oo.

n—o0
RN RN

Then there exist a subsequence (g,,k) of (gn) and g € LP (RN) such that (gn,) converges to
gin Lloc(RN)'

Proposition 6 Let1 < p < N, F : [0, +00) — [0, +00) be a non-decreasing function and
g be a real measurable function defined on RN . Assume that

// F(lg(x) =g dx dy < +00

Ty
RN RN

Then there exist two positive constants C and X, depending only on N and p, such that

1

q
1 F(lg(x) — gD
q
/ lgl? dx <C 2 // X — [N dxdy VnelzZ,
RN RN

[gl>AF (27"

with g = NN—g,.

Applications of Propositions 4, 5, and 6 will be given in Sect. 5.3. It would be nice to
obtain similar results to Theorems 1, 2, and 3, and Propositions 4, 5, and 6 in a more general
setting e.g. in Carnot—Carathéodory spaces or in metric spaces with appropriate properties.

Recently many authors have suggested various definitions of Sobolev spaces and studied
the well-known properties of Sobolev spaces in their contexts e.g. Ambrosio [1], Korevaar
and Schoen [14], Reshetnyak [21], Hajlaz and Koskela [12], Bourgain et al. [3] and refer-
ences therein. The characterizations mentioned in this paper are quite close to the work of
Bourgain et al. [3]. However the connection is not transparent.

Theorem 1, whose proof is presented in Sect. 2, is the starting point of this paper. In the
proof of Theorem 1, we use of ideas in [2] and [18], and the John and Nirenberg inequality
[13]. Theorem 2 is derived from Theorem 1 by the standard technique used in Bourgain
etal. [3] (see also [20]). The main ingredient of the proof of Theorem 3 is part (b) of The-
orem 1. The proof also makes use of the theory of sharp functions due to Fefferman and
Stein [9] and the method of truncation due to Mazya [15]. Obtaining Sobolev’s inequality
from Poincaré’s inequality previously appeared in the literature see e.g. [10-12,22]. How-
ever, our approach is different from the works mentioned here, which were inspired by the
Riesz potential theory. Moreover, we could not apply their methods in our setting because of
the presence of the two terms in the RHS of (1.3) and (1.4). Proposition 4 is derived from
Theorem 1 using ideas in [18]. The proofs of Propositions 5 and 6 follow from Proposition 4
by applying the same methods used in the proofs of Theorems 2 and 3.

The paper is organized as follows. In Sect. 2, we prove Theorem 1. Section 3 is devoted
to the proof of Theorem 2. Theorem 3 is proved in Sect. 4. Section 5 is devoted to the proofs
of Propositions 4, 5, and 6, and their applications.
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490 H.-M. Nguyen

2 A variant of Poincaré’s inequality: Proof of Theorem 1
2.1 Preliminaries

In this section, we present some technical lemmas which will be used in the proof of Theo-
rem 1. We first recall some useful results in [18].

Lemma 1 [18, Lemma 3] Let g be a real measurable function defined on the interval [a, b]
(—0o<a<b<+00),z€R, andd > 0. Set

B ={x €la,bl; gx) <z}

Assume that
[la, b] N B|
< — <

0 1,
b—a
and
b b ]
// ——5dxdy < +o0.
lx — yl
a a
[g(x)—g(y)[>8
Then

lla,b]NA;| >0, V1 >3,
where Ay :={x € [a,b]; z < glx) <z+ 1}
Hereafter |A| denotes the Lebesgue measure of A for any measurable set A C RV,

Lemma 2 [18, Lemma 4] Let g be a real measurable function defined on the interval [a, b]
(—0o<a<b<+400),zeRr>05>0andt > 6§ > 0. Set

B={xeR; gx)<z}, A={xeR; z<gkx)<z+r1}.

Assume that
lla,blN B| [la, b] N A] -
b—a o b—a -

b b {
// 72dxdy<—|—oo.
lx =yl
a a

lg(x)—g()|>d

s, r+s<1,

and

Then there exists a subinterval [c, d] C [a, b] (a < ¢ < d < b), such that
llc,d]N B| [[c,d] N Al
—_ = - <.

r and s/4 <
d—c d—c

Lemma 3 [18, Lemma 5] Let g be a real measurable function defined on the interval [a, b]
(—oo<a<b<+4+0),ze€R 17>8>0,and0 <A <1/2. Set

’Bj={xeR;g(x)<z+jr}, Vjez

Aj={xeR z+ jt <glx) <z+ (j+ Dt}
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Assume that

bl N B b
[[a, b] N Bo| — l[a, b] N Aol <
b—a b—a

// dxdy<—|—oo

Ig(X) g())\>5

and

Then for each r > 4/, there existm € Z4, Ly, € Z, and [c, d] C [a, b] (¢ < d)such that

| < 2m,

|[c,
d—c
d—c) < 4’"[4/(kr)

.| Le, d] n A,m+2\

> %[A/(étr)]’"“,

—a).

Lemma 4 [18, Corollary 6] Let 1 < p < +00 and 0 < g < X < 1/2. Under the assump-
tions of Lemma 3, there exist m € Z4 and l,,, € Z such that

|lm| <2m
and

—a)l-r
// x—yll’“ dxdy > Cpom(b —a) 7,
x€la,b]NAy,

yela,blNAy, 12

or some positive constant C,, ,, depending only on p and Ag.
pro

Remark 12 Lemmas 3 and 4, which will be used in the proof of part (b) of Lemma 5, are
presented in [18] (see [18, Lemma 5] and [18, Corollary 6]) only for the case A = 1/2.
However their proofs are almost the same as the ones of [18, Lemma 5] and [18, Corollary
6]. The details are left to the reader.

The following lemma is one of the main ingredients in the proof of Theorem 1.

Lemmas$s Let p > 1,0 < 19 < %, and g be a real measurable function defined on a

bounded interval 1. Suppose that there exist 0 < 19 < T < % c1 < ¢, and two non-empty
sub-intervals Iy and I, of I such that

{x € I1; g(x) <ci}l = zll| and |{x € Ip; g(x) > c2}| = 7|L2]. 2.1
Then there exists some positive constant C depending only on p and to such that:
@ Ifp=>1, wehave

// y|P+1 dxdy = Cpry(ca —c)P|I]'P, V8 €(0,80). (2.2)

\g(X) g(y)\>5
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492 H.-M. Nguyen

) Ifp>1,8¢(0,8), and

5P
// dedy<+oo,
1 1

lg(x)—g(y)[>d

we have

oP
// T 4y 2 Cprgler —e) 117 2.3)
I 1

3<|g(x)—g(y)|<10s

Here §g = 7“622&)“) min {%, %}

Remark 13 Lemma 5 is a variant of [2, Lemma 2] and [18, Lemma 6] stating that the limit of
the LHS of (2.2) and (2.3) as § goes to 0 gives upper bounds of |/ | 1=P (ess sup; g —essinf; g)
up to a constant. Lemma 5 gives the range of § (independent of g) for which (2.2) and (2.3)
hold if (2.1) is satisfied. The proof of Lemma 5 completely borrows arguments used in the
ones of [2, Lemma 2] and [18, Lemma 6].

In what follows, the notation ¢ < b means that there exists a positive constant ¢ depending
only on N and p, such that a < cb. The notation a 2 b means that b < a and the notation
a ~ bmeansthata < band b < a.

Proof By scaling and translating, one can assume as well that / = [0, 1],¢; = 0,and ¢, = 1.
Take § € (0, 555) min{| /1|, |12]} and K € Z such that

§<27K <2s. 2.4
Denote
J:{jeZ+;i<j2’K<§].
Then
card(J) > 2571 —2 ~ % (2.5)
For each j, define the following sets
Aj=frero 1 (-2 K =g < j27k],
Bj=|J Ay, and C;= ] 4.
J'<j J'>J
sothat Bj x C; C [lg(x) — g = 27K] C [lg(x) — ()| > 3].
Set
G=1{jelJ;|A;| <2752} (2.6)
Since the collection (A ) is disjoint, it follows from (2.5) that
card(G) = 2K 2 — 3~ © Q2.7)

g:
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Foreach j € G,setA; j = |Aj| > 0by Lemma 1. We claim that there exist sy, ; and 53, ;
in [4)\17]', 1 - 4)»1’]'] such that

|[s1,~4h1j,s1,j +4r1 ;10 B;| > t/2 and |[soj —4h1j, 50, + 441 ;1N (A; UC))|
> 1/2. (2.8)

We first prove that there exists s1,; € [4A1 j, 1 —4A; ;] such that
|[s1,; —4A1j. 51, + 40 ;1N Bj| > 7/2 (2.9)
by contradiction. Suppose that
|t —4r1 .t +40 ;1N Bj| <1/2 Vie[dhr;, 1 —4r ;] (2.10)
Set o = 4A1,; —l—xig1 xandt;11 =1t + 8xy; fori > 0. Let n be such that ¢, +4X,; € I
and t,41 +4A1,; & I1. We have

n
|11 N Bj| < Z| [ti —4Aj, ¢ +4)n1,j] N Bj| + 84 ;.
i=0

We deduce from (2.10) that
|11 N Bj| < tlh]/2+ 81 ;. (2.11)
However since j € G, 27K <5< 7|11]/200, it follows from (2.6) that
i1 < 827K =32207K <645 < 711172 (2.12)
Combining (2.11) and (2.12) yields that
|l N B;| < z|n.

This contradicts the fact that [} N Bj| > |I; N By| > t|1;].

Thus there exists S1,j € [4)»1’]‘, 1 —4)\1,]'] such that ‘[sl,j — 4)»1’]‘, s1,j + 4)»1,]‘] N Bj| >
/2.

Similarly, since |1, N (A; U C})| > t|I1|, there exists s, ; € [4A1,;, | —4A; ;] such that
|[s2,; — 4A1,j, 52, +4A1 ;1N (A UC))| > 7/2. Therefore (2.8) is proved.

From (2.8) it is clear that there exists f1 ; € [4A1 j, 1 —4Ay ;] such that

t/2 < |t — 4k j. 0 j+4h 1N B;| <1 —1/2. (2.13)
On the other hand, since |A ;| < 27K%2 < 85 < /8, it follows that
[t —4h1j, 1 + 401N A < 1A < 1/8. (2.14)
Combining (2.13) and (2.14) and using Lemma 2, we have, for some ¢, A; > 0,

[[tj —4A;,t; +4A;1N B

2 <
T2 = 8)\]'

<1-1/2, (2.15)

and

|[lj —4)\j,l‘j +4)\j]ﬂAj| -

32 <
/32 s 8)\j

/8. (2.16)

Proof of (a): p > 1. Set A = inf jcg Aj (A > O since G is finite). Define P, as follows

Py=1{jeG; 2" h<n;<2™), Vm=>1L. (2.17)
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494 H.-M. Nguyen

Then G = |J!_, P, for some n. From (2.7), we have
. 1
> card(Py) 2 5 (2.18)

For each m (1 < m < n), since A; N Ay = @ for j # k, it follows from (2.16) that there
exists J,, C Py, such that
(a) card(Jy,) 2 card(Py,) and (b) |t; —t;| > 23N Vi j € i #j. (2.19)

Combining (2.17), (2.18), and (2.19) yields

[t; —4Xri, t; +4X1]1N [l‘j — 4)\/', tj +4}»j] =, Vi, j € Jm, i #J, (2.20)
and
- 1
> card(Jm) 2 5 (2.21)
m=1

SetUp:=@and,form=1,2,...,n
Ly ={j € Jn: |[tj = 42j.tj + 421\ Un—1| = (8 — /16)1,},

Un=| Jltj =4 t; + 401 | UUn1, (2.22)
jELYll
a,, = card(J,;) and b, = card(L,,).

From (2.20), we have
1
2 M =44+ 4N S (Ul
JE€JIm\Lm
Hence since L,, C J,, C P, it follows from (2.17) that

1 m—1
2" Nam = bw) S 7 2 2'bis
i=l1
which shows that

m—1

am < by + — 22“ ™.
i=1

Consequently,
n m—1 n
zamgzb + - ZZzO "™ p; —Zb + - Zb- > ot
m=1 i=1 i=1 m=i+1

Since > 2~ = 1, it follows from (2.18) and (2.21) that
i=1
n n T
DbmzTd a2 (2.23)
m=1 m=1
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Some inequalities related to Sobolev norms 495

Combining (2.15), (2.16), (2.22), and (2.23) yields

5’7
// x—yll’+l dxdy z Z 2. // |x — y|p+! dx dy

m=1 jeL,, >
E—g()1>5 (1t =43, 5 £42 0\Un-1)
- xij,yECj

n
287 byt/sP! 2 2%,
m=1
This implies the conclusion of Lemma 5 in this case.
Proof of (b): p > 1. Take j € G. By Lemma 4, we deduce from (2.15) and (2.16) that there
existm; € Zy and [; € Z such that

[l; — jl <2m; (2.24)
and
// P |p+1 dxdy 2 cqmjh; " 2 cqm;8' 7P (2.25)
x€IﬂA/.
YEINAL 42

Hereafter ¢, denotes a positive constant depending only on 7. The last inequality follows
from the fact that 1.; < 6.
Setig = —1 and

={jeG;lj=i}, Viel

Foreachn > 1, if
{ieZii>iy1+1andC; # @} # 0,
then set
in =inf{i € Z; i >i,_1 + 1 and C; # @},
[k,, =max{mj;j €Gandl; = i,,}.

From (2.24), we have

ky 2 card{j € G; I} = i,}.
Hence we deduce from (2.7) that

> ka2 card(G) & é (2.26)

n>1,k, exists
On the other hand, from (2.25)

// |X— - 1dxdy> z // |p+ldxdy
I 7

n>1,k, exists x€INA;,
27K <|g(x)—g(y)I=<3.27K yeIﬂAin+z

e D ke 2.27)

n>1,k, exists

Therefore the conclusion of Lemma 4 in the case p > 1 follows from (2.26), (2.27), and
2.4). ]
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2.2 Proof of Theorem 1

Step I: N = 1. Let I be a bounded interval of R. We first assume that g € L°°(I) and

SP
// 7|x e dxdy < +o0;
11

lg(x)—g()|>d

and prove, if p > 1,

817
//|g<x>—g(y)|"dxdyscp G // O eayrsrii |,
lx —y|pt!
I 1 I I

lg(x)—g(y)>d
(2.28)

and, if p > 1,

SP
//Ig(x)—g(y)l”dxdyscp Vilak // ———dxdy+8P |11 |,
|x —y[PF1
1 1 1

1
d<lg(x)—g(y)[<105

(2.29)

where C), is a positive constant depending only on p.
By scaling, one may assume that / = [0, 1] and

lglBmom) = 2. (2.30)

We recall the following fact due to John and Nirenberg [13]: There exist two universal con-
stants ¢1 and ¢ such that if —0o <a < b < +ooandu € BM O ([a, b]) then

b
t
{x € (a, b); |u—][u(s) ds| > 1} <c1(b—a) exp (—c;) Vi>0. (2.31)
|u|Bro(a,b))
a
Let 0 < a < b < 1 be such that
b b
][ g(x) —][g(s) ds| dx > 1. (2.32)
a a

The existence of a and b follows from (2.30). Without loss of generality, one may assume
that

b
][g dx =0. (2.33)
a

By (2.31), it follows from (2.30), (2.32) and (2.33) that there exist two universal constants
71 < 0 and 7 > 0 such that

1 1
——xe(@b);gkx)<ullzl and —— [{x €(a,b); g(x) > w2} 2 1.
b—a b—a
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Applying Lemma 5, we have, if p > 1,

// |p+1dxdy+8p21 Vé§ > 0.

\g(X) g(y)|>5

and, if p > 1,

SP

a a
d<|g(x)—g(y)]<108

This completes the proof in the case g € L°°(I).
The proof in the general case (without assuming that g € L°°(1)) goes as follows. Let
A > 0 and define

g4 = min{max{g, —A}, A}. (2.34)

Then g4 € L°°(I). Hence it follows from (2.28) and (2.29) that if p > 1

// gACgaOIP dxdy<C, | 117+ // dedywuﬁ Vpzl,
Ig(x>—g(y)|>6
andif p > 1
+1 87 2
[ [1sso-gamraxay=c, et [ [ arayssni
lx—ylP*
11 I
d<lga(x)—ga(y)|<108
Vp>1.
By letting A go to infinity and using Fatou’s lemma, the conclusion follows. O

Step 2: N > 2. Let us sketch the proof in the case N = 2. The proof in the general case
follows similarly. We present here only the proof of (1.4). The proof of (1.3) is almost the
same as the one of (1.4). Without loss of generality, one may assume that B = B; the unit
ball centered at the origin. Let f be an extension of g on Bg, the ball centered at 0 with radius

8, such that
b ay~ b ay @35
e — y v oy Xy 39

By B Bg Bg
d<|g(x)—g(y)|<10s 3<|f(x)—f(y)I<108
and
// ! dxd // ! dxd (2.36)
———dxdy ~ ————dxdy. .
e — y e e — y e
B, B Bg Bg
lg(x)—g(»)|>8 [fO—f(I>8
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We first note that, with ey = (1, 0) and e = (0, 1).

|f (sR(e1) + tR(e2)) — f (§R(e1) +7R(e2)) |”
S 1f (sR(er) +tR(e2)) — f (§R(e1) + 1R (e2)) 1” + | f (SR(e1) + tR(e2))
—f (SR(e1) +7R(e2)) I, (2.37)

forall s, €e Rand R € SO(2) i.e. R is a rotation.
On the other hand, applying Theorem 1 in the case N = 1, we have

1 1 1
[ ] [17 R+ tR@) - £ (R + tRe) 1 ds dsar
595

1 1

1 5 ,
< o
N/ // |S_§|p+1dsdsdt+8 .
-1

—-1-1
8<|f(sR(e1)+1R(e2))—f (SR(e1)+1R(e2))| <108

This implies

1 1 1
///If(sR(e1)+tR(ez))—f(fR(e1)+tR(ez))Ipdsdfdt
—1—-1-1

2 2 2 5P
5/ // T dxdh+5P. (2.38)
-2

2250
S<|f (hR(e1)+x)—f(x)| <108

Hereafter x = (x1, x2) = x1e1 + x2e2. Similarly, we have

111
///|f (SR(e1) +1R(e2)) — f (SR(e1) +tR(e2)) |P dr di ds
1-1

2 2 5P ,
// |h|P+1 dxdh+ 6", (2.39)

= 222
S<|f(hR(e)+x)— f (x)|<108

Combining (2.35), (2.37), (2.38), and (2.39) yields

2 2 2
SP
//Ig(x)—g(y)dedyS/ // N dxdh
B, B; -2 —2-2
S<|f(hR(ep)+x)—f(x)|<108
2 2 2 5P
+/ // |h|p+ldxdh+ap
-2 —-2-2

S<|f(hR(e2)+x)—f(x)|<105

Therefore the conclusion follows after integrating two sides of the above inequality with
respect to R. O
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3 A variant of Rellich-Kondrachov’s theorem: Proof of Theorem 2

In this section, we prove Theorem 2. The following lemma is the key of this section.

Lemma 6 Let g : RN — R be a real measurable ﬁmction and Q be a cube of RN . Then

/Ig(X) ge()Pdx S &” // |N+p dxdy + 8”10,
RN RN
lg(x)—g()|>d
where
1
8e = 8 * Xe-
T le0ul”

Here Q1 is the unit cube centered at the origin and x. is the characteristic function of € Q1.

Henceforth a Q denotes the cube with the same center as Q and a times its length for any
cube Q of RV,

Proof Let (Q;)ics be a collection of open cubes such that

10il=¢", 0iNQ; =¥ Vi#j and QC U 0. 3.D
Then

/MMgmww<Z/mngmww

lEI
Hence since
/Ig(X) ge(x)lpdx<f/ / lg(x) — eI’ dx dy,

30i30i
it follows that

ﬁm>MWW<—Z//mmawmw (32)

13030
Applying Theorem 1, we deduce from (3.1) that

1 P P 8P P
w2 [ [ lg0—gIdxdy=Cu,p e Ty drar+eriol

! 30;30; RN RN
[g(x)—g(»[>6
(3.3)
Combining (3.2) and (3.3) yields
P P 8P )4
/Ig(X)—gg(X)l dx <Cnp|e¢ // ded)’+5 1ol - O
0 RN RN

l[g(x)—g(¥)|>6
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We are ready to prove Theorem 2. We follow the standard approach used in [3] (see also
[20]).

Proof of Theorem 2 Applying Lemma 6, we have, for each cube Q of RV,

J1e0 = suewrraxcu, e [ [ |N+pdxdy+8£’|Q| ,

RN RN
[gn (x)—8n(¥)|>n

where

8n,e = 8n * Xe-

1
le Q|
Here Q) is the unit cube centered at the origin and . is the characteristic function of € Q1.
Hence

lim | lim sup/ lgn(x) — gne ()P dx | =0.
e—0

n—oo

Thus, since (g,) is bounded in L? (RM), by the theorem of Riesz et al. (see e.g. [5, Theorem
IV.25]) and [5, Corollary IV.27], there exists a sub-sequence (gy, ) of (g,) and g € L? (RM)
such that g,, converges to g in Lﬁm (RM). The second assertion of Theorem 2 follows from
[18, Theorem 3]. ]

4 A variant of Sobolev’s inequality: Proof of Theorem 3

This section will be devoted to the proof of Theorem 3. One of the main ingredients of the
proof is the estimate in part (b) of Theorem 1. The proof also makes use of the theory of
sharp functions and the truncation method.

We first recall the definition of the dyadic maximal function Mg and the dyadic sharp
function g% 2 associated with g (see e.g. [24]).

Definition 1 Let g € L! (RY). Then Mg and g** are defined as follows

(M2 g)(x) = sgp][ 1gldy,
0

and

"8 (x) = supf 12 — g0l dy. @)
0

where the supremum is taken over all dyadic cubes Q containing x and gp := ][ gdy.
o

The following result which is a consequence of Vitali’s covering theorem will be used in
the proof of Theorem 3.
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Lemma7 Letd > 0,0 <6, <6, h e LY®RY), and g be a real measurable function such
that
02

g(x) < sup|B|”" ][|h|dx +8, VxeRY, 4.2)
B
B

where the supremum is taken over all balls B containing x. Then
)

1
g >t} < ClAlA™ /177, Vi> 28,

for some positive constant C, depending only on 01 and 6,.

Proof Lett > 2§. Foreach y € {g > t}, from (4.2), there exists a ball By containing y such
that
0>

t <2|B,|" ][|h|dx

y

It follows that
02
2
1By < 2 /|h|dy ,
B,V
which implies
9

=01

C
IB,| < /|h|dy < 4o,
B}

1
t2-01
since b € L'(RVN). Hereafter in the proof, C denotes a positive constant depending only

on 01 and 6. Applying Vitali’s covering theorem (see e.g. [8]), there exists a denumerable
collection of balls (B;) such that B; N B; = @ fori # j,{g >t} C |J; 5B; and

C
Bl < S /|h|dy
B;

)
0=0;

t 0y —01

Here ¢B denotes the ball with the same center as B but ¢ times its radius. Thus

(]
6,61

C
g>n1<> [may

1
120 B
Since B; N B; = @ fori # j and 920_26] > 1, it follows that
)
6261
C
g > 1)l < — /|h|dy . o
10201 "
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To introduce the truncation method, we need the following definition.

Definition 2 Let / < m, and g be a real measurable function defined on R Consider
him : R — R given by

m—1 iftm <t,
hm@®=1t—1 ifl<t<m,
0 otherwise.

and define the operator T (I, m, -) as follows
T, m,g)(x)=him(gx)).
The following lemma plays an important role in the proof of Theorem 3.

Lemma8 Let p,r > 1,8 > 0,and g € L! (RY). Define g = T (10%, 1042, |g|) for
k € 7. Assume that there exist a sequence of functions (vr) C L'(®RN)Y and a function
v e LY(RY) such that

Hg}}A>zH§”U’;#, Vi3 kel 4.3)
and
>l <. (4.4)
kel
Then

lgl”dx < Clvll’,,
lg|>18

for positive constants C and X, depending only on N and p.

Proof We first recall the following estimate [24, Estimate (22), p. 153]): Let 0 < b < 1,
¢>0,and f € L! (RY). Then

2N
(M2 f > o, f5* < ca)| < < Cb|{MAf>ba} . Ya>0. 4.5)
Applying (4.5) with f = g, b = 1—10, a=10%and0 < ¢ < %, which depends only on N

and p, and is defined later, we have

’

HMAgk > IOkH < 2N+ HMAgk > 10k_1H + Hgg’A > clOk}

which implies
10P HMAgk > 10"}’ < 2Nk HMAgk > 10’<—1H 10k Hg,f’A > clOkH. (4.6)

Take ko € Z such that ¢10%72 < § < ¢10%~!. Then (4.6) implies, for m > ko + 1,

m m
> 10 HMAgk > 10"” < NS 10 HMAgk > 10"—‘”
ko ko
m
+> 100 Hg,E'A > clOk” . 4.7)
ko
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We first establish a lower bound for the left hand side of (4.7). Since
(M A > 105)] = [{gx > 104)],

it follows from the definition of M*g; and g that

m 10m+2
D107 |{MP g > 104 = Cwv.p / P {lgl > }ldt Ym=ko+1.  (48)
kO 10k0+1

‘We next show an upper bound for the right hand side of (4.7). Using the theory of maximal
functions (see e.g. [23, Theorem 1 in p. 5]), we have

m " 10m+2
Zlokp|{MAgk>10’<—‘}|scN,pZ/|gk|"dxscN,,, / P {lgl >}l dr, (4.9)
ko ko g 10%0

for all m > ko + 1. The last inequality in (4.9) follows from the definition of gx. On the other
hand, since r > 1, it follows from (4.3) and the definition of vy that

m m
1 1
k A k
§k 10°7 (g > c104)) < C—kanvkn;l < — ol (4.10)
0 0

C

Combining (4.9) and (4.10), we obtain

m m
VS0P (M g > 1057+ 31071 > e10F)]

ko ko
10m+2
N+1 p—1 1 r
=Cn,p|c2 " N{1g] >t}|dt+c7||v||u ; (4.11)
100

which is an upper bound for the right hand side of (4.7).
From (4.7), (4.8), and (4.11), we have

10m+2 10m+2
1
/ "7 (Igl > 1}ldr < Cyp [ 2™ / 7 gl > ildr + — vl | (412)
c
10k0+l 10k0
Take ¢ such that CN,IJCZN‘"1 = 1/2. It follows from (4.12) that
]0m+2 ]0k0+1
_ _ 1
/ " lgl > 1}ldr < Cn,p / "M {1gl > )l de+ vl
10k0+1 loko
By (4.3) and (4.4), this implies
10m+2
P 'Hlgl > 1}ldt < Cy pllvlly, .
10k0+1
Letting m go to infinity, the conclusion follows. O
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We are ready to give

Proof of Theorem 3 Let k € Z be such that 105 > §. Define
g = T (105, 10F+2 |g))

(see Definition 2). From (1.4), we have

P Ntp
CN,p//ng(X)—gk(y)l dxdy < |B|"W

B B
// LA +87|B? (4.13)
X ———dx , .
x — y v
B B
3<|gr (x)—gk (y)| <105
for any ball B of RN . Define
sP
h(x) = / md%

RN
lg(y)—g(x)|>d

and
hk(x) = h(x)Xl(]k<|g\§10k+2(x)'

Here x4 denotes the characteristic function of a set A ¢ RV . Since

4 8P
———dxdy<2 ————dxdy,
// P /X1°k<'g‘f“’k“ / ey
B B B B

d<lgk(x)—gk (») <108 lg(x)—g()[>d
it follows from (4.13) that
1/p

Crpg () < sup| QYN ][|hk|dx +5,
0
Q

where the supremum is taken over all cubes Q containing x. Applying Lemma 7, we obtain

N

Np_
16 > )] < Cu Il [L7 /175, Vi > Oy,

L!

According to Lemma 8, the conclusion follows. O

5 A general setting

In this section we prove Propositions 4, 5, and 6 and present their applications.

@ Springer



Some inequalities related to Sobolev norms 505

5.1 Proof of Proposition 4

We follows the approach used in the proof of Assertion (b) of [18, Theorem 1]. Since F is a
non-decreasing function, we have

F(lg(x) —gD FQ2™)
// —S dxdy >Z // mdxdy. (5.1)

2~ ”<\g(x) g(y)IST"+1

On the other hand,
FQ2™) F(2 )
> / / e dxdy = Y / / e
n>0 n>0
2- "<|8(X) g())ISZ’”“ lg(x)— g(V)\>2 "
F(2 n— 1)
_Z // P |N+p dxdy
n>0

lg(x)— g(\)|>2 "

F(
// (|1)Verdxdy.

\g(X) g(})\>2

This implies

FQR™"
// ¥dxdy
[x — y[NFP
n=0 B B
27 <|g(x)—g(y)|=27" ]
[F(2™ ")—F(2 1]
=2 // ETEE

n>0

lg(x)— g(y)l>2 "

£
// oy ey (5.2)

Ig(X) g(y)l>2
Combining (5.1) and (5.2) yields

F(lg) — g F()
// FERT R // Ty X
B

Ig(X) g(>)|>2

—ny __ —n—1
// [FE ™) - F )] dx dy. (5.3)
n>0

Ix — y|N+P

lg(x)— g(y)\>2*”

Applying Theorem 1, we have

|B|7 // |N+p dxdy+|B|2>2nP//|g(x) gOMIP dx dy.

B B
lg(x)— g(y)|>2 "
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It follows that

FQ™)—F@Q"!
B // D =FC 2 ) geay+ SIr@") — FE)1BP

|x — y|N+P

n>0 n>0

lg(x)— g())\>2‘”

2> e - e [ [lew - s aray.

n>0 B B
On the other hand, we have

D 2PIFQT) = FQT"H] = F() + D (2" =2 )F2™)
n>0 n>1

1
> F()+ / F(nr Y ar,
0
since F is non-decreasing, and
DIUFQ™ = FQ " Hl=F().
n>0

Combining (5.4), (5.5), and (5.6) yields

—ny __ —n—1
B S // [Fe ") - F@ )]dxdy+F(1)|B|2

— y|N+p
=0 lx =l

lg(x)— g(y)\>2*”
1

> (Fay+ / For e dr / / 1g(r) — g1 dx dy.

0 B B
We deduce from (5.3) and (5.7) that

1

F(1)+/F<r>f<"“>dz //|g(x)—g<y>|"dxdy

B B
Nip F(Ig(x) g Ntp
<
F(1)
// |N+pd xdy + F(1)|B|>.
\5():) g(y [>2

Since F' is non-decreasing, this implies

1

F() + / For e dr / / lg(r) — g0)I” dx dy

< 18] +n//F(|g(x) g(y)l)d dy + F(1)|B.

[x — y[N+P
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5.2 Proofs of Propositions 5 and 6

Proof of Proposition 5 Applying the same method as in Lemma 6, but, using Proposition 4
instead of Theorem 1, we have

/Ign gn8|pdx<8,,// Fu(lgn(x) — gn(»D dx dy + F, (1|0

|x — y|N+P

RN RN

for any cube Q of RV. Here g, . is defined as in the proof of Lemma 6. It follows that

lim | lim sup/ lgn(x) — gn.e(x)|Pdx | =0.

e—0 n— 00

Therefore, there exist a sub-sequence (g, ) of (g,) and g € LP(RN) such that &ny con-
verges to g in L? (RN) (see the proof of Theorem 2). O

loc

Proof of Proposition 6 The conclusion of Proposition 6 follows from Proposition 4 by apply-
ing the same method used in the proof of Theorem 3 (see (5.3)). The details of the proof are
left for the reader. O

5.3 Applications

In this section, we give some applications of Propositions 4, 5, and 6.
Set

tPTe if0<t<l,
otherwise.

Fe(t) = [j

Then F is non-decreasing, fol F.(O)t= Pt ds + F.(1) = 1, and lim,_,o Fs(t) = 0 for all
t > 0. As a consequences of Propositions 4, 5, and 6, we have

Corollary 1 Let p > 1, B be a ball of RN, and g € L?(B). Then there exists a constant
C > 0, depending only on N and p, such that

c//|g(x> —g(IPdxdy

elg(x)—g(y)|Pte
<11 // ey dx B // sy Ay

\g(X) g())\il Ig(X) g())l>1
+¢|B|*.

Corollary 2 Let (g,) be a sequence of functions in LP(RN) (1 < p < N) and (g,) be a
positive sequence converging to 0. Assume that

. enlg(x)—g()|PHen €n
lﬂgéf // N dxdy+ |x_ymdxdy <+00.

RN RN RN RN
lg()—g(I=l1 lg()—g(I>1

@ Springer



508 H.-M. Nguyen

Then there exist a subsequence (gn,) of (8,) and g € LP(RN) such that (gn, ) converges to
gin LY (RM).

Corollary 3 Let0 <& < 1,1 < p < N and g € LP(RN). Assume that

glg(x) — g(y)|P*e £
// x—le“’ dxdy + // 7|x_y|N+pdxdy<+oo.

RN RN RN RN
lg(x)—g(I=l1 lg(x)—g(I>1
Then g € LY (RN) with g = p and there exist two positive constants C and A depending

only on N and p, such that

1
q

lgl? dx
lg|>1e
1
P
- lg(x)—g(y)|Pte dx dy+ 1 dxd
= Ty Y —yVp
RN RN
\g(X) g(y)lsl lg(x)—g()|>1
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