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Abstract

A reduced basis Darcy-Stokes finite element heterogeneous multiscale method (RB-
DS-FE-HMM) is proposed for the Stokes problem in porous media. The multiscale
method is based on the Darcy-Stokes finite element heterogeneous multiscale method
(DS-FE-HMM) introduced in [A. Abdulle, O. Budéi¢, Multiscale Model. Simul. 13
(2015)] that couples a Darcy equation solved on a macroscopic mesh, with missing
permeability data extracted from the solutions of Stokes micro problems at each macro-
scopic quadrature point. To overcome the increasingly growing cost of repeatedly solv-
ing the Stokes micro problems as the macroscopic mesh is refined, we parametrize the
microscopic solid geometry and approximate the infinite-dimensional manifold of pa-
rameter dependent solutions of Stokes problems by a low-dimensional space. This
low-dimensional (reduced basis) space is obtained in an offline stage by a greedy al-
gorithm and used in an online stage to compute the effective Darcy permeability at
a cost independent of the microscopic mesh. The discretization of the parametrized
Stokes problems relies on a Petrov-Galerkin formulation that allows for a stable and
fast online evaluation of the required permeabilities. A priori and a posteriori estimates
of the RB-DS-FE-HMM are derived and a residual-based adaptive algorithm is pro-
posed. Two- and three-dimensional numerical experiments confirm the accuracy of the
RB-DS-FE-HMM and illustrate the speedup compared to the DS-FE-HMM.
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1 Introduction

Fluid flow in porous media is an important process that is present in many scientific and
engineering applications. It is usually described by an effective flow equation, the well-
known Darcy equation, that describes a porous medium as a homogeneous domain whose
porosity is taken into account in a macroscopic parameter, the effective permeability. For
some applications, the effective permeability can be obtained experimentally or computed
form micro-scale Darcy equations. Sometimes, however, computations or experiments at
pore scales are required. One has then to switch to another description of the fluid flow,
namely Stokes or Navier-Stokes equations. Fluid flow in porous medium typically exhibits
slow motion and inertial terms can be neglected, hence, the Stokes equation is often a good
description of the physical process at pore scales. Yet numerical simulations of the Stokes
equations at the pore scale denoted by e in what follows (typically micrometer scale), over
a computational domain ranging from lab scale (centimeter) to field scale (meter) lead to a
number of degrees of freedom often impossible to handle even on modern supercomputers.
Such problems thus require multiscale methods combining pore scale computations on small
sampling domains of the computational domain with a macroscopic effective computation.
Such numerical methods are often based on the mathematical homogenization theory that
we briefly describe.
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Homogenization of fluid flow in porous media is the mathematical description of the asymp-
totic behavior of the flow when € — 0. This mathematical theory for the Stokes equation
in periodic porous domain was first described in [40] using arguments based on asymptotic
expansion. It was shown that the macroscopic description is the Darcy equation and that
the macroscopic permeability can be computed from a microscopic computation using the
Stokes equation in a sampling domain taking into account the pore geometry. These findings
were rigorously establish by Tartar [42] and generalized by Allaire [9]. Further works include
the analysis of correctors [28], the description of stochastically homogeneous media [14], etc.
Homogenization theory has triggered the development of numerical techniques that rely on
the effective Darcy equation but recover the permeability using information about the porous
structure. Since effective permeability is a local property, these methods can avoid resolving
the full fine scale details in the whole medium.

Here we focus on methods that are based on the heterogeneous multiscale method (HMM),
reviewed in [5]. The HMM framework was successfully applied to the Stokes problem in
the Darcy-Stokes finite element heterogeneous multiscale method (DS-FE-HMM) introduced
in [2]. The DS-FE-HMM is based on the Darcy-Stokes coupling described by the homog-
enization theory. The finite element method (FEM) with numerical quadrature is used to
discretize the macroscopic Darcy problem. Around each macroscopic quadrature point, a
sampling domain is considered where the local porous structure is discretized by a micro-
scopic mesh. Based on this mesh, the pore scale Stokes equation is then computed using
a (micro) FEM. The micro solutions then provide an approximation of the local effective
permeability at the macroscopic quadrature points. As macro and micro meshes need to
be refined simultaneously to avoid error saturation, an adaptive algorithm based on an a
posteriori error analysis for the DS-FE-HMM has been developed in [2]. Precisely, adaptive
refinement of both the macro Darcy problem and the micro Stokes problems was proposed
and shown to speedup considerably the multiscale algorithm compared to mesh refinement
based on a priori error analysis. Other adaptive algorithms for the HMM focusing only on
the macroscopic elliptic problem can be found in [1,2,7,32]. Other numerical method that
rely on the Stokes equation at pore scale have been proposed in [2,10,18,41]. The multiscale
approach in [10] uses the control volume method to discretize the Darcy equation, while the
multiscale FEM [18] uses a hierarchy of macroscopic grids where micro problems are solved
with various accuracy.

Due to the large number of micro Stokes problems that need to be computed with increased
precision (d problems at each macroscopic quadrature point in R?), the DS-FE-HMM can
be still computationally expensive, especially for three-dimensional problems or if high pre-
cision is required. Departing from the the described micro-macro strategy, the idea is to
use the possible similarity of the family of the micro problems. In this paper we combine a
model order reduction techniques with the DS-FE-HMM that reduce significantly the com-
putational cost of the plain DS-FE-HMM, while maintaining the general applicability of this
method, namely the variation of the micro structure does not have to be smooth and domains
(macroscopic and microscopic) can have arbitrary (non-convex) shapes. Our new method re-
lies on the reduced basis (RB) method to efficiently solve the Stokes micro problems and is
called the reduced basis Darcy-Stokes finite element heterogeneous multiscale method (RB-
DS-FE-HMM). As in the DS-FE-HMM, the new algorithm is based on FEM with numerical
quadrature to solve the Darcy problem on a macroscopic mesh. To obtain the permeabilities,
we perform computation in a reduced basis space of representative Stokes solution in the
following way. We assume that the local porous structure at any point of the macroscopic
domain can be obtained from a reference micro domain by a known map. Hence, the Stokes
micro problems can be pulled back to a reference domain, where they become saddle-point
problems with varying coefficients. This reformulation allows us to define a single refer-
ence micro mesh that is used for the discretization of all micro problems. The model order
reduction algorithm for the Darcy-Stokes problem is then divided into two stages:

e The offline stage that can be computationally expensive but is executed only once.
A small number of representative microscopic geometries (sampling domains in the
macroscopic domain) are selected, for which the corresponding Stokes micro problems
are solved accurately on a reference micro mesh. The collection of Stokes solutions at
the selected points span the reduced basis space.

e The online stage is a fast procedure that efficiently computes an accurate approximation
of the effective permeability for any quadrature point in the macroscopic domain using



the precomputed (micro mesh independent) reduced basis space. As the reduced basis

space is usually of low dimension and independent of the macroscopic mesh, these latter

computations are usually very fast.
The reduced basis method has been applied to the (single scale) Stokes problem in parametrized
geometry by several authors. In [24,37,39], a saddle-point formulation is used. When com-
bined with the reduced basis strategy, there are two issues that must be addressed, namely
the approximation stability (non-degeneracy of the Brezzi inf-sup condition) and the alge-
braic stability (bounded condition number of the reduced system). It is shown in [24,37,39]
that by enriching appropriately the pressure space both requirements can be fulfilled. The
resulting method can, however, be expensive in the online stage. Alternative methods with
smaller online systems can be constructed but its stability can no longer be guaranteed
(see [4] for a more detailed description). On the other hand, there are RB methods that
study parametrized linear non-coercive problems, see [4,22,27,36] and the references therein.
They have no assumptions on the structure of the problem and use only the Babuska inf-sup
condition as a stability indicator. This is the chosen framework to develop the reduced basis
strategy for our multiscale problem and we consider a Petrov—Galerkin RB method with a
fixed solution space and a parameter-dependent test space that was first introduced in [36]
and was recently derived for the Stokes problem in [4]. Another advantage of this formula-
tion is its flexibility to enforce additional Lagrange multipliers as used in our formulation to
normalize pressure. We derive a fully-discrete a priori error analysis of the RB-DS-FE-HMM
that reveals the contribution to the error of the various approximation steps: the microscopic
error (due to the FEM used to compute the RB functions), the RB error, and the macro-
scopic error. We also provide an adaptive strategy for our new method and derive related a
posteriori error estimates.

This paper is organized as follows. We define different types of porous media and the
model problem in section 2. A short review of the DS-FE-HMM in given in section 3. The
RB-DS-FE-HMM is explained sections 4 and 5. While the parametrization of the geometry
and the overall multiscale algorithm combining the reduced basis method with the Stokes
to Darcy approximation is detailed in section 4 we show in section 5 how the greedy con-
struction of the RB is performed and we detail the computation of rigorous a posteriori error
estimates, including the inf-sup stability constants. A priori and a posteriori error estimates
are considered in section 6 and an adaptive method is proposed in section 7. Finally, numer-
ical examples for two and three dimensional problems illustrating the theoretical estimates
and the performance of the method are presented in section 8.

1.1. Notation. Let C denote a generic constant whose value can change at any
occurrence but it depends only on explicitly indicated quantities. We consider a domain
Q2 C R d € N and the usual Lebesgue space LP(f2) and Sobolev space W*P(Q) equipped
with the usual norms || - ||pr() and || - [[wr.e(o)- On the factor space L?(Q)/R, we define
lgllr2)r = infycp |lg + sllr2(). For p = 2 we apply the Hilbert space notation H* ()
and Hj(Q) and define the seminorm |g| 1 () = (E?Zl H81-q||2L2(Q))1/2. The standard scalar
product on L?(Q) is denoted by (-, )r2(0). Given a matrix A € R4 with entries A;j, we

d AZ)Y2. Given a vector £ € R? with entries

denote its Frobenius norm by [|Aflr = (325 ;4

&i, we define |§| = (2?21 )12,

2 Problem setting and homogenization

Let d € {2,3} and  C R? be a bounded, connected domain. We consider a porous structure
in Q by dividing Q into a fluid part Q. C 2 and a solid part Q\Q., where € > 0 indicates the
size of the pore scale. Fluid flow in ). can be modeled by the Stokes equation

—Au®+Vp* =1 in Q.
divu®* =0 in €, (1)
u® =0 on 09,
with a given force field f, an unknown velocity field u® and pressure p°. Solving (1) with

mesh-based techniques requires meshsize h < ¢, which can be computationally prohibitive
for ¢ <« diam((2). Efficient models and numerical methods that approximate (1) rely on an



effective equation, e.g., the Darcy law.

Homogenization theory for the Stokes problem [9,28,29,40,42] studies the limit behavior
of the solutions of (1) for ¢ — 07 under the assumption that ). is a periodic porous domain
(see section 2.1). The pore geometry that is periodically repeated in 2. determines the
homogenized permeability tensor a® € R4*? such that the following limit property is true.
The pressure solution p® of (1), defined in )., can be extended to P¢, defined in {2, such
that P¢ converges strongly to p° in L (Q2)/R, where p® is the homogenized pressure that is
given as a solution to the Darcy equation

V-a®(f-Vp®) =0 inQ,

a®(f —Vp®)-n=0 on 9N. @)

Furthermore, the velocity solution u® of (1) can be extended to U¢, defined in 2, such

that U®/e? converges to u’ weakly in L2(Q)¢, where the homogenized velocity u® satisfies

u’ = a°(f — Vp°). Homogenization theory is less developed for non-periodic media, i.e., when
the solid part can vary locally [2,14,18]. In this situation a” in (2) can depend on z € Q.

We continue with a brief description of periodic and locally periodic porous media. For a

comparison of the two see Figure 1.

2.1. Periodic porous media. We recall the definition of 2. from [9]. We denote
by Y the d-dimensional unit cube (—1/2,1/2)¢. Let Y5 C Y and set Y = Y'\Ys. Here and
subsequently, the subscripts F and S stand for the fluid and solid part, respectively. Let
€ > 0 and define

Q=0 |J e@+Ys). (3)
ze(1/2+42)4

It is further assumed in [9] that the set Ys is closed in Y, and both Yg and Y& have positive
measure. Moreover, the sets Yr and R%\ U, ¢4 (z + Ys) are connected, have locally Lipschitz
boundaries, and are locally located on one side of their boundaries.

2.2. Locally periodic porous media. We consider a generalization of periodic
porous media as presented in [2]. Let ¢ : R? x Y — Y be a continuous map and assume
that ¢(x,-) : Y — Y is a homeomorphism such that ¢(z,-) and p~1(z,-) are in W (Y") for
every x € R%. For ¢ > 0 define

Q.= |J e@+epler,Ys). (4)
ze(1/2+2Z)e

The reference pore geometry (Ys,Yr) is thus mapped via ¢ to the local pore geometries
Y = o(z,Ys) and Yi¥ = Y\YS. If p(z, y) = y then the definitions (3) and (4) are equivalent.
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Figure 1: A comparison of periodic (above) and locally periodic (below) porous media.



2.3. Model problem. Formal homogenization of the Stokes problem (1) in locally
periodic porous media gives the effective equation (2), however, the permeability a® : Q —
R4 now depends on the local pore geometries (Y%, Y§). Consider the velocity space

W(YE) = {ve H (V¥ v =0o0n dY¢,v is Y-periodic}.

For a given x € Q and for every ¢ € {1,...,d} we solve the Stokes micro problem: Find
u® € W(Y¥) and p»® € L?(Y{¥)/R such that

a(u"*,v) +b(v,p"*) = g'(v) Vv e W(Yy), 5)
b(ui q) =0 Vg € L*(Y¥)/R,
where
Ju 8v , /
a(u,v) g'(v) = v; dy,
Z/w 3% 6% ( ) Y
Z/ (’“)vl
> 8%
Then we have a fyl ¢ u?? ... ub®]dy, or component-wise

a?j(x) :/mug’z dy = g'(u/™) Vi,j € {1,...,d}. (6)
F

Even for very simple micro geometries (Y7, YY) the tensor a’(z) is not known explicitly
and we can only approximate it numerically.

Well-posedness of the model problem. It can be shown (see [40]) that a°(z) is symmet-
ric and positive definite for every x € 2. However, the uniform ellipticity and boundedness
of a%(z) is more subtle as is examined thoroughly in [2]. The well-posedness of the mi-
cro problems (5) is guaranteed by an inf-sup condition (written here in the sense of Brezzi,
see [17])

b
Bpr(z) ;== inf sup (v,q) > 0. (7)
qEL2(YE)/RveEW (YF) |V\H1(W)H(]||L2 YE)/R

Lagrange multiplier formulation. Considering numerical approximation of (5), the quo-
tient space L?(Y{¥)/R can be resolved by one of the standard strategies:

e fix one degree of freedom of the pressure and normalize it afterward.

e use an iterative numerical method that does not assume that the system matrix is

regular and takes care of the normalization (e.g., the Uzawa method [33]).

e use Lagrange multipliers to enforce the average of the pressure to be zero.
While all three are applicable for solving a single problem, the third one is convenient when
combined with the reduced basis method as we will see in section 4. The system (5) Wlth
Lagrange multipliers that is written as single equation reads: Find u*® € W(Y¥), p**
L2(Y§), and A»* € R such that

a(u*,v) + b(v,p"*) + b(u"", q) + c(q, \"7) + ¢(p™7, k) = ¢'(v) (8)

for every v e W(Y{¥), ¢ € L*(Y{¥), and £ € R, where ¢(q, k) = & [,.. ¢dy. The problem (8)
F

will be later mapped into a reference domain Yr and written compactly as a non-coercive

problem in the space X = W (Yr) x L2(Yy) x R in (20).

3 The DS-FE-HMM

In this section we briefly introduce the Darcy-Stokes finite element heterogeneous multiscale
method [2,3] for solving the problem (2), (6), (5). Let € > 0 and assume that §2 and 2. are
connected bounded polygonal domains in RY with Q. C Q. We recall that this numerical
method does not require 2. to be periodic nor locally periodic.



Macro FE space and quadrature formulas. Let {7} be a family of conformal, shape-
regular triangulations of {2 parametrized by the mesh size H = max ., Hk, where Hx =
diam(K'). We consider the macro FE space

S (Q) = {¢" € H (Q); ¢"|x € P/(K), VK € Ty},

where P!(K) is the space of polynomials on K of degree [ € N. For each element K € Ty
we consider a quadrature formula (z Ky WK, )j=1,...,s with integration points k; and weights
wr,. Well-posedness of the DS-FE-HMM and the optimal order of accuracy rely on the
following assumption on the quadrature formula [21, Chap. 4.1], which is satisfied, e.g., for
l=1,J =1, wg, =|K]|, and xk, as the barycenter of K.

Assumption (Q). We assume that [ ¢(2)dz = Z;}:1 ©;4(#;) for any ¢(2) € P™(K),
where m = max (2l — 2,1).

Micro FE spaces. Let § > e. For each quadrature point = € ) we define the micro
sampling domain around x by

V9 = (RN\Q) N (z+0Y)) — ) /e, YE® = ((6/e)Y)\Y". (9)

Let {7,} be a family of conformal, shape-regular triangulations of Y 0 parametrized by
the mesh size h = Maxyers hr, where hy = diam(7T'). The shape-regularity constants are
assumed to be the same for each quadrature point x € Q and § > . We consider the Taylor-
Hood P*+1/P* finite elements for k > 1, see [16]. The pressure and velocity FE spaces are
given by

Lh(Ylf’é) ={q€ SE(Y;’(S); q is (0/e)Y-periodic},

Wih(YE) ={v e S,’:H(Ylf";)d; v is (6/e)Y-periodic, v =0 on GYS:”"S},

respectively. We assume that the micro meshes 7,° are conformal over periodic boundaries
and periodicity can be thus enforced strongly.

Remark 1. The DS-FE-HMM can also work with other types of micro FEs (e.g., MINI)
and different boundary conditions on 9Y (e.g., Neumann).

DS-FE-HMM. The multiscale method is defined as follows: Find p? € S (Q)/R such
that
Br(p",q¢") = Lu(d") V¢ € Sy(Q)/R, (11)

where the discrete macro bilinear form and right-hand side are given by

J
Bu(p",¢") = Y Y wka"(wk,) V" (zk,) - Vi (2k,),
KeTy j=1

J
Lu(d")= > Y wk,a @kt (vk,) - V" (2x,).
KeTu j=1

Here, £ € Séi;lH(Q)d is an appropriate interpolation of the force field f € L?(Q)?, where
Shia' () = {¢" € L*(Q); ¢"|x € P'""H(K), VK € Tu}, (13)

and a"(xk,) is a numerical approximation of the tensor a’(zg,) computed by the following
micro Stokes problems. For each i € {1,...,d} and quadrature point z € Q we find u>*" €
Wi (YE°) and pi®h € Ly (YE?)/R such that

a(ui’w’h7V) + b(V,piJ’h) = i(v) Vv € Wh(Ylf’é) (14)
bu"*", q) =0 Vg € Lu(Yy")/R
and set a"(z) = [yos[ut P ubeh o ub M dy, or equivalently afi(z) = g'(ui*") for
F

every i,7 € {1,...,d}. An illustration of the coupling in DS-FE-HMM is given in Figure 2.
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Figure 2: A sketch of the DS-FE-HMM.

Well-posedness of the DS-FE-HMM. For well-posedness of the macro problem (11) we
require that a”(z) is uniformly elliptic and bounded over all macro quadrature points, which
was studied in [2] and proved under rather generic assumptions on the geometries Yy 9,

3.1. A priori error estimates. We describe the a priori error analysis derived in [2].
One can use triangle inequality to decompose the error into three components:

‘pO - pH|H1(Q) < €mac T €mod + Emic- (15)

The macro error emac arises from using the macro quadrature formula instead of exact
integration. If p° € H'*1(2), Assumption (Q) holds, and a’(-) is uniformly elliptic, bounded,
and sufficiently smooth, then we have ep.. < CH', where C is independent of H and ¢.

The modeling error emoq quantifies the non-optimal sampling of the micro structure (using
Yy 0 instead of Y¥). Let us denote by Q' the set of all macro quadrature points Tg, and
by a(z) the permeability computed with micro problems similar to (14) but solved in the
Sobolev spaces. We then have emoq < C[|f#]|12() max, g [|a®(z) — a(z)||r. The constant
C depends only on the ellipticity and boundedness constant of a’(x) and a(x).

The micro error ey arises from the approximation of the micro problems using the FEM
and we have emic < C|f]|12(q) max,con [[a(z) — a(x)|r, where C depends only on the
ellipticity and boundedness constant of @(x) and a”(z). If the micro solutions are sufficiently
regular, one can obtain e < Ch¥T2. Notice that due to the rescaling in (9) the convergence
rates depend on h and not h/e, the usual scaling for the elliptic FE-HMM [1,7]).

The optimal rates emac < CH! and enie < Ch**2 are normally not attained in practice,
due to non-convexity of domains [2].

3.2. Computational cost. The computational cost of the DS-FE-HMM does not
depend on the pore size € but only on § /e, which is usually low. Denote the number of macro-
scopic degrees of freedom (DOF) by Npae and the (average, per micro domain) number of
microscopic DOF by Np;c. If the computational cost of solving one (micro or macro) problem
is assumed to be linear in the DOF, the total cost of the DS-FE-HMM is O(NpjicNmac). To
avoid saturation of error during refinement both Ny and Ny, need to grow in a balanced
way, leading to an optimal refinement relation Nyic = N}, ,., where r > 0 depends on the type
of the FE used and the regularity of the problem. Since uniform refinement is usually not
optimal, an adaptive strategy was studied in [2,3]. Even with adaptivity, computing a large
amount of micro problems can be too expensive, especially for three-dimensional problems.

4 The RB-DS-FE-HMM

In this section we introduce a new method, the reduced basis Darcy-Stokes finite element
heterogeneous multiscale method that addresses the high computational cost of the DS-FE-
HMM on the micro scale. On the macro scale we solve a Darcy problem that is similar to (11)
but a different tensor, denoted a®B(x), is used. We apply a reduced basis (RB) method based
on [4] to compute a®B(x). The macroscopic equation reads: Find p'RB € St (Q)/R such
that

BEB(pRE ) = [RB(gH) gl e Sk(Q)/R, (16)



where

BiPw.q") = Y Zwm (2x,)Vp" (k) - Vo (2x,),
KeTu j=1 (17)
L™ = ZwK B (i ) (k) - Vo ().
KeTy j=1

For any quadrature point = x g, the tensor a®B(z) is an approximation of a’(x) computed
in the reduced basis space (see (29) and (33) below). An illustration of the RB-SD-FE-HMM
is depicted in Figure 4.

Let us sketch here the RB method for computing a®B. We assume that the Stokes micro
problems can be mapped to a reference micro domain, where we obtain a parametric PDE.
As the geometry of the fluid and solid parts depends on the macroscopic coordinates, the
microscopic parametric PDEs depend on the macroscopic coordinates around which the mi-
croscopic snapshot is taken. For a small number of parameters we solve the mapped micro
problems in a reference micro mesh. These solutions are called the reduced basis and they
span the solution space. For an arbitrary parameter we approximate the exact FE solutions
of the micro problems by projecting them into the low-dimensional solution space. Since we
use a parameter-dependent test space, we obtain a Petrov-Galerkin method. The efficiency
of such strategy is achieved via standard offline-online splitting.

The offline stage is run only once while constructing the RB space and precomputing the
necessary quantities for the online stage. This stage is detailed in section 5.

The online stage provides a cheap evaluation of a®B(x), an approximation of the effective
permeability, for any macroscopic coordinate = € €. The computation time of a single online
RB evaluation is independent of the reference micro mesh. Consequently, the computation
time of the online RB-DS-FE-HMM is comparable to a single-scale Darcy problem.

4.1. Parametrization of the geometry. Assume that the map ¢(z,-) from sec-
tion 2.2 is known for every z € Q and that it is piecewise affine. Let R € N and {YF}2
be a disjoint partition of Y into subdomains such that the restriction ¢(z, y)|y€yFr is linear

for every fixed x € Q and r € {1,..., R}. Precisely, we assume that there are vector fields
C": Q — R* and tensor fields G™ : @ — R™? such that ¢(z,y)|yeyy = C"(x) + G"(x)y for
every © € Q and r € {1,..., R}. For an illustration see Figure 3.
2 ) 2 1+ 2u1 0
NF 2 1
Ve e(z,) pz(
3
0 Y | — 1 21
—2/
Ys v Ye 0 1-— 2u2
_1 _1
21 1 1 1 1-2
2 0 2 2 ,ul(x) 3 _ ( _QMZLI )

ey _ (H(@) a1 21 (z)
Cr(z) = (uz(aj)> for r € {1,2,3,4}, G*(x) = (O 14 215 (2)
Figure 3: A reference micro geometry Yr with R = 4 subdomains. The local pore geometries
(Y, YY) are defined by ¢(z, -) that maps the corner of the L-shape of Y from (0,0) to p(z),
where 1 : Q — Y is a given function.

Remark 2. In the description of the RB-DS-FE-HMM we consider €) to be the parametric
space and x € ) to be the parameter. The RB method is then used to approximate (5)
in the family of micro geometries {(Ys,Y)}zen. It is sometimes convenient (see Figure 3
and section 8) to define a family of micro geometries {(Yd', YY)} ep, where D C RP is
a parametric domain. To define a porous structure in € it is then sufficient to provide a
mapping p : © — D and define local pore geometries as (Y, YE) := (YS“(I), YF“(‘T)).

Micro problems in the reference domain. We now pull back the Stokes micro prob-
lem (8) from Yy to Yr using the change of variables p(z,-)™! : V¥ — Yp. The resulting



problem reads as follows: Find (u®®¢, ph®¢ \b¥:¢) € X = W (Yr) x L?(Yr) x R such that

a(u®, Vi) + b(v,p" "% ) + b(u ", s ) (18)
+c(q, X7 ) + e(ph7C K w) = gt (Vi)

for every (v,q,x) € X. The superscript e stands for ezact solution. The linear and bilinear
forms in (18) depend on = € Q. Indeed, we have

Ju Ov a -
a(u, v;x) ZZ Yrayl 83/ dy, c(q,n;x):mZJ(x)/rqdy,

r= lz,j 1 = Yr

b(v,q;x) = avl ZJT /vzdy7

r= 11,] 1

(19)

where J"(z) = det(G"(z)), v"* = Jr(x)GT(x)_lGT(x)_T, and k"% = J"(2)G"(z)~T. For
any U = (u,p,\) and V = (v,q,k) we can now define A(U,V;z) as the left-hand side
of (18) and G*(V;z) = ¢'(v;x), which allows us to abbreviate (18) as: Find UL® =
(ub®e ph@e \bT:e) € X such that

AU Viz)=GY(V;z) VYV eX. (20)

The solutions to (20) are equivalent to those of (8) or (5) up to the change of variables, that
is, u®*(p(x,y)) = u»**(y). Hence, the effective permeability (6) reads

af) (@) = ¢ (W) = g (w5 0) = G(UI% ) Vi e {1, d}. (21)

Well-posedness of (20). The micro problems (5), (8) and (20) are equivalent but their
stability constants are defined differently. Instead of the Brezzi inf-sup condition (7) (saddle-
point problem), one requires for (20) the Babuska inf-sup condition (non-coercive problem)

Bpa(z) = inf sup AU, Viz)

> 0. 22
nf S TOTX VI (22)

Equivalence of these formulations and relation between the Brezzi and Babuska constants
have been studied in [23,37,45]. Non-degeneracy of the mapping ¢(x,y) also ensures conti-
nuity of A(-,;x) and F(-;z), that is, there are v4(x),7%4(z) € R such that

AU, Viz) < ya(@)[[U][x [ VIx YU,V e X,

| , (23)
G (Vi) < 75(@) [ V|x e X,

Affine decomposition. Using the relations (19) we easily obtain an affine decomposition
of the micro problem (20). Consider

e symmetric bilinear forms A9(-,-): X x X > R for g € {1,...,Qa}, where Q4 € N,

e linear forms G¥(-) : X — R for ¢ € {1,...,Q¢} and i € {1,...,d}, where Qg € N,

e vector fields ©4 : Q — R%4 and % : Q) — R,
such that for any U,V € X, parameter x € Q, and i € {1,...,d} we have

Qa Qa
A(U,V;z) = Z@A( )JAYU, V),  G(Viz) = Z@G( )G (V). (24)

Since the numbers Q4 and Q¢ influence the time and memory requirements of the al-
gorithm, one tries to minimize them. A direct application of (24) yields Q4 ~ 2Rd? and
Q¢ ~ R. Tt is often possible to reduce this complexity by symbolic manipulation of (24). In
the example from Figure 3 we can obtain Q4 = 15 and Q¢ = 3 with 0% (x) = (1, uy, po).
Another approach to reduce @4 or Q¢ is using the empirical interpolation method [13].

Discretization of (20). Let Ty be a conformal, shape-regular triangulation of Y, where
N stands for the number of degrees of freedom in the equation (25) below. We further assume
that Ty is a submesh of {YF}E || that is, for every K € Ty thereis r € {1,..., R} such that
K C Y. Consider the Taylor-Hood P**1/P* FE spaces (similar to (10)) given by

Ly={qe Sjk\/(YF)' q is Y-periodic},
Wy = {ve St (Yr)% vis Y-periodic, v=0on d¥s}.



A discrete equivalent of X is now Xy = W x Ly x R. We define a numerical approximation
of the problem (20) and the output of interest a®(z) ~ () as follows. Find U}’ =
(ub@ N pia N NbwNY e X and such that

A(UR Viz) = GY(V;z) YV e Xy, (25)
a{\jf(x) = Gi(UJ‘Nw;x) Vi,j e {1,...,d}. (26)

Scalar product on X. Stability of the RB method is measured with respect to a norm on
X that corresponds to a scalar product. It is advised (see [37,38]) that this induced norm is
uniformly equivalent to the H'-norm with respect to M. A standard choice is

(U, V)x = (Vu, VV)r2(vi) + 7(0, V) L2(vi) + (P, ) 22 (vie) + AR, (27)
where U = (u,p,\) and V = (v,¢,k) and 7 > 0 is a numerical approximation to the
optimal constant from the Poincaré-Friedrichs inequality: [wW™|g1(yvy) > 7||W™||p2(yy) for

every wV € Wy, Accurate values of 7 improve the efficiency of the eigensolvers needed in

section 5.3 (see [26,37]).

Well-posedness of (25). The continuity constants of A(-,-;z) : Xy X Xy — R and
F(;z) : Xay — R are bounded above by the constants in (23). Using stable FE spaces
ensures that AU V1)
N . , Vi X
) = VR TOTX VI ™ =
4.2. Reduced basis formulation. We consider (25) as d independent problems in-
dexed by i € {1,...,d}. We project (25) to a solution space X; C Xy and a parameter-
dependent test space Y;* C X, both of dimension N; <« N. The solution space X;
is spanned by a small number of solutions of (25) computed for parameter values St =
{bt 252 . 2bNi} € Q. For every n = 1,2,...,N; we denote by Uy € Xy the solu-
tion to (25) with z = 2™ € S%. The sequence {Ujvn}n is then orthonormalized by the
Gram—Schmidt method (without changing the notation) to achieve algebraic stability (sec-
tion 5.5). We then define X; = span{Uj(/l7 .. ,Uj(/Ni'}. The RB approximation of (25) is then
defined as follows: For any € Q and i € {1,...,d} we search Uﬁ% € X, such that

A(URE. Viz) = GH(Viz) VYV eYS (29)

The inf-sup stability of the reduced problem (29) is guaranteed by an adequate construction
of the test space Y;”. Consider the so-called supremizer operator T : X x  — X,r. For
any x € Q and U € X let T(U;x) be the Riesz’s representant of A(U,-;x), that is,

(T(U;z),V)x = AU, V;x) YV e Xy (30)
One can easily show that the supremizer operator T'(-;x) : X»r — X is linear and

A(U, Vi) IT(U;2)lx

T(U;x) = arg max , ,BN x) = inf 31
(050 = o e~ IVilx A i [V oy

We now set ‘ ‘
YV =T(X;;2) = Span{T(Uj\’/l; x), ..., T( j\’[N";x)}, (32)

We describe a practical construction of the sets S in section 5.1.

Output of interest. A simple approximation of the output of interest (26) is Gi(Uﬁg; x),
which is optimal for i = j. However, if i # j, one can increase the order of accuracy with
a dual RB problem [34]. Since the right-hand sides of our problems (G*(+;x)) are the same
linear forms as needed to obtain the outputs of interest (26), we do not need to solve any
additional dual problems. We thus define

alB(z) = G’i(U{{%; r) + R (U?{%; x), (33)

ij
where the residual R? : X x Q — R is given by
R (Viz) = G (Vi) — A(Uf;, Vi)

i i (34)
= AUy — ULy, Vo).
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Figure 4: A sketch of the RB-DS-FE-HMM.

Well-posedness of (29). The boundedness of A(-,-;z) and G'(-;z) over X, is implied
by (23). It has been shown that the inf-sup stability constant in the reduced equation (29)
is preserved [4,36], that is, for every x € Q and i € {1,...,d} we have

A(U,V;z)

Ulx Vs = Poal@) (35)

B, (z):= inf sup
UeX; VeYy?

4.3. RB solution evaluation. Using the affine decomposition of A(-,-;x) from (24)
in the definition of T'(-;z) from (30), we can deduce that T(U;z) = ZQA 04 (z)T(U),
where T7(U) is the Riesz’s representant of A7(U,-), that is,
(TY(U),V)x = AY(U,V) YV e Xy (36)
This affine decomposition of T'(;z) allows us to write the basis functions of Y;* from (32)
as linear combinations: T(U}"; x) = ZQA 0 (x)T9(Uy"). Hence, functions Uy}, € X; and
V € Y from (29) can be written as linear combinations

N; Qa
ULp = Z Trule, v=S V. >0 (@) T(UR"), (37)
m=1 qg=1

where (U?z, . ,U;{Z)T, (Vi,...,Vn,)T € RY are vectors of coefficients. Plugging (37) into
the reduced system (29), using the affine decomposition (24), and expanding and regrouping
terms gives the following problem: find U"" € RN such that

Ki,in,J; _ ai,a:’ (38)
where the matrix A" € RMNixNi and the right-hand side vector G € RYi are given by
Qa iy o Qe Qa .
AV =Y oot G =) Y ef@)eix)N". (39)
q,r=1 g=1r=1

RN:*Ni and vectors N'*" € RN+ are given by

Here, the matrices Miqr
MW = AUU, T (UR) = (TU(UR), T (U x,
=Gu (TT(Uj\’,m)).

The values (40) are precomputed in the offline stage and the dense linear system (38) with
N; variables is assembled (via (39)) and solved in the online stage.

(40)

4.4. RB output evaluation. Assume that we have computed UW fori e {1,...,d}.
We rewrite (33) using the affine decompositions (24) and (37) to obtain

ZOG Uq JI_’_ aJiq 72-7 ZeA qu .Ui,x7 (41)

where the vectors 577 € RNi and the matrices T~ € R¥*Ni can be precomputed in the
offline stage as

59 gy, TU = Aa(uie Ui, (42)
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5 Offline RB stage

In section 5.1 we recall an offline greedy algorithm to construct the parameter sets S*. This
algorithm uses a cheap a posteriori estimator of the RB error (section 5.2) that relies on a
rigorous estimate of the stability constant (28) (section 5.3). One can derive a posteriori
estimators for the output of interest (section 5.4) and a priori error analysis (section 5.5).
We conclude by an analysis of computational cost in section 5.6.

5.1. Greedy construction of the RB. For every i € {1,...,d} we perform the
selection of the RB parameters S* once. We chose a standard greedy approach that adds
points = €  from a training set to S, until a suitable error tolerance is reached. The error
U — Uigllx is estimated by its upper bound (see Lemma 4)

1R (5 ) [l

E
A = @)

(43)

where the residual R’ is defined in (34) and Bsca(z) is a cheap computable positive lower
bound of 3%, (x) that will be described in section 5.3.

Algorithm 3 (offline greedy RB construction). Given ¢ € {1,...,d}, training set size
NEE ¢ N, and tolerance egp > 0 do:
1. Initz’alization Choose randomly (Monte Carlo) or structurally (regular grid) a training
set ZRB ' Q of size N,}},f;n Set S* = () and N; = 0.
2. Estimate. For every z € ZRE.  compute the RB error estimator (43) and let 7 € ZR5,
be the argument for which AF(%) is maximized.
3. Stopping criterion. If AF(%) < erp, then we precompute (42) and stop the algorithm.
Else, we let N; < N; + 1, set 2"t = #, and update S* < S* U {z®Vi}.
4. Update online fields. Compute UN * by solving (25) with z = %" and compute the

supremizers Tq(Uij )for g =1,...,Q4 by solving (36). Update (40) and go to step 2.

When Algorithm 3 stops it gives S? such that the RB error is bounded by egrp in all training
points. We cannot guarantee this bound for all x € €2 but one expects comparable errors if
the training set is dense enough.

5.2. A posteriori error indicator. We prove that the error indicator AF(z) defined
in (43) majorizes the RB error and we describe a cheap evaluation of AF(z).

Lemma 4. For any z € Q and i € {1,...,d} we have ||Uj\}r —Uphllx < AP(x).

Proof. Using the inf-sup condition (28), definition (34), and inequality (48), gives

e eiw 1 A(UY —URL, Vi) .
e 12 Y30 < AP ().
A TRB Bha(@) vexy IVIIx
The inequality (48) establishes that 34/, (z) < BA. (), which concludes the proof. O

Evaluation of AF(z). From the error bound (43) we consider here only the evaluation of
R (-;2) || (x> following [38]. Evaluation of Sscwm () is presented in section 5.3. The residual
R'(-;x) is a linear functional on the Hilbert space X xr, hence the Riesz representation theorem
applies: there is a unique E} € X such that (Ey/, V)x = R/(V;z) for every V € Xy
We next find an affine decomposition of Ej\f Recalling that (see (34) and (24))

R(V;z) = Gi(v z) — A(URE, Vi)

Qa N;
_Z@G )Gia(V) =33 0 ()T, AU, Vi)
g=1n=1
and using the identity (36) we obtain
) Qa Qa N;
Eif =) 0%@)GE - Y Y 0A )T, Ty(Up), (44)
q=1 g=1n=1

12



where the Riesz’s representant Gi € Xy satisfies (Gj\q,,V)X = G(V) for every V € X .
Expanding the equality |R(;;z )H(XN), = (E}/,E}/)x using (44) yields

Qa Qe Qa
1RGPy = S 05 @O @PY 23" G @)ef @N T
q,r=1 g=1r=1
Qa o )
+ Y 0t @)OrM )M T T (45)
q,r=1

1, ——1, ==, =1,

TG U+ AT T,

I
g
®
2 Q
&
D
Y
X

where we used the definition (40) for N'" and M'" and the numbers P'" € R can be
precomputed in the offline stage by P'* = (Gj\'f, GV x
5.3. Successive constraint method (SCM). Here we describe a cheap lower bound

Bscm () of the inf-sup constant 82, (). We follow the algorithm [26] with some modifications
detailed in Remark 7. Using (28) and (31) for any z, T € 2 we have

A(U,T(U; 7); 7)
BN x) > inf
pa(e) 2 inf O[T (07
o ITUD o AUT(U ). (46)
i P i (373 3
:ﬁﬁfa(g) :EN(L,Z)

The SCM uses a greedy algorithm to construct a finite set S C € and a family of finite sets
{Cz}zes C 2 such that:
e for each T € S the value 3%, (%) is computed and stored,

e given a T € S the values 3 (z;) are computed and stored for every x € Cz. They are
used to provide cheap bounds of 3 (z;7) defined in (52) that satisfy
BB (2;7,0) < B (1:7) < BVB(0;7.C) Vo eQ (47)

for any nonempty set C' C Q.
Using (46) and (47) we obtain (and define)

BY (x) > Bscm(z) := max B4, (%) 8B (2; 7, Cx). (48)

zes
In the next subsections we explain the construction of the bounds (47).

5.3.1. Eigenproblems. The values of 3 (Z) or BN(CE;E) described in (46) can be
interpreted as minimal eigenvalues of a related eigenproblem. If we denote

A(U,T(U;T);x)

— itT # a,
eF : 1T(U;2)|1%
U\, = arg min . (49)
vexy | [1T(U;7)|x e
—_ ifx ==z,
10 x
we can then express
__ TUm)lx
B (@) = A
i [RSval P
T, T T, T, — Qa T, T T, T, —

— AU, T(U ; 12U, T(UV; 50
Y (2;7) = (Ux" I(TAI’ z Z N7”(7N27$)). (50)
IT(UR" 7% e IT(UN"57)II%

=:zq(2;T)
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5.3.2. Upper and lower bounds. Let us fix a parameter T € €. Using the affine
decomposition (24) we obtain

"y 4 (g A1U.T(U;7)
Y (1;7) = mf§@ AU TUE) _ f§@ 2)2q, 51
Uexy HT U;7)[% ey / (51)

T g=1
where Yz is the set of all z € R?4 such that z, = A9(U,T(U;7))/||T(U;7)||% for every
g € {1,...,Qa} for some U € X,. Given an arbitrary nonempty set C C €, we can
construct a chain of sets YYB(C) C Yz C YEB(C) (for a proof see [26]) by

WB(C) = {2(#:T) = (2(#; 7))y € R 13 € O,
VER(C) = {(s1, -, 50.4) € R : |5y <7y /BRL(F) Vg €{1,...,Qa}
and Y94 ©4(3)s, > AN (1;7) Vi€ O},

where 7, = supycx,, [|T%(U)|x/|[Ul|x. We then define

fYB(2;7,C) = min Z@A x)zq, BYB(2;%,C) = min Z@A (52)

z€YIB(C) =1 z€YIB(C) y—1

Using (51) and the inclusion property YYB(C) C Vi C YEB(C) we immediately get (47).

5.3.3. Greedy SCM algorithm. We next present an algorithm for constructing the
set S C Q and the family {Cz}zes.

Algorithm 5 (offline greedy SCM construction). Given a training size NSSM € N | a
tolerance escym € (0,1), and 6 € (0,1) do:
1. Initialization. Choose randomly (Monte Carlo) or structurally (regular grid) a training
set Z5CM O of size NSSM. Compute 7, for ¢ € {1,...,Qa}. Let S =0 and Cz = 0)
for every T € Q. Select a random T € Z3CM and set & + 7.
2. Update. Set S <~ SU{z} and Cz + Cz U {Z}. Compute UN by solving the eigen-
problem (49) and use it to obtain z,(Z;Z) defined in (50).
3. Upper bound check. Find the training point & € Z2CM with the smallest upper bound
estimate by
# + arg minmax VB (#; 7, C5).
2€e=SCM TS

train

If maxzcg BB (2;7,C5) < 0, then we let T < & and continue with the step 2, which
enlarges the set S with .

4. Lower bound check. Find a training point & €
smallest lower bound estimate by

—=SCM
—train

and T € S corresponding to the

[, 7] «+ arg min max{SLp(%; 7, Cz); Pus(Z; T, Cz) > 60}.
£€z=S5CM Tes

train

If BLB(2; T, CF) < Bescm, then we continue with the step 2, which enlarges the set Cz.
Else, we have reached the tolerance and we stop the algorithm.

When Algorithm 5 stops we have Bscm () > 0 for all training points. We cannot guarantee
positivity for every xz € 2 but we practically observe it, if the training set is dense enough.

Remark 6 (online SCM). For any z € Q we get Sscm(z) defined in (48) by computing
Bue(x; T, CF) by solving the linear programming problem (52) for each T € S.

Remark 7. In the original procedure (see [26]) for each T € S a corresponding set Cxz
is constructed before adding another element to S. This approach resulted in unnecessary
large sets Cz, therefore, we decided to construct all these sets concurrently. Furthermore,
the precision of the SCM in [26] was controlled by a function ¢(z,T) that can be constructed
using the so-called SCM? method. Since we don’t expect extreme variations of 8% (), we
replaced this function by a constant § > 0. In practice we chose 6§ = egcm = 0.5.
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5.4. A posteriori error estimate for a®®(z). We discuss here the error between

the permeability tensor oV (x) and its RB approximation a®B(z), defined in (26) and (33),
respectively. Using the definitions (26) and (33), the residual definition (34), the problem
statement (25), and symmetry of A(-,-;x), we obtain the following identity

aly (z) = affP(x) = G'(UNF; ) — G'(Ufg; ) — 67 (Ugg;2) + A(ULE, Uggs )
— A(U — UL, UL — UL%: o) (53)
= R'(UY’ — ULg; ).

Lemma 8. For any i,j € {1,...,d} we have

_ 1
ﬂSCM( )

la (z) = a®P (@) | < 7 Bec ZIIR’ )|ty =t A (). (55)

jafy (2) = ajf (2)] <

IR (5 2) [l xay 1B (5.0) | x ) (54)

Proof. Using (53) and Lemma 4 gives
|y (@) = afP(@)| = |[R'(UX" = Ukgsa)| < R (52) [l oxpy [TUR — Ukl
<R 2)lloxay A5 (@) = A ().
This shows (54) and (55) follows. O

The error bound (55) is quadratic with respect to the error bound for the RB solution (43).
This improvement of accuracy is due to the use of dual problem in the definition (33).

5.5. A priori error analysis. Using the inf-sup stability (35) and Y} = T(X?; u)
one can obtain optimality of the RB method.

Lemma 9. For everyi,j € {1,...,d} and z € Q we have
U3 - Uil < (1+ 2900 ) int UK~ Vilx,
a(T)
2
(@) ~ )] < (o) (14 24 » )) it U7 - Vi it [T~ Wi
ﬁ () WeXx;

Proof. The proof of the first inequality is given in [12]. Using (53) we obtain
|y (z) — alfP ()| = [A(UY — Ug, URF — Ui )|
<Ya(@)[|UR — Ughlx |UN — ULkl x-
We conclude the proof of the second inequality by applying the first one. O

For the practical application of the RB method, it is of great importance that the reduced
systems governed by the matrix A" are numerically stable. It can be shown (see [4] for
details) that the condition number of A"* is bounded by ~2 () (8, ()2

Let us discuss a priori convergence rates of the RB greedy algorithm with respect to the
number of RB functions N;. We apply the general framework for greedy approximations of
compact sets in Hilbert spaces [15] For each i € {1,...,d}, the RB methods approximates
the solution manifold M* = {U}7; = € Q} C Xy with X; C X. Approximability of M?
by linear subspaces of X of dimension n is described by the Kolomogorov n-width

do(MY) = inf  sup dist(U, Z),

where dist(U, Z) = miny,c [|[U— V|| x. Algorithm 3 is, in terminology of [15], a weak greedy
algorithm, provided that the a posteriori error estimator AF(z) is uniformly equivalent to
the exact error dlbt(U%%, ). Indeed, by (43), (23), and Lemma 9 we have

AU — Ui, Vio) _ (@)

; = 1,
AN = 3 @IV = Fson() 10X~ Usbllx "
Ya(z) va(x) ) N
= Bscm(z) (1 + B, (z) dist(Ugp, X)),
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and from Lemma 4 we simply obtain dist(Ug%, X;) < AF(z). The analysis in [15] then shows
that there is a constant v € (0, 1], depending only on the constants from (56), such that the
following properties are true:
e If there are constants M,a > 0 such that d,,(M") < Mn™® for all n > 0, then
dist(URg, X;) < CMN;“, where C depends only on a and 7.
o If there are constants M,a,a > 0 such that d,(M?) < Me=" for all n > 0, then
dist(Ug%, X;) < CMe=N! | where 3 = a/(a+ 1) and the constants C, ¢ > 0 depend
only on a and 7.

5.6. Computational cost. Here we describe the computational cost of offline and on-
line RB procedures. For a comparison to other methods see [4,24]. Let N = max{Ny, ..., Ng},
where N; is the dimension of the RB space X; and let Q@ = max{Qa,Q¢}-

Online stage. Let z €  be arbitrary. To obtain the RB coefficients U"" we need to
assemble (39) and solve the dense system (38) with N; variables, which can we do with
O(Q?N? + N?) operations. Then, we evaluate a®B(z) via (41) in additional O(QN?).

To obtain AF(z) we evaluate (45) in O(Q? 4+ N?) operations and we compute Sscp () as
described in Remark 6. Computation of Sgom(z) via (48) and (52) is dominated by solving
a linear programming problem in R@4 with 2Q 4 + |C5| constraints for each T € S.

Offline stage. The major sources of computational cost in the offline RB (Algorithm 3
and 5) stage can be split into four categories:

Solving sparse linear systems. In Algorithm 3 (step 4) we solve O(N) Stokes problems (25)
and compute O(QN) supremizers (T7(U}/") and GY), which can be done in O(N(N+Q)N),
assuming a linear-time solver.

Assembling online fields. In Algorithm 3 (step 4) we assemble (40) and we also need (42)
for the output of interest. This takes O(N2Q?N).

Residual calculation. In Algorithm 3 (step 2) we compute the error estimator AF(z) in
each iteration of the algorithm at all training points, which costs O(N3(Q? + N)NEB ).
Furthermore, we compute (48) at NREB  points.

train
SCM. In Algorithm 5 we compute several eigenproblems of size N. First, Q4 eigenproblems
are needed to obtain v € R?4. Second, we solve |S| + J eigenproblems to obtain UL” given
in (49), where J := >~ ¢|Cz|. Furthermore, in each iteration of Algorithm 5 we need to
compute the upper and lower bounds (52) in the sampling points. Hence, in the whole offline

SCM we need to solve O((J + |S|)NSSM) linear programming problems.

train

Memory requirements. The online RB stage (excluding the the computation of Sgcm(x))
has O(Q?N?) memory complexity, which is independent of N. Since one can discard the
supremizers after the step 4 in every iteration of Algorithm 3, the memory requirements of
the offline RB stage are only O((N + Q)N).

6 A priori and a posteriori error estimates

In this section we estimate the errors between the RB-DS-FE-HMM solution p>®B and the
homogenized solution p°. We follow the DS-FE-HMM error estimates (section 3.1), but we
need to account for the additional error caused by the RB approximation.

Well-posedness of (16). The problem (16) is well-posed if a®B(x) is uniformly elliptic
and bounded over all macroscopic quadrature points z € {Q*}. Uniform ellipticity and
boundedness of a¥’ (z) for a wide range of geometries can be shown using the general criteria
developed in [2]. Uniform boundedness of a®B(z) follows from the well-posedness of the
RB approximation, see (23) and (35). By setting the tolerance egp > 0 small enough and
using (55), we can ensure the coercivity of a®B(z) at least for x in the RB training set ZRE, .
If the training set is dense enough in Q, we expect to have ellipticity of a®B(z) for any = € Q.

Preliminaries. To discuss the a priori error estimates, following [2,5, 7], we introduce two
additional problems to (2) and (16) that will help us to decompose the error e = p? — pf:RB
into three components, based on the main source of the error. Consider a DS-FE-HMM
problem that solves (11) with the tensor oV (instead of a”) in (12). Solution to this problem
is denoted by pff € S4(Q)/R. Further, let p®f € S (Q)/R be a solution to (11) but with
tensor a’ (instead of a”) in (12).

16



6.1. A priori error estimates. We decompose the error to three components: macro,
micro, and RB error, which are denoted by emac, €mic, and erp, respectively. Since we are
working with the exact micro domains Yi¥ (compared to Yy 9 in DS-FE-HMM), the modeling
error is not present. The triangle inequality gives

H,RB |1

P’ —p o) < P° =" gy + 17 = 2" ) + 0" — "R ). (57)

€ €mac €mic €RB
Similarly to section 3.1, we can derive the following result.

Theorem 10. If p° € H*L(Q), Assumtion (Q) holds, and a°(-) is uniformly elliptic,
bounded, and sufficiently smooth, then we have the following bound on the macro error
emac < CH!, where the constant C is independent of H. The micro error, caused by dis-
cretiziation of micro problems, is bounded as

emic < O[|f7]| 12y max [|a®(z) — o™ (z)||,
reQH

where C' depends only on ellipticity and boundedness constants of a®(x) and o™ (x). The RB
error egp is caused by using a®B(z) instead of o™ in (16). We have

erp < C||f" 120y max [a" (z) — a® ()|,
zeQH

where C depends only on ellipticity and boundedness constants of a™ (x) and a®B(x).
Proof. The proof is analogous to that of the a priori estimates of the DS-FE-HMM [2]. O
One can bound ||a®(x) — aV (z)||r by the Ly error of the micro solutions, which leads to
d 2

i, 1, _kt2
emic < ClIf[|z2() D UL = USF [ x < ClEY || 2N~ 7 .
i=1

Such rate in A/ can be observed when micro meshes are adapted to the geometry (see sec-
tion 8.1.1). Furthermore, under the assumptions from section 5.5 on the Kolomogorov n-
width, we can obtain the a priori estimate egg < C’||fHHL2(Q)e_CNiﬁ.

6.2. A posteriori error estimates. Here we derive a posteriori error estimates that
allow us to control the macro error e, and the RB error egg. The micro error in the RB
framework comes from the discretization error of the micro problem (25). We recall that the
number of degrees of freedom N for these problems is assumed to be large so that the offline
computations of the RB solutions are very accurate. Hence, ey will be in general negligible.

Velocity reconstruction. We reconstruct a discontinuous velocity field using piecewise
approximation of a®B(f# — VpH-RB) by interpolation from quadrature points. In addition
to the assumption (Q) we assume that the number of quadrature nodes J is minimal, i.e.,
J = (Hzfl). Given a macro element K € Ty and a function ¢ : Q¥ — R, there is a
unique interpolant II(¢g) € P'~!(K) such that II(¢)(zk,) = q(zk,) for every j € {1,...,J}
(see [30, Prop. 50], [8]). Therefore, for any tensor a defined on quadrature points z, there
is a unique operator I, that maps Séi*;H(Q) to itself (see (13)) and satisfies

Ha(V)(ij) :a(x)v(ij)’ VK GTH; vj € {177‘]}

We define the RB-DS-FE-HMM velocity reconstruction by u'®B = I1 rs (7 — VpRB),
Following the a posteriori error estimates in [2] we can define the macro residual ng by

nge =Hp ||V - Mann (£ — Vp™iP) 172 1
+ ZeeaK %HGH[HOLRB (fH - VpH7RB) : n]EH%,z(e)

for any K € Ty. The quantity 1y is computable and will serve as an error indicator. To state
a rigorous a posteriori error estimate, we need to define additional (non-computable) errors:
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the RB error &rp, i, the micro error &mic, i, and the data approzimation error £qata,k by

¢k = [IE7 = VPP [Ta ) max [|a™P(z) — " (2)llp,

z€Q
) N
mie.x = £ = Vp BT, o) max [laV () — a° ()3,
zeQXK

Eataxc = [la°(F = VpIRB) — I (£ — WpTBBY|2, .

Furthermore, for any quantity x that is defined for every K € Ty let &2, = > KeM 2. for
any M C Tg. Finally, for any K € Ty define M(K) as the set of elements of Tz that share
at least one edge with K. We then have the following theorem.

Theorem 11. There is a constant C depending only on ), on the uniform continuity and
coercivity constants of a® and on the shape-regularity of Tu, such that

|p® — p™RE ?{1(9) <C Z (g + flzaB,K + fIQnic,K + g?lata,K)'
KeTy

Moreover, we have

e < CUp° = ™ P 3 ey + Erpoar(i) T Emie,m(x) T Edata i (10))-

Proof. The proof is analogous to that in [2]. O

6.3. Assessment of the RB error. Even though we are not able to improve the
RB precision in the online stage, we can assess the RB error online. Using (55) we have

hme < T = p™EP 22 ) max AT (2) = nip k-
zeQK

7 Adaptive method

We propose an adaptive RB-DS-FE-HMM that solves (16) by starting with a coarse macro
mesh Ty that is successively refined based on the local error indicators nx. The adaptive
process follows the standard cycle SOLVE — ESTIMATE — MARK — REFINE.

Algorithm 12 (adaptive RB-DS-FE-HMM). We assume that the offline RB stage is finished
and the user provides 2 and an initial mesh Tg.
1. Solve. For each quadrature point z € Q compute a®B(z) using the online RB stage.
Assemble and solve the macro elliptic problem (16).
2. Estimate. Compute ng for every K € Tg.
3. Mark. Choose a subset of elements in Ty by using the error indicator nx. We used the
marking strategy E [44].
4. Refine. The marked elements are refined such that conformity and shape-regularity is
preserved. The refined mesh stays denoted as Tg.

The marking strategy contains one parameter that is usually denoted 6 € (0,1). Smaller
values of 6 lead to more iteration steps but usually a better balancing of residuals (fewer
outliers). Since the computation of a®® is more expensive than solving the macro problem,
we chose a relatively small value § = 0.25. Conformity and shape-regularity of the refined
meshes is guaranteed by the newest vertex bisection method in two dimensions and by the
modified longest edge bisection [11] in three dimensions.

For an efficient implementation of Algorithm 12 we save the tensors a®B(z) for all quadra-
ture points and new values of a®B(z) are computed only in the refined elements. Further,
one can check if the RB error is dominated by the macro error by computing 7rp x and
comparing it to nx.

8 Numerical Experiments

In this section we first validate the proposed RB method for Stokes micro problems. Second,
we test the RB-DS-FE-HMM and compare it to the DS-FE-HMM [2]. Finally, we discuss
the performance of the RB-DS-FE-HMM on a 3D problem.

On the macro scale, we will use P!, P2, or P? elements. We only use the well-known Taylor-
Hood P?/P* elements on the micro scale (other stable FE pairs are of course possible).
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Implementation. All experiments were performed on a single computer with two 8-core
processors Intel Xeon E5-2600 and memory 8 x8 GB DDR3 SDRAM 1600 MHz. The numeri-
cal codes were written in and run by Matlab R2014a with the startup option -singleCompThread
that prohibits internal parallelization of Matlab. Some parts of the algorithm that are em-
barrassingly parallel were run using a parfor in a pool of 16 parallel single-threaded workers.
For time measurement of a parallel job, we measure the execution time on each thread and
sum the resulting times together. Hence, parallelizable parts can execute up to 16 times
faster than the shown execution time.

The finite element code, inspired by [6,20], uses vectorization to achieve fast assem-
bling. Sparse linear systems for two-dimensional problems are solved by the Matlab rou-
tine mldivide. For three-dimensional systems we adopt the following strategy for the linear
algebra:

e Positive definite systems are solved by the algebraic multigrid solver AGMG [31].

e Stokes systems are solved by the Uzawa method [33]. In the Uzawa method, AGMG
was used as a preconditioner for the coercive part and the diagonal of the pressure mass
matrix was used as a preconditioner of the Shur’s complement.

Linear systems with the same positive definite matrix representing the scalar product on
X are solved repeatedly in the offline algorithms'. We optimize this by precomputing a
sparse Cholesky factorization (with reordering) provided by the Matlab routine chol and
using it whenever we need to solve such system.

Eigenproblems and generalized eigenproblems from the SCM method were solved using
the Matlab package bleigifp [35], which implements a block, inverse-free Krylov subspace
method. Linear programming problems from the SCM method were run by the Matlab
routine linprog with the default settings.

Micro mesh generation in DS-FE-HMM was done by external calls to gmsh [25].

8.1. Validation of the RB method. In this section we focus on the described RB
method applied to micro problems and test its precision. Consider the two-dimensional mi-
cro geometry depicted in Figure 3, where the reference fluid part Y is L-shaped. Following
Remark 2 we choose a square parametric domain D = (—0.2,0.2)? and consider the family of
micro geometries {Y{', YA} ep. The parametric domain D allows high variation of perme-
ability but also avoids degenerate micro problems. In Figure 5 we plot the velocity solution
of the micro problem in (5) for ¢ = 1 and several different parameter values.

1= (0.2,0.2)

0.005
0.005

—0.005
—0.005
—0.01

0.02 —0.0036 0.017 —0.00036 0.0058 0.0012 0.0057 —0.00036
—0.0036 0.02 —0.00036 0.0057 0.0012  0.0058 —0.00036 0.017

Figure 5: Velocity field u'* = (u}*, us*) of the micro problem (5) for i = 1 and for the four
corner cases of parameter y € D and approximate values of the corresponding tensors a®(u).

8.1.1. Reference micro meshes and discretization error. Usually, a fine mesh
Ta is defined in the reference domain Yr and 7Ty is assumed to be fine enough for the RB
calculation so that the discretization error is negligible. For testing purposes, we consider a

1We solve these systems to compute supremizers in Algorithm 3 step 4 but also when solving the eigen-
problems in Algorithm 5.
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uniform meshes graded meshes

mesh | DOF (N) | rel. err. (58) || mesh | DOF (N) | rel. err. (58)
TP 126 | 7.92-1072
T 470 | 4.10-1072 T4 478 | 6.11-1072
T? 1806 | 1.99-1072 T2 1851 | 6.07-1073
T2 7070 | 9.50- 1073 T3 7265 | 1.68- 1074
T 27966 | 4.59-1073 T4 28564 | 1.32-107°

I 111230 | 2.23-1073 3 114893 | 1.16 - 106

Table 1: DOF and the relative discretization error (58) for different reference micro meshes:
uniform (7;7) and adaptive (7.%).

variety of meshes ranging from coarse to very fine and we asses the error originating from
the RB discretization.

Let 77 be the coarse mesh of Yy depicted in Figure 6(left). We define a family of meshes
TP, T2, ... such that T} is obtained from TLS_l by a global uniform refinement as shown in
Figure 6 (top).

77 Tz T?

DOF: 126 DOF: 470 DOF: 1806 DOF: 7070
Taa T T
DOF: 478 DOF: 1851 DOF: 7265

Figure 6: The three coarsest uniform meshes of the reference L-shaped micro domain Yr.

We measure the discrepancy between the exact tensor a’(1) and the numerically computed
tensor a?V (1) with the following numerical test. We select a uniform grid of parameters
Etest C D of size 17 x 17. Given a reference micro mesh 7/, we compute aN (1) for every
I € Ziest- Furthermore, we compute a precise approximation? of ao(u) for every pu € Ziest-
Then we use the value 0 N

%) — () 59
pezies  |a(w)llw
as an estimate of the maximal relative discretization error. The results of this experiment
are shown in Table 1.

Since the micro domain is not convex, one expects that uniform meshes 7 are not optimal
for the micro problem. A standard way to improve approximation properties of a mesh (when
solving a single problem) is to use an adaptive method such as [43]. However, we aim for a
mesh that would be fit not only for a single problem but a family of problems. We achieved
very small discretization errors with micro meshes in the reference domain Y with the
following approach. Starting with the coarse mesh 7 = T we proceed with an iterative
adaptive algorithm.

1. Map the mesh 7 to the domains Y for the four corner parameters p € D, that is

u € {(-0.2,-0.2),(0.2,—-0.2),(0.2,0.2), (—0.2,0.2) }.

2. In each of these four meshes we solve the two micro problems and compute the energy-

based residuals (see [2,43] for details).

2 An approximation of the exact value a®(u) is computed for every j € Egest just once by solving the micro
problems in Y}f with an adaptive FEM, where the stopping criteria were set to 5 - 105 DOF.
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3. For each element in T we take the maximal residual over the eight problems and these
values serve as residuals for marking and then refining the mesh 7 using the methods
described in section 7.

We repeat these three steps until we reach the number of DOF of 7 for some s € N, when
we denote the current refined mesh 7 by 7.%. The meshes T2 for s € {1,2,3} are shown in
Figure 6. The discretization error of these meshes is shown in Table 1. It is clear from these
computations that the adaptive meshes can give much better approximation of a®(u) with
the same number of DOF as the uniform meshes.

8.1.2. SCM test. We next test the SCM Algorithm 5 with the different reference mi-
cro meshes from the previous subsection. The SCM involves several user-defined parameters,
which were set as shown in Table 2.

The effectivity of the SCM is plotted in Figure 7, where we compared the estimated values
Bscm (i) with numerically computed SBp,(p) for a fine grid of parameters p € D. For these
SCM computations 120-180 eigenproblems and around 1.2-10° linear programming problems
were solved.

parameter | value
tolerance escm | 0.5
0105
training set size NSSM | 129 x 129
training set regular grid in D

=SCM

—train

Table 2: Parameters for the successive constraint method (SCM) used in Algorithm 5.

—0.2 —0.2

| M I¢ —0.2
—0.2 0 0.2 —0.

0 0.2 —0.2 0 0.2 —0.2 0 0.2

Figure 7: Effectivity of the proposed SCM Algorithm 5 for different Tx. The plots show the
value Ssom(pt)/Bpa(p) for different o € D. Filled circles represent the values 7z € S and they
are connected to non-filled circles representing the points Cy.

We note (see Table 3) that neither |S| nor J increase with A/. However, the computational
cost of solving the eigenproblems in the offline SCM increases with A

| T2 TP | Taa | T

S|T 10] 10] 11] 11
J [ 103|112 [ 119 | 118

Table 3: The sizes of the set S and the number J = ) - ¢ |Cz| in Algorithm 5 for different
reference micro meshes.

8.1.3. RB Greedy test. We next test the greedy procedure of Algorithm 3 (assem-
bling of the RB functions). The parameters were set according to Table 4. The desired
tolerance was reached in N; < 70 steps for ¢ = 1,2 for all tested micro meshes. The conver-
gence of the greedy algorithm is plotted in Figure 8 and it appears to be exponential in V;.
The indicator of the error in the output of interest AF(z) (see (55)) is quadratic with respect
to the indicators of the error of the solution AF(x) (see (43)). We note that the round-off
error can become an issue for very small residuals, which is addressed in [19].

8.2. Validation of the RB-DS-FE-HMM. In this section we validate the RB-DS-
FE-HMM and see how different sources of errors (macro, micro, RB) influence the total error.
We choose a 2D experiment based on the micro geometries and meshes that were tested in the
previous section. Let  C R? be a piecewise polygonal domain as depicted in Figure 4(right)
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parameter ‘ value
tolerance egp | 107°
training set size NRE | 65 x 65
training set = regular grid in D

—RB
train

Table 4: Parameters for the greedy RB construction used in Algorithm 3.

S H 102 -
- 0 [
100 Tw H
E — Tl = w0 8
= w0tp d B C
=) F ol o= 1077 - ]
< 1072 Nl Al
= F 4 S —4 | il
kS T, = 10
ng 1073 ; j;/' ; g
B TR gsE e | |
10t E 4 EU
g E 1078 2
1075 =
£ | | | S| 1079 = i i | |
0 20 40 60 0 20 40 60
N1 Nl

Figure 8: Greedy Algorithm 3 in practice: decreasing tendency of the maximal residual for
the first micro problem for four different A.

with Ty as an initial mesh and let us define a porous structure in €2 with geometries from
Figure (3) and p: Q — D given by

pu(z) = (%cos<f§5%gfﬁl>,%cos<f§5%;3ﬁl)> e D. (59)

We assume that the force field is constant f = (0,—1) and that the edges (0,2) x {0} and
(0,2) x {4} in the macroscopic domain  are connected periodically. The homogenized
solution p° and non-homogenized solutions of (1) are shown in Figure 9.

pFe=1/4 ce=1/8 P

1/16

Figure 9: Pressure solutions p° to (1) for varying size of € > 0 (left). Homogenized solution
p° to (2) (right).

We next run the RB-DS-FE-HMM with different settings (macro FE, number of RB func-
tions V;, micro mesh) to detail the error behavior. We stop the adaptive method when the
number of macro degrees of freedom (Npac) reaches 104,

Remark 13. Since we do not have an analytic reference solutions, all the errors from the
error decomposition (57) are only estimated as follows. We compute approximations to pf
p*H . p° which are denoted by p, p%H, 5% respectively, and substitute them into (57) to
get approximations of epac, €mic, and erp.
e 5! is a solution obtained from the RB-DS-FE-HMM with the complete RB (setting N;
to the maximum) but with the same macro mesh and micro reference mesh as p-RB.
o 7% is a solution obtained from the RB-DS-FE-HMM with the complete RB (setting
N; to the maximum), the same macro mesh as p"®B_ and the finest micro mesh 72,
e 7 is a solution obtained from the RB-DS-FE-HMM with the complete RB (setting IV;
to the maximum), the finest micro mesh 7.2 o> and the macro mesh obtained by two
uniform refinements of the macro mesh used for the finest solution p-RB.
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Coarse micro mesh and small RB. We first illustrate what happens if a coarse micro
mesh is taken. Let us use the mesh 73 for micro problems. We take only three RB functions
(N1 = Ny = 3) generated by the greedy algorithm.

We run the adaptive RB-DS-FE-HMM with two different macro FE: P! and P3. The
results are depicted in Figure (10). We see that the micro error e becomes soon dominant

and is the main reason for saturation of the global error e = |p? — pf-RB| HY(Q)-
macro: P!, N; = 3, 'TAO/ macro: P3, N; = 3, 77{][

100:—”””” T T T T — T

L ) 107! E =

| 15 B ]

- - | |

S q10-1 L ||loers | 3

= 10 E Bl emi = )

$ Fooe B ¢ €mic é 10 E El

r \ 1| aeémac F E

, B ii= S o= san=aan =) 1073 | |

10~ S| Lol T E Lol [N .|

102 103 104 103 104
Nmac Nm&c

Figure 10: Error plot of the adaptive RB-DS-FE-HMM: 3 RB functions (N7 = Ny = 3) and
the coarse micro mesh ’7'/9/

Fine uniform micro mesh and small RB. In the next experiment we keep 3 RB func-
tions but take the most refined uniform micro mesh 7,7. As before, we run the experiment
for P! and P? macro elements and the error rates are plotted in Figure 11. The micro error
emic is now dominated by the RB error egg. For P2 macro FE the RB error causes the
saturation of the global error e for Nyae > 103.

macro: P!, N; =3, T3 macro: P2, N; =3, T\

100 j\ T T 1T T T T TTTT] T T T .| T T T 1T 11T T T 1T 11T ]

i ] 10" E

1071 EIR L ]

= - ] = . -

o r 1loers | O

t [ 1160 €mic = —2

3] = B T 10 = E

1072 | | A €mac = B

B a ) 1073 | E

10*3*\\\\\\\\ —————=E: e e i e | £ (| I

102 10° 10* 10° 10°
Nmac Nmac

Figure 11: Error plot of the adaptive RB-DS-FE-HMM: 3 RB functions (N7 = N2 = 3) and
fine uniform micro meshes 7.

Fine uniform micro mesh and a larger RB. We now increase the number of RB
functions to 10 and repeat the experiment with the most refined uniform micro mesh 7'/\5[.
The experiments for P! and P? macro FE are depicted in Figure 12. We see that the RB
error egp is negligible compared to the other errors for Ny.. up to 10*. However, for P3
macro FE we see a saturation of the global error close to 10* DOF due to the micro error.
Graded micro mesh and a larger RB. We now show the advantage of a graded micro
mesh over the uniform micro meshes. We use the graded mesh Tj{afd’s, which has approximately
16 times less DOF than 7., and we keep 10 RB functions as in the previous experiment. We
use P3 macro FEs and stop the adaptive RB-DS-FE-HMM when we reach 10* macro DOF.
The convergence rates are depicted in Figure 13. The micro error is approximately 10 times
smaller with 16 times less DOF on micro scale. The global error saturation is not visible in
the figure and happens only after one reaches more than 2 - 10* DOF.
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macro: P!, N; =10, T3 macro: P3, N; =10, T

109 1 E i i

i ] 1071 E E

1071 1 E E ]

g r 1lo e 3 b B
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21072 ez | 21077 E
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- 7 | A €mac - B

1073 i Sl :
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104 Er il Ll Ll 4 C |
102 103 10*
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Figure 12: Error plot of the adaptive RB-DS-FE-HMM: 10 RB functions (N; = Ny = 10)
and fine uniform micro meshes Tj?f.

macro: P2, N; = 10, Tj(z/d’:;

F T T T e
107t g 4
51072} lo e
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1074 | e |
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Figure 13: Error plot of the adaptive RB-DS-FE-HMM: 10 RB functions (N; = Ny = 10)
and graded micro meshes Tj{a/d’?’.

8.3. Performance comparison: RB-DS-FE-HMM vs. DS-FE-HMM. In this
subsection we compare the performance of the RB-DS-FE-HMM and the DS-FE-HMM
(see [2]) on the problem from the previous subsection. We keep the macro domain Q and
the initial macro mesh Ty. The micro geometries are as in Figure 3 and their variation is
described by (59). The force field f has a constant value (0, —1) and we use P?/P! Taylor-
Hood elements on the micro scale. We use adaptive mesh refinement for both methods and
use the same marking scheme with 8 = 0.25 on macro scale.

Offline stage. The DS-FE-HMM is an offline/online method, where constants for the cali-
bration of the adaptive process are precomputed in the offline stage [2]. This precomputation
took 3380s. The offline stage of the RB-DS-FE-HMM depends on many parameters, how-
ever, we decided to fix the tolerance and sampling parameters as in Table 2 and Table 4. We
plot the offline CPU time in Table 5 for some selected micro meshes.

A careful inspection of Table 5 reveals that the most costly part in the current implementa-
tion is the SCM. Both the offline part of Algorithm 5 and the evaluation of SCM lower bounds
in Algorithm 3 are very costly. However, excluding the SCM part, Algorithm 3 appears to
be quite efficient, compared to the DS-FE-HMM preprocessing.

Online stage. We further provide a comparison of the main computation. Performance of
the online RB-DS-FE-HMM does not depend significantly on the used micro mesh, hence we
chose T.%. We performed the adaptive methods and stopped after the number of macro DOF
reached 102, 103, and 10%. The pairs of solutions from the two methods have very similar
accuracy since the macroscopic error is dominating. See Table 6 for the comparison.

8.4. A 2D experiment with more complex geometry. In this subsection we
apply RB-DS-FE-HMM to another 2D problem with a more complex micro and macro ge-

24



RB-DS-FE-HMM offline CPU time [s] mesh

part | subpart T2l TP TETY

SCM eigenproblems 480 | 38948 | 402 | 21509

Algorithm 5 | linear programming 8913 | 8566 | 9610 | 9477

RB greedy assembling 5 133 6 129

Algorithm 3 | fine solve (Stokes) 23 621 24 350
fine solve (supremizers) 2 85 2 43
residuals (without SCM) 30 31 37 31
SCM for residuals 567 585 | 641 628

Table 5: Offline CPU time for the RB-DS-FE-HMM with different micro meshes. Settings
in Table 2 and Table 4, with Q4 = 15, Q = 3.

DS-FE-HMM online stage H RB-DS-FE-HMM online stage
N; =10 [ N; =89
iteration [ DOF | CPU time(s) | iteration | DOF CPU time(s)

10 113 244 9 106 6 7
24 | 1116 4500 24 | 1158 19 56
38 | 11372 179724 37 | 10151 63 733

Table 6: Online CPU time of the adaptive methods. We compare solutions after reaching
102, 103, and 10* macroscopic degrees of freedom.

ometries. The macro geometry with the initial macro mesh 7 is depicted in Figure 15(left).
We use periodic boundary conditions over the boundary edges (1,2) x {0} and (1,2) x {4}
and assume the force field f = (0,—1). We set D = (—1/12,1/12) x (—1/12,1/12). The
reference micro domain and the mesh of its fluid part is sketched in Figure 14. Micro geom-
etry variations with respect to a two dimensional parameter p € D is depicted in Figure 15.
The micro cell Y is divided into 3 x 3 grid, whose tiles are affinely deformed by ¢(u, ). The
dependence of g € D on x € () is governed by the function

w(x) = (cos(2m(xe — 1)/4)/12, cos(2m(xe + 21)/4)/12 ).

X
3 VYA
SERRESEOR
SEDXIRKERRIO
WSSOSO
SRR SR
KRS Ay

A

Figure 14: Experiment from section 8.4. Initial macro mesh with periodic BC indicated by
thick lines (left) and the reference micro mesh (right).

The variation of the micro geometry is visible in Figure 16(left), where the original (non-
homogenized) pressure solutions are plotted. We observe that with decreasing € the pressure
solutions agree with the homogenized solution in Figure 16(right).

The affine decomposition in this case resulted to @4 = 12 and @ = 4 and the number
of DOF of the micro problems is equal to 6752. In the offline RB stage we used the same
settings as before, see Table 2 and Table 4. Reaching the required tolerance in Algorithm 3
yields N3 = Ny = 44 RB functions.

We run the RB-DS-FE-HMM with only N; = Ny = 15 RB functions, which still yields the
RB error to smaller than the micro error. The convergence rates with respect to macro DOF
are as expected and plotted in Figure 17(left), where saturation of the error can be observed.
We repeated the same experiment but with once uniformly refined micro reference mesh and
the convergence rates indeed improved, see Figure 17(right).
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Figure 15: Experiment from section 8.4. Transformation ¢(u,-) that maps the reference
micro geometry (left) to a local geometry (right) for any p € D.

pee=1/4 1/16

rFevvs

Figure 16: Pressure solutions p to (1) for varying size of € > 0 (left). Homogenized solution
p° to (2) (right).
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Figure 17: RB-DS-FE-HMM convergence rates for the experiment from section 8.4 with
different macro elements (left). The same with finer (once uniformly refined) micro reference
mesh (right).

8.5. A 3D experiment. In this subsection we present a 3D experiment. The macro
geometry is a geometrical extrusion of the 2D macro geometry from section 8.4 and is de-
picted in Figure 18(left). The coarse macro mesh Ty with 7152 elements and 1605 nodes
is plotted in Figure 18(right). We keep the structure of the previous problems and define
periodic boundary conditions between the faces (1,2) x (0,1) x {0} and (1,2) x (0,1) x {4}.
Furthermore, we assume a constant force field f = (0,0, —1).

The porous structure in €2 is given as follows. We set D = (—1/12,1/12)3. The reference
micro geometry and its variation with respect to a three dimensional parameter p € D is
depicted in Figure 19. The micro cell Y is divided into 3 x 3 grid whose tiles are dilated in
coordinate directions, depending on the parameter. The dependence of u € D on x € Q is
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Figure 18: Three-dimensional macro geometry with periodic faces in gray (left) and a the
coarse mesh (right).

governed by the function
w(x) = (cos(m(—x1 + 29 — x3)/2)/12,

cos(m(—xz1 + x2 + 23)/2)/12,
cos(m(x1 + x2 + x3)/2)/12).

Figure 19: Three-dimensional micro reference mesh (above left) and some mapped micro
domains Y} with p = (—1/12,0,1/12) (above right), pimax = (1/12,1/12,1/12) (bottom left)
and fimin = (—1/12,-1/12,-1/12) (bottom right).

We performed the RB-DS-FE-HMM experiment with P! macro elements and N; = Ny =
N3 = 10. We reached the expected convergence rate of N@;C/ 3, as is depicted in Figure 20.
Several additional challenges arise for such a large 3D experiment. The main problem is
that the Cholesky factorization of the scalar product matrix can be too expensive to compute
and store, when computing a fine reference micro RB problem. We resolved this by running
the AGMG solver to compute each supremizer in Algorithm 3. Furthermore, the SCM also
relies on the Cholesky factorization even more (used in 2D in each eigenproblem at each
iteration). There are various ways to address this problem:
e Apply the SCM for a coarser micro mesh than used for computing the micro functions.
e Compute 3}, (z) on a coarse grid in Q and define 845, (z) for any = € Q by a linear
interpolation over the grid.
e Set a constant inf-sup estimate B8y (7) = B (Trer)-
While none of these approaches guarantee Eﬁg(x) > ﬂé\éM (z), they can perform quite well
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Figure 20: Convergence rates of the RB-DS-FE-HMM algorithm for the 3D experiment.

in practice if the function B (z) is smooth and with small relative variance. In the 3D
experiment we used the second approximation method for the SCM of the test problem.

9 Conclusion

We have presented an efficient multiscale FE method for the Stokes flow in porous media. In
our new method, the RB-DS-FE-HMM, we avoid the repeated direct solution of Stokes micro
problems at each macro quadrature point, which is the main bottleneck of the DS-FE-HMM.
Instead, we map the micro problems into a reference domain and construct a Petrov-Galerkin
reduced basis method for their solutions. With a greedy alorithm we select a small number
of micro problems that are solved on a reference micro mesh. Then, a RB interpolation is
used to obtain a cheap and accurate estimate of the effective permeability for any parameter
(macro quadrature point). We have discussed an a posteriori error estimate for the selection of
representative micro solutions including the estimation of the (inf-sup) stability constant. We
have derived an a priori and a posteriori error analysis of the multiscale method, which lead
to an adaptive method for the macro discretization. The accuracy, versatility, and efficiency
of the RB-DS-FE-HMM has been illustrated by several numerical examples. Comparisons
with the DS-FE-HMM have shown significant speedup in the online stage of the methods.

References

[1] ABDULLE, A. A priori and a posteriori error analysis for numerical homogenization: a
unified framework. Ser. Contemp. Appl. Math. CAM 16 (2011), 280-305.

[2] ABDULLE, A., AND BUDAC, O. An adaptive finite element heterogeneous multiscale
method for Stokes flow in porous media. Multiscale Model. Simul. 13 (2015), 256-290.

[3] ABDULLE, A., AND BUDAC, O. Multiscale adaptive method for Stokes flow in hetero-
genenous media. In Numerical Mathematics and Advanced Applications - ENUMATH
20183, Lect. Notes Comput. Sci. Eng. Springer, 2015, pp. 367-375.

[4] ABDULLE, A., AND BUDAC, O. A Petrov-Galerkin reduced basis approximation of
the Stokes equation in parameterized geometries. C. R. Math. Acad. Sci. Paris 353, 7
(2015), 641-645.

[5] ABDULLE, A., E, W., ENGQUIST, B., AND VANDEN-EIJNDEN, E. The heterogeneous
multiscale method. Acta Numer. 21 (2012), 1-87.

[6] ABDULLE, A., AND NONNENMACHER, A. A short and versatile finite element multiscale
code for homogenization problems. Comput. Methods Appl. Mech. Engrg. 198, 37-40
(2009), 2839-2859.

[7] ABDULLE, A., AND NONNENMACHER, A. Adaptive finite element heterogeneous multi-
scale method for homogenization problems. Comput. Methods Appl. Mech. Engrg. 200,
37-40 (2011), 2710-2726.

28



8]

[9]

[10]

[14]

[15]

[16]

[28]

ABDULLE, A., AND NONNENMACHER, A. A posteriori error estimates in quantities of
interest for the finite element heterogeneous multiscale method. Numer. Methods Partial
Differential Equations 29, 5 (2013), 1629-1656.

ALLAIRE, G. Homogenization of the Stokes flow in a connected porous medium. Asymp-
tot. Anal. 2, 3 (1989), 203-222.

ALvaEev, S., KEILEGAVLEN, E., AND NORDBOTTEN, J. M. Analysis of control volume

heterogeneous multiscale methods for single phase flow in porous media. Multiscale
Model. Simul. 12, 1 (2014), 335-363.

ARNOLD, D. N., MUKHERJEE, A., AND PouLy, L. Locally adapted tetrahedral meshes
using bisection. STAM J. Sci. Comput. 22, 2 (2000), 431-448.

BABUSKA, I. The finite element method with Lagrangian multipliers. Numer. Math.
20, 3 (1973), 179-192.

BARRAULT, M., MADAY, Y., NGUYEN, N.-C., AND PATERA, A. T. An ‘empirical
interpolation method’: Application to efficient reduced-basis discretization of partial
differential equations. C. R. Math. Acad. Sci. Paris Ser.I 339 (2004), 667-672.

BELIAEV, A. Y., AND KozLov, S. M. Darcy equation for random porous media.
Comm. Pure Appl. Math. 49, 1 (1996), 1-34.

BiNEV, P., COHEN, A., DAHMEN, W., DEVORE, R., PETROvA, G., AND WOJ-
TASZCZYK, P. Convergence rates for greedy algorithms in reduced basis methods. STAM
J. Math. Anal. 43 (2011), 1457-1472.

Borri, D., BREzzl, F., AND FORTIN, M. Finite elements for the Stokes problem.
In Mized Finite Elements, Compatibility Conditions, and Applications. Springer, 2008,
pp- 45-100.

BRrEzz1, F. On the existence, uniqueness and approximation of saddle-point problems
arising from Lagrangian multipliers. ESAIM Math. Model. Numer. Anal. 8, R2 (1974),
129-151.

Brown, D. L., EFENDIEV, Y., AND HOANG, V. H. An efficient hierarchical multiscale
finite element method for Stokes equations in slowly varying media. Multiscale Model.
Simul. 11, 1 (2013), 30-58.

CASENAVE, F. Accurate a posteriori error evaluation in the reduced basis method. §C.
R. Math. Acad. Sci. Paris 350, 9 (2012), 539-542.

CHEN, L., AND ZHANG, C.-S. AFEM@Matlab: a matlab package of adaptive finite
element methods. Tech. rep., Department of Mathematics, University of Maryland at
College Park, 2006.

CIARLET, P. G. The finite element method for elliptic problems, vol. 4 of Studies in
Mathematics and its Applications. North-Holland, 1978.

DaaMEN, W., PLESKEN, C., AND WELPER, G. Double greedy algorithms: reduced
basis methods for transport dominated problems. M2AN Math. Model. Numer. Anal.
48, 03 (2014), 623-663.

DeEmMmKowicz, L. Babuska <> Brezzi. Tech. rep., Texas Institute for Computational and
Applied Mathematics, The University of Texas at Austin, 2006.

GERNER, A.-L., AND VEROY, K. Certified reduced basis methods for parametrized
saddle point problems. SIAM J. Sci. Comput. 34, 5 (2012), A2812—-A2836.

GEUZAINE, C., AND REMACLE, J.-F. Gmsh: A three-dimensional finite element mesh
generator with built-in pre- and post-processing facilities. Internat. J. Numer. Methods
Engrg. 79, 11 (2009), 1309-1331.

Huynu, D. B. P., KnEzEVIC, D. J., CHEN, Y., HESTHAVEN, J. S., AND PATERA,

A. T. A natural-norm successive constraint method for inf-sup lower bounds. Comput.
Methods Appl. Mech. Engrg. 199, 29 (2010), 1963—-1975.

MADAY, Y., PATERA, A. T., AND Rovas, D. V. A blackbox reduced-basis output
bound method for noncoercive linear problems. In Nonlinear partial differential equations
and their applications. Collége de France Seminar, vol. 31. North-Holland, 2001, pp. 533—
569.

MARUSIC-PALOKA, E., AND MIKELIC, A. An error estimate for correctors in the

29



[29]
[30]
[31]

[32]

homogenization of the Stokes and Navier-Stokes equations in a porous medium. Boll.
Unione Mat. Ital. 10, 3 (1996), 661-671.

MIKELIC, A. Homogenization theory and applications to filtration through porous media.
Springer, 2000, pp. 127-214.

NONNENMACHER, A. Adaptive Finite Element Methods for Multiscale Partial Differen-
tial Equations. PhD thesis, Ecole Polytechnique Fédérale de Lausanne, 2011.

NoTAY, Y. An aggregation-based algebraic multigrid method. Electron. Trans. Numer.
Anal. 37,6 (2010), 123-146.

OHLBERGER, M. A posteriori error estimates for the heterogeneous multiscale finite
element method for elliptic homogenization problems. Multiscale Model. Simul. 4, 1
(2005), 88-114.

PETERS, J., REICHELT, V., AND REUSKEN, A. Fast iterative solvers for discrete Stokes
equations. SIAM J. Sci. Comput. 27, 2 (2005), 646-666.

PiErRCE, N. A.; AND GILES, M. B. Adjoint recovery of superconvergent functionals
from PDE approximations. STAM Rev. 42, 2 (2000), 247-264.

QUILLEN, P. D. Generalizations of an inverse free Krylov subspace method for the
symmetric generalized eigenvalue problem. PhD thesis, University of Kentucky, 2005.

Rovas, D. V. Reduced-basis output bound methods for parametrized partial differential
equations. PhD thesis, Massachusetts Institute of Technology, 2003.

RozzA, G., HuynNH, D. B. P., AND MANZONI, A. Reduced basis approximation and
a posteriori error estimation for Stokes flows in parametrized geometries: roles of the
inf-sup stability constants. Numer. Math. 125, 1 (2013), 1-38.

RozzA, G., HuynH, D. B. P., AND PATERA, A. T. Reduced basis approximation and
a posteriori error estimation for affinely parametrized elliptic coercive partial differential
equations. Arch. Comput. Methods. Eng. 15 (2008), 229-275.

RozzA, G., AND VEROY, K. On the stability of the reduced basis method for Stokes
equations in parametrized domains. Comput. Methods Appl. Mech. Engrg. 196, 7 (2007),
1244-1260.

SANCHEZ-PALENCIA, E. Non-homogeneous media and vibration theory, vol. 127 of Lec-
ture Notes in Phys. Springer, 1980.

SANDSTROM, C., LARSSON, F., RUNEssON, K., AND JOHANSSON, H. A two-scale
finite element formulation of Stokes flow in porous media. Comput. Methods Appl.
Mech. Engrg. 261-262 (2013), 96-104.

TARTAR, L. Incompressible fluid flow in a porous medium—convergence of the ho-
mogenization process. Vol. 127 of Lecture Notes in Phys. [40], 1979, ch. Appendix,
pp. 368-377.

VERFURTH, R. A posteriori error estimators for the Stokes equations. Numer. Math.
55, 3 (1989), 309-325.

VERFURTH, R. A review of a posteriori error estimation and adaptive mesh-refinement
techniques. Wiley-Teubner, New-York, 1996.

XU, J., AND ZIKATANOV, L. Some observations on Babuska and Brezzi theories. Numer.
Math. 94, 1 (2003), 195-202.

30



	Introduction
	Notation

	Problem setting and homogenization
	Periodic porous media
	Locally periodic porous media
	Model problem

	The DS-FE-HMM
	A priori error estimates
	Computational cost

	The RB-DS-FE-HMM
	Parametrization of the geometry
	Reduced basis formulation
	RB solution evaluation
	RB output evaluation

	Offline RB stage
	Greedy construction of the RB
	A posteriori error indicator
	Successive constraint method (SCM)
	Eigenproblems
	Upper and lower bounds
	Greedy SCM algorithm

	A posteriori error estimate for aRB(x)
	A priori error analysis
	Computational cost

	A priori and a posteriori error estimates
	A priori error estimates
	A posteriori error estimates
	Assessment of the RB error

	Adaptive method
	Numerical Experiments
	Validation of the RB method
	Reference micro meshes and discretization error
	SCM test
	RB Greedy test

	Validation of the RB-DS-FE-HMM
	Performance comparison: RB-DS-FE-HMM vs. DS-FE-HMM
	A 2D experiment with more complex geometry
	A 3D experiment

	Conclusion
	References

