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Abstract We introduce an analysis framework for constructing optimal first-order
primal-dual methods for the prototypical constrained convex optimization tem-
plate. While this class of methods offers scalability advantages in obtaining nu-
merical solutions, they have the disadvantage of producing sequences that are only
approximately feasible to the problem constraints. As a result, it is theoretically
challenging to compare the efficiency of different methods. To this end, we rig-
orously prove in the worst-case that the convergence of primal objective residual
in first-order primal-dual algorithms must compete with their constraint feasibil-
ity convergence, and mathematically summarize this fundamental trade-off. We
then provide a heuristic-free analysis recipe for constructing optimal first-order
primal-dual algorithms that can obtain a desirable trade-off between the primal
objective residual and feasibility gap and whose iteration convergence rates cannot
be improved. Our technique obtains a smoothed estimate of the primal-dual gap
and drives the smoothness parameters to zero while simultaneously minimizing
the smoothed gap using problem first-order oracles.

Keywords: Model-based gap reduction technique; first-order primal-dual meth-

ods; augmented Lagrangian; smoothing techniques; separable convex minimiza-
tion; parallel and distributed computation.

1 Introduction

We propose a new primal-dual analysis framework for constructing optimal first-
order primal-dual methods in order to obtain numerical solutions to the following
constrained convex optimization template:

= min {f(z): Ax—beK, z€ X}, (1)
TER™
where f: R" — RU {400} is a proper, closed and convex function; X C R™ and

K C R™ are nonempty, closed and convex sets; and A € R™*™ and b € R™ are
given. We assume that the domain X is “simple” so that it is easy to project.
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The template provides a unified formulation for a broad set of applications
in various disciplines, see, e.g., [OIT[12l[14126139,54]. Clearly, unconstrained prob-
lems can also be reformulated as (1)) via splitting variables [10]. Moreover, it covers
standard convex optimization subclasses, such as conic programming, monotropic
programming, and geometric programming, as specific instances [7[8[10].

There are several reasons for our emphasis on first-order primal-dual methods
for , with the most obvious one being their scalability. Coupled with recent de-
mand for low-to-medium accuracy solutions in applications, these methods indeed
provide a critical trade-off between the complexity-per-iteration and the iteration-
convergence rate along with the ability to distribute and decentralize computation.

Unfortunately, the newfound popularity of primal-dual optimization has lead
to an explosion in the number of different algorithmic variants, each of which
requires different set of assumptions on problem settings or methods, such as
strong convexity, Lipschitz gradient, or penalty parameter tuning. As a result, the
optimal choice of the algorithm for a given application is often unclear as it is not
guided by theoretical principles, but rather trial-and-error procedures, which can
incur unpredictable computational costs.

To this end, we address the following key question in this paper: “Can we
construct heuristic-free, optimal first-order primal-dual methods?” The concept
of an optimal algorithm in the setting of has been elusive since virtually all
methods produce primal sequences that are infeasible in the constraints of the
form Az — b € K. To overcome this challenge, we mathematically characterize
the best rates on the primal objective residual and the constraint feasibility gap
of algorithmic iterates and illustrate how they compete with each other, while
requiring the mild set of assumptions on the template . We then provide an
analysis recipe for constructing optimal first-order primal-dual algorithms in a
heuristic-free fashion whose convergence rates cannot be improved and which can
obtain desirable trade-offs in their worst-case iteration-complexity bounds.

1.1 The role of the primal-dual gap function

It is natural to expect the constraints to slow down a minimization process for the
primal optimality and not the constraint feasibility, and vice versa. To mathemat-
ically understand the basic issue, we need to study the primal-dual gap function
where the two quantities are entangled. For notational ease, let us consider here a
special case of where K = 0. The primal-dual gap function G is then given by:

G(w):=max{f(z)+(Az—b,9) : § € R™} —min {f(2)+(AZ—b,y) : 2 € X}, (2)
f@) 9(y)

where w := (x,%) is the concatenated primal-dual variables; f is the extended
function of f; and g is the Lagrange dual function associated with .

The primal-dual gap function G is convex. Moreover, under strong duality (cf.,
Lemmal[l)), we have G(w*) = 0 if and only if w* = (z*,y*) is a primal-dual solution
of . Since the gap function G is generally nonsmooth but has a max-structure,
we can obtain a smoothed estimate using two smoothing functions p, and py as:

G ()= max { () (Aa—=b,) =By ()} = min (/@) + (45 ~b.9)=7p=(@)} . (3)

where v and 8 in R4 are two corresponding smoothness parameters. Note that if
we choose pg(Z) = %Hﬁc“%, then the dual solution can be computed by the proximal
operator of f+ dx, where dx is the indicator function of X.
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With the smoothed gap setup in , we show (cf., Section that there exists a
primal sequence {z*} C X and a dual sequence {7*} ¢ R™ such that the following
inequalities for the smoothed gap, objective, and the feasibility hold:

G’Yk+1/8k+1 (warl) < (1 - Tk)Gkak (wk) + Y,
FE) =< f@) - 9@ =00+ Gy (@), (4)
IAZ* —blls = OBk + /Bl + G, (@),

for any choices of B, and ~; as long as vp8, = O (’7'13), where 7, € (0,1) and
¥ = O(1). Against intuition, it appears possible to obtain arbitrarily fast rates
via the choice of the rate-parameters 8 and v, under a given gap reduction model.

Naturally, there exists lower complexity bounds for minimizing sequences, de-
pending on the chosen optimization oracles [31}[33]. In the smoothed gap setting,
we rely only on first-order oracles, i.e., computational primitives based on matrix-
vector products involving A and A7 and the proximal operators of f and f+dy . As
aresult, without any further assumption on (), it holds that f(z")—g(7*) = 2 (+),
which implies that 7, = 2 (%), Y = 2 (%), and B, = 2 (%), see [341[35].

A

1.2 Towards optimal first-order primal-dual methods: Model-based gap reduction.
We say that a first-order primal-dual algorithm is optimal if its primal objective

residual and feasibility gap convergence rates satisfy f(z%) — f* = O (%) and

dist (A:ik —b, IC) =0 (%), where dist(-, ) measures the Euclidean distance to

the set K. Then, it remains to show that we can indeed construct optimal first-
order convex optimization methods. For this purpose, we introduce a model-based
gap reduction technique where the rate of parameters v, and S in plays an
interpretable role in minimizing the smoothed gap, following the model in .

To construct algorithms, we exploit the obvious correspondence between the
duality gap function G and its smoothed estimate G g: The first max-term presents
an approximation to the primal objective f, and the second min-term provides an
approximation to the dual objective g. Depending on the choice of p; and py,
we obtain different smoothed approximations and hence, we can develop differ-
ent algorithms for solving . Regarding the choice of smoothing functions, two
approaches stand out in the literature: (i) proximity smoothing, and (i) barrier
smoothing [6L19120124] 27128, 341[36150,52,53[57]. In this work, we demonstrate our
results using the proximity smoothing technique [4L28][34[35[53].

With the smoothed gap setup in , we generate a primal-dual sequence {w’“}
in X xR™ satisfying (4)) with first-order oracles such that {G,, s, (w*)} converges to
zero, while simultaneously decreasing the product {yx8x} to zero. Among various
strategies, we focus on the model-based gap reduction condition in as well as its
monotone version where ¢, < 0 for all £ > 0. We then show that first-order oracle
information from is sufficient to obtain 7, = O (%), and hence, the constructed
algorithms are optimal in the sense of black-box models [31}33].

Surprisingly, any attempt to trade-off between the rates of convergences for the
primal optimality and the feasibility worsens the overall convergence. Intriguingly,
we will show that there still exists a practical trade-off since it must hold that:

VB = 2(1}). (5)

In the monotone gap-reduction model, in the light of , the condition shows
how the primal objective residual of the iterates competes with their primal feasi-
bility gap by trading-off the values of the smoothness parameters.
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1.3 Scalable methods for and their limitations.

Scalable numerical approaches for solving are mainly based on penalty, aug-

mented Lagrangian, and other primal-dual (splitting) methods, depending on how

they process the linear inclusion constraint Az — b € K. In the sequel, we focus on

the special case K = 0 without loss of generality while reviewing the related work.
With the penalty methods, we can obtain low- or medium-accuracy solutions

when we augment the objective f with a simple penalty function, such as:

min {/(@) + (o/2)| Az b3 : z € X}, (6)
where p > 0 is the penalty parameter. Penalty methods are widely used to solve
large-scale applications. However, they encounter difficulties in choosing the penalty
parameter, often resulting in numerical issues [39].

While penalty and augmented Lagrangian methods have a fundamental diffi-
culty in choosing the penalty parameter, their variants such as primal-dual split-
ting, AMA and ADMM methods enhance our computational capabilities and nu-
merical robustness since we can apply (accelerated) proximal gradient methods
or can split the computation, see, e.g., [2lI5L251[44.[46]. The scalability of these
numerical convex optimization algorithms typically rely on two key structures:

Structure 1: Decomposability. The constrained convex optimization problem
is said to be N-decomposable if f and X can be represented as follows:

N N
f(z) = Zfl(xl), and X := H X;, (7)

i=1 i=1
where z; € R™, X; € R™, f; : R™ — RU{+oo} is proper, closed and convex for i =
1,--- N, and Zfil n; = n. Decomposability immediately supports parallel and
distributed implementations in synchronous hardware architectures. This structure

arises naturally in linear programming, network optimization, multi-stage models
and distributed systems and machine learning [9.10].

Structure 2: Proximal tractability. Unconstrained problems can still pose signif-
icant difficulties in numerical optimization when they include non-smooth terms.
However, many non-smooth problems (e.g., of the form @) can be solved nearly
as efficiently as smooth problems, provided that the computation of the proximal
operator is tractable [3l[421[45]. By tractable proximal operator, we mean that the
following strongly convex problem can be solved “efficiently” (e.g., by a closed
form solution or by polynomial algorithms) for a given convex function h:

proxy (x) := argmin {h(z) +(1/2)]|z — «||3 : z € dom (h)} . (8)

It has been shown that many smooth and non-smooth functions support tractable
proximal operators [12)[14126,16,54]. Clearly, decomposability also proves useful
in the computation of . In our problem , we use the proximal operator of
h(:) « f(-) + dx(-), where 4 is the indicator function of X.

On the basis of these structures, we can design algorithms featuring a full spec-
trum of (nearly) dimension-independent, global convergence rates for composite
convex minimization problems with well-understood analytical complexities [3}33]
38[B7L51]. Unfortunately, several scalable first-order methods for invariably
feature one or both of the following two limitations which blocks their full impact.
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Limitation 1: Non-ideal convergence characterizations. Ideally, the convergence
characterization of an algorithm for solving (1) must establish rates both on the
primal objective residual f(z*) — f* and the feasibility gap ||Az* — b|| of its linear
constraints separately for its iterates ¥ € X. The constraint feasibility is critical
so that the primal convergence rate has any significance. Rates on the gap function
associated with the optimality condition of concerning the joint primal-dual
variables (x,y) are not necessarily meaningful at intermediate iterates since (/1))
is a constrained problem and f(ik) — f* can easily be negative at all times as
compared to the unconstrained setting where we trivially have f(z*) — f* > 0.

The convergence results of several existing methods are far from ideal. Most
algorithms have guarantees in the ergodic sense (i.e., on the averaged history of it-
erates) [13,22,23,41147|[55] with non-optimal rates, which diminishes the practical
performance; they rely on special function properties to improve convergence rates
on the function and feasibility [40,[41], which reduces the scope of their applicabil-
ity; they provide rates on dual functions [21], or a weighted primal residual and
feasibility score [47], which does not necessarily imply convergence on the abso-
lute value of the primal residual or the feasibility; or they obtain convergence rate
on the gap function value sequence composed both the primal and dual variables
via variational inequality and gap function characterizations [13\[22}[23], where the
rate is scaled by a diameter parameter which is not necessary boundedﬂ

Limitation 2: Computational inflexibility. Recent theoretical developments cus-
tomize algorithms to exploit special function classes for scalability. When the
model parameters are known a priori, this strategy is sensible. Unfortunately,
specialized algorithms often require knowledge of function class parameters even
if they are not known, and hence do not address the full scope of (e.g., with
self-concordant functions or fully non-smooth decompositions). Moreover, they
often have complicated algorithmic implementations with backtracking steps to
compute some of these parameters, which create computational bottlenecks.

1.4 Our contributions
To this end, the main contributions of this paper can be summarized as follows:

(a) We identify optimal rates of convergence for the objective residual and the
feasibility gap in first-order primal-dual methods.

(b) We introduce a new model-based gap reduction condition for constructing op-
timal first-order primal-dual methods that can operate in a black-box fashion.
Our analysis technique unifies several existing concepts in convex optimiza-
tion, from Auslander’s gap function and Nesterov’s smoothing technique to
the accelerated proximal gradient descent method.

(c) We illustrate the new techniques enable us to exploit additional structures,
including augmented Lagrangian smoothing, strongly convex or Lipschitz con-
tinuous gradient of the objectives.

(d) We show the flexibility of our framework applying to different constrained
settings including conic programs.

Let us emphasize some key aspects of this work in detail. First, our character-

ization is radically different from existing results such as in [5}[T3}[17,22L23]41]

47] thanks to the separation of the convergence rates for primal optimality and

1 We refer to the standard ADMM (see, e.g., [I0]) and not the parallel ADMM variant or
multi-block ADMM, which can have convergence guarantees given additional assumptions.
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the feasibility. We believe this is important since the separate constraint feasi-
bility guarantee can act as a consensus rate in distributed optimization. Second,
our assumptions cover a much broader class of problems, we can trade-off primal
optimality and constraint feasibility without any heuristic strategy, and our con-
vergence rates cannot be improved. Third, our augmented Lagrangian algorithm
generates simultaneously both the primal-dual sequence compared to existing aug-
mented Lagrangian algorithms, while maintains its O (k—lg)—optimal convergence
rate both on the objective residual and on the feasibility gap. Forth, we also de-
scribe how to adapt known structures on the objective and constraint components,
such as strong convexity, Lipschitz gradient objectives and component full-column
ranks. Fifth, this work significantly expands on our earlier conference work [48]
not only with new methods but also by demonstrating the impact of warm-start.
Finally, our follow up work [49] also demonstrates how our analysis framework and
uncertainty principles extend to cover alternating direction optimization methods.

Remark 1 For the ease of notation, we focus on when K = 0 until Section We
also keep only short proofs in the main text and move the rest to the appendix.

1.5 Paper organization

Next section recalls preliminary concepts for convex analysis, and introduce a
mixed-variational inequality formulation of (1)). In Section we propose a smooth-
ing technique with proximity functions for to estimate the primal-dual gap. We
also investigate the properties of smoothed gap function and introduce the model-
based gap reduction condition. Section [4 presents the first primal-dual algorithmic
framework using accelerated (proximal-) gradient schemes for solving and its
convergence theory. Sections [f] and [6] provides the second primal-dual algorithmic
framework using averaging sequences for solving and its convergence theory.
Section [7] specifies different instances of our algorithmic framework for under
other common optimization structures and removes the assumption K = 0.

2 Preliminaries

This section recalls some basic notation, the primal-dual formulation for , and
a variational inequality characterization of the optimality condition of .

2.1 Notation

Given a proper, closed, and convex function f, we use dom (f) and df(z) to denote
its domain and its subdifferential at z. If f is differentiable, then we use V f(z) for
its gradient at . We call the function f smooth if its gradient Vf exists at any
point in dom (f) and Vf is continuous in dom (f).

We denote by f*(s) :=sup{(s,z) — f(x) : € dom (f)}, the Fenchel conjugate
of f. For any = € R", we define ||z|| the norm of z, and ||s||« := max {(s,z) : ||z| < 1}
the dual norm of s. For a given set X, dy(z) := 0 if z € X and dx(z) := +o0,
otherwise, denotes the indicator function of X. We use |z|2 for the Euclidean
norm. For simplicity of our presentation, we directly work with the Euclidean
norm or the weighted Euclidean throughout this paper.

For a smooth function f, we say that f is L-Lipschitz gradient if for any
z,% € dom (f), we have ||V f(z) = Vf(Z)|l« < Lyllz—Z||, where L(f) := Ly € [0, c0).
We denote by ]—'i’l the class of all convex functions f with L ¢-Lipschitz gradient.
We also use iy = pu(f) for the strong convexity parameter of a convex function f.
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2.2 Optimality condition

Primal-dual formulation: Let us define the Lagrange function associated with the
linear constraint Az —b =0 as L(z,y) := f(z) + (y, Az — b). The min-max problem
associated with the Lagrange function £ is defined as follows:

* . P *
= = L s < = s 9
g" = max g(y) = max min L(z,y) < min f(z) = f (9)

where ¢ is the dual function and f is the extension of f over R™:
g(y) == inf{L(z,y) :== f(z)+ (Az —b,y) : x € X}, (10)

F(z) = sup Liz,y) = {f (z) if Az =1, (11)

yER™ 400 otherwise.

Let us denote by X* the optimal solution set of (I]). If X* is nonempty, then the
optimal value f* of @ is finite. We define the Lagrange dual problem of as:

g :=max{g(y):y eR™}. (12)
In this case, we refer to and as the primal-dual problems. We note that

g is proper if {z € X : Az = b} Ndom (f) # . We denote by dom (g) its domain.
Clearly, under the decomposable structure , we can write the dual function as:

N
g(y) = _g'(y), with g'(y) = inf{fi(w;) + (A —bi,y) 2 € X} (13)
i=1

Hence, the evaluation of g can be computed in parallel under decomposability.

Optimality condition: We can write the optimality condition or Karush-Kuhn-
Tucker (KKT) condition of and as follows:

{ 0 € af(x*) + ATy* + Nx(a*) = 0:L(z*, y*) + Na(2*) (14)

0=Ax*-b = 9y L(z*,y"),

where Ny (z*) is the normal cone of X at z*. Any point w* := (z*,y") satisfying
is called a KKT point of . We denote by W* the set of KKT points. Then
W* = X* x Y*, where X* is the set of stationary points z*, and Y* is the set of
corresponding multipliers y*.

Fundamental assumptions: In order to show the relationship between the primal
problem and its dual one (12)), we require the following assumptions.

Assumption A. 1 The constraint domain X and the solution set X* of are
nonempty. The function f is proper, closed and convex. In addition, either X is a
polytope or the following Slater condition holds:

{z eR": Az —b=0} Nri(X) # 0, (15)
where 1i(X) is the relative interior of X.

Under Assumption A the dual problem is feasible. Moreover, its solution set
V* is nonempty and bounded. The KKT condition (|14]) is necessary and sufficient
for w* = (x*,y*) to be an optimal solution of and (12)). Throughout this paper,
we assume that Assumption A[l] holds.
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Approzimate solutions: For any optimal solution z* € X*, we have f(z*) = f* =0,
x* € X and ||Az*—b|| = 0. Our goal in this paper is to design primal-dual algorithms
that produce an approximation z¥ to z* € X* in the following sense:

Definition 1 Given a target accuracy ¢ > 0, a point zf € X is said to be an
e-solution of (I)) if f(2¥) — f* < e and ||Azf —b|| <e.

For clarity and without loss of generality, we will work with I = 0 in the sequel
and then illustrate the algorithmic changes for the general case. As a result, the
approximate feasibility takes the form | Azf — b|| < . Moreover, we assume in
Definition [1] that zf € X, i.e., zf is exactly feasible to X. This requirement is
reasonable in practice since X is usually “simple,” where the projection onto X
can be computed efficiently, e.g., when X is a box, a simplex or a cone constraint.
Note that we can also use different accuracy levels for the absolute primal objective
residual f(zZ) — f* < 1 and the primal feasibility gap ||Azf — b]| < e2. We also
note (see Lemma [3) that f(z) — f* > [[y*||«|[Az — b|| for any y* € Y* and z € X,
which guarantees the lower bound of the objective residual f(x) — f*.

2.3 Mixed-variational inequality formulation and its gap function

Mized-variational inequality: Let w := (z,y) = (zT,y")T € R® x R™ be the primal-

dual variable, W := X x R™ be the primal-dual domain, and F(w) := [ATy, b —
T

Az] = ((ATy)T,(b—AJ:)T) be the partial KKT mapping. Then, can be

reformulated into the following mized-variational inequality (MVIP) [18]:

fl@) = f(@®) + (F(w*),w—w*) >0, VweW. (16)

Finding a point w* € W such that holds is equivalent to solving the primal-
dual problems —.

Gap function: If we define the bifunction B(w,w) := f(z) — f(z) + (F(w),w — @) =
f(z) — f(z) — (AZ — b,y) + (Az — b, 7), then B(w,w) =0 for all w € W. Let

G(w) := max {B(w,w) : w € W} = yﬂell%si L(z,7) — géi;{lﬂ(i,y) = f(z) —g(y), (17)

be the Auslender gap function of [1]. Then, the following result is standard
in convex optimization due to the weak and strong duality theory.

Lemma 1 The gap function G defined by is nonnegative on W, i.e., G(w) > 0 for
all w € W. Moreover, G(w*) = 0 if and only if w* = (z*,y*) € W* is a primal-dual

solution of and .

Clearly, the non-negativity of G is due to the weak duality theorem, and the second
condition holds due to the strong duality theorem. In general, the gap function G
is nonconvex and nonsmooth [43]. Fortunately, in the setting , G is convex, but
is possibly nonsmooth and may take infinite values.

3 Smoothing the gap function via proximity functions

In this section, we provide a smooth approximation of the gap function G and
prove key properties of this approximation.
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3.1 Proximity functions and Bregman distances

Prozimity functions: Given a nonempty, closed and convex set Z, a continuous,
and strongly convex function p with the convexity parameter pp > 0 is called a
prozimity function (or prox-function) of Z if Z C dom (p). We also denote by:

z°:= argmin {p(2) : z € dom (p)}, (18)

the prox-center of p. Without loss of generality, we assume that pp = 1 and p(z°) =
0. For example, pz(z) := (1/2)]z||3 is the simplest prox-function in R"=.

Given a prox-function p, if p € ]:i’ , then its conjugate p* is strongly convex
with the convexity parameter pp~ = L, ! due to the Baillon-Haddad’s theorem [2].
We denote by 5¢ the prox-center of p*. It is clear that p*(5°) = —p(0). Moreover,
Vp* € ]-'i’l with the Lipschitz constant Ly~ = 1.

Bregman distances: Given a smooth prox-function p defined on Z with the convex-
ity parameter up = 1 and p(z°) = 0, we define the following Bregman distance:

dp(u,v) := p(u) — p(v) — (Vp(v),u —v), Yu,ve€ Z. (19)

Clearly, dp(u,z°) = p(u), and dp(u,v) > %|ju — v||* for any u,v € Z. In addition,
if p is Lipschitz continuous with the Lipschitz constant L, > 1, then dp(u,v) <
%Hu —v||? for any u,v € R9. If p(u) := %|lu||3, then d, becomes the standard

Euclidean distance.

3.2 Smoothed primal-dual gap function
The gap function G defined in is conver but generally nonsmooth. We now
introduce a smoothed primal-dual gap function that approximates G.

Smoothing functions: Let Iy :={1,---, N} be the index set of components corre-
sponding to the structure . We first decompose Zy into two subsets:

IT1 CTy = {Z €ln: )\mm(A;TAz) > 0’1‘2 > 0}, and :Zl = IN\Il, (20)

where Amin(+) is the smallest eigenvalue. We allow 77 to be empty.

For each i € Zy, we choose a prox-function p; € }'}471, which is 1-strongly
convex and its gradient is Lipschitz continuous with Lp, > 0 on its corresponding
domain. We define the prox-function of X and the constant L;, respectively as:

= EAi i1e€1y
pz(Az) = Z pi(zs) + Z pi(4;z;) and L;:= { o (21)
: — 1 i €1,
1€y i€,
where L4, := Amax (A7 A;) is the largest eigenvalue of A7 A;. Clearly, we have:

1 _ 1 _
5 30 i = FI2 45 3 i — 3| < po(Az)

1€y iei'l
1 = e 1 e
<23 Lade— a7+ 3 3 Iute: — 2P
1€y €Ty

We also choose py, € ]-'i’l a prox-function defined on R™ for the dual problem. For
given two positive smoothness parameters v and 3, we consider the function:

Py (w) = ypz(Az) + Bpy(y). (22)

We call p,g a smoother, or a regularizer, for the gap function G.
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The smoothed primal-dual gap function: For given p,g defined by , we consider
an approximation of f and g, respectively as follows:

gy(y) = min {f(z) + (Az — b, §) + ypz(Az)},

f5(7) = max {f(@) + (Az —b,y) — Bpy(y)} . 29

The smoothed primal-dual gap (or the smoothed gap) function of G is defined as:

Gop(@) := f5(Z) — g+(7). (24)
Clearly, G5 is an approximation of G as v and 8 approach to zero.

The evaluation of smoothed gap function: To evaluate fg and gy, we need to solve
the following two convex subproblems w.r.t.  and §, respectively:

x3 () = argmin {f(z) + (g, Az — b) + ypz (Ax)},

_ _ 1, ,_ (25)
y5(z) = arg max {(AZ —b,y) — Bpy(y)} = Vpy (B~ (AZ — b)).
We denote by wz(w) := (23(y),y5(%)) € W. While y5(z) can be computed ex-
plicitly as in , the computation of z% () can be split into N subproblems due
to the decomposability of f and X in @7 ie.,
arg miﬁ}_ {fi(z:) + {y, Asmi—b;) +vypi(x:)} i€,

T; EX;

) a(3) = (26)

argxmeif%_ {fil@i) + (y, Aiwi—bi) +ypi(Aizi)}, i€y

As a result, gy becomes g,(y) := Zf\;l gfly(zj) with

min {fi(w:) +{y, Aiwi=bi) +pi(e)}y, i€,

gy =4 o (27)
Jnin {fi(ei) + (v, Aiwi—bi) +9pi(Aizi)}, i€

i

Alternatively, the function fz defined by can be computed explicitly as:

f(@) = £(2) + Bpy (B~ (Az — b)) := f(2) + ps(a). (28)

In practice, we prefer to choose py such that the computation of yg(az) in is
cheap. For example, if we select py (y) := (1/2)|y||3, then Vp, € F;'' with Lp, = 1,
and pj;(v) = (1/2)||v]|? = (1/2)||v]|3. Moreover, yj5(T) computed by reduces to
(@) i= 57 (AT — ).

The diameter of domain: We define the following diameter of the domain X

N

Dy = ZDXH where Dy, = sup {p;(z;) : z; € X;} Z,E b1 (29)
-1 sup {pZ(Asz) txy € X} i1 €.

For designing algorithms, we summarize our technical assumptions as follows:

Assumption A. 2 For each i € Iy, the proz-function p; is 1-strongly convexr and
smooth, and its gradient is Lipschitz continuous with the Lipschitz constant Ly, > 1.
The proz-function py is also 1-strongly convex and smooth, and its gradient is Lipschitz
continuous with the Lipschitz constant Lp, > 1. For each i € Iy, Dy, defined by
is bounded, i.e., Dy, € [0,400).
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Our default choice of p; as well as py is the quadratic prox-function p(-) := %H .
1%, with L, = 1. Clearly, if &; is bounded, then Dy, is also bounded. Hence, if
Dy, is bounded for all ¢ € Iy, then Dy is also bounded. We also assume that

Assumption AP]holds in the sequel.

The properties of smoothed objectives: The smoothed components g.iy defined by ,
and fg defined by satisfy the following properties (cf., Appendix [A.1.2)):

Lemma 2 Fori € Iy, the function g%() defined by (26) is concave and smooth on
R™. Its gradient is given by Vg () = A;xl ;(-) — b;, which is Lipschitz continuous

with the Lipschitz constant Ly, := v YL;, where L; is defined by (21). Consequently,
vy
for all y,y € R™, the following estimates hold:

. . . L ;
0<g5(®) +(Vay @),y — 9) — 95 (y) < —*lly — 9ll°, (30)
() < 93(0) + (Vo3(8), v — B) — 22 IVe5(v) = Vo5 (@)112.
hel
For j € R™ and ~ > 0 and g* defined by , g% satisfies the following estimate:
95 —Dx, < g'(¥) < d4(®). (31)

For fized y € R™, the function g% (y) is nondecreasing, concave and differentiable in
Ry+ w.r.t. v. Moreover, for v and 5 in R4y 4, we have

pi(23 ;(9)) ifi € 1q,

. S (32)
pi(Aizs ;(y) ifi ¢ Th,

9@ < g5@) + (v =A)pi, where p; = {
and x% ;(y) is defined by .

Consequently, g := Zfil g?ly 1s also concave and smooth. Its gradient Vg~(y) =
Az (y) — b is Lipschitz continuous with the Lipschitz constant Ly, = v~ 'Ly, where
Lg:= Zf\il L;. Moreover, the estimates , (31) and (32) also hold for g~.

Alternatively, let fg and pg be defined by (128). Then, pg is convex and smooth, its

_ lap
B

gradient is Lipschitz continuous with the Lipschitz constant Lpg : . Moreowver,

we have
15(@) 2 f5(@) + (B — Apy (w32,

Pa(x) = 5a(®) + (VBs(8).2 — ) + 3751l - )| (33)

for B,BERLy and z,% € X.

Since g, defined by (23) is concave and smooth, and its gradient is Lipschitz
continuous, we can in principle apply the accelerated gradient scheme in [33] to
solve the following smoothed dual problem:

gy :=max {gy(y) :y e R™}. (34)

Then, we can obtain the (’)(%)—Worst—case complexity in terms of the dual objective

residual g(7%) — ¢* as in [35]. We can also use an averaging scheme to recover the
primal solution as in [291[56]. However, as a disadvantage, such schemes fix a priori

the smoothness parameter v at v := O(DLM)7 which is too restrictive.
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3.3 An estimate for the objective residual and primal feasibility gap

The following lemma provides a fundamental estimate on the bounds of f(z*)— f*
and ||AZ" — b||. For clarity of exposition, we move this proof to Appendix

Lemma 3 Let gy and fg and G,z defined by and , respectively. Then, for
any y* € Y* and x € X, one has

=l Az = bl < f(z) = £ < f(z) — g(y)- (35)

Let {'u_)k} be a primal-dual sequence in W, and {(vx, Bx)} be a smoothness parameter
sequence in R?Hr' Then, we have

F@*) = g(7") < Sk = G5, (0%) + 7 Dx + Brpy(0),

—k — -2 —1 — (36)
l4z* — bl < Be[en +\/@ + (2L, B; 1Sk — l5el2)),
where x = ||Lp,y* — S¢||«, provided that cx + 2prﬁk_15k — |I5¢]1% > 0.
In particular, if we choose py(y) := |yl|3, then:
F(@) = g(7") < G +nDx
37)

|AZ* — blla < 28Dy~ + \/2ﬁk (Gr +mDx),

where Gj, == G, 3, (@*) and Dy« :=min {||ly*||2 : y* € Y*} is the norm of minimum
norm dual solutions.

The estimates (35)), (36) and (37)) are independent of optimization methods using
to construct { w® }. However, their convergence guarantee depends on the smooth-

ness parameters 5 and (5. Hence, the convergence rate of the objective residual
|£(Z%) — £*| and feasibility gap ||AZ" — b|| depends on the rate of {(vg, 8)}-

3.4 Descent models for the smoothed gap function

Our goal is to generate a primal-dual sequence {ﬁ;k} C W and a smoothness

parameter sequence {(vx, Bx)} € R3, so that {G%Bk (w’“)} converges to 07, where

G+, 3, () is defined by . To achieve this goal, we propose to use the following
model imposing on G,g in order to design algorithms in the next sections:

Definition 2 The primal-dual sequence {ﬂ)k} C W and the smoothness parameter
sequence {(vg, B1)} C R2 | are said to satisfy the model-based gap reduction (MGR)
condition on G if the following inequality is satisfied

K _k
G’Yk+lﬁlc+1 (w +1) < (1 - Tk)G'YIch (w ) + g, (38)
where 7, € (0,1), Y72 ) 7 = 00, and limy,_, oo 15 = 0.

In this definition, we have not specified convergence properties of the parame-
ter sequences {7} and {t¢y}. However, as mentioned previously, we can obtain
a monotone or a non-monotone model by appropriately choosing the augmented
term 1. If we chose v, < 0, then we obtain a monotone model, while if ¢, > 0,
we deal with a nonmonotone model.

With the monotone model, i.e., ¥, < 0, by induction, we can derive from

that G, 3, (@k) < Wk Gy o (0°), Where wy, := Hf;ol(l —7;). Hence, the convergence
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rate of {G’Ykﬁk (w’“)} is upper bounded by the convergence rate of {w}. We also

note that if we alternatively update one of two parameters ~; and S, then our
monotone model covers Nesterov’s excessive gap technique in [34] as a special case.
With the non-monotone model, one can upper bound ), by ¥ < (1 —74)Rg —

Rypyy for a given sequence { Ry }. Then, we can write this model as G, ;... (ﬁ)kﬂ) —

Ry < (1= 74)[Gaypp, (@F) — Ri]. Hence, G, 5, (%) < Ry, + wy [Goy 5, (@°) — Ro].
Clearly, the convergence rate of {G’Yk B (w’“)} is upper bounded by the convergence

rate of the two sequences {wy} and {Ry}. In particular, if G, g, (@°) < Ro, then
G 8: (@*) < Ry, which shows that Gy, 8s (@*) is upper bounded by Ry.

Several primal-dual methods can be developed to maintain . In the next
sections, we demonstrate three primal-dual schemes based on our MGR technique.

4 The accelerated primal-dual gap reduction algorithm
Our goal is to design a new scheme for updating the primal-dual sequence w’“}
and the parameter sequence {(vx,B;)} that maintain the MGR condition (38))

4.1 The accelerated smoothed-gap reduction scheme
Our new scheme builds upon Nesterov’s acceleration idea [32[33]. At each iter-
ation, we apply an accelerated (proximal-)gradient step to minimize fg, while it
maximizes g. Since fg(-) = f(-) + Bpj (87" (A - —b)) is nonsmooth, we use the
proximal-operator of fy := f 4+ dy to generate a proximal-gradient step. Alterna-
tively, since g is smooth and has Lipschitz gradient, we can use its gradient. As
a key feature, we must update the parameters v, and §j, simultaneously at each
iteration, which is different from existing methods.

Let @® := (z%,7%) € W and @* := (&%, 5%) € W be given. The Accelerated
Smoothed GAp ReDuction (ASGARD) scheme generates a new primal-dual point
aF = (ZF L R as:

o* = (1 - )" +
it = ProXy—1g . ¢ (oﬁk - leﬂkHATyEkﬂ(fk)) )
g =g+ Lyt (Aes,, (5°) - b),

WPt = pf — Tk_1 (wk — ’Lf)k"'_l) ,

(ASGARD)

where 7, € (0,1], Bg+1 > 0 and v, > 0 will be determined in the sequel. The

constants Ly := YN I and L, := ||A|? are defined as in the previous section.
Thescheme requires one solution z3, (4*) of the primal subproblem

in , and one dual solution ygkﬂ (z*) at the second line of . In addition, it

requires a proximal step of fx. Computing =7, ., (ﬁk) as well as this proximal step
can be implemented in parallel using the decomposition structure .

The following lemma shows that @**! updated by (ASGARD]) maintains the
MGR condition , whose proof can be found in Appendix

Lemma 4 Let w*t! = (karl,ngrl) be updated by (ASGARD)). Let ¢ and Lq be the
two constants defined by:

_ N

Lp,La, _ _
€1 := ma L2, ax{ 24 ,max{Lp,} ¢, d Ly := L;, 39
€1 :=1m X{ py > 1L X{ D) } ?%Ii({ pz}} ana Lg Z i (39)

i€l o2
! i i=1
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where (77;2 is given in , and [_JAZ. and L; are defined by . Then, if 7, € (0,1],
B > 0 and v > 0 are chosen such that:

-
Y08k = Bovk, and <1 + f) V41 = Vi (40)
then @* ! € W and satisfies the MGR condition with:

T L . - Ly, - .
pi= {”0 ANt -y I = 17y 7]+ 52 I35 a1 3] } (41)
Yerr | 280 2

In addition, if (1 — 74)T%_ 1 Yhs1 < TEVk, then:

Gr(@") < Gr(a®) +

2
i x T (1=10)v - ;- *}

Ep < Go(w™)+Eq |, (42
(I=71)Yep g (1—Tk)7k+1[ 73 o(@") 0 (42)

Laj =k Ly zk
where By = B |5* —y*|* + 5|17 — 2*||2.
4.2 Updating parameters

Next, using Lemma[d] we can develop the rules for updating 7%, 8%, and ; so that
the conditions in and (1 — 7)1 7k+1 < 727k hold. One way of updating
these parameters is presented in the following lemma, whose proof can be found

in Appendix [A:2:2]

Lemma 5 Let ¢1 := max{2,¢1} > 2, where ¢1 is defined by . Then, the parame-
ters 1, B, and v updated by:
c1 1Y

T rra T kya

and B = @’ka (43)
Y0

satisfy the conditions ([@0) and (1 — 7)1 Yese1 < TRk in Lemma and o = 1. In
addition, the convergence rate of {1} is optimal.

Lemma [5| only provides one possibility for updating the parameters 7, Si
and 7. However, they can exactly be updated from the conditions of Lemma [4]
Indeed, we update 7, by taking the positive real solution of the cubic equation
et 4t 4 7 —72, = 0; then, compute Yy := HZ%, and By = %fyk_H.

We note that, if we do not choose 79 = 1, then the convergence guarantee for
depends on the value G, (@°). The values 8o and o can arbitrarily
by chosen such that they trade off the primal objective residual f(z*) — f* and
the feasibility gap ||AZ¥ — b||. The initial point (z°,7°) € W can also be chosen
arbitrarily, while setting ° := z° and §° := °.

4.3 The primal-dual algorithmic template
Similar to the accelerated scheme [3,32], we eliminate (*,7*) in (ASGARD) as:

{jk+1 — :Ek+1 +Pk(ifk+1 _ jk)

k41 . sk+1 k+1 _ =k
=gt =),

Y + i (7

where py, 1= % If we choose 7, as ([43)), then p, = ’,:ig_ﬁ Now, we com-

bine all the ingredients presented previously and this step to obtain the complete
primal-dual algorithmic template for solving as shown in Algorithm
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Algorithm 1 (Accelerated Smoothed GAp ReDuction (ASGARD)) algorithm)
Initialization:
1: Choose o > 0 and By > 0 arbitrarily, and set 79 := 1 and ¢ := %

2: Choose (z°,7°) € W arbitrarily, and set #° := z° and ¢° := 3°.
3: Compute ¢; and Ly as in (89), and set & := max {2,¢1}.
For k =0 to kmax, perform: ) )
4: Update the parameters: 74 := £, Y41 = gjr“’g’l and Bi1 = coVgi1-

5: Compute xi’;kﬂ(g}k) by in parallel, and yzkﬂ(ﬁck) by .
6: Update the primal step 1 in parallel using the prox of fy as:

k4l ko r-1 T ok
z = ProXpoig e (x — Ly Brpr A yp,,, (2 ))

7: Update the dual step 5" as g*** = g% + Lty (423, (9%) - b).

8: Compute py := 7—,;1(1 — T )Ti+1, then update the primal and dual vectors:

"fjk}+1 _k+1

=z 4 (2R

—fik) and gk+1 =7 —k+1 +p ( —k+1 ,gk)‘

End for

The computationally heavy steps of Algorithm [I] are given by Steps 5, 6, and
7. At Step 5, we need to compute z3, (4*), which requires to solve the primal
subproblem in (25) once. This computation can be implemented in parallel using
the structure In addition, yzk+1(aﬁk) at Step 5 needs a matrix-vector multi-
plication Az. At Step 6, it requires one proximal-step on fy, which can also be
implemented in parallel. For this step, we also need one adjoint matrix-vector mul-
tiplication ATy. Step 7 demands only one matrix-vector multiplication Az. We
also note that the computation of 23, , and yZ’k+1 at Step 5 is independent, which

can be performed separately. Similarly, the update of zF*! and 7**! at Steps 6
and 7 can also be exchanged.

4.4 Convergence analysis

Under Assumption A the dual solution set Y* of is nonempty and bounded.
Hence, Dy« defined in Lemma [3| satisfies Dy« € [0, +00). The following theorem
shows the convergence of Algorithm [1} which is proved in Appendix

Theorem 1 Let {w’“} be the sequence generated by Algorithm . Then:

f(:?k)—f* < 01(7€+C1+1)R0 + (('1’@ (DX + Bopy(o))

= ok(k+c1) k+c1)
C (c1+2)R2 (44)
e WB)[ ‘ \/2 2Ly, (2 4 2 D4y (0 ))fngcn?J |
where & 1= ||Lp,y* — 5°||«, and R} := %HQO —y*? + %Hfo z*||? and Dy is
given in .
If we choose py(-) := % - |13, then we have:
_k k+4-c1+1)R2
f@") - < Cl(ok(cl;-',-cl)) ¢+ (lgfcol)
(45)

14" —bll2 < 5%y

+2)R2
2Dy*+\/2(((’170[32) 0 +’Y()D )J
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Note that —Dy*HAJEk —b|| < —|ly*lI<IlAZ" —b|| < F(@*) = F* for any T € X and
y* € V*. As a consequence, then the worst-case iteration-complexit of Algo'rithm to
achieve an e-primal solution zk for in the sense of Deﬁnition is (’)(%)

The choice of 49 in Theorem 1| trades off between RZ and Dx on the primal
objective residual f(z*) — f*, while the choice of g trades off the feasibility gap
|\Aik — b||. One limitation of Algorithm [1|is the presence of A; in p;(A;z;) of the
subproblem when ¢ ¢ 7;. In this case, if 4; is not orthogonal, then A; destroys
the tractable proximity of fx, := fi +dx,.

Remark 2 Since the proximal operator of fy at Step 6 of Algorithm [I] can be
computed in parallel, we can substitute it by the following proximal operator that
takes into account the individual Lipschitz constant L 4,:

k41 b Bk T Lk .
it = PLOX gy <ml - f/: Ai yp,,, (& )>, Vi€ In,

La,

i

where fx, (-) := fi(-)+dx,(-). In this case, the conclusions of Theoremis preserved
with R3 being substituted by RZ := %Hgo -y 1P+ 3 Zfil La,||@) — xf )%

5 The accelerated dual smoothed gap reduction method

We develop a new primal-dual scheme that can remove one proximal operator
computation in Algorithm [1] (i.e., Step 6) by means of averaging in the primal.

5.1 The accelerated dual gap reduction scheme

We assume that @ := (2%, 7%) € W is given. We derive below the update scheme
for the new point @*** := (zF+1 g**1) from @" such that the MGR condition
holds. This scheme includes two main steps: an accelerated gradient step on
the smoothed dual function gy, and an averaging step to construct a primal point:

9" = (L= )i + b, (),
gl =gk 4 Ly, (Ax3, (%) - b), (ADSGARD)

zhtl = (1 - Tk)ik + Tkx:k+l (@k)u

where 73, € (0,1) and the parameters 8; > 0 and 5,1 > 0 will be updated in the
sequel. This scheme requires to solve one primal subproblem in to compute
T (4%), while it needs two dual steps of updating Y5, (z*) from the second line
of , and gk“. Since the accelerated step is applied to g, we call this scheme
the Accelerated Dual Smoothed GAp ReDuction (ADSGARD]) scheme.

The following lemma shows that @w**! updated by (ADSGARD]) maintains
, whose proof can also be found in Appendix [A.3.1}

Lemma 6 Let o" 1 := (zFT1 5%+1) be updated by (ADSGARD). Let Ly be defined
by , and ¢z be the constant defined by:

Lp. Ly
Co = max{max{ B ZAl } 7rnax{Lpi}}, (46)
@7

1€Tq o

where 012 18 given in , and L 4, is defined by . Then, if 1, € (0,1), Bx > 0 and
Yi+1 > 0 are chosen such that:

(1+&3 7)Y > Y Brrn > (L—75) Bk, and (1—74) v Br > Lo, (47)
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then w* ' € W and satisfies the gap reduction condition (38|) with:

N

Yk 1 * ~ _ * _ _

Y = —ﬁ f||Ai(m'yk+1,i(yk) —75) — (1= m) A2l 4(7") — Z5)II2 < 0. (48)
i=1 '

5.2 Updating parameters

Our goal is to find update rules for {(7x, v, Bx)} such that the condition holds.
One possibility is shown in the following lemma, which is proved in Appendix[A-3.2]

Lemma 7 Let us choose ¢2 := max {62, %}, where ¢2 is defined by . Then, the
parameters (T, Vi, Br) updated by the following rules:

c2

_ _(@2+D)
k+ca+1

" k+ia+1

o7 _
d = c5Lg(k+ca+2)

€(0,1), T 0@+ 1) (k+1)(k+ea+1)’

(49)

Tk

satisfies the condition (47)). Moreover, the convergence rate of {13} is optimal. In
¢ e
Cy Ly

. 2L
addition, By, < 523 yE and Bk < EETRFFGTD -

From we can derive the tightest condition 8, = #&f«_m Hence,
the optimal convergence rate of {yi8r} is kB = O (k—lz) On the other hand,
by Lemma [3, we see that f(z%) — f* = O(y,) and [|AZ" — b|| = O(8;). Since
YeBr = O(zz), if we decrease the rate of vy, i.e., decrease the objective residual
f(Z")—f*, then the rate of 8y, is increased, i.e., we increase the rate of the feasibility
gap ||AZ" — b||. The same augment is applied to the case where ~; is increasing.

5.3 Finding initial points

In principle, we can start at any initial point @® € W. However, the
worst-case complexity bounds will depend on the value G, 3, (u")o). To simplify this
worst-case complexity bound, we show how to construct a point @° € W such that
condition holds with 1o < 0. Let g := Vp;(0™) € R™ be the prox-center of
py. We compute the point a¥ = (:Eo,gjo) based on the following scheme:

{ 70 = 2% (§°) := argmin {f(=) + (F°, Az — b) + yopz(Az) : w € X'}, (50)

7 = y}%u (:fo) = Vpy~ (BJI(A:EO — b)) ,

where 79 > 0 and By > 0. The following lemma shows that @w® computed by
satisfies with o < 0, whose proof can be found in Appendix

Lemma 8 If w° := (z°,7") is generated by , then it satisfies:
G p0) < — AZ°) — (2B83v0Lp, )t — LyLp,)||Az° — b)) 51
080 (@) < =v0p2(AZ") = (26670 Lp,) " (Y08 — LgLp,) |AZ” —b]", (51)
Hence, if yo and Bo are chosen such that voBo > Lyp, Ly, then G080 (ﬂ)o) <0.

Finally, given o > 0, from we have 980 = % > %Egl_/g. Hence, if
Co > %pr, then ~v98p > Engy, which is the condition of Lemma ‘We note that
Lp, > 1. Hence, if to choose ¢z = max {ég, %pr }, then both conditions in Lemma
[ and Lemma [§] are satisfied. In Algorithm [2] below, we choose this value for the

constant ca.
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Algorithm 2 (Accelerated Dual Smoothed GAp ReDuction (ADSGARD))
Initialization:
1: Choose 7o > 0 (e.g., 70 := v/2Lg), compute & := max {62, %pr}.
o0
2: Set Bp := La&(@42) opq g° = Vpy(0™).

Yo (C2+1)2
3: Solve the following primal convex subproblem:

z° := argmin { f(z) + (AT5° 2) 4+ vopz(Az)  z € X}
4: Compute 7° := Vpy,* (ﬁo_l(Aio -b)).
For k£ =0 to kmax, perform:

: — — (e — Lo (k+85+2)
5: Update Tk ‘= W%, VYk+1 = R and ﬂk = 70(62_,’?1)%]6_"_1)(]6_,’_52_’_1) .

6: Compute gj := Vpy* (,Bk_l(Afk — b))
7: Update 3* := (1 - 7,)7" + 7,3
8: Solve the following convex subproblem:

Zhyq = argmin { f(z) + (ATG" ) + ypy1pe(Az) ta € X} (52)

9: Update the dual vector: g*+1 := g* + VE—? (Ad} 4 —b).
10: Update the primal vector: zhtt

End for

=(1- Tk);ik + Tk£,’§+1.

5.4 The primal-dual algorithmic template
We combine all the ingredients presented in the previous subsections to obtain a
primal-dual algorithmic template for solving as shown in Algorithm

The main steps of Algorithm [2] are Steps 6, 8 and 9, where we need to solve
the primal convex subproblem , to update two dual steps, respectively. While
solving can be implemented in a parallel or distributed fashion due to the
decomposable structure of f and X as in , the dual steps only require matrix-
vector multiplication Az. Clearly, by Step 10, it follows that Az*t! — b = (1-

) (AZ* —b) + k(A2 —b), and by Step 6, we have gy = Vpy* (ﬂ;l(Aik - b)),
which is equivalent to AZ*—b = 8, Vpy (7}). Hence, AZ*t1 —b = (1—7,) B, Voy (75)+

TeLg

k41 Ak . ive:
T (y — ") due to Step 9. Finally, we can derive:

Toor = Vo (m:h ((1 By ) + Lo g y>)) e
Yk+1

Consequently, each iteration of Algorithm [2| requires one solution of the primal
convex subproblem (52]), one matrix-vector multiplication Az and its adjoint ATy,

5.5 Convergence analysis

Let Dy. be defined in Lemma [3] The following theorem shows the convergence of
Algorithm [2, while the lower bound on f(z*) — f* remains as in Theorem [1} i.e.:
—Dy |AZ* — b|| < —|jy*||«||AZF —b|| < f(ZF) — f* for any ZF € X and y* € V*.
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Theorem 2 Let {u_)k} be the sequence generated by Algorithm % Then, the following
convergence bounds hold:
=k (E2+1)7 e3Lgpy (0)(k+22+2)
F@°) = 1" < ey P+ 5@ i e 0 G

_ 2L, (kteat2 _ = =
1AZ* bl < St e [”pry*—scﬂz + \/||pr1/*—%||*+13*} ;

(54)

_ 2L, ~2(c2+1)2
where Py 1= —P—-——— Fg(* D)
g9

+ 2Ly, py(0) — 156|12, Dy is defined by and y* € Y*.

If we choose py(-) := 1| - |13, then we have:

f(a—:,k:) _ f* < (52+1)’YODX7

= EfcaF1
o _ _ 55)
_k 2L (k+c2+2) V2y (€2+1) (
1427 = bll2 < SEFntFDGraTy 2Py + oo, %g } :

As a consequence, if o := \/l_/g, then the worst-case iteration-complexity of Algorithm
@ to achieve an £-solution T* for in the sense of Deﬁnition i (9(%)

Proof Substituting the expression of v, and g, from Lemma [7]into of Lemma

2, 2 2, 2
and then using g—’; = 7%%?;;16(2’1*21)) <X (é"’grg D” we directly obtain .

With py(y) := (1/2)]|y||3, we substituting vz, B and 48y from Lemma into
of Lemma [3| to obtain the bounds . The remaining conclusions are the
1D

consequences of O

The choice of 7o in Theorem [2]also trades off the primal objective residual and
the primal feasibility gap. Indeed, the smaller vo leads to the smaller f(z*) — f*.
One limitation of Algorithm [2)is the presence of A; in the composite prox-function
pi(A4;(+)) of the subproblem . When A; is not orthogonal, the operator A;
destroys the tractable proximity of fx, := f; + dx,.

6 The accelerated primal smoothed gap reduction method

Even if fx, has a tractable proximity operator for ¢ ¢ Z;, the presence of A; in
p; can require significant computation. As a result, the ADSGARD] scheme may
have a disadvantage. To overcome this drawback, we propose in this section as a
symmetric variant of that relies on the acceleration of the primal.

Let w* := (¥, 7) € W be given. We update the new point @* := (z*1, 7*7)
from @" using the following scheme to maintain the MGR condition :

Bt = (1= m)d® + a3, (7°)

zk+1 . ~k _ Br T, * Ak

S = proxays, (8 - B aTys ,@Y), (APSGARD)
g = (1= )7 + e, (),

where 7, € (0,1) and the parameters 8 > 0 and ~41 > 0, which will be updated
in the sequel. Since this scheme performs an accelerated proximal-gradient step on
the primal term fg of the smoothed gap G, we call this scheme the Accelerated

Primal Smoothed GAp ReDuction (APSGARD)) scheme.
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We note that, the point z%, (F*) = (chyk,l(gjk), e ,xme(yk)) at the first line

of (APSGARD)) is computed as follows:
xfm,i(ﬂk) := argmin {fi(%‘) + (7", Ay — b)) + i) s w; € Xi}7 Vi e Iy, (56)

without using the composite prox-function p;(A;(-)) for i ¢ Z; as in (ASGARD))
and (ADSGARD)). Hence, we can exploit the tractable proximity of fx, for ¢ ¢ 7;.

However, the downside is that (APSGARDJ|) now requires an additional proximal
step of fy at the second line of.

Similar to Lemmalﬁl7 we can show that {w"} generated by main-
tains the MGR condition if the parameters 7, v and By satisfy:

. _
Yiet1 = (1= 7)v%, Brp (1 + LTk) > Bk, and (1—7)vBri1 = Lati. (57)
Py

Under these conditions, we propose one update rule for 7, v, and 8 as follows:

cs (€3 +1)Bo L Ac3(k+c3+2)
=, = a0, d = — - , (98
T et P hrar1 . M R T R Gk DD )
where ¢3 = max{%prLf,y} and Bp > 0 is given. Clearly, the constant ¢3 does
not depend on matrix A. If we choose py(-) := (1/2)]| - ||3, then &5 := 3.

Now, we summarize the convergence of Algorithm 2| using (APSGARD) as
a substitute to (ADSGARD)). The proof of this theorem can be found in Ap-

pendix Here, the lower bound on f(z*) — f* remains as in Theorem

Theorem 3 Let {wk} be the sequence generated by Algorz'thm@ using the primal-dual
scheme (APSGARD)) and the update rules with given By > 0. Then, the following

estimate holds:

f(fk) _ < - c2 L4 (ktest2) Dy + Bo(est+1)py (0)

(Cat+1) (kHcat1) (k+1) k4csH ’
—— 59)
_ Gatl) | = _ 2L,, Lac2(e+2)D _ (
lazk-p| < Gt e+ \/ + W+(2prpy(0)—”50”2)} :
where & = || Lp,y*—5c||«, Dx is defined by and y* € Y*.
If we choose py(-) := % - |13, then:
—k 9L 4 (2k+7)D
J@) =" < w05,GRes (ki) (60)
_ 60
= 3V7LaD
|AZF — b2 < 52 2Dy + $} .

As a consequence, if Bo := \/L 4, then the worst-case iteration-complexity of this algo-
rithm to achieve an e-solution T* for in the sense of Deﬁnition is O(%)

We note that we still use the initial point @° as in for this variant. In
Theorem [3] the value 8y trades off between f(z*) — f* and ||Az* — b|| instead of
~o0 as in Theorem

7 Special instances of the primal-dual gap reduction framework
This section specifies Algorithms (1| and |2[ to solve by further exploiting the its
structures as well as using difference choices of the prox-function.
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7.1 Accelerated augmented Lagrangian smoothed gap reduction method
When f and X are not decomposable, i.e., N = 1, we can modify Algorithms
and [2] to obtain a new augmented Lagrangian algorithm. For clarity of exposition,
we only present Algorithm [2| using in the sequel.
The augmented Lagrangian smoother: Under Assumption A[I] there exists a feasible
point z¢ € X such that Az® = b. We choose the prox-function p; as pz(u) :=
(1/2)|lu—b||3. In this case pz(Az) = (1/2)||A(z—z°)||3 = (1/2)||Az—b||3, which is the
augmented term in the augmented Lagrangian method. Alternatively, we choose
py(-) := (1/2)|| - |3 for the dual smoother. It is well-known that the augmented
Lagrangian method is simply the proximal-point method applying to .

We specify the primal-dual scheme with the augmented La-

grangian smoother for fixed v;11 = vo below:
it = (=g (AT ),
x . K 0
By = argmin {f(z) + (%, Az = b) + 5| Az~ b3},

gt = gk 4+ q0(Adf,, —b),
ghtl .= 1- Tk):fk + Tkﬁz_H,

(FALSGARD)

where 1, € (0,1), vo > 0 is the penalty (or primal smoothness) parameter, and S
is the dual smoothness parameter. As a result, this method is called Fast Augmented

Lagrangian Smoothed GAp ReDuction (FALSGARD|) scheme.

This scheme consists of two dual steps at lines 1 and 3. However, we can
combine these steps as in (53)) so that it requires only one matrix-vector multipli-

cation Az. Consequently, the complexity-per-iteration of (FALSGARD)]) remains

essentially the same as the standard augmented Lagrangian method [g].

The initial point: Similar to , we can initialize (FALSGARD)) via:
{EO := argmin { f(z) + (y0/2)|| Az — bl|3:z € X},

61
y° =Byt (Az0 —b), (61)

where 8o is chosen such that v80 > 1 and 3° := Vp;(0™) = 0™. Clearly, with
@ := (2°,7°) computed by this formula, we have Go(w") < 0 due to Lemma
The update rule for parameters: In our augmented Lagrangian method, we can set
Y = Y0 > 0 to be constant, while updating 7, and §; such that the two last
conditions of Lemma |§| hold. Using these conditions we can derive an update
rule for 8, and 73, as follows:

Brpr = (1= 7)B, and mpy = 2 (/72 +4-7). (62)

If we choose 79 := 0.5(v/5 — 1), we have Boyo = 11‘30 = 1, which satisfies the
condition in Lemma [l

The algorithm template: We modify Algorithm [2]to obtain the following augmented
Lagrangian variant, Algorithm

The main step of Algorithm [3]is the solution of the primal convex subproblem:

i}, = argmin {f(:zc) F(GF, Az — ) + (v0/2)| Az — b3 : = € X}. (63)

In general, solving this subproblem remains challenging due to the non-separability
of the quadratic term || Az — b||3. We can numerically solve it by using either alter-
nating direction optimization methods or other first-order methods. The conver-
gence analysis of inexact augmented Lagrangian methods can be found in [30].
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Algorithm 3 (Fast Augmented Lagrangian Smoothed GAp ReDuction)

Initialization:
1: Choose an initial value vo > 0. Set 70 := 0.5(+/5 — 1) and Bo := 'yo_l.
2: Compute @ := (z%,7°) by (61).
For k =0 to kmax, perform:
3: Update /Bk+1 = (1 — Tk')ﬁk-
4: Update @F*?t := (zF+1, g* 1) using (FALSGARD).

5: Update 7,41 := 0.57 (\/T]? +4— Tk).

End for

Convergence guarantee: The following theorem shows the convergence of Algorithm
whose proof is moved to Appendix

Theorem 4 Let {w"} be the sequence generated by Algorithm@ Then:

{éllAikbllgDy*llAfkbh < @) - <o, (64)

_k 8Dy«
[AZ" —bll2 < W

As a consequence, the worst-case iteration-complezity of Algorithm [J to achieve an
D

e-primal solution " for in the sense of Deﬁmtwn is O (\/—,YTLE)

The estimate guides us to choose a large value for 7¢ such that we obtain
better convergence bounds. However, if 4o is too large, then the complexity of
solving the subproblem clearly increases. In practice, 79 is often updated
using a heuristic strategy [8L10]. The bound shows that the sequence {f(z*)}
converges to f* from below, which is different from unconstrained setting, where
f(#%) > f*. In addition, this bound does not depend on the diameter of X', which
shows that X is not necessary to be bounded as in Assumption A2} In general
settings, since the solution Zj 11 computed by requires to solve a generic
convex problem, it no longer has a closed form expression.

7.2 The strong convexity of the objective function

If the objective function f; of is strongly convex with the convexity parameter
py, > 0 for all i € Iy, then it is well-known that the dual function g defined by
is smooth. Its gradient is given by Vg(y) := Az*(y) — b which is Lipschitz
continuous with the Lipschitz constant L, := Zivzl u;ilHAiHQ (see [35]), where
z*(y) is the unique solution of the following primal subproblem:

N
7" (y) := argmin {f(z) + (ATy,2)} = Z;agmeg( {Fi(z:) + (AT y,23)}. (65)

When f and X are decomposable as with N > 2, we compute z*(y) in parallel.

The primal-dual update scheme: Principally, we can modify scheme (ASGARD)),
(ADSGARD) or (APSGARD) to adapt this strongly convex structure. In this
subsection, we only illustrate the modification of (ADSGARD)) as follows:
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g = (- )Pt + e, ()
= (1 = )7 4 2 (9F) (ADSGARD,)
gt =g 4+ ﬁ;l (Ax* (") - b).

We note that we no longer have the primal smoothness parameter ~;. Hence, the

conditions of Lemma, |§| reduce to Bgy1 > (1 — 7%)Bk and (1 — 7%)Bk > ﬁgr,?.
From these conditions can derive the update rule of 7, and 8; as in Algorithm

oy = 057 [(F + 4% — 7] and Byyq = (1 - 7)Bs, (66)
where 70 := 0.5(v/5 — 1) and fo := Lg.
We can also modify to compute the initial point @° := (io,gjo) as:

70 = argnéi)rfl {f(=)+ ATy, z)}, and 7 =5+ Vpj (ﬁ;l(Ai"o - b)) ,  (67)

where §¢ := Vp;;(0™) is a the prox-center of py. Clearly, if we choose py(:) :=
(1/2)|| - |3, then z° := argmin {f(z) : € X} and 7" := i;l(Ai*O —b).

Convergence guarantee: The following corollary shows the convergence of the scheme

(ADSGARD,)), whose proof is in Appendix
Corollary 1 Suppose that the objective f; of is strongly convex with the convexity

parameter jiy, > 0 for alli € Iy. Let {u_)k} be a sequence generated by (ADSGARD )
using the initial point (67)) and the update rule (66)). Then:

—Dy.[|Az* —b|| < f(&*) - f* <0,

“k 4Ly Dy«
_k 4Dy« L
|3 —x*H < (kerZ) E;’
~ 2
where Ly := Zf;l ”’3;” My = min {l‘fi RS IN} > 0, Dy~ is defined in Theorem

@, and =¥ € X*. As a consequence, the worst-case iteration-complexity to attain an

e-solution T* of in the sense of Deﬁnition is O (Dy* h)

g

We note that the bounds in Corollary [1| does not require the boundedness of X
as assumed in Assumption A In addition, {f(o_ck)} converges to f* from below.

7.3 The component-wise strong convexity of the objective function

Let us denote by Zs := {z €EIN:py, = p(fi) > O} the index subset of strongly
convex objective components f;. If there exists ¢ € Zy such that f; is strongly
convex, then Zs # (. Hence, g, defined by can be replaced by the following:

g (W)=Y g W)+ Y gy, (69)

i€Z, igT,

where ¢° is the dual component defined in and gfy is the smoothed dual compo-
nent defined by . We again illustrate a modification of the scheme (ADSGARD))
to adapt this structure. First, the Lipschitz constant L; defined by (21)) becomes

_ 12
L; = “‘3;“ for i € Zs, the prox-diameter Dy defined by (29) is Dy := Zi€25 Dy,.




24 Quoc Tran-Dinh and Volkan Cevher

Second, the conditions for selecting parameters 7, v, and 3, remain the same as
in (47), where ¢z is replaced by:

Ly, La.

¢4 = max{ max {1”72&}7 max {Lpi}}. (70)
i€\ Z, o; i€\,

Using these modifications, we obtain a new variant of Algorithm [2] to adapt this

structure. Consequently, the conclusions of Theorem [2| are preserved.

7.4 The Lipschitz gradient continuity of the full objective

If the objective function f of is smooth, and its gradient Vf is Lipschitz

continuous with the Lipschitz constant Ly := L(f) > 0, then we can modify the

proximal step of Algorithm [I| and Algorithm [2| to further exploit this structure.
Instead of using the proximal step of fy := f + dx as in the second line of

(ASGARD)) and (APSGARD)), we use the following projected gradient step:
P =projy (5 17 (ViGN +ATys,69))., (71)

where projy is the projection onto A and Lf5k+1 =L+ BI;&IEA is the Lipschitz
constant of Vfg, . (1) = Vf() + ATyng(-). Clearly, the projected gradient step
is generally cheaper than the prox-step prox;, of fx, especially when X is
simple (e.g., bound, box and cone constraints) or f is non-decomposable.

In this case, the last condition for updating parameters in is replaced by:

2 L+ 1L
7—7]62 S min Tk , / ﬁk}:ll_ A 7 (72)
(1 —me)r?_4 Ye-1 Ly+ B, La

while the last condition in (57]) becomes:
(L= 7y > (Ly + By La)7i (73)

From these conditions, we can derive the update rule for parameters 7., 75, and
B, respectively for each case. We omit the derivation details in this section.

7.5 Extension to general cone constraints
The theory presented in the previous sections can be extended to solve the follow-
ing general constrained convex optimization problem:

f*::mxin{f(x):Ax—beleEX}, (74)

where f, X, K, A and b are defined as in .

If K is bounded, then a simple way to process is using a slack variable r € IC
such that r := Az —b and z := (x,r) as a new variable. Then we can transform
into with respect to the new variable 2. The primal subproblem corresponding
to r is defined as min {(—y,r) : » € K}, which is equivalent to the support function
of K, i.e., si(y) := max {(y,r) : r € K}. Consequently, the dual function becomes
9(y) == g(y) — sk (y), where g(y) := min{f(z) + (Az — b,y) : = € X}. Now, we can
apply the algorithms presented in the previous sections to obtain an approximate
solution z¥ := (z*,7") with a convergence guarantee on: f(z)— f*, ||Az" —7* —b||,
7% € X and 7* € K as in Theorems [1} or
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If K is a cone (e.g., K := R, K is a second order cone L, or K is a semidefinite
cone ST"), then with the choice py(-) := (1/2)||- ||, we can substitute the smoothed
function f3 in by the following one:

fo(@) = f(2) + max { (42— b,y) — (B/Dllyl* : y € K"} (75)

where K* is the dual cone of K, which is defined as K* := {z: (2,2) >0, z € K}.
With this definition, we use the smoothed gap function é’yﬁ as GAW(w) = falz) —
g+(y), where g4(y) := min{f(x) + (Az — b,y) + vpz(Az) : x € X'} is the smoothed
dual function defined as before.

In principle, we can apply one of three previous schemes to solve . Let us
demonstrate the (ADSGARD)) for this case. Since K is a cone, we remain using
the original scheme (ADSGARD)|) with the following changes:

5, (%) = proj_. (B (4z* ~ b)),

gk+1 = pI'Oji’C* (:l}k + 7%7-:;1 (A:C'*Yk-#l (Qk) - b)) ;

where projg is the projection onto the convex set S. In this case, we remain having
the convergence guarantee as in Theorem [2|for the objective residual f(z*)— f* and

the primal feasibility gap dist (Aik —b,K ). We note that if K is a self-dual conic

cone, then £* = K. Hence, yf, (z*) and 7**! can often be computed efficiently or
in closed form.

A Appendix: The proof of theoretical results
This section provides the full proof of Lemmas and Theorems in the main text.

A.1 Two technical results
A.1.1 The prozimal-gradient descent lemma

The following lemma has a similar proof as [3, Lemma 2.3], but using [33], (2.1.7)].

Lemma 9 Let f and g be two proper, closed and conver functions, and f € ]-'i’l.
Suppose that we apply the following proximal-gradient step:

—k+1 ~k -1 ~k
Fhtl . prozy i (:c - Ly V@ ))
to solve the composite conver minimization problem:
min {F(z) := f(z) + g(z)}.
TER™
Then, the following estimate holds for any x € dom (F):

N . R L¢ . 1 .
P(@) 2 (@) 2 @)+ Ly @ = o =a")+ 18— 1P+ 5197 ) =V @O

where Iy (x) == (&%) + (VS (@*), 2 = &%) + 51|V f (@) = V(@))%
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A.1.2 The proof of Lemma @ Properties of gy and fg

For ¢ € 71, the proof can be found in [35]. We only prove for ¢ ¢ Z;. For fixed
i € I1, we consider U; := {u € R™ : u = A;z — b;, z; € X;} and the function:

fz(u) = lglclf {fz(x,) tu=Ajz; — by, x; € X}

Under Assumption A[l] it is clear that ¢; is nonempty and convex in R™. The
function fi is also proper, closed and convex in R™, see [11, Example 3.17].

We have p;(Aiz;) = pi(u+b;) > 5[|Ai(zi — %)[* = §llu — @°||, where a® :=
A;z{ — b;. Hence, p;(- + b;) is strongly convex on U; with the convexity parameter
tp; := 1> 0. By definition of ng in , we can easily express g?Y as:

g5 (7) = min {Fi(u) + (G, u) +vpi(u+b;) . (76)

This function is well-defined due to the strong convexity of p;. Moreover, it is
concave and smooth on R™. Its gradient Vg,iY is given by Vg%(y) = ul(y) =
Aial ;(y) — bi, where u3(y) is the unique solution of (76). The Lipschitz conti-
nuity of Vg! with the Lipschitz constant Ly :=~ 'L; =~ ' can be proved as in
[35, Theorem 1]. Then, the inequalities follows from this property as a direct
consequence due to [33, Theorem 2.1.5].

To prove the second part of Lemma [2] it is sufficient to prove for i ¢ Z;.
Otherwise, we substitute 4; by the identity matrix I;. We first define gpig(u, v) =
fi(w) + (F,u) + vpi(u 4 b;). The function go% is strongly convex in u and linear in
~. Hence, gfy(gj) defined by is concave and smooth w.r.t. v > 0. Moreover,

dgdwv(g) |lv=3 = pi(u5(y) 4+ b;) > 0, which shows that ¢%(9) is nondecreasing, where

u5(g) is the solution of . Using the concavity of g%(y) w.r.t. 7, we obtain
4() < g5(5) + (v=7)pi(u5 (§) +b;). Substituting the relation u’(y) = Aiz} ;(y)—b;
into the last estimate, we obtain .

We not that since gy = Zf\; 1 gg, the properties of g, follow from the ones
of g,. We finally prove the properties of pg and fg. Since fz3 = f + pg and
py(z) = max {(Az — b,y) — Bpy(y) : y € R™}, the convexity and smoothness of pg
were proved in [35]. In addition, Vpg is Lipschitz continuous [35] with the Lips-
chitz constant Ly, := B || A||>. Moreover, since pg(z) = Bpy (8~ (A(-) — b)), the
first inequality of follows from the Lipschitz gradient continuity of pj;, while
the second one is a consequence of by substituting gfy by —pg. O

A.1.3 The proof of Lemma[3: Key bounds for approzimate solutions

Under Assumption All] any (2*,y*) € W* is a saddle point of the Lagrange func-
tion L(z,y) := f(x) + (Az — b, y), i.e., L(z*,y) < L(z*,y*) < L(x,y*) for all z € X
and y € R™. It leads to g(y) < ¢" = f* < f(z) + (y*, Az — b), and hence:

f@) = g(y) = f(z) = f* 2 (b— Az, y") > ~[ly" [l Az — ], (77)

for all (z,y) € W, which proves . By the definition of g and of g,
using (31)) we have:

9. (7") = wDx < 9(7°) < 93 (7). (78)

Combining , , and the definition of fg in we obtain:
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—ly* I lAZ" — 0| < f(&*) - f* f(:c ) —9(7")
78)+(23)
Sfﬁk () = g9 (") + wDx — Bepl (B H(AZ" — b)) (79)

(24) _ % ([ H— _
= Gy, (@) + D — Brpyy (B (A" —b)).
Since pj (8, ' (Az* — b)) > p}(5°) = —py(0), the last inequality leads to:
—lly* 147" = bl < £(&°) = 17 < (37) - 9(5") < Sy

which is indeed the first estimate of (36|, where Sy, := G, 3, (@") 4+~ D x +Brpy (0).
Next, by the ——strong convex1ty of py and Vpj(5°) = 0, we have :

Bep® (B, (AT —b))>ﬂkpy(s)+ Hﬂk (A7 )—§°||2

1Az* — b))% - | (5°, AT* — by +

—c
= B2y (0) + 3 - I S L

Combining this inequality, and , we obtain:

(y*,b— AZ") < Gy B (@) + v Dx + Brpy(0)
1 1

(¢, Az —

—k 2
s 47— bl

Py Py

by — QLPU 512,
Rearranging this expression and using the Cauchy-Schwarz inequality, we obtain:
—lly* = Ly, '8N A" — ]| < Si, — (2L, Br) I AZ® — Bl — Br(2Lp,) 517,

which leads to:

AZ" — bl|* — 2685 [|Ly, y* — 5Nl AZ" — b]] = (2Lp, BrSk — Brll5°]*) <0

Let ¢ := ||AZ* — b||. We obtain from the last inequality the inequation ¢? —
2Bkl Lp,y* — 5°||st — (2Lp, BrSk — ,B,fHECHZ) < 0. This inequation of ¢ leads to:

_ — — — — 1/2
ti= (|47~ bl < By [, y* — 5l + [, * = 512 + (2L, Bk~ 15°1%)] 7]

which is the second estimate of (36]), provided that ||Lp,y* — 5|2 + 2Lp, B " Sk —
151> > 0.

If we choose py(y) := (1/2)|y|3, then Vpy(y) =y, Ly, =1 and 5. = 0. In this
case, the right-hand side Sj, of reduces to S = G, , (@") + v, D, which is
in the first estimate of . The right-hand side of the second estimate of

veduces t0 B [y ll2 + /I*113 + 285 Sk | < 284lly”ll2 + V2BySy, which is in the
second estimate of . O

A.2 The convergence analysis of the method
In this appendix, we provide the full proof of Lemmas [4 and [5} and Theorem
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A.2.1 The proof of Lemmal[]l: Maintaining the gap reduction condition

By ([28), we have pg(z) = Bp; (B~ "' (Az — b)). Using the second estimate in
with z := 2*, we get:

() > 5p(") + (Vg(i"), = — &%) + (28Lp,) " Az —2")|1%. (80)

By Lemma EL zF is obtained from z* by applying one prox1mal—g_radlent step
from (ASGARD) to minimize fg := f+pg with pg € ]-'L and Lp, := 5 , we have:

k ik okt ok LAk —k 1 Lk
fﬁ<x+)<efﬁ(x>+ (32 )= SA NP - AP
y
sfg<m)+if‘<f’tf’““@’tx> Layar iz _ L e shz, (s1)
5 25 5By,

where 7%, (2) /= (z) + P (%) + (VPp (i), 2 — %) + b Aa—3%) |2
Alternatively, since 4" is obtained from §* by applymg one the gradient ascent
step at line 3 of (ASGARD)) to g, € —.Fbl, using again Lemma@to get:

k & Lg , .k _kH -k Ly .k -
gy (g < 1} (y)+7g<y -y fy>72*$\|y — 7P = yin(y)

Lo .. _ R Lo, . _ .
< —gy(y) + f(yk — g —y) - yillyk — 7" = yiy),  (82)

where 7 and tﬂgfW are defined as:

- 1 * * a
) =) 57 2L @)= a3 @GP+ D 5= @I

i€y €Ty
5. (v) =9,(5") + ng(.@’“),y — ") =7k (y),

N
() =221 950),
Vi (y) = Al ;(y) — bi,
_ N =
Ly = Zi:1 L
Using the second inequality of with z := z¥ and of ( with y := §*, respec-

tively, then summing up the results and using G5 = fg — g7 to obtain:

Gw(u‘)kﬂ) < Gvg(’wk) n ﬂ_liA@k _ g gk jk> _ [Q%H‘i’k B fkﬂﬂz
T (" 9 ) - %Hgk — " P — (Bd + A7), (83)
where ¢} and 7, are defined respectively by:
T = s A",

% :=Z2L 23,0 (7) — %, (§°) +Z 14 (2%, (F°) =25, (")

i€Ty i¢Ty

(84)

Similarly, summing up the first inequality of and , we get:
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N = ~ A I X )
Gop(@™™) < Hog(w) + B La(a" — 2" 3% — o) - ﬁuxk — gkt 2

17 ,k _ ~k L ~k —k
+4 Ly (g" — g fy>*2fjlly — "7, (85)

for any w € W, where Hvﬂ(') is defined as:
Hog(w):= [f(2)+05(#") +(VPp(2"), 2=3")] = [94(5") +(Vgy(5"),y—3")]. (86)

Next, multiplying by 1—7; and by 71 € (0, 1] and summing up the results,
we obtain:

_ _ - La .k _ N _
Gvg(wkﬂ) < (1—7']6)G%3(wk) + T;chﬁ(w) + ?A(mk—xkﬂ,xk—(l—rk)xk—mx)

_Laysk _gkage Lo
Sl =P + 22

L ~ _ ~ ~k
- Tillyk — 7"~ (1 ) (B + A7) - (87)

~k —k ~k _k
g =g 0" - (1 - 7" - )

Using the first line of (ASGARD)), we have ©" — (1 — 7;,)w* = 7,%", while using
its last line to get W = @F — %(uﬁk — @™1). Hence, we can rearrange as:

Gy (™) < (1= 73)Goyp(@") + 1,5 (w) o5

.
L - .

A 13 — all” - 18 — o] +

— (1= m) (83 +177) - (88)

+
7'l?ig ~k 2 ~ el 2
+ T2 gt — gl = 17 -yl
Y

Using the first estimate in with z := z¥, 8 := B, and B := Br+1, and (32)
with 7 := 7%, v:=; and 7 := Vk+1, We get:

{ Forn @) < f5, (@) +(Br — Bry1) T (s9)
—9vk41 (gk) < 9k (gk) +('7k - ’Yk+1)77/t7

where the quantities gj; and 7}, are defined as:

Gk = py(Yh,, (@) and 7= pi(ed,, (%) + Y pi(Aixs,, (7). (90)
1€Ty ¢TI,

Now, we consider ﬁvg(w) given by . Using the definition of fz and
of f, we have:

Ui (z) == fz) +pp (") + (Vi (a"), = — &)
= f(z) + (AZ" — b,y5 (@) + (AT Y5 (), @ — %) — Bpy (y5(E"))
= f(z) + (Az — b,y5(&")) — Bpy (y5(E"))
< f(x) +max {(Az — b,y) 1 y € R} — Bpy (y5(3"))
F(2) - Bpy (3 (E*). (91)

Alternatively, using the definition of g, and of g, we also have:
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lUo(y) = g4 (i) + (Var (§°),y — 57)
= F@ M) + (A3 (5°) = b,y) + ype (A2} (7))
>min{f(z) + (Az —b,y) : z € X} +’pr(A$iky(3)k))

= g(y) + yp= (Az% (). (92)
Combining (91)), (92), and with G(w) := f(z) — g(y), we can show that:
Hyp B () < G(w) — (5k+1‘§l: + ’Yk+142) ) (93)

where the two quantities g, and 7}, are given by:

dh = py(Wh,,, (%) and i =" pi(ad,, (5F)+ D pi(Aidh,, (5F). (94)
i€T, ¢TI

Using (88) with v := y41, 8 := Br+1 and w = w* € W*, and then combining the
result with both and we eventually get:

-
_ _ T, L - -
G (@) < (1= 1) Ga(@") + meGlw) + Ze= (17" = 717 = 157 = o]
Tl?ffg ~k *112 ~kH *112
+3 127 =7 = 1277 = 2*||"] — Ry, (95)
Tk+1

where Gy, := G, ,, and the last term R, is given as:
Ri = [eBrr1dr + (1 — ) Ber1dr — (L — 7%) (B — Brt1)@r) 0]
+ [Tkt 17k + (1= ) vk417% — (1= ) (Ve — Yrg 170 2" (96)
The next step is to lower bound R;. Using the strong convexity of py and pj,
respectively, and §° := Vp;;(0™) we have:
0 = 2o, (89) 2 Slb,, (%) — 571 = SV (B, (A2 — b)) — Vi (0™)
1

> | AzF — )2 (97)
2613+1pr

Alternatively, using the Lipschitz continuity of Vpy and Vpj;, and py(7°) = 0, we
can also derive:

L L
s —x _k —k —k — * ( n— —k *
lﬂc::py(yﬁkﬂ (‘T ))S%Hy6k+1(m )_yCHZ = ;)y HVP?/(Bk-i-ll(Ax _b)) _pr(om)Hz

L
< || Az" b, (98)
Bt

Using the definition (84)), and of g;, g;, and §j,, respectively, and the two
estimates (97) and (98)), the first term [-];1) of can be lower bounded as:

[ = Brt1 {Tk(iz + (L= 7)d5 — (1= 72) By 1 B — 1)@2}

1 A2 .2 1 ) .
> _ . 1 B
= 2Ly, Bort [mellagll” + (L=m)llag —ag® — (1—7) (5k+15k 1) Ly, llaxl]
1

2Lp, Prsna

[l = (1= m)anll® + (L= m0) [ = (Bt — 1) L3, ] lawl]
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where a;, :== Az* — b and @, := Az" — b. This expression shows that [l = 0 if:

<1 + LT) Br+1 2 Bi- (99)
Next, using the property of p; in Assumption AE, 2] it is easy to show that:
A =TI <piles) < 334w - FIP, Vie,
3114 (wi — 20| < pilAjrs) < S| Ay - 25)|2, Vig T
Let us abbreviate i’k T, ("), i",fz =l (7"), ek = A‘(”7€ — if) and

er z Then we can estimate the second term [-]jg of using

the deﬁnltlon , ) and ( . ) of 77, 7, and 7}, respectively, and the two last
inequalities as follows

[li2] == Y41 [T}ﬁé + (= 7)fp — (1= 73) (’Yk_ﬁﬂk - 1) 77?2]

’7 1-— N LZI—T 3
k+12[ oo+ - e einkw(”—’ul mnﬂ

ok
1€Zq v

i k1 )‘
Vk+1 ~ 2 _k k2 Yk —i 12
+ Telléill” + (1 —7)lle; —éi||” — Lp, (1 — 7 —1])|e
5 ) l:k” ill” + (1 —m)lled — &l pi (1 —7%) <7k+1 )II kll }

iZT
_ b A _ Lp.La ]
mway L {nek—(l—mekn? (1) [m—(”—’f—l) pa—] Heknz]
i€, A; Vi1 i
o , _ y
5 {Hek—(l—mew S [m— (”—’“— ) Lpi] ueznﬂ .
: Vet
¢TIy
This expression shows that [-][2] >0 if:
1+ 7 Tk)’Yk+1 >y, Vi€,
( (100)
(1~|— Y V1 >, Vi€

Consequently, if both conditions and (100 hold, then R; > 0.
Next, by the choice B := covyi with ¢o := %, then both conditions and

(100) hold if y4y1 (1 + :—’f) > v, which is the second condition of 7 where:
Lp; Ly,
¢1 = max {Lp ,Illé%)l( {03} néax {Lpz}}

This quantity ¢; is indeed . With 8, = covg, we also obtain from that:

2
Grp1 (@) < (1= 7)) G (@) + 7 G(w") = Ry + Dy,
Vk+1
where Dy, = 2334 [\m’“—y*u? 17 =y 17] + 5 (125 =212 - 2 - 2)?).

This inequality is in fact (41) since G(w*) = 0 and Ry > 0.

Finally, let Ef := ""Q)é’o" ||yk —y*? + %Hik — 2*||%. Then, on the one hand, by

dividing both sides of by T{nykﬂ, we have:
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Vi ke 1 — 1) Vk41 _k
;1 Gi1 (@ )+ Epp1 < %Gk(w )+ Ep,
Tk Tk

(1*Tk2+1)Wk+2 <

One the other hand, using the condition (1—74)77_;vk41 < T2k, We have
k41

%. Using this relation into the last inequality, we get:

1—7p1) vk iy Vi iy 1—7) _k
(ﬂﬁGkﬂ(w N+ Ef < T?Gkﬂ (@) + Ejyp < (T#Gk(w )+E.
it i X

By induction, we obtain from this inequality. O

A.2.2 The proof of Lemmal[8: The update rule for parameters
The tightest conditions obtained from and from are Y1 = (1467 ) "ty
and (1 — 73,)77_ 1 Vk41 = Tevk- These imply:

T = (1= 7hp1) iy (1 + 6 i)

Let t, := 7, ' > 1. It is easy to show that:
k

2 3 (e — 1)
A—1 k1 Ukt 2
th — (14 ¢4 )) < < (e — %
( (tipr + ¢4 1)
. . . 2 2. (ta—1)
The last condition on 7 is equivalent to tj, = **-———— and leads to:

[

toa (tha — 1)
tppr +1

A—1

top — (L6 ) <tp = Stppn — L

Hence, t) + 1 <ty < tp + (1 4+ ¢é71). By induction, we have to +k+ 1 < t), <
to+ (1+¢&; ") (k+1). This shows that t;, = O(k), or equivalently, 7, = O (%).

kfrlél. Then 79 = 1. Moreover, we can choose ;41 = H_Zﬁ =
(ﬁ%fjrl) Y = (k-ﬁla%n’ which is the second update in Lemma The third
update Sr41 = %wkﬂ comes from the first condition in . We finally check the
last condition (1 —73,)77_ver1 < Teyk in Lemma Indeed, with v441 = %

and 73, := %=, this condition is equivalent to k(k+c1)* < (k+c1 —1)?(k+c1 +1),

which is trivially true for any & > 0 and ¢; > 2. ]

Let 7 =

A.2.3 The proof of Theorem[l; The convergence guarantee of Algorithm [1}
From of Lemma and 79 = 1, we have:
T? . ck+a+1)

Gpw™) < —k  pr="LTAT IR k>1,
b(@7) < Q=) ° Yok(k + 1) 6(w") -

_ vLa - Ly~ _ vLa o Ly =
where R = Ej = %524 (|5° || + 32 12° —2*||* = 52 17° -y |1* + 52170 - 2|12,

It remains to use this bound and Lemmato obtain by noting that % <
c1 + 2 for any k > 1. O

A.3 The convergence analysis of the ADSGARD] method
In this appendix, we provide the full proof of Lemmas|6] [7]and 8| for (ADSGARD)).
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A.3.1 The proof of Lemmal[f: Maintaining the gap reduction condition

We abbreviate Gy := G, ., Uj, = yp, (¥ (z%), 2} = 22,,, (4%) and 7}, := ﬂci;k+1 (7).
Using the definition of Gy and fg, the third line = (1-7,)z" +7,27) in

(ADSGARD)), py(y) > py(y°) =0, and Biy > (1 — 73) B, we can derive:

G (@) B o @) = g )
= tmax { @) + (ATFb,9) = Braapy(v) 1y €R™ } = g0y (1)
H ax {f((1—7k)a—:’“+7k@2)) + (1 = 73,)(AZ" —b) 4+ 7. (A%} —b), )
— (1= 78)Bkpy() sy € R™ | = g0y ()
< max {(1-70) [73") + (47 ~b.9) — Bim )]

+ i, [F(20) + (A%F = b)) 1y 1y €R™ = gya @), (101)

Now, we estimate the terms [];; and []jz) in (10I) separately. Since gj is the
solution of the strongly concave maximization problem , using we have:

[y o= F@) + (AZ" = by) — Bupy (y) < max {f(w )+ (Az" —b,y) — ﬂkpy(y)}
= @) — - 52 (102)

By ., we have G, (@) = fﬁk(’ ) — gy (§%) which implies f3, (%) = Gy (a*) +
g (T7). Substituting this into we get:

oy < @) + 9 0) — Ll — 5l wy e R™ (103)
Alternatively, we expand the term [];5 of (101) as:
[z = f(@%) + (AZ), — b,y)
= (@) + (A%} — b,9") + yeppe (AZ}) + (A3} — b,y — §%) — Yerape (A2])
= Goun (§%) + (Vomen (%), y = §°) = Mearpa (AR), (104)

where, in the last 1ine we use Vg’mﬂ (" ) = Ai’k —b. Let us denote pj, := pz(AZ}).

Then, substituting (103]) and ( into we get:

Grp (@™) < (1 - Tk)Gk(u_’ ) = G (ﬂkﬂ) — Tk Vi1 Dk
_ 1-m7 _
+ max {(1 — ) (F°) — %Hy -7l
+ 7[99 (8) + (Vorn (0),y = 9] sy e R™}. - (105)
Next, since Vgl (4") = AiZy, ;—b; and Vgl (7)) = Aizy, ;—bi for i € Iy, we
have:
N

N
~% 1 3 _k i ~k 1 % ~
Phi= D 57199 (0) = Vo GOIE = 3 5@k - #i)IE (106)
i=1 i=1
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For each i € Zyy, using of Lemma with y := gjk and g := g]k to obtain:
$(0) £ 950" + (V9,0 7"~ ) = 5 IVe ) - VeGP
By summing up this inequality from ¢ = 1 to ¢ = N, and using v := k41, the
definition of g,(-) = Zfil ¢4 (") and (106)), we get:
P (7)< gy (8°) + (Vo (5),7" = 8 — e (107)

Now, using (32]) of Lemma 2| with 7 := 7", v =, and 7 := YVit1, then summing
up the results from i =1 to i = N, and combining with (107 we have:

B (32)) Tk Cx
9 @) < 9 @7) + (v — Vi1 )02 (AZ)

R e k. _ y
< Gy (0°) + (Vo ), 7" = 3%) + (% — Yo )Pk — WeaBh,  (108)

where pj, := pz(AZ}). Substituting (108) into (105) we can further deduce:
Gy (@) < (1= 1) Gu(@") = Temga i — (L= 7) [ysaBk — (o = Vo1 )P
+ max {gys (7°) + (Vgn (57, (1 = 77" + 74y = )

1— 7 Lk _
— %Ily —gil? iy € Rm} — gy (@), (109)

Let us define u := (1—13,)7" 4+ 7,y. Since y € R™, we have u € R™. Moreover, using

the first line 3% := (1 — 71,)7" + 7,95, of (ADSGARD)), one has u — 7* =y — Ti)-
Using this expression into (109) we obtain:

Gt (@) < (1 — 7)) Gr (@) = gy @) = T

A A ey (L —75)Bk k12
+ 102 { (09) + (V0 (010 = 9 = S5 505 = 17
< (1= 1) Gr(T") — gy (T) = T
~ N ~ Lg ) N
+ max {gwﬂ(yk)Hngkﬂ(yk),u—yk>—ﬂ\lu—yk\l2} , (110)
u€R™ 2 [3]

where the last inequality follows from the last condition of , ie., (17:% >
k

L — = . .
vTil = 7k+11 >oieq Li = Lg%q, and the quantity 7 is given by:

Ty = Tk’7k+113;2 - (=) [7k+1151>: = (e — ’Yk+1)131>:]- (111)

Using line 2 of (ADSGARD)), we can easily bound the term [-]3 of (L10) as:

~ N N Lg N
[]j3) = max {gml () + (Vg (§7),u — §%) — %Ilu—yk\l2 Tu€ Rm}

L
~k Ak kAt ~k 9 kL Ak 2

= Gy (87) + (Ve (7). 57 = §7) = =177 =47
— k41

S g'Yk+1 (y + )7

where the last inequality follows from Lipschitz continuity of Vgy in Lemma @
Using this inequality into (110)) we eventually get:
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Gyt (@) < (1 = 74)Gr (@) — T, (112)

Finally, we lower bound the quantity 7. From the definition (111)) of 7, we write:

Tk = Wk+1{i§ [Tkpz‘(fclt,i)‘f' (12_]3:k) Ai(@% i~k )IIF— (17, )( )pz‘(f/ﬁ,i)]
+> [Tkpz(A Tki)+ (1 Tk) | As(&5 i — 21— (1_7'k)(7:7k_ )Pi(AifZ,i)]}-
eI, 1

From Assumption A[2] since p; is 1-strongly convex, and its gradient is Ly,- Lips-
chitz continuous, we have:

_ _ Ly, _ _ .
3ta 14 — I <piEr) < HIAEL -T)IE ieh

_ _ Ly, _ _ .
g\lAz‘(«’Bk,i—wf)Hf < pi(Aid ;) < 5 llAi(Eg, — 2D i g T

Let us denote by oF = A, (@3, J(GF) — 76) and oF = A;(a xy () = z8) for
i € I . Using the two last inequalities, we can lower bound Tj as:

> Yk k ok 1— 1) (Ve — Vo1 ) Lps (-
LS [ 4+ (1= et — b2 - L0 k) o]

T Vi1
4 Tka L—7) (e =) Lpi LA |k
it S L (o2 m ol -k - L0 )b
1611 Ai Thet19;
_ Yen k Vi = Vit1) Lps
5 ok — (1= m) 2 + (1= ) (e — O ) ]
Ykl
iZ€Ty
4k k —k Ve = Yer) Lpi L, \ | -k
TS 16t = (et (1) (- D2 B k]
iel, Ly Vet10;

From this estimate, we can see that if:

Tk . N L;Dil_’Ai
<g+1> Ve = Ve, With &= max{rlréaz)l({l/?b}’rz%%)f{f}}’ (113)

g;
then Ty, > 25 50 1 i Lok — (1 —7,)5%||2 > 0. Hence, . ) leads to Gy (@ k‘H) <
(1- Tk)Gk(’LU ) + Tk, which is (48]) with ¢ := —T; < 0. Moreover, is
exactly the second condition of (47). O

A.3.2 The proof of Lemma[7: The update rule for parameters.

The tightest conditions obtained from are yp = (1 +¢é5 lTk)_l’Yk” Bl =
(1 — 74)Bk and (1 — 7)1 Be = Lg77. By induction, we can derive from these
equalities the tightest condition for 7 as:

2 Tk+1(1 +é5 Tk—i-l)
k 1 — Tk+1

Similar to the proof of Lemma L, we can show that 7, = O (%), which is optimal.

Let us choose Tk = g4, for some r > ¢;. With this choice, 7o = & ¢ (0,1). We

k
(1+Tk/c2) = 'Y,f_i(_rj_q) By induction, we get v, =

B, from the last condition of to get:

choose vy =

k+r We compute
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5, = Lyti  _  Le3(k+r+1) (114)
(L=mk)venn vor(k+r)(k+r—c2)

It remains to check the second condition of (47), i.e., Bg > (1 — 7)B%. Using
(114]), this inequality is equivalent to:

(k+r+1)(k+r+1—2co) = <1_k+r> <(k+r)(k+r—ég)> BRI (115)

Let k := k4 r, (115)) is equivalent to (é2 — 1)k? + (262 — 3)k + (é2 — 1) > 0. This
condition holds if ¢2 > 3/2 and k > 0.

We now define & := max {¢2, 3 } and take 7, := %ﬁ—&-l Then, 7, € (0,1) and
all the conditions in are satisfied. Using the update formula of 71, 75, and S
as above, we obtain the last conclusion of Lemma [7} O

A.3.3 The proof of Lemmal[§ Finding a starting point

Given §° = Vp;(0™) € R™, we denote by z° = z§ := x4 (y°). Using with
Lg,, =7 'Ly, we can derive:

L
50(8°) 2 030 (5°) + (Voo (5, 5° = 5 = =5 15" — 5°1°

* o _ o | . % L | .
= f(Z5) + (A5 —b, §°) + (AZ§—b, §°—F°) + vopa (ATH) — ?" [iradlis

= f(@") + (42" —b,5°) - g"’ 15° = 5°I1% + Yopa (AZ°).

Using this inequality, and §° := Vpy (Bo_l(AQZO — b)), we have:

G (@°) 1= £3,(2°) = 90 (%) = F(&°) + Bopy (By ' (AZ° — b)) — g (5°)
< Bopy(By ' (AZ°-b)) — (Az°=b,5°) — y0ps(A2°) + (Lg,, /2)I15° —5°)1?
= Bo [Py (By 1 (AZ° — b)) — (Vpy(By ' (AZ° — b)), By ' (Az° —b))]
+ (Lo /DN5° = 7117 — 70p2 (AZ°). (116)

By the L;yl—strong convexity of py, we have:

Py(v)—=(Vpy(v),v) <py(0)—

= s ()} ol < 7ol

Using this inequality with v := 85 ' (Az" — b), and then substitute the result into

(116) we obtain:

Gy o (@°) < —70pa(AZ°) — |Az° —b|* + ;’0 17° — 712

QBL

Finally, using §° := Vp;(0™) and the 1- Lipschitz continuity of Vpj, we have
17° — 51 = V0 (85™ (A2 = 8) — Vpp(0)]| < 185 1(Az° — b)]| = 551 Az° — b
Substituting this bound into the last inequality we obtain (5I)). The remaining
statement of this lemma consequently follows from . O
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A.4 The proof of Theorem 3} The convergence analysis of the m method
Let us abbreviate 7} :=z%, (7%), 9} '—yEM(Ak) U '—y}kJrl(’k) and G:=G,, 3,

Using the definition of g~, the third line gt = (1-7)y —I—Tkg}k of (APSGARD))
and the first condition vy > (1 — 7%)7y of ., we have:

Gk+1( . ) - fﬁk+1 (wk+ ) - g’Yk+1 (yk-H)
+ f k+1( k+1) min {Tk [f(x) + (Az — b, QZ)} (1]
+ (1= 1) [f(@) + (Az = b,5") + (@) yy rw € X (117)
Since f5(-) = f(:) + pp(-) = f(-) + Bpy (B~ (A - —b)) due to (28), we can estimate
the first term [-][) of as:
[y = f(z) + (Az — b, gp)
= f(@) + (AZ" —b,G%) — Brrapy (95) + (AT 9k @ — &%) + Brenapy (9)
= [(2) + gy (rik) + (VBB (&%), 2 — &%) + Biyapy (95)- (118)

Next, we bound []j9) of (L17) as follows. Using the definition of gy with pz(A(-)) +
pz(-) and g, (%) = f5, (x ) G (@"), we can derive:

[ = f(z) + (Az — b,7") + 1ppe ()
> min { f(2) + (A2 = b,7%) + wpo(2) : ¢ € X } + (w/2) |2 — 73
= 97 (F)+ (ne/2) 2 —74]° = f5, (F°) — Gr(@") + (e/2) |z —Z4]>.  (119)

Substituting 8 := Sk and x := z* into , we have:

_ _k — ~k — ~k\ -k -k ~k
pﬁkﬂ(x )2p5k+1(z )+<Vp/3k+1(x )7:17 - >—'_W”A(‘r -z )”2

Using this inequality, the first inequality of as in the proof of Lemma |4} and
the convexity and Lipschitz gradient continuity of pg, we have:

5 (7°) = f3, @) = (Br = Braa )y (B, ()
= f(fk) +I7Bk+1 (fk) - (5k - 5k+1)Py(yEkﬂ (fk))
2 f(jk) + DBin (ik) vPﬁkJrl (x )s - > + ﬁm (120)
where Ty, := m“A(x —iM)12 - (Bx — Bret1)Py (Y3, (z*)). Substituting (120),

and (118) into (TI7), we obtain:
Gy 1( T ) < (1 *Tk)Gk( ")+ o ()
— min {ne [£(@) + P, () + (Vg (8%, = 3) + Bupy ()]
+ (1=78) [T+ (BF) 4 (T, (%), 8-+ Lo o572 + T }
< (1= 1) Gr(@") + fo0 (B) = TBrapy (§7) — (1 — 1) T
—min [ (1) 1(25) + 7f (2) + B, (%) + LT e a2

+ (Vg (& )7(1—Tk)i'“+mw—fk>}- (121)
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To further estimate (121)), we now define the quantity ﬁ as:
T := TuBrenrpy () + (1 — 7,) Ty,

(=) 1A@E"=2") [P = (1=7%) (Be— B )Py () (122)

=T Jk) + 55—
By (L) 5Ly, Ben

For any = € X, the point z := (1—73)Z" 4+ 7,z € X. Moreover, by using the first line

i* = (1 - 7,)3" + 7.7} of (APSCGARD), we have z — 2% = 7,(z — Z}). Using these
relations and the convexity of f with (1—73,)f(Z%) + 7. f(2) > f((1—74)Z* + ) =
f(2) into (121)), we can further derive:
G (@) < (1 = 7) G (@®) + T @) - T
. _ R _ N R 1-m7 .
—min {1(2) + B (%) + (U, (35,2 -3%) + LTy,

27y
- ~ -
< (1= m)Gr(@®) + fp,,, (@) = T,

_ gréi)rcl{f(z) + P () + (VB (37), 2—3") + : ||z—55k||2}, (123)

where, in the last inequality, we use (1—73,)v; B > La7i in (7). Since VDBin (&%) =
ATQZ, the second line of (APSGARD)|) can be expressed as:

1 = argmin { /() + (VB (2), 2=3%) + (La/@Bu)) =" P}, (124)
Since Vpg(-) is Lipschitz continuous with Lp, = 87 !||A||> = B~ 'L, we have:

_ _ _ . _ N . L _ .
Q1 (") 1= F(ET) + B, (8F) + (Vg (&), 25 —2%) + W;l||xk+1—wk||2

> f(@™) + pg,, ().
Using this inequality and into , we get:
G (@) < (1 = 1) G (") — Ty (125)
Finally, using @ and we can estimate the quantity T}, as:

(1—m)
2pr/6k+1
1

- 2Ly, Bront ['lfk*(lka)fHF + (1—7) (Tzr (%ﬁl - 1) Lf,y) ||Fk||21| . (126)

where 71, := Az" — b and 7, := A2* — b. Similar to the proof of Lemma [4] we can
show that 7~7C >0 if B <1 + 7 ) > By, which is the second condition of .

Th = Tk By () + ||A(95k—93k)||2 — (1= 73)(Br — Bret1)py (Tr)

2
Py
Using with the same argument as the proof of Lemma we can derive the
update rule for 71, 75 and B as in . The remainder of this theorem is proved
similarly as in Theorem O
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A.5 The proof of Theorem |4} The accelerated augmented Lagrangian method
Let L (z,y) := f(z) + (y, Az — b) + F||Az — b||2 be the augmented Lagrangian of
. Under Assumption A by the well-known properties of £+ [§], we have:

Ly(2",y) < Ly(2",y") = L") = 7 =g" < Ly(z,y7),
forall z € X,y € R™, (z*,y*) € W* and v > 0. This expression leads to:
99(v) < J(@) + (", Aw = b) + [ Aw = b3 < (@) + ly" Il Az = bll2 + 5 ][ Az — b3

Hence, for any y* € Y*, we obtain:

F(@) = 99(y) = f(@) = £ 2 ~lly" | Az = bl|2 - %uAm —bl5, (120)

for all (z,y) € W. Let t := ||AZ* — b||2. By combining and Gg(w) = fg(x) —
gv(y), we obtain =32 9|t — 2G5, (0F) < 0. Smce Bry1 = (1= 7) B,

we have v.8; = 08k = (1 = 70)(1 = 71) - (1 = 7_1)Bovo = [[F -0 (1 = 7) < 1 for
k > 1. Hence, the last inequality leads to:

14z —bll2 < (%) (1" ||+\/\|y 12 + ”"5’“) G (@F) | (128)

To prove , we note from the update rule that (1 — 1) =

2
Hence, 81, = Bo Hf:ol(lfn) = % = BOT]?. By elementary calculations, we can
2

Yo Bk YoBoTi  _ _Ti 4
Fia for k> 0. Hence, {20 < 120 5l = 1207 < maerm) <

In addition, G g, (@ k) <0 due to Lemma@ Using these estimates into

show that 7, <

(k-H)2
, we obtain ||Aac —bll2 < %, which is the first inequality of .

From ([27) and G5(w) = f3(2) = g7(y) we have f(#") — f* < f(7*) — 97 (7") =
Go8s (u_)k) < 0. This inequality and (127) imply the second inequality of (64). The
remaining conclusion consequently follows from . O

A.6 The proof of Corollary [T} The fully strong convexity of the objective function
Let us define G3(w) := f5(z)—g(y), where fg is deﬁned by (23]) and g is defined by

. By the update scheme (ADSGARD,|) and , the gap reductlon condition
ng (@) < (1 — 73)Gp, (0F) + mpp < (1 — Tk)Gﬁk( @") in Lemma@holds

Hence, G, (0") < wyGpg, (@"). Since @° is computed by (67)), we have G5, (w°) < 0.
Consequently, G, (@) < 0 for k > 0. Similar to the proof of Lemma we
can show that:

_ _ _ _ _ _ 1 _
~lly INAZ* bl < £@) - 1" < @) =9(5") = £5. (@) — 95" - g5 14T
_ 1 _k 2 1 _k 2
= Gg (%) — ——||AZ" — b||? < ———||1AZ" — b))
5 (@) = 5| I” < —55.] [
This inequality leads to:
— Dy« || Az* —b|| < f(z") — f* <0, and |AZ" —b]| < 28, Dy-. (129)

Now, by using [53, Theorem 4], we can show that {8;} updated by . ) satisfies
B < 260 (k+2)_2 Since o := Ly = Zz 11, ~1A4;))?, substituting these expressions
into , we obtain the first and the second estimates of .
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Finally, we prove the last estimate of (68]). Indeed, by the strong convexity
of fi, we have fi(#}) — fi(a}) > (&5, (7). 7} — 2}) + (up/2)|T — 7|13, where
£, (x7) € 8f;(x]) is one subgradient of f; at x} for i € Zy. On the other hand, since
z* is the optimal solution of , using the optimality condition of this problem,
we have (£}, (z}) + A7 y*,z; — x}) > 0 for any z; € X; and y* € Y* and Az} = b;
for i € Zy. Using these expressions, we can show that:

N
_k Kfi =k —k Bk —k
1@ =) 2 Srllet-all ~ Az -b,y") = St 1P =yl Az,
i=1

where Py o= min {yy, : i € Zy}. This estimate leads to zF — 2|2 < /%[f(a’ck) -
= By
1+ %HA&:’C —b| < ?I?Ty;)’ /ﬁg/ﬁf’ which is the third estimate of (68). O
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