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FULL BLOW-UP RANGE FOR CO-ROTAIONAL WAVE MAPS
TO SURFACES OF REVOLUTION

CAN GAO

ABSTRACT. We construct blow-up solutions of the energy critical wave map
equation on R?t1 — N with polynomial blow-up rate (t~1~% for blow-up at
t = 0) in the case when N is a surface of revolution. Here we extend the
blow-up range found by Carstea (v > %) based on the work by Krieger, Schlag
and Tataru to v > 0. This work relies on and generalizes the recent result of
Krieger and the author where the target manifold is chosen as the standard
sphere.

1. INTRODUCTION

A wave map is a map u from n + 1 dimensional Minkowski space-time with
signature (—1,1,...,1) to a Riemannian Manifold A/. Tt is defined as a critical point
of the action functional, which is the following Lagrangian

L(u) = / (Oqu, 0%u) nr do, O = m“ﬂaﬁ
R2+1

where o = 0,1, ...,nn, and m®? is the Minkowski metric.

The wave map u : R3t! — S§3 has application to nonlinear sigma model[4]
from quantum field theory in modern physics, so it is very interesting to study
the cases when target manifolds are spheres. The case u : R?*' — H? is a model
problem arising from the study of Finstein’s equation|2]. The curvature of the
target manifold plays an important role in the global well-posedness properties of
the corresponding equation. In the energy critical case (we will explain below what
is energy critical) global well-posedness fails for the S? target, while it holds for H?
(see below theorem [I1] and see[6] [7] and references therein). Another important
observation is wave maps are the natural hyperbolic analogues of the much studied
harmonic map heat flow, which in local coordinates is described by

St = Aul + Z F;kaaujao‘uk
a=1

Consider the following model equation
(1.1) Ou = N(u,Vu), (u,0:u)|t=0 = (ug,u1)

for some smooth N(., .). Wave maps in local coordinates fall into this category. Ma-
jor studies of this problem fall into the following directions: i) local existence the-
ory(strong local well-posedness); ii) small data global existence theory(weak global
well posed-ness); iii) approaching the large data problem in the critical dimension
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n=2 and hyperbolic target; iv) imposing symmetry: radial and equivariant wave
maps in the case n=2; v) singularity formation in the critical dimension. For details
of the main results in those directions, we refer the reader to a very well-written
survey paper on wave maps by Krieger [5] and the references therein.

In this paper, we study the blow-up solutions of energy critical co-rotational
wave map equation on R**! — N with polynomial blow-up rate in the case when
N is a surface of revolution. Before we move further, we shall explain first about
energy critical and definition of co-rotational.

Scaling constraints. Assume that the set of solutions u(¢, ) of (II)) is invariant
under the scaling transformation u(t,z) — A*u(At, Az).Then one introduces the

critical Sobolev index s. = % — «. Observe that the norm

luoll groe + lwrll groe—1

is left invariant under the re-scaling. Note that

Se = =

2

for wave maps in the local coordinate formulation.
Energy constraints. A quantity

Elu] Z [Jull o + [lutl| oo

which is preserved under the flow. Then one distinguishes between: i) energy
subcritical s, < so: one expects global well-posedness, provided strong local well-
posedness in the full subcritical range, or also just for some s, < s < so; ii)
energy critical s, = sg: global well-posedness hinges on fine structure of equation;
iii) energy supercritical s. > so: no global well-posedness for generic large data
expected.

Note that when the background is 2 4+ 1-dimensional, wave maps are energy
critical. This means explicitly the following quantity

(1.2) E(u) = /11&2 [|Ut|2 + |qu|2u dx

is invariant under the intrinsic scaling (recall that s. = n/2 in the local coordinate
formulation)

u(t, ) = u(At, Ax)

Co-rotational wave maps. A wave map u : R?T! — M is called equivariant
provided we have

u(t,wz) = pw)u(t, z),Yw € St
Here p(w) acts as an isometry on M and w € S* acts on R? in the canonical

fashion as rotations. For global well-posedness of equivariant wave maps we have
the following important results by Shatah, Tahvildar-Zadeh [10]

Theorem 1.1 (Shatah, Tahvildar-Zadeh). Let the target (M, g) be a warped product
manifold satisfying a suitable geodesic convexity condition. Then equivariant wave
maps u : R2TY — M with smooth data stay globally regular.

However, the case u : R2Tt — S2 does not satisfy the hypotheses of the preceding
theorem. Thus the discovery of the singularity for this case is very crucial. We let
St act on S? by means of rotations around the z-axis via p(w) = kw, k € Z/{0},
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w € S'. Fixing a k, the wave map is then determined in terms of the polar angle,
and becomes a scalar equation on R'*! as follows:
sin(2u)

2r2

1
(1.3) — Upt + Upp + —uyp = k2
r

The case k = 1 in particular is called co-rotational.
M. Struwe’s fundamental work [I1] on the structure of singularities of co-rotational
Wave maps shows that

Theorem 1.2 (Struwe). Let u be a smooth co-rotational wave map which cannot
be smoothly extended past time T, there exists t; — T, X; — +00 s.t. on each
fixed time slice t = t;, we can write

u(ti, x) = Q(A(t;)x) + e(ts, x)

where Q is ground state (harmonic map) Q : R* — S, while the local energy of €
converges to 0.

Furthermore, Struwe established an upper bound on the blow up rate

(1.4) _lim At)(T —t;) = +o0

The approach we take starts from [9], where the authors demonstrated a method
of building finite time blow-up solutions for critical wave maps by adding corrections
to an ansatz generated by rescaling the ground-state harmonic map to form an
approximate solution and controlling the errors to zero. The blow-up rate from
their paper is A\(t) = t~17¥, with a blow-up range v > % According to the work
[T1] by M. Struwe (see above), this result is not optimal (Replace A(t) = ¢t~17" in
(T4), one can see that the optimal range for v shall be (0, c0)).

In a joint work by the author and Krieger in [3], the blow-up range is extended
to the full range v > 0 which is optimal. It is also interesting to consider the
same problem in a more general situation when the target manifold is a surface
of revolution. A work on this case which is parallel of [9] was due to Carstea [I].
However, as in [9], the blow-up range in [I] is not optimal. In this paper, we will
indicate how to combine the techniques of [Il [3] to obtain the optimal blow-up
range in this setting. For more detailed references concerning the blow-up dynamic
of wave maps one can refer to [3].

Let A be a surface of revolution equipped with a Riemannian metric

ds® = dp® + g(p)*df

for A being produced by rotating the graph of a function y = f(z) around the
z-axis.

Remark 1.3. A detailed discussion of what properties g shall satisfy can be found in
[1]. Those properties will give the relevant properties of the ground state (harmonic
map) which one needs to use when proving some intermediate conclusions when
building the approximate solutions. What this paper will focus on is the main
difference and changes raised because of the new setting of target manifold we
have. However, no changes are required according to the parts of proofs relevant
to g. Thus, we refer the reader to [I] for the details about what properties g need
to satisfy.
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In the case of surfaces of revolution, the equation for co-rotational wave maps
takes a form similar to (I3]). A simple computation (see [I]) gives

(1.5) —0Pu+ 0%u + %&u = fﬁ;‘), f(u) = g(u)g'(u).

Pick a stationary solution with finite energy for (LH) as was shown in [I]. We
state our result

Theorem 1.4. For any v > 0, there exist T > 0 and co-rotational initial data

(f,g) with
(f =7, 9) € Han * x HZ,
4 solution u(t,r), t € (0,T) which blows up at time t = 0 and has the following
representation:
u(t,r) = Q\(t)r) +e(t,r)
where \(t) = =17, and such that the function

@,r) — (eies(t,r), ewat(t, 7“)) e H'*v~ (RQ) x HY~ (RQ)
uniformly in t. Also, we have the asymptotic ast — 0

Eloc (s(t, )) <t 10g2t

2. A OVERVIEW OF THE PROOF FOR THEOREM [[ 4]

In the work on co-rotational wave maps to S? target by Krieger, Schlag, and
Tataru [9], it was found that solutions exist with the blow-up rate A(t) = t=17,
for the continnum of blow-up rates of any v > 1/2. In a joint work of the author
and Krieger [3], this range was extended to v > 0. Since the construction to be
described in this paper is based heavily on that of the previously mentioned works,
we recall for the convenience of the readers the basic scheme.

The method of construction relies on building approximate solutions starting
from the initial guess u(t, ) &~ Q(\(¢t)r) where Q(r) is the stationary ground state.
If one naively plugs in Q(A(¢)r) into the equation, the error term generated is
(rN())2Q" (A\(t)r) + rN'(t)Q'(A(t)r), which turns out to be “large”. Thus one
cannot directly use perturbative techniques to find the solution. Instead, we first
correct the error (within the past light cone from the singularity) using an iterative
scheme, until the error becomes sufficiently small. In the following we will using
the notation R = A(¢)r.”

Theorem 2.1. Assume k € N. There exists an approzimate solution usg—1(R)
within the backwards light cone from the singularity for (L3) which can be written
as

a C 2y, Gk (log(1 + R?))
usk—1(t,7) = Q(R) + (t)\>2Rlog(1+R )+ (t/\)QR—i—O( ) )
with a corresponding error of size
1 [f(uar—1)
€op—1:= (— OF +02 + ;&)uzkfl T2
B R i R(log(1 + R?%))?

*Here we use the identification of the wave map with a function (¢, r) as before.
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Here the implied constant in the O(...) symbols are uniform in t € (0,9] for some

d = d(k) > 0 sufficiently small.

This is proved by means of an iterative scheme (see section [)) that improves the
error at each double step. Actually at each step we approximately solve the wave
equation first close to » = 0 then close to the light cone » = ¢. In both cases it will
reduce to solve an ODE (a Sturm-Louville equation). It is important to observe
here that the restriction v > % imposed in [I] does not come in at this stage; in
fact, any v > 0 will suffice. For the sake of readability, only theorem 2] as well as
the finer representation of the errors as specified in ([A8]) will be used in the final
proof of the main theorem (the exact solution) in section Bl The reader can treat
section [l as a black box if desired only up to these statements.

In section Bl we complete the approximate solution to the exact one by adding
correction via the ansatz u(t,r) = uak—1(t,r) + &(t,r). Before giving the relevant
PDE of such term . We first renormalize the time ¢ into 7 := v~1¢t~%, note that
with respect to this time, we get

1+v

A7) = A7) = (vr) ™

We also have the re-scaled variable R = A(7)r respectively. We shall assume that

leak—1(t,7)| < N r<t

for some sufficiently large N, which is possible if we choose k large enough. We
shall also assume the fine structure of es;_1 as in section [l and more specifically
as in [LF)). We can complete the approximate solution usg—1 to an exact solution
U = uUgk—1 + €. , where € solves the following equation:

- [(o-+ %Raﬁg)z + A—;(ar + A—;RaR)}s + (0% + }%83 ~ 7f/(%(2R)))a
(2.1) = —%[621@—1 + Nak—1(e)],
where
(2.2) Nok1() = 51 (wo)e — fluze— +2) + fluze2)].

After changing of function &(7, R) = R'/?¢(r, R), [&I) becomes
(2.3)
A 1A
—(0; + ZEROR)? + = (5F
(= (0r + 5 RIR)* + 7 (5
The strategy is to formulate this equation in terms of the Fourier coefficients of &
with respect to the generalized Fourier basis associated with £ given by

3 1

L=—0p+ gz +V(R), V(R)=—55[1- f(QR))
with Q(R) the ground state. Dealing with (23], one needs to develop some rather
sophisticated spectral theory. The spectral theory of £ follows from [1] (more
exactly [9]), we refer the reader to [9] to see a detailed discussion. To find &, one
employes a fixed point argument in suitable Banach spaces, and it is here, in the
treatment of the nonlinear terms with singular weights, that the restriction on v
comes in (see [I, [@]). More precisely (see lemma 7.2 in [I]), this condition is needed
there to make sufficient embedding between suitable function spaces to control the
nonlinear terms.

1 Ary~ ~ _o 1 1
)2+§8T(7))a—£5:)\ 2R2 (Ngkfl(R 2g)+62k,1)
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In [3], the authors overcome this restriction (in the case while target manifold
is sphere). We will employ this method in our problem (while target manifold is
surfaces of revolution) in section Bl which is as following;:

Firstly, by a more closely analysis of the zeroth iterate (to be explained below)
for £. We show that one can split this into the sum of two terms, one of which has a
regularity gain which lands us in the regime in [9] is applicable, the other of which
does not gain regularity but satisfies an a priori L* bound near the symmetry
axis R = 0. So the relevant terms with a singular weight R=3/2 at R = 0, such
as R3/282 (see section 3] can be estimated without adding any conditions for the
regularity. The reason why they can control the part of the zeroth iterate near
R = 0 comes from the fact that the singular behavior of the approximate solution
from the first part of the construction and the error it generates is localized to
the boundary of the light cone. Then, by writing the equation for the distorted
Fourier transform of £ we will show that the higher iterates all differ from the zeroth
iterate by terms with a smoothness gain. This will then suffice to show the desired
convergence.

Remark 2.2. The proof of Theorem [[.4], unsurprisingly, has large overlap with the
constructions of [Il B]. For brevity we will only indicate in this note the modifica-
tions necessary, and will refer the reader to [I] 3] for the proofs of many intermediate
steps.

Remark 2.3. In the new situation, the main difficulty for proof of Theorem [I.4] is
that we can not write the nonlinear term explicitly. Thus in the relevant step (see
step 3 below) when constructing the approximate solutions and in the second part
where the ‘perturbative scheme’ is introduced for the exact solutions, one needs to
redo or adjust the proofs for the new nonlinear source term. In [3], the authors
correct the inaccuracies in [9] according to the approximate solution step such as
the omission of some logarithm factors in the algebra of the special function spaces.
In out paper here, the different function spaces are used correspondingly to fix such
inaccuracies in [I]. So some part of the arguments need to be restated during the
construction of the approximate solutions.

3. CONSTRUCTION OF THE EXACT SOLUTIONS

This is the very end of the proof of the main theorem. However this is where the
‘key structure’ is introduced following [3] to make it possible to relax the constraint
on v. For the readers who are interested in the construction of the approximate
solutions, we give the proof in section [dl

On the base that an approximate solution has been constructed with a corre-
sponding error term which decays rapidly in the renormalized time 7 := v~ 1¢t7%, we
can complete the approximate solution uor_1 to an exact solution v = wugr_1 + €.
After changing of function (which gives us a new relevant £, see section 2) and
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applying a distorted Fourier transfornf] to the equation of & ( 3) in section 2):
(3.1)

Ar 1 1. A
(= (0 + TRaR)2 + 1(7)2 +50(
One shall get a equation of the Fourier coefficients, which we call the transport
equation.

The main difficulty is caused by the operator ROr which is not diagonal in the
Fourier basis. To deal with this, we replace the distorted Fourier transform of ROru
with 2£0; modulo an error which will be treated perturbatively. We define the error
operator K by

Ar ~ o~ _o 1 1
))E — L= )T2R>2 (Ngk_l(R 2E) + egk_l)

Rpu = —260:0 + Ka
where f: F f is the distorted Fourier transform.
To proceed further, we have to precisely understand the structure of the ’trans-
ference operator’ K. Make the
Definition 3.1. We call an operator K to be ’smoothing’, provided it enjoys the
mapping property
~ 1
K:L* — L7 va

For the definition of a weighted L*-space L2, we have

lullze = ([ @R (6 p(e) de)

If we put the terms with a ‘smooth’ property to the right hand side of the equality
in the transport equation. Then the Fourier coefficients (we call them z(7,§)) of €
with respect to the generalized Fourier basis satisfy

(3.2) D+ &x = f(2,9),

where we have the operator

=

A 3, r'(6E
D, =0, \ [25(954-24' () ]
and
Ar Ar Az ar-2 2
—f :271%(87 — 72585)35 + (7) [IC —(K-Ko)* - 2[{85,IC0H33
(3.3)

* 87()\77)1%17 + )‘72]:[1%% (NQkfl(Rfég) +eap)] —er %z

For Ky, according to [I] we give it as (see theorem 5.1[1])

_ (3 )
K= —(5 + W)%(f —n) + Ko.

*Here the distorted Fourier transform is defined via combining one function ¢(r, z) from the
fundamental system for £ —z and its inverse is given using the density function p() of the spectral
measure of £, where L is a key operator raised from the exact solution’s equation and z € C.
More precisely, the distorted Fourier transform is

Fioh©= [ o oh(rr
0
when the inverse is o
Fohe) = [T eln (@,
The detailed explanation for ¢(r, z) and p(§) is in [3} [9].
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Remark 3.2. Although the problem dealt in [3] is different than ours, the process
at this stage is very close. We refer the readers to [3] for those technical details we
omit here when deducing the final transport equation (mainly the straightforward
computation) and below for brevity.

The explicit solution of (B2) is given as:

Lemma 3.3 ([3]). The equation [B2) is formally solved by the following parametriz

A
A

§)do =: (Uf)(7,€)

[N N

1.2%(7)

) P2 ( (o £) A (r

D) 2 S . 7,02 (1)6) 0, g

(@)  pz(§) A%(o)
One key fact from [3] is we have the following mapping property of the parametrix

with respect to suitable Banach spaces:

B ar6) = [

Lemma 3.4 (lemma 5.6, [3]). Introducing the norm
/1l g = sup () 2o
T>T0

we have
HUfHLi,cw%;N—z < HfHL,%’Q%N

provided N is sufficiently large.

For the future reference, we will use the following norm:

il = ( / T 2016 ple) de)

Nl=

where

h(R) = /0 " B(R,©)x(€)p(6) de.

3.1. Zeroth, first and higher iterative schemes. After formulating (3:2)) as an
integral equation, we need to find a suitable fixed point, which will be the desired
x(7,&). We construct these via

(3-5) a(1,€) = (Uf)(7,€)
with f(z,€) as in (84). To find such a fixed point, we use the iterative scheme
ij(T, 5) = (Ufjfl)(Ta 5)7 Jj=1

The function f; is given as

)\T )“r )\.,-
(3:6)  —f; =27 Ko(9r — 72606); + (7)2[,62 (K = Ko)? — 2[€0e, Kol
Ar ~ N L .
+0r (5K + A PF[R? (Nop—1(R™28;) + ap—1)] — 7 %x;

The zeroth iterate in turn is defined via
20(7,€) = (UN2F[R? (e21-1)])(7, );
We have the following proposition proved in [3]
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. . o, . . . ~ v
Froposﬂslon 3.5 (proposition 5.7, [3]). Replacing eax—1 with €z,—1 € HE,p where
Cak—1|r<t = €2p—1, We can write
1 2
Ty = 3:8 ) + xé )

where

2,14%—

_ 2, 41 _
Npyzm2m 2@ e N2

;E(l) cT

and also
Xr<1852(7, R) = Xr<1 / $(R, )z (1,)p(€)de € TNRIL®, yps1 B SN
0

We can rephrase it as following, which is identical to Corollary 5.9 in [3].

Proposition 3.6. Denote by Py the frequency localizers
F(Pxf) () = xa(©(F ) (€)

where x<x(§) is a smooth cutoff function localizing to & S A, as in [9]; here X is a
dyadic number. Then we have

XR<1P<A%1) er NR3L>
uniformly in A > 1. Furthermore, for any integer | > 0, we have

VLR EPLEY = 0(r)
uniformly in A > 1.

Remark 3.7. This is the key structure from [3], with which the we are able to invoke
lemma 31Tl to control the nonlinear term and prove [B.7) (see below).

Based on lemma [3.4] we know

||Ufj71||Li,1+gf S i-all 2gvg-
P

For the first iterate, the estimate for the most terms in ([B.6) follows the same
arguments in [3]. We list the unchanged results (see [3] for proof) as following

Ar N -
(@—wameTNwi

Ar A o L
27’60(87' - 72§6£)x0 cT N 2L’2)72+2
— 2,14+%—
x TR — (K — Ko)? - 2[¢0e, Kollao € 75 2L N
(ﬁ)KOxO —cT xo c T—N—2Li,%+g,

For the nonlinear term, which is the key of the whole argument, we will prove the
following in the next section (according to Lemma 3.4)

(3.7) A2RE Ny_1(R™28) € TﬁN*QLiV%jL%i

Let us for now accept the facts above and conclude here the key conclusion in
this step
HfEl(Tu ) - wO(Tv .)HL2 1+5- < N~ ! 7N7

Ar 1 __N—
H(BT_72585)(;51(7—7')_550(7—7'))HL§%+%* SN lT Nt
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Then we define
B= [ AR )~ o(r )p@ds + [ OB Danlr Op(€)de
0 0
which will allow us to write
évl = g(l)(Ta ) + g(2) (7-7 )

gM(r,.) and &) (7,) satisfy exactly the kind of structure we need to invoke the
bound for nonlinear source term in lemma B.I1l Continuing running the iterate
scheme will give us the bounds

l25(7) = @j-a(7, ')HLi’H%* SN,

100 = 222600 (. =115 3oy S NN
This will close the fix point argument which proves we have
Tr¢ € Hats— Ortr e € H2™.
Through lemma 7.1 in [I] (it was proven in [9]):
Lemma 3.8. Assume |a| < ¥+ 3, g€ 15(1,Q). Then we have
lgfllag S 11f11mg

It indicates the existence of the exact solution e(7,-) € T~ NHy"", as well as
dre(r,-) e T-NTIHES

3.2. The nonlinear source terms. We will give an analysis to the new nonlinear
source term to complete our work in this section. We recall the following formula
for the main source term:

(3.8)

1 ~

NPRE Ny 1(R38) = 25 [/ (u0)Z — f(uzk—z + R2E)RE + f(uzp—2)R?]

1 ~ 1 1 _11

(3.9) = [f'(uo) = f'(uzk—2)]& — s Z ﬁf(l)(uzkfz)(R 2¢)
1>2
According to the preceding proposition, we have
Zg € TﬁNLf,’%Jr;f

whence .

go(r,) € T_NHE+7_
This means that for the source terms, we need at least H p% "~ -regularity. In fact, we
can do much better for the term 7 [f/(uo)e — f’(ugk—2)&]. Recall that

2k—2
Ugk—2 = U + Z Vj
=1
where we have
1 3 2k—1 1 3(p3 2k—1
V2k—1 € WIS (R(lOgR) ,Qk*l), Vo € W[S (R (10gR) ,Qk)

which implies
1

G IS*(Rlog R, Q)

Ugkp—2 — Up €
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Moreover, we recall some useful results in [I] [9].

Lemma 3.9 (lemma 3.9-10, [1]). f®*) (ug) € IS*(R™Y) and f@FY) (ug) € 1S°(1).
Moreover, if

1
z € G IS'(R(log R), Q),
then
FE) (yy + 2(R)) € #Isl(R(logR), Q)
and

F@HD (yo + 2(R)) € 18°(1, Q).

Thus for 7z [f'(u0)g — f/(u2k—2)E], we have

fl(uo) — fl(u2k—2) . lez %f(l)(uo)(uzk—2 - uo)l c 1
R - R? (tN)

and lemma B8 will give us the following bound

S15(1, Q)

(310) [ @) — F )y yep- S NI g s

To deal with the rest ‘truly’ nonlinear terms, we first split them into two parts

1 1
772 i/ Vlana) (R73E) =

1>2
1 1 2l —_1.521
(3.11) EZﬁf( )(Uzk—2)(R 25)
1>1
1 1 _1.520+1
(3.12) +?Zﬁf(2l+l)(u2k—2)(R 78)""
2 =1

We can write (B11)) in the form

(20 _
R,ggzz%f (uo +;2k72 up) (Rf1gz)l*1

and meanwhile write (812) as
3 1 1y -1
R 383 Z ﬁf(2l+1) (UO 4 Usp—o — UO)(R 1(%'2)
>1
According to Lemma [3.9] we observe that
S (ug + gk — uo)
R )
Thus via Lemma (3.8), we can estimate the H7 norm of (3.11]) and ([B.12) by the
H norm of

f(2l+1) (’U,() —+ Uk —2 — ’LLO) S ISO(L Q)

R322¢(R'&), R7SBqR ')
where a here is £ + £— and g(-) is a real analytic function.
We recall a very technical and crucial lemma proved in [3]
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Lemma 3.10 (lemma 5.12, [3]). Assume that all of f,g,h are either in H2+2 N

R2L% as well as with their frequency localized constituents P<)(+) € log AR2 L[>
and XR<1VZR(R_%P<,\(-)) € L, 1 >0, uniformly in A\ > 1, or in H 27 Then
we have

R 3fghe H2t5~ N RIL>®, P.\(R™3fgh) € log A\R*L>®, P.5(R™®fgh) € RL™

with the latter two inclusions uniformly in A\ > 1. Also, if h; € H,,éJr%f N R3 L
and further P<yh; € RL* as well as XR<1VZR (R‘1P<,\hj) € L, 1 >0, uniformly
mn A, or else hj € H;Jr%f, forj=1,2,...,2N, then we have

3fth h2jh2jl c H2tE~

We also get
A
_3 v
R 2fg H(]'_%h2jh2j_1) S H3ts
Jj=1
Invoke the conclusion from lemma [3.10] one can prove:

Lemma 3.11. Providing

<1

_3 _3
181305 gt g S B EPEIL~ S 1, xrar V(R P?) e £1

uniformly in A > 11 > 0, we have
1 ~ e _
||—2 [f'(u0)& — f'(uak—2)E] HHP§+%7 < () 2H§HH§+%7

_1.,2
”_lef(2l) uk—2)(R™2€) HH2+7— < &l 2+2

>1

3
NR2 Le°

L (2l+1) R3% 20+1 <
= ;l,f (2) (RT3 s SR gy

The last two estimates’ right hand side space can be replaced by H:Y5~ with a
change of the bound of € by
11 yg-

4. THE CONSTRUCTION OF THE APPROXIMATE SOLUTIONS

To build the approximate solution as in theorem 2.1 we follow the scheme in
[9]. We start from the stationary harmonic mafg] Q(R). Setting R = A(t)r we
take ug(t,z) = Q(A(t)x) for A(t) = t~17 and then add corrections vy iteratively
up = ug + Z?:l vk. In a first approximation we linearize the equation for the
correction € = u — u around € = 0 and substitute u; by ug. Then we have the
linear approximate equation

1 1
(-0t +0r + ;&)8 — T—2f'(u0)£ ~ —eg,

* The properties of ground state are needed to prove the spectral theory of £. Since we will
employ the same spectral theory as it is in [I], we refer the reader to section 2 [I] for the discussion
of properties of such ground states,
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From here we split into two different cases: considering the case r < t when we
expect the time derivative to play a lesser role thus we neglect it (where (@IJ) below
comes from); considering the case r = t when the time and spatial derivative have
the same strength. We can identify another principal variable, namely a = 7/t and
think of e as a function of (¢, a) so we can reduce this case to a Strum-Liouville
problem in a which becomes singular at a = 1 (where(@Z) comes from). After each
step of adding the correction, we also estimate the size of the errors. This makes
each round of the scheme with four steps to go. For odd and even steps, we have
different equations for the corrections vy:

1 1
(41) (63 + ;& — T_Qf/(uo))v2k+l = —€gk
1 1
(4.2) (—o0f+0r + ;67‘ - T—Q)U2k+2 = —Chrt1

with Cauchy zero datd] at r = 0, andl where

(4.3) en=(—-02+0>+ %&)uk - T%f(we)

(4.4) €2k+1 = e%k — 8t2v2k+1 + Nogt1(vary1), eon = 6%1@71 + Nog (var)
(45)  Noea(v) = 17 (o) — fluzeos +0) + Flunp2)]

(46)  Noe(w) = 5 — (s + ) — Fluzi )]

Remark 4.1. Note here a technical detail is we split ex into e = 62 + e,lC where 62

is the so-called principle part and the rest ej, the so-called higher order part, will
be left and merge into the next step while analyzing the error vgy1 (will be precise
below in step 1 and 3). Also we will switch to the principle variable ‘a’ for equation
([#2) in step 3 as already mentioned in the above section.

To formalize this scheme we need to define suitable function spaces in the light-
cone

Co={(t,r):0<r<t,0<t<tp}

to puﬁ our successive corrections and errors. They are following closely from those
in [3]

Definition 4.2. Fori € N, let j(i) = i if v is irrational, respectively j(i) = 2i% if
v 1s rational. Then

e QO is the algebra of continuous functions q : [0,1] — R with the following
properties:
(i) q is analytic in [0,1) with even expansion around a = 0.

*The coefficients are singular at » = 0, therefore this has to be given a suitable interpretation
below (see remark [£.6)).

TThere is a typo in [I] for the sign of the term f(ugg_2). This does not influence the result in
[I] but it matters for our analysis for the nonlinear source terms in later section.

fOne shall note that those definitions are very natural according to a direct computation for
the first round of the iterative scheme (see [3] for the case when target manifold is sphere).
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(i) near a =1 we have an absolutely com}ergent expansion of the form

_;’_Z ﬁ(z +3 Z%] ]Ogl_a))

J(3)

+Z Z)+2ZQ1J 1Og1_a))

with analytic coefficients qo, ¢ ;, and B(i) = iv, ﬂ(z) = vi+ %
o Q, is the algebra which is defined similarly, but also requiring ¢; ;(1) =0
ift>2n+1.
We also define the space of functions obtained by differentiating Q,,:

Definition 4.3. Define Q' as in the preceding definition but replacing £(i) b
B'(i) = B(i) — 1, and similarly for Q).

Definition 4.4. S™(RF(log R)!) is the class of analytic functions v : [0,00) — R
with the following properties:

(i) v vanishes of order n at R = 0.

(i) v has a convergent expansion near R = oo

V= Z C,LJRkiz(log R)J
0<j<i+1
>0

The final function space S™(R*(log R)!,Q,,) is defined slightly different than
Definition 3.5 in [3] where we add an extra ‘b’ into it. This is simply for applying
the results from [I] later. We state it here precisely.

Definition 4.5. (Definition 3.5, [3]) Introduce the symbols

~ (log(1+R?)*  (log(1+ R?) , 1
I Y e O VER N (Ve
Pick t sufficiently small such that all b, by, ba, when restricted to the light coner <t
are of size at most bg.
e S™(R*(log R)!, Q,,) is the class of analytic functions v : [0,00) x [0,1) x
[0,b0]> = R so that
(i) v is analytic as a function of R,b,by, b,
v :[0,00) x [0,b0]® = Qp
(i) v vanishes to order m at R = 0.
(i4i) v admits a convergent expansion at R = oo,

U(Ra 'abv b17b2) = Z Cij('abv blvbQ)Rkii(log R)J

0<j<i+i
i>0

where the coefficients c;; : [0, b0]3 — Q,, are analytic with respect to b, by .
e IS™(R*(log R)!, Q,,) is the class of analytic functions w inside the cone
r <t which can be represented as

w(t,r) = v(R,a,b, by, by), v € S™(RF(log R)!, Q,)
and t > 0 sufficiently small.
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Remark 4.6. The functional spaces S™(R*(log R)!, Q) satisfy some good asymp-
totic behaviors (for example, they vanish in order m at R = 0) so the existence of
the solutions to equation ([I]) and (£2) will make sense in those spaces although
the coefficients are singular at R = 0 in general.

Following the method in [9], the idea for proving theorem 211 is to inductively
show that we can choose the corrections vy to be in relevant function spaces:

1
(47) Vokp—1 € WISS (R(log ‘R)2k7—17 Qk—l)
1
(4.8) tleop_1 € Wlsl(R(logR)%_l, Q1)
1 _
(49) Vor € W[SS (R3(1OgR)2k 1, Qk)

1
(4.10) t2eqp € W[Isl(Rfl(log R)* . Qp) + (b, b1, ba)[IS* (R(log R)*1, Q)]

and the starting error eg satisfying
eg € ISY(R™Y)

Here we denote by (b, b1, bs) the ideal generated by b, by, bo inside the algebra
generated by b, by, by. Now we give a brief outline of the proof for [[.4}

Proof. First one shall check e € IS'(R™!), this can be done by a direct computa-
tion (see step 0 in [I]). Then assuming (£’1—{4T10) hold up to k — 1, the first task
would be proving [{@7) for k.

Step 1: For esp_o,k > 1, proves vop_1 satisfies ([&7).

For this one first needs to choose the right ‘principal part’ of esr_o which we call
9, _o- This is done by throwing away the ‘higher order parts’, which we call e3,
and which belong to the same space as esx—1. The way to do it is as following:
when k =1 we let €] := eq, if k > 1, we let €3, _, := ear_2(R, a,0) with the setting

b, b1, by = 0. By changing into variable R, equation (1] becomes:

(t>\)2L’02k,1 = —t268k72.
Here the operator L is
1 ' (uo)
92
L = 8R + E&R - R2

To get the desired result, one needs to prove the following lemma:

Lemma 4.7. The solution of Lv = ¢ € S*(R™*(log R)?*~2), with v(0) = v'(0) = 0,
has the regularity
v € S3(R(log R)*71).

This is already proven as Lemma 3.11 in [I], so we conclude (7).

Step 2: Choose var_1 as in [@1) with error ear—1 satisfying [A1)).
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According to the definition of eg_1 above, we have
t2eon_1 = tiesy o — t20%vo_1 + 1> Nop_1(vap_1)

Since in the former step we treat a as a parameter and now we will defreeze it, some
extra terms will show up while calculating the error ea;—1. To be more precise, the
amended term t?eg,_1 we need to deal with is as following (note that t?el, . is
proved automatically thanks to the assumptions)

t2eap—1 = t*Nog_1(vag—1) + E'vo_1 + E%vop_y

where E2vq;_1 is the term in va%_l with no derivation on the a variable, and
the term E%qy_; is the terms in (—0? + 9% + %&)U%_l where derivative hits the
a variable (the extra terms from defreezing of a are included here). To prove all
those terms in .8 we refer the reader to step 2 in [I].

Step 3: Given ear—1 as in [@38)), construct vy as in (£9)

Here we have to diverge slightly from [I], since our definition of the algebra
S™(R*log R!) is different (we follow the definition in [3]). Since the equation ([@2)

for vgy, is identical with equation (3.2) for vgy, in [3]. We follow the same arguments
of step 2 in [3].
Assume
t*ear1 € ——r 15" (R(log R)** ™, Q; )

(t>\)
is given. We begin by isolating the leading component €9, , which includes the

terms of top degree in R as well as those of one degree less (the rest will merge into
ek, see step 4 below). Thus we write

2%—1
t2eh g = t)\ T2k Z ag;(a)(log R)’ t)\ N2k qu (log R)?

Consider the following equation
2L (var) = t2€3_,

where L is
1 1
=0+ 0]+ -0, — =
r r
Homogeneity considerations suggest that we should look for a solution ve; which
has the form (notice here we already switched into R)

2k—1 2k
1 1
U2k = (t)\)% 1 Z ng )(log R) (tN) 2k ngk )(log R)

The one-dimensional equations for Wg > AW/QJk are obtained by matching the powers
of log R. Then we conjugate out the power of ¢ and rewrite the systems in the a
variable, we get (see step 2 in [3] for details)

L2—1), W3, = ag;(a) — Fj(a)
Lo W, = @(a) — Fi(a)
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the definition of L3 is following [3]. Solving this system with Cauchy data at a = 0
yields solutions which satisfy

Wi (a) €a®*Qy, j=0,2k—1
Wi, €a?Qy, i=0,2

This is guaranteed by lemma 3.9 from [9]

To finish this step, we need to make a adjustment for vy, because of the singu-
larity of log R at R = 0. Also, we need to make sure that vy, has order 3 vanishing
at R = 0. Thus we define vy, as

V2 =
2k—1 2k
1

j 1 J 1 R — 1 j
(O 2 Wi, (a) (5 log(1 + Rz)) MNONEG 1+ R ]go Wik (a) (5 log(1 + R2))

We will get a large error near R = 0, but it is not very important since the purpose
of the correction is to improve the error near large R. Since a = R/t it’s easy to

pull out a a® factor from W’s and a? from W's to see that we have (@)
Step 4: Show that the error esy, generated by usy = ugg—1 + vog satisfies [@I0).

Write
1 1
t2eor = t*(e2p—1 — €9p_1) + 17 (€35 — (—0F + 02 + ;& — T—2)(U2k)) + % Noy, (vag)

where we recall that except the nonlinear term t2N2k(v2k) the rest is proved satis-
fying (@I0) following the same arguments as step 3 in [3]. For the term > Noj (vay),
the main method here is to split the nonlinear term in three parts

—t*Nog(vo) = I + 11 + I1I =a™ > {(f(uqu +var) — f(uzr—2) — fI(UQkfl))'UWc}

+a™? [(f/(u%fl) - f/(uo))v%} +a? [(f’(uo) - 1)1)24

and prove each of them lies in a sub-space of what we need in ([ZI0)

1
6 1 2k—1
Ieca —(t)\)% , bgb BIS (R(logR) ,Qk)

II € a®

> 818" (R(og R, Q)

B=b,b1,2

IS (R—l (log R)2*, Qk)

1
(tA)2k
1

IIT € a®
ca (t)\)

The arguments to prove those mimic section 3.8.3 in [I].

Remark 4.8. One might have doubts since the function space IS*(R™ (log R)") we
are using here is different than [I]. To verify this, one just needs to see that the
function spaces defined in [I] are the subspaces of our new defined function space
in [3]. Thus the argument in [I] applies to our case.
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Iteration of Step 1 - Step 4 immediately furnishes the proof of Theorem 2] .
O
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