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Abstract

We propose a multiscale method based on a finite element heterogeneous multiscale method (in space)
and the implicit Euler integrator (in time) to solve nonlinear monotone parabolic problems with
multiple scales due to spatial heterogeneities varying rapidly at a microscopic scale. The multiscale
method approximates the homogenized solution at computational cost independent of the small scale
by performing numerical upscaling (coupling of macro and micro finite element methods). Taking into
account the error due to time discretization as well as macro and micro spatial discretizations, the
convergence of the method is proved in the general L? (W) setting. For p = 2, optimal convergence
rates in the L?(H') and C°(L?) norm are derived. Numerical experiments illustrate the theoretical
error estimates and the applicability of the multiscale method to practical problems.
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1 Introduction
In this article, we propose a numerical method to solve nonlinear monotone parabolic multiscale problems

Oput (z,t) — div(A®(x, Vu© (z,t))) = f(z) in Q x (0,T), 1)
u®(z,t) =0 on I x (0,T), u°(z,0)=g(z) in £,
with given source f, initial condition g and maps A°: Q x R? — R? (indexed by ¢) on a convex polygonal
domain Q C R?, d < 3, and a finite time interval (0, 7). The variable € > 0 represents a small scale in
the problem, at which the maps A°(+, &) highly oscillate. Note that our results can be straightforwardly
extended to problems (1) with time dependent sources f(z,t) and different boundary conditions.
The model problem (1) is studied in the LP (W P) setting for p € R with 1 < p < oo and p > 2d/(d+2).
We assume that the maps A° satisfy the following conditions uniformly in € > 0

(Ap) there is some Cp > 0 such that |A°(x,0)| < Cp for almost every (a.e.) z € £

(Ay) there exist k1 >0, L > 0 and 0 < o < min{p — 1,1} such that
|A%(z,&1) — A%(2,&)| < Liky + |G| + [&)P 76 — &, V&,& ERY, ae z ey
(A3) there exist k2 > 0, A > 0 and max{2,p} < 8 < oo such that
(A% (2, 61) = A5 (2, %)) - (61— &) = Mma + G| +1G)P Pl - &I, Va6 eRY ae 2eQ,

see Examples 1-3 in Section 2 for illustration. Those are the most general hypotheses for the maps A®
under which homogenization for (1) can be established, see [15, 18, 42]. Many physical processes can be
modeled by parabolic partial differential equations (PDEs) of the form (1), e.g., non-Newtonian fluids,
ferromagnetic materials or composites with nonlinear materials, see [12, 41].

Using standard numerical methods, like the finite element method (FEM), to discretize the problem (1)
in space leads to high computational cost as the small scale ¢ of the spatial heterogeneities of A° has
to be resolved. Thus, to efficiently approximate the solution of (1) at the scale of interest, effective
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models for (1) are needed. Homogenization theory, see [13, 37], is the usual framework used to study the
solutions u® to (1) in the limit € — 0 and aims at characterizing a limiting function u° as the solution of
a homogenized (or effective) equation. The upscaling of (1) has been studied by Pankov and Svanstedt
in [42] and [44], respectively, using the notion of parabolic G-convergence (extending the work by Tartar,
see [46] and [47, Chapter 11|, and Chiado’Piat et al., see [15], to parabolic problems). In particular,
the homogenized equation (with solution u°) is again of the same type as (1) with A% replaced by the
homogenized map A° for which the small scales are averaged out.

For linear homogenization PDEs, a broad literature about multiscale methods exists nowadays, see [2,
4] (elliptic problems), [9, 39] (parabolic problems) and the references therein. Numerical homogenization
methods for nonlinear problems are however less numerous, e.g., see [10] for multiscale methods for PDEs
with a nonmonotone nonlinearity (with respect to the solution u®). For parabolic multiscale PDEs (1)
with monotone nonlinearities (with respect to the gradient Vu®), Svanstedt et al. proposed in [45]
a numerical method for periodically oscillating (in space and time) maps A° based on an augmented
Lagrangian method (for p > 2 and 0 < a < 1, 8 = p in (A;_2)). In [27], Efendiev et al. applied
a generalized multiscale finite element method (MsFEM) — developed in [25, 26] for elliptic monotone
problems — to problem (1) with stochastic heterogeneities (for p > 2 and 0 <« <1, 8 =p in (A;_2)).

In the numerical methods proposed in [26, 27] it is assumed that local problems (formulated on the
elements of a coarse mesh) are solved exactly. In turn, the convergence analysis in the spatial W1 norm
does not take into account the variational crimes due to numerical quadrature required to assemble the
stiffness matrix nor the numerical approximation of the local problems which are both necessary for a
practical implementation. Additionally, the convergence results for the parabolic problems studied in [27]
neglect the effect of the time discretization error. We note that in both [45] and [27] convergence of the
numerical solution to the homogenized solution is shown without deriving explicit convergence rates.

For completeness we briefly review numerical methods for elliptic monotone multiscale PDEs. In [33],
a sparse tensor FEM based on ideas developed in [34] has been analyzed (for p > 2 and a =1, 8 =p
in (A;_2)). Related to the heterogeneous multiscale method (HMM), the framework used in this paper,
we mention [32] and [29]. In [32], an a posteriori error estimate has been obtained for elliptic monotone
problems (for p =2 and « = 1, =2 in (A;_2)), but no a priori convergence rates have been derived. In
[29] numerical homogenization methods (FE-HMM and MsFEM) for a class of elliptic monotone PDEs
(associated to minimization problems) have been studied and convergence of their modeling error as
well as a priori error estimates in the WP norm for FE-HMM applied to periodic problems with p-
structure for p = 2 have been derived. In contrast, our results are valid for general monotone maps A®
satisfying (Ap_o) without assuming that A° has an associated scalar potential. !

In this article, we introduce a multiscale method to solve the nonlinear monotone parabolic multiscale
problem (1) following the design principles of the finite element heterogeneous multiscale method (FE-
HMM), see [23, 4]. Based on a homogenization result ensuring the existence of an effective model
associated to (1), we solve the effective problem using a macro finite element method and the implicit
Euler scheme for time integration. While the effective problem is (in general) not available in closed
form, we approximate the effective properties of the map 4% by upscaling the available micro information.
This is achieved by solving nonlinear monotone elliptic PDEs (constrained by the macro state) using a
microscopic finite element method within micro domains which are of the size of the finest scale e. The
computational complexity of the multiscale method is thus independent of the smallest scale €.

We briefly summarize the main contributions of this paper.

First, for general p, we prove that the numerical solution converges in the L?(W1?) and C°(L?) norms
towards the weak homogenized solution u® under a modeling assumption that can be proved in specific
situations (e.g., for maps A (z, ) locally periodic in z). To show such a convergence result, spatial errors
coming from macro and micro meshes in the FE-HMM, the time discretization error and the error coming
from the variational crimes (as the FE-HMM relies on numerical quadrature) need to be controlled.

Second, for strongly monotone and globally Lipschitz maps A° (ie., p = 2 and o = 1, § = 2
in (A;_2))?, we derive sharp error estimates in both L2(H?') and C°(L?) norms by splitting the overall
error into a modeling error, for which explicit bounds can be derived under structural assumptions
on the spatial heterogeneities of A° (e.g., such as periodicity or random stationarity), and numerical
discretization errors which we bound with respect to the time step size and the mesh size of macro as
well as micro space discretizations (balancing micro and macro meshes is crucial to get a given precision

1For example, maps A®(x,¢) = af(x)¢ with a non-symmetric tensor a® positive definite and bounded (linear problem)
or A%(z,€) = a®(z) (14 (1 + X%, £4)~1/4)¢ (nonlinear problems) with af positive definite and bounded are allowed in our
analysis but not in [29].

2The case of strongly monotone and Lipschitz continuous operators in the Hilbert space setting is commonly identified
as a particular case of general monotone operators in the Banach space setting, see [53, Chapter 25].



at minimal computational cost). Our analysis is considerably more involved than the error analysis for
single scale parabolic monotone problems [19, 21|. Indeed as the homogenized data can be computed
only at quadrature points of the macro mesh, we have a FEM with numerical quadrature at the macro
scale and thus commit variational crimes. Further, the homogenized data are recovered from micro scale
computations, hence we only obtain at quadrature points an approximation of the true homogenized map.
Finally, the errors due to the sampling domains’ sizes and artificial boundary conditions need also to be
quantified and in contrast to [24, 1, 3, 10] our numerical strategy involves nonlinear micro problems.

The convergence results derived in this article, further serve as important ingredient for the a priori
error analysis in [7], where we study a linearized variant of the proposed multiscale method for prob-
lems (1) with maps A° decomposed as A°(z,&) = a°(z,£)€, where a(x,&) € R¥?. In particular, at
each timestep, we obtain linearized macro and micro equations by using the computed solution at the
preceding timestep as argument ¢ in the tensor a®(x, &).

Let us close the introduction by putting our results in contrast to existing FE approximation results of
single scale parabolic monotone problems. In the LP(W'P) setting, optimal explicit convergence rates in
terms of the discretization parameters have been derived for maps with a p-structure 3, e.g., the parabolic
p-Laplacian, using quasi-norms in space, see [11, 20]. Note however that under the assumptions (A;_2)
the maps A° have p-structure if and only if « =1 and 8 = 2. As we assume 0 < o < min{p — 1,1} and
max{2,p} < 8 < oo (the most general assumptions on the oscillatory maps allowing for homogenization,
see [15, 18, 42]), we have in addition that p = 2 if we want both a p-structure and a valid homogenization
setting. For this set of parameters, the quasi-norm (in space) from [11, 20] collapses to the standard H! ()
norm. For all other values of p, homogenization theory seems not to exist for maps A° with p-structure
and thus studying numerical homogenization methods makes no sense. Therefore, convergence rates with
a p-structure are derived for p =2 and a = 1, § = 2 in (A;_2) for our numerical homogenization method.
In the case p = 2 the error analysis for single scale parabolic monotone problems in the energy norm
(L?(H%)) is straightforward and follows the arguments of the linear case [48]. Optimal convergence rates
in the L2 norm are however more involved. So far the only results existing in the literature for the L?
estimates are either not optimal (see [19], where a nonlinear elliptic projection is used), restricted to the
dimension d = 2, see [50], or are a corollary of maximum norm error estimates using weighted norm
techniques following [21, 28]. In this paper we use a linear elliptic projection at the macroscopic scale
to derive optimal convergence results in the L? norm of our FEM with numerical quadrature. For single
scale parabolic problems, i.e., when no micro sampling is required, we get as a byproduct of our analysis
optimal convergence rates in the L? norm for classical FEM (with or without numerical integration)
under similar regularity assumptions as used in [19, 21, 50|, but avoiding weighted norm techniques and
valid in dimension d < 3. Further, based on this linear elliptic projection, new higher-order FE error
estimates for elliptic monotone (multiscale or single scale) PDEs can be proved in [6].

The outline of this article is as follows. In Section 2, we introduce the effective model associated to
the model problem (1). Then, we define in Section 3 a multiscale method based on a numerical upscaling
procedure. In Section 4 we present our main results: the convergence of the FE-HMM in the LP(W1P)
setting and the explicit convergence rates for strongly monotone and globally Lipschitz maps. The proofs
of our main results are given in Section 5. In Section 6 we discuss an implementation of the proposed
method and provide several numerical tests that illustrate our theoretical findings. In Section 7, we
conclude the article with some remarks about possible generalizations and future research.

Notation 1.1. In what follows, C' denotes a generic positive constant, whose value can change at any
occurrence. For D C R™, we use C¥(D,R™) for the set of k-times continuously differentiable functions
g: D = R" For 1 < p < oo (with dual exponent p’ = p/(p — 1)), we consider the usual Sobolev spaces
WHkP(Q). For k = 1, WyP(Q) is the subspace of functions with vanishing trace on the boundary 99
(whose dual space is denoted by (W;(Q))’ with dual pairing on (W3 ?)" x Wy written as (-,-)), and
WiR(Y) = {v e WpE(Y)| [, v(y)dy = 0} where WLE(Y) is defined as the closure of C2,.(Y) (the
subset of C*°(R%) of periodic functions in Y = (0,1)?%) for the WP norm. For p = 2, we use the
notation H*(Q) and H}(Q2) (with dual space written as H~1(f2)), respectively. For g: [0,7] — X with
Banach space (X, || - ||x) the time derivative of g is denoted by 0:;g(t). The space of LP functions g
and continuous functions g with values in X is denoted by LP(0,7; X) and C°([0,T], X), respectively.

Both spaces form a Banach space when endowed with the norm ||g||z»0,7;x) = (fOT llg(t)]/5dt)*/P and

lgllco(o,17,x) = supseqo, 1 [19(2) [ x, respectively. The Euclidean norm for b € R? and the Frobenius norm

Rdxd

for a € are denoted by |b| and ||a|| 7, respectively, and the canonical basis of R? is given by ey, ..., e4.

BlAE) — A(m)| < Lk + €]+ )P 721E = nl,  (AE) = AMm)) - (€ —n) > A(wz2 + €] + [n)P~2[€ —nl*,  V&neRL



2 Homogenization of the model problem

In this section we describe the homogenization results for the considered class of problems (1). Recall
that we assume p € R with 1 < p < oo such that p > 2d/(d + 2), i.e., W'P(Q) — L?*(Q) is a compact
embedding. The problem (1) then has a weak formulation (in time and space) in the WP setting if
feLP(Q), g e L2(9) and A° have the property that A=(-,€): Q — R? is Lebesgue measurable for every
¢ € R?. Existence and uniqueness of a solution to problem (1) is studied in the Banach space

E = {v e LP(0,T; Wy () | 9w € L (0,5 (Wy P (2)))}, (2)

endowed with the norm ||v|[g = [|v|[1, o Twie(e) T 0]l Lo (o Ty(wpr () and which satisfies the con-

tinuous embedding E < C°([0,T], L?>(2)). Under the assumptions (Ag_2) the problem (1) has a unique
solution u® € E for € > 0, e.g., see [53, Theorem 30.A], which are uniformly bounded (with respect to )

/ / 2
Husllip(o7T;Wol=P(Q)) + ||6tus||ip/(07T;(W()17P(Q))/) S C((LO + K1 + "{2)p + ||f||1£p'(Q) + ||gHL2(Q))a

with Lo defined in (19). Thus, {u®} is a bounded sequence in E and by compactness there exists a
subsequence, still denoted by {u}, and some u° € E, such that

u® —u® in LP(0,T; WaP())  and 9 — 8’ in LY (0,T; (WP (Q))), fore—0.  (3)

The idea of homogenization is to find a limiting equation for u°. For the problem (1) with (Ag_2),
this question is studied in terms of G-convergence of parabolic operators, sometimes referred to as PG-
convergence or strong G-convergence, see [44, 42]. It can be shown that there exists a subsequence of {u®},
still denoted by {u°}, and a map A°: Q x R* — R (independent of f), such that u® weakly converges
to u° in the sense of (3) and A%(z, Vu) — A°(z, Vu®) weakly in L? (0, T; (L¥'())%), where u° € E is
the solution of the homogenized or effective problem

O (z,t) — div(A°(z, Vul (z,t))) = f(x) in Q x (0,T),

u’(z,t) =0 on 9Q x (0,T), u’(x,0) = g(z) in Q, )

where A" satisfies (Ag_») with Hélder exponent v = /(8 — «) in (A;) and with possibly different
constants Cy, K1, %2, A and L. Note that the class of maps A° given by assumptions (Ag_2) is closed
under PG-convergence, i.e., v = a, if and only if p = 2, o = 1, § = 2. For maps A° with additional
structure, e.g., A%(z, &) = A(z/e, €) with A(y, £) a Y-periodic function in y, an explicit representation of
A® can be derived, see (67), and thus the whole sequence {u®} converges to u° in the sense of (3).

We close this section by giving some examples of maps A satisfying (Ag—2).

Example 1. One might consider maps A (z, &) = af(x, £)¢ where a(-, &) € (L>(Q))4*? (for £ € R?) is
depending on £. Note that adequate conditions have to be imposed on a® such that A° satisfies (A;_2).

The multiscale p-Laplacian is a particular example. Let b°(x) € L>(£2) with 0 < A < b°(x) < A a.e.
x € Q and every € > 0 for some A\, A € R. Then,

A2, ) =0 (@), @ e EeR],
satisfies (Ag_z) with Cy = 0, @ = min{p— 1,1} and S = max{2, p}, see [15, Section 7], [42, Section 2.1.3].

Ifp=2and a =1, 8 =2in (A;_3), we obtain the class of strongly monotone and globally Lipschitz
continuous maps A¢, which already contains relevant problems for applications, see Example 2 and 3.

Example 2. For linear maps A®(x, ) given by
Ao(e,€) = *(2)é,  with ¢5(2) € (L@, =>0,

with a uniformly elliptic and bounded family of tensors a® the maps A° satisfy (Ag_2) for p =2, a =1,
B = 2 and with constants Cy = 0 and we recover the linear parabolic multiscale problems studied in [9].

Example 3. Let 4°: 2 x R — R be a continuous function and the maps A° be given by
A(2,8) = pi° (2, €6,  zeQ,EeRY,

which is an extension of the problems studied in [35] to a multiscale context. If p(z,-) is uniformly (in
¢ and x) Lipschitz continuous and strongly monotone then the assumptions (Ap_2) for p =2, a = 1 and
B = 2 are valid for A, see [35]. We mention for instance Carreau laws, used to model non-Newtonian
fluids, which behave for fixed € > 0 and x € Q as p°(z, |€]) ~ 1+ (1 +[¢|?)9~! where 1/2 < § < 1.



3 Multiscale method

In this section, we propose a multiscale method to solve nonlinear monotone parabolic multiscale prob-
lems with general spatial heterogeneities. We introduce then a reformulation of that method which is
convenient for the analysis and show the existence, uniqueness and boundedness of the numerical solution.

3.1 FE-HMM for nonlinear monotone parabolic problems

The multiscale method studied in this article requires a macroscopic spatial discretization of €.

Macro discretization. Let Ty be a family of macro partitions of €2 consisting of conforming, shape-
regular meshes with simplicial elements. We assume that the elements K € Ty are open and satisfy
Ugery, K = Q (recall that Q is polygonal). The macro mesh size H is defined by H = maxxe7;, diam K,
where diam K denotes the diameter of K € Ty. Then, we consider the macro finite element space

So (2, Ta) = {0 € Wy (@) || € PH(K), VK € Ti}, ()

where P!(K) is the space of affine polynomials on K € Ty. Further, the multiscale method is based on
barycentric quadrature

| oo~ ¥ Kltar), oo, (6)

KeTu

where zx and |K| denote the barycenter and the measure of K € Ty, respectively. We note that the
quadrature formula (6) is exact for piecewisely affine functions . Further, for any macro element K € Ty
we define the sampling domain K located at the quadrature point = g

Ks=xx +0I, where I =(-1/2,1/2)% and § > ¢.

Within the sampling domains, micro simulations are performed to recover the upscaled data.
Multiscale method. Let the time interval (0,7) be uniformly divided into N subintervals of length
At = T/N and define t,, = nAt for 0 < n < N and N € N\{0}. For given ull € S{(Q, Tu), we
propose the following multiscale method to capture the effective solution of (1): for 0 <n < N — 1, find
ull | € S§(, Ti) such that

H _ . H
/%w’qdﬁB’{(ufﬂ;wH):/wad% Vw' € S3(Q, ), (7)
Q Q

with the nonlinear macro map B¥ given by

B () = Z ﬂ

5| A8 (z, Vol Ydz - V' (zg), o wf e S5 (Q, Trr), (8)
KeTu ol JKs

where v/ solve the constrained micro problems (10) on the sampling domains Kj.

Micro solver. Each sampling domain Ky, associated to a macro element K € Ty, is discretized
by a micro mesh 7; consisting of simplicial elements T° € T,. The micro mesh size h is defined by
h = maxrep;, diamT and we consider the micro finite element space

Sl(K5777L):{vh EW(K5)|Uh|T€P1(T)7VT€77L}v (9)

where P(T) is the space of affine polynomials on T € T}, and W(Ks) C W1P(Kjs) is some Sobolev
space. The choice of the space W (Kjs) determines the coupling between the macro and micro solver. We
consider

e periodic coupling: W (Ks) = WLE(Ks) = {v € Wz}éf(Kg) | fKa vdx = 0};

per
e Dirichlet coupling: W (Kjs) = Wy* (Kj).

For v € S}(9, Tz) and sampling domain K5, we consider the micro problem: find v}, —v# € SY(Ks, Tr)
such that

A (2, Vo) - Vatde =0, V2" e 51 (K5, Th), (10)
Ks

i.e., v is the finite element solution to an elliptic nonlinear monotone PDE. Note that the generalization
of the map B¥ and the micro problems (10) to higher order macro and micro FEM is given in [6].



3.2 A useful reformulation of the FE-HMM

First, in what follows, we write the difference quotient with respect to time, like in (7), as Oy, =
At=Y(vp41 — vy), for a sequence {v, }n>0 C L*(Q) and n > 0.

For the analysis of the FE-HMM it is convenient to reformulate the nonlinear map B as a standard
finite element method applied to a modified macro problem. Let ¢ € R? and K € Ty, we introduce the
function X%h as the solution to the variational problem: find X%h € SY(Ks,Tn) such that

A (z, € + VX - Vel de =0, v e SY K5, Th). (11)
Ks
Similarly, we define )Z% by the variational problem: find )Z% € W(Kj) such that
A (2,6 + VX)) - Vazdr =0,  Vze W(Ks). (12)
Ks

Based on the functions X%h and )Z% we define the maps

1 _
AR E) = ). A (2,6 + VXS de, A% (€)

1

= — | Az, €+ Vi)da, (13)
|Ks| J s

and the nonlinear map B! given in (8) can then be reformulated using A(I)gh

BH (v wy = Z |K| A% (Vo (2k)) - V! (2k), o wf € S3(Q, Ty).
KeTu

Thus, the modified macro form B¥ is obtained by replacing elementwisely the exact effective map A°(z, £)
from the homogenized equation (4) by the approximation A?éh@ ).
Further, using the effective map .A° we introduce the map B°: W, ?(Q) x Wy *() — R by

BY(v;w) = / Al (z, Vu(z)) - Vw(z)de, v,we Wyt (Q), (14)
Q

and, if A°(-,£) has a continuous representative for every £ € R? (later on ensured by (36)), we define the
nonlinear map B as its discrete counterpart

B wf)y = Y KA (wk, Vol (zk)) - Vo (zk), o w™ € S5, Th). (15)
KeTu

3.3 Existence and uniqueness of the numerical solution

The macro scheme (7) and the micro problems (10) are variational problems of the type G(u;w) =
F(w) on Banach spaces (with G(u;-) and F bounded linear functionals). In this section, we show
local Holder continuity of G(-;w), strict monotonicity G(v;v — w) — G(w;v — w) > 0 and coercivity
lim, 00 G(v;v)/]|v]| = 0o using the hypotheses (Ap_2). The Browder-Minty theorem [53, Theorem 26.A]
then ensures existence and uniqueness of a solution to (7) and (10).

First, we introduce in Remark 3.1 and Lemma 3.2 two important inequalities.

Remark 3.1. Let w C R? be an open and bounded domain. For K, M € N\{0}, let 1 < r; < oo
satisfying Zszl 1/r =1 and f, € L™ (w) as well as x,(cm) eRforl <k<K,1<m< M. Whenever
using the Holder inequalities (either in the continuous or the discrete setting)

K K M K K M - i
/ [1 @) de < [[ 1l 20 (T« <11 (Z\wi’”) ) , (16)
“ k=1 k=1 m=1 |k=1 k=1 \m=1

we simply refer to (16) without giving the explicit values of r; as the values of ry are always either (i)
ri=p,r2=p =p/(p—1), (i)) rv = B/p, r2 = B/(B—p), (iii) n=(p—-1)/(p—1—0),r2=(p—1)/0
if K=2or (w)r=p/(p—1—0),r9o=p/o, r3 =pif K =3, with 8 >pand 0 < o <min{p—1,1}.

The Holder inequality yields the following fundamental technical estimate, see [18, Lemma 3.1].



Lemma 3.2. Let w C R? be an open and bounded domain, 1 < p < oo, B > p and k > 0. Then, for
v,w € WHP(w) it holds

B—p
B

1
1 - B
190 = Tl < [slol? + 1900y + 1F0ln] © ([0 901+ 1902190 = Tulas)

We next analyze the existence and uniqueness of a solution to the micro problem (10).

Lemma 3.3. Assume that A° satisfies (Ag_2). Let K € Tg, viT € SY(Q,Ty) and € € R, For both
coupling conditions, i.e., either W (Ks) = Wy (K5) or W(Ks) = WLE(K5), there exists a unique solution

per

vl — vH,X%h € SY(Ks,Tn) and )‘(ﬁ( € W(Ks) to the micro problems (10), (11) and (12), respectively.

Proof. We prove the result for the micro problem (10). Consider the map a% given by

a%(z; w) = A (x, &+ Vz) - Vwdz, z,w € W(Ks), (17)
Ks

which is nonlinear in 2 and linear w. Then, taking ¢ = Vvl (zx), the micro problem (10) reads as
find v — v € S*(Ks,T;,) such that aSe (vl — o wh) =0, V' € SY (K5, Th). (18)
We show that the Browder-Minty theorem [53, Theorem 26.A] can be applied to prove the existence and
uniqueness of v — vl € S1(K;,Tp,). The results for the problems (11) and (12) are proved analogously.
Let v,w, z € W(Kjs). First, note that (Ap_;) imply that A° grows at rate p — 1 with respect to &
|A(2,8)] < L(LE™" + (k1 + [€))P"),  where Lo = (Co/L)7 T, VE€RLe>0, ae. 2€Q.  (19)

The growth estimate (19) and (16) yield that the linear map a%(v; -) is bounded
1 p—1
Jafewsw)| < 2L [(Lo + w1 + IEDIESF + 190l ey IV iy (20)

Next, using (A;) and (16) we get that a% is locally Holder continuous in its first argument as

1 p—l—a
0 (v30) = a(z50)| < L [+ 2D + IVl oy + 19201y
X V0 = V2% 0 IVl o -
Combining Lemma 3.2 with (A2) we obtain that a% is strictly monotone as
B—p

1 1 e
70— Vil oy < A [(52 + 2D + 1900y + V0] o
X (a%(v;v —w) — a%(w;v - w))%.

Further, for v € W(Ks), we first assume ||Vol|p, g, = (k2 + 2|§|)|K5|1/p and derive from (21) and (20)

afe (1) 2 af(v50) = af (0:) = |af (050)|

-1

— #1°
> 2PNVl — 2L [ (Bo +m 4+ EDIKSI ] 190 2o,
> 2P PNVl 4y — C(Lo + k1 + ko + [E])P| K, (22)

where Young’s inequality is used in the last step and C only depends on p, 5, A and L. It remains to
consider v € W(Ks) with [[Vo| .k, < (k2 + 2|§|)|K5|1/p. In this case, the bound (22) (with possibly

different constant C') can be directly derived from (20). Hence, the lower bound (22) for a% (v;v) holds for

any v € W(Kjs) and, in particular, a% is coercive on W (Ks) for both periodic and Dirichlet coupling. [

For the analysis of the macro-micro coupling, the following energy equivalence is essential.



Lemma 3.4. Assume that A° satisfies (Ao—2). Let K5 be the sampling domain associated to a macro
element K € Ty and v} be the solution of the micro problem (10) constrained by vi1 € S§(Q, Te). Then,

||VUH||LP(K5) < ’|vv?<HLP(K,5) < Ce((Lo+r1 + ”2)‘K5‘% + HVUHHLP(K(;))’
where Lg is defined in (19) and C. > 1 only depends on p, 8, A and L.

Proof. Due to the convexity of | - [P on R? it holds that |[n|” > [£|” + p|¢[P 3¢ - (n — &) for all £, 7 € RY.
Applying this inequality pointwise for n = Vol (z) and &€ = Vol (zk) yields

V0l = [ 1908 a0l e+l T0H )" 908 (o) [ Vel = Vottda = [V
5 8

where in the last step we use that [ Ks Vol — Vufdz = 0 due to the Dirichlet or periodic boundary
conditions of v — vl € W(Kj).

The upper bound is obtained by using |[Vv% | 1o(x,) < |Vl — VoIl ||1ores) + VO || o) and
setting ¢ = Vol (zk) in (22)

2PNV — V'UHHI[)/P(KrS) < aje(vie — 00 —0™) + C(Lo + k1 + 52 + [Vo (k) )P K],
where a%(v?( — ool —oH) =0 as vk — v € SY(K5,Tp,) solves the micro problem (18). O

Using Lemma 3.4 we prove several properties of the map B from (8).

Lemma 3.5. Assume that A° satisfies (Ag_2). Let v wf 2 € SYQ, Ty) and the nonlinear map BY
be given by (8). Then BY satisfies the bound

—1
(B (0" 50™)] < G [Lo+ ra w2+ [To | [V (23)

H

Hm(g)v
where Cy, depends on p, 3, N, L and the measure of Q. Further, BY is locally Holder continuous in its
first argument with exponent v = «/(8 — «), strictly monotone and coercive, as we have

—1—
|BH(11H;ZH) — BH(wH;ZH)| <C [Lo + K1+ Ko + HVUHHLP(Q) + ||VwH||Lp(Q)r !

x || Vot — vaHZP(Q)HVZHHLP(Q)’ (24)
1 B—p
A HV?}H — vaHLP(Q) < [(Lo + K1+ K2)|Q|% + HVUHHLP(Q) + vaH||LP(Q):| ’
><(BH(UH;UH—wH)—BH(wH;vH—wH))%, (25)
BH (v oH) > )‘CHVUHHZP(Q) — Co(Lo + K1 + K2)7, (26)

with A\, > 0 depending only on p, 8, A and C, from Lemma 3.4, where C' only depends on p, 8, a, A\, L
as well as the measure of Q0 and C. depends on the same quantities like C' except c.

Remark 3.6. If v = p—1 the constant C in (24) has the value LP /AP~ and if p = 3 the inequalities (25)
and (26) hold with constant A, = A and A\, = A/2, respectively.

Proof. The bound (23) is derived from the growth estimate (19), (16) and the upper bound of Lemma 3.4.
To prove the Holder continuity (24), let v%, w}‘( solve the micro problem (10) constrained by v and
wH | respectively. We first observe that Lemma 3.2, (A;_3), the micro problems (10) and (16) yield

B - e e
)\HVU?{ - vw%”m(}q) < Rk wh)? p/K [A® (2, Vol ) — A% (2, V)] - (Vo — Vwlk)da
5

= R(vl, wh)P=P /K [A® (2, Vol ) — A% (2, V)] - (Vo — vw)dz  (27)

< LR(vj, wh )=Vl — Vwﬁ(ij(Ké) Vo = Vol , (28)

)7
where R(vl, wl) = (k1 452)[Ks[YP 4|Vl || 1o (5c5) + | VWi | o (x5) can be bounded applying Lemma 3.4

RV, wh) < 3Ce(Lo + k1 + k2 + | Vo (2x)| + [V (2x) )| K7, (29)



where C, is from Lemma 3.4. Hence, using inequalities (28) and (29) we get

B—a—1

[V = Vil gy < C [Lo+ Ry + w2 + [Vo (i) | + [Vl (2x)]] 7

I+ (30
x |Vo (zx) — V! (zx) |7 | Ks| 7,

where C only depends on p, 8, o, A\, L. Combining estimate (30) with (A;) and (16) then proves (24).
Next, using the lower bound of Lemma 3.4, inequality (27), Lemma 3.2, (A) and (16) leads to

|K| _z |K| (B-p)p
Vo =Vl |}, 0 < Y Ve = vw Wity SAF Y gy R wie)
KeTu KeTy

x ( /K 5 [AS (2, Vol ) — A% (z, Vul)] - (Vo (zk) — VwH(xK))dx>

whe

B—p

gA—??(Z "R(vK,w;z)) (B0 — ) - B (o - ),
KeT;

which combined with (29) proves (25). The estimate (25) at hand, the coercivity bound (26) is proved
analogously to the coercivity bound (22) shown in Lemma 3.3. O

The existence and uniqueness of the numerical solution obtained by the multiscale method (7) follows
from the Browder-Minty theorem.

Lemma 3.7. Assume that A° satisfies (Ao_3). Let 27 € SMQ, Ty), At > 0 as well as f € LP (Q) be
given and let BY be defined in (8). Then, there evists a unique ul € SE(Q, Ty) such that

ufl — 21
/ Tdex—i—BH(uH;wH) :/wadx, Vuw € S§Q, Tw). (31)
Q Q

Proof. For fixed 25 € S}(Q, Tr), consider the bilinear form BA* and the linear map lAt given by

BAt(vH,wH):Ait/vade, lfﬁ(wH):/ (f—i—AltzH) wH dz,
Q

for v wH € S§ (9, Ty). Then, the problem (31) can be written as
find u* € S} (Q, Tr) such that BAY(uf wfy + BE (ufl; 0!y = 15} (w!), vl € S3(Q, Tw).
Observe that B2 (v vH) > 0 for any v € S}(€, Ty) and that the embedding WP () — L2(12) yields

’BAt(vH,wH)| < CAt*1||VvH||Lp(Q)||Vw Vol wf € S§(Q, Tw).

H”LP(Q)’

Combining that with Lemma 3.5 shows that B2 + B is linear and bounded in its second argument,
hemicontinuous (see [52, Def. 26.1]) in its first argument, strictly monotone and coercive. As the linear
map ZZA,}? (+) is continuous, the Browder-Minty theorem [53, Theorem 26.A] thus concludes the proof. [J

Finally, the boundedness of the numerical approximations (7) is proved.

Theorem 3.8. Assume that (Ag_3) hold and that f € LP (), ul € S§(Q, Tu) are given. Then, for
periodic or Dirichlet coupling and any parameter At, H, h,§ > 0, there exists a unique numerical solution
defined by the multiscale method (7). Further, the numerical solution {ul})_, satisfies the bound

: 2
19 x ! HL2(Q) + ZAtHVU’HHLP(Q < C((Lo + R+ R2)? + ”fH]ZP/(Q) + ||u(1){||L2(Q))’

where C' only depends on p, 3, N\, L, T, the measure of () and the Poincaré constant Cp on §2.



Proof. The existence and uniqueness of the numerical solution defined by (7) follows from Lemma 3.7.
To derive the a priori bound we set w =/’ | in (7), use the bound (26) and (16) to obtain

ol u  da 4+ N.||Vull pp g/fuf dx + Co(Lo + k1 + K2)?
[t ultesda ATy < [l "

< Cp||fll o oy | Vet o) + CelLo + k1 + r2)?,

where C'p is the Poincaré constant on  and \. as well as C, are the constants from Lemma 3.5. As

j 2 =

iatHUfHB(Q) < /Q('?tufufﬂdx, for0<n <N -1, (33)
multiplying (32) by 2At and using Young’s inequality, we get that for any 0 <n < N — 1 it holds

lutliall7a oy =t 1720 + AtV 17, ) < CAHIFIR, g + (Lo + r1 + K2)?),

where C only depends on p, the Poincaré constant C'p as well as A\, and C, from Lemma 3.5. Summing
the last inequality from n = 0 to n = N — 1 concludes the proof. O

4 Main results

In this section we present the main results about the convergence of the numerical solution uZ defined
by the multiscale strategy (7) towards the exact homogenized solution u°(x,t). In Theorem 4.2, the
convergence of the numerical solution towards the homogenized solution is proved for general p and
in Section 4.2 fully discrete a priori error estimates are derived for strongly monotone and Lipschitz
continuous maps A°, i.e., p=2 with a =1, 8 =2 in (A;_»).

Remark 4.1. In the model problem (1) we consider homogeneous Dirichlet boundary conditions and
source terms f independent of time. We emphasize that our results can be generalized straightforwardly
for a right-hand side of the form f(x,t). They also remain valid for other type of boundary conditions.

Notation for HMM error. For the analysis, we denote by rgaras the overall upscaling error

rinar(Vo) = (e, KA e, Vot (ar0) = AR @0 )| ) (39

which, if necessary, is split into the contributions of micro and modeling error r,,;. and r,,,q defined as
S
_ P\ p’

e (90) = ( ey 1A (T0" o)) = A T )] ) (350)

.
7

Fimnoa(V0™) = (S icers K| A (s, Vo (210)) = A (VoH (@i))|”) 7 (35b)

where v € S}(Q, Tir), A° is the exact homogenized map from (4) and A% and A%" are given in (13).
Note that the Minkowski inequality yields 7gasa (Vo) < rpic(Vo) + r0a(Vof) for v € SHQ, Tr).

4.1 Convergence of the multiscale method

For general 1 < p < oo (with the usual restriction p > 2d/(d + 2)), we show that the numerical solution
obtained by the HMM scheme (7) converges to the solution of the homogenized problem (4) if the
numerical discretization parameters (micro and macro mesh size h and H, respectively, and time step
size At) tend to zero and upscaling parameters (coupling conditions and sampling domain size §) exist
such that the modeling error ry,,q from (35b) is arbitrarily small. We emphasize that the order of the
limits as stated in Theorem 4.2 cannot be interchanged in general.

Upscaling parameters such that r,,,q is small exist if for the given maps A° an explicit formula for
the homogenized map A° is available (like for periodic or randomly stationary spatial heterogeneities of
A®). Note for instance, that for locally periodic maps A°, i.e., A°(z,§) = A(x,x/e, &) where A(x,y, &)
is Y-periodic in y, we get 700 = 0 on S§(Q, Ty) when replacing A (z, &) by A(zk,z/e,€) in (8) as
well as (10), taking periodic boundary conditions for (10) and setting 6 = €. The multiscale method (7),
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being defined for general maps A°, is however reasonable if A° exhibits scale-separation and its good
performance is known for randomly stationary data. Further, even for maps A° without any structure in
their spatial heterogeneities, the corresponding homogenized map A° (in the sense of PG-convergence)
can be approximated via explicit formulas when locally periodizing the maps A%, see [37, p. 155] (the
“principle of periodic localization”).

Theorem 4.2. Assume that A° satisfies (Ag_2). Let u® € E be the solution to the homogenized prob-
lem (4) and ul! the HMM solution obtained by (7) with initial conditions uf' satisfying ||g—ug'||r20) — 0
for H — 0. Let A° be Hélder continuous in space, i.e., there exists 0 < 7 < 1 such that (with Ly > 0
from (19))

|A%(21,8) — A(@2,6)| < Clay — 2o /(LE " + (k1 + E)P7Y), Voo € QVEERL  (36)

If for any given H > 0 and R > 0, the coupling condition for the micro problems (10) and the sampling
domain size § can be chosen, such that T,0q(Vot) from (35b) is arbitrarily small (written as rmeq — 0)
for all v¥ € S§(Q, T) with |V || (o) < R, then we have the convergence

=

N-1 g
. . . 0 . H } : 0/. o H p _
(Atl,lllfr)l—mr,,}gn—m flzlg}) 1?%)(1\1 Hu (otn) = w3 HL2(Q) + (n:O /t ||Vu () vU”JrluLp(Q)ds> 0.

Following the lines of the proof of Theorem 4.2, explicit convergence rates with respect to the time
step size At, the macro and micro mesh size H and h, respectively, can be derived if sufficient regularity of
the homogenized solution u° is assumed, see Remark 4.3, as then the approximation of the exact solutions
(at macro and micro scale) can be obtained by nodal interpolation instead of density arguments. Note
however that for p # 2, higher regularity of u" is not realistic even for smooth data, e.g., see [11, 20].

Remark 4.3. For simplicity, assume that p > d/2 and that the modeling error r,,,q4 vanishes (e.g., if
Af(x,€) is locally periodic in x). Assume that A° satisfies (Ag_2) and that the Holder continuity (36)
holds for the homogenized map A°. If the exact homogenized solution u° to (4) has the regularity

u® € CO[0, T, WP(Q)), opu® € CO([0, T), WP(%)), d7u® € C°([0,T], L*(2)),
with p = min{p, 2} and the solutions )Z% to the micro problems (10) for ¢ € RY, K € Ty satisfy

1
‘ﬁ( < Ce (Lo + k1 + k2 + [€])| K57,

then the HMM approximation uZ given by (7) converges towards the homogenized solution u° at rates

= [ o0 Ho|p ' iy (PY) )
Z/f |[Vu (-,s)—VunHHLp(Q)ds gC(At+H 1A +(€> ) +Cllg — uf ng(m,
n=0""'n

where C' is independent of At, H,§,e and h.

4.2 Explicit convergence rates for strongly monotone and Lipschitz maps

For p=2and a =1, 8 =2 in (A;_3), we derive optimal convergence rates in the L2(0,T; H}(Q2)) and
C°([0,T], L3(£2)) norm for the temporal and spatial macro error in Theorem 4.4 and for the upscaling
error in Theorems 4.5 and 4.6. The error estimates always contain a modeling error, which we only
explicitly bound for locally periodic data A%, and numerical discretization errors due to temporal and
spatial (macro and micro) errors, whose bound is valid without any structural assumptions about the
heterogeneities of A°.

4.2.1 Optimal estimates for temporal and spatial macro error

We first explicitly quantify the time discretization and the macro finite element error committed in the
multiscale method (7).
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Theorem 4.4. Let p = 2 and assume that A® satisfies (Ao_2) with a =1, B = 2. Let u® be the solution
to the homogenized problem (4) and ufl the HMM solution obtained from (7). Provided that for p =1

u®, o’ € C°([0,T], H* (),  97u’ € C°([0,T], L*(Q)), (37a)
A &) e W RY) with  |A(,6) |y ey < C(Lo +[€),  VEERY, (37h)

the following discrete C°(L?) and L*(H') error estimates hold

N 1/2
2
max ||u0(~,tn) —uf“Lz(Q) + (Zl AtHVuO(-,tn) — VufHLQ(Q)>

1<n<N
0 H
S C |:At+H—|— lglna,SXNT’HM]u(VIHU (-,tn)) + ||g — UO HLQ(Q):| y

where Zu® denotes the nodal interpolant of u® and C' is independent of At, H and vy .
If additionally we assume that (37b) is satisfied for p =2 and

u® € CO([0,T), W?>=(Q)),  A%z,-) € W2(RLERY),  ae x€Q, (38a)
5,00 € CO[0, T, WH=(Q)),  1<ij,<d, (38D)
quasi-uniformity of macro meshes Ty and the elliptic regularity (63), (38¢)

where «/°(z,t) = D¢ A%(z, Vu®(z,t)), then, there exists an Ho > 0 such that for all H < Hy, we get the
improved error estimate in the discrete CY(L?) norm

max Huo(-,tn)

° 2 ~H.,0 H
 hax — Uy, ||L2(Q) <C|At+H —l—lglnagXN’l“HjuM(Vu (-,tn))—FHg—uo HLQ(Q) ,

where @0 is the elliptic projection (59) and C' is independent of At, H and rgnrr.

Let us comment on the hypotheses of Theorem 4.4 in view of the results for linear parabolic single scale
and multiscale problems, see [43] and [9], respectively. Recall that the homogenized map A° would be
given by A°(x, &) = a®(z)¢ with a®(z) € R4 if problem (1) is linear.

The temporal regularity in (37a) is required to obtain first order global convergence of the implicit
Euler scheme. Assumption (37b) allows to estimate the error due to the quadrature formula (6) and
reduces to al; € WH°(Q) for linear problems, which is likewise assumed in [43, Theorem 2|. Fur-
ther, the hypotheses (38) are solely used to show the optimal convergence of the spatial macro error.
Condition (38a) is used in combination with (38¢c) to obtain error estimates in the W1> norm for the
elliptic projection (59) (an application of the maximum norm error estimates for standard FEM, see [14])
and to estimate the Taylor remainder term for the map A%(z,&) (with respect to ). Finally, assump-
tions (38b) are needed to obtain optimal estimates of u® — @+ and 9;(u® — @#-°) in the L? norm, where
a0 is the elliptic projection (59). For linear parabolic problems (with time-dependent data) where
°(z,t) = a®(z,t), assumptions (38b) are comparable to the conditions used in [43, 9].

4.2.2 Fully discrete space-time a priori error estimates

We decompose the HMM upscaling error rg sy introduced in (34) into micro and modeling error 7.
and 7,04 defined in (35), e.g., as in [3]. In particular, r,,;. accounts for the finite element error committed
during micro simulations and r,,,q quantifies the quality of the micro sampling, i.e.,the influence of the
size of the sampling domains K or the boundary conditions in micro problems (10).

First, let us assume that )Z%, the exact solutions to the micro problems (12), satisfy

< Ce (Lo + [€)V/1Ks],

Ve 2 VA
(H1) ¥ € H2(Ks) and | o

for ¢ € RY, K € Ty. We note that the solutions )‘(% are H? regular if the maps A° are smooth, see [38,
Section 4], and that similar assumptions are used for linear multiscale problems, see [3, Remark 4].

As seen in [22, 10| for non-symmetric linear problems, adjoint micro problems are necessary to de-
rive sharp bounds for the micro error. We introduce a similar adjoint micro problem (65), denote its
corresponding solutions by X fgj and assume that

12



(i) X% e H2(Ks)  and ‘X}'{j‘m(m Ce /Ky,
S5

- Xg’jEWLOOK d ‘X&J <C,

() X (Ks) an e

(H1")

for ¢ € R% 1 < j <dand K € Ty. We note that the adjoint cell problem (65) is a linear elliptic problem.
Thus, for smooth data, the first hypothesis in (H1*) is a classical H? regularity result — see [3, Remark
4] — and the W1:°° regularity can be proved, see [38, Section 3.

Theorem 4.5. Let p = 2 and assume that A satisfies (Ag—2) with o =1, 3 =2. Let p € {1,2}, u® be
the solution to the homogenized problem (4) and ull the HMM solution obtained from (7). Assume (H1),
hypotheses (37) (either for u =1 or u =2) and, if p = 2, that additionally (38) holds. Further, let the
multiscale method (7) be initialized with ull such that ||g — u51||L2(Q) < CH*. Then we have

h v
_,H W i H
1glnzaL<XN ||u Jtn) — U, HLZ(Q) <C [At—i— HY + (€> + 1gnnaung7“mod(W/{n )] ,

1/2 y
(Z At|| VO (., qu||L2 ) <C [At+H+ (h> + max rmod(VZ/{f)} ,
€ 1<n<N

for v =1, where U? = Tyu®(-,t,) is the nodal interpolant of u® if u = 1 or UZ = af1:0(- t,) is the
elliptic projection (59) and H < Hy (with Hy from Theorem 4.4) if p = 2. The constant C' is independent

of At,H, h,e,§ and the modeling error 4.
If in addition (H1*) holds and A°(z,-) € W3 (R4 RY) for a.e. x € Q, then (39) holds for v = 2.

As for linear homogenization problems, e.g., see [1, 22, 10|, we thus get the optimal quadratic micro
convergence rate (h/e)?.

Finally, we present explicit estimates for the modeling error r,,,q supposing that the maps A° are
locally periodic and Lipschitz continuous with respect to the macroscopic variable, i.e.,

(H2) the maps A° are locally periodic, i.e., A%(z,&) = A(x,x/e,§) with A(x,y, &) being Y-periodic
in y and satisfying (for £ € R?, a.e. y € Y)

|-A(1’171/a5) - A(x27y7£)| S C|LL‘1 - {E2|(L0 + ‘£|)7 V:U17x2 € Q.

Further, if the decomposition A°(z, &) = A(x, z/e,&) is explicitly known, it is advantageous to modify
the multiscale method (7) by collocating the slow variable z within the sampling domains K at the
quadrature node z, see (69). In particular, A%(z,&)|k, is replaced by A(zx,/e,£) in the map BH
defined in (8) and the micro problems (10).

Theorem 4.6. Let p = 2 and assume that A® satisfies (Ao—2) with « = 1, 8 = 2. If (H2) holds, then,
for any v € S§(Q, Tu), the modeling error Tpeq(Voll) defined in (35b) is bounded by

if W(Ks) = Wh2(Ks),6/e € N and

per
" 0, A ks = Alzk,x/e,€) collocated at xy,
rmoa( V) < c;oda if W(Is) = W12 (Ky),8/¢ €N,

mod (6++/e/8), if W(Ks) :HO(K5)5>6,
with C}, . and C?, . given by

H
Crod = C(Lo + V0 || 12(0))s  Citvoa = C(Cproq + max IV ) @, ) (vy),s

where X¢(xx,-), for € € RY, K € Ty, denote the exact solutions to the homogenization cell problems (68)
and C' is independent of At,H, h,e,5 and v

Thus combining periodic coupling and collocation is optimal for locally periodic maps A°. Further, note

that x¢(2x,-) € WH*(Y) is a common assumption to bound the modeling error for Dirichlet coupling,
e.g., see [24, Theorem 1.2] for linear problems.
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Refinement strategies. The Theorem 4.5 reveals that simultaneous refinement of macro and micro
meshes is needed for convergence of the spatial errors. For instance, if the modeling error is equal to zero
(e.g., optimal coupling is used for locally periodic maps), then we have

IN

C[At+H2 + () }
Clat+H+(4)],

maxi<p<n |[u’(, ) — U{{IHLZ’(Q)
N . i 1/2
(anlAfHVU (1 tn) = Vuy, HL2(Q))

To efficiently decrease of the spatial errors in the C°(L?) and the L?(H') norm the spatial grids 7z and
Tr, have to be refined according to h/e ~ H and h/e ~ V' H, respectively. Those refinement strategies
allow to obtain convergence at optimal computational cost.

Complexity. The numerical upscaling used in (7) leads to computational cost that are independent of
the size of the small oscillations €. For instance, let N,,,. and N,,;. denote the number of elements in
each dimension for the macro and micro spatial discretization, respectively, using quasi-uniform meshes.
Then, the macro and micro mesh sizes H and h scale as H ~ 1/Ny,4. and h ~ 0 /Ny, respectively. As
the size ¢ of the sampling domains K is of order O(¢), we find that h/e ~ 1/Ny,;.. Thus, the convergence
rates summarized in (40) can be expressed in terms of Np,qc and Ny, i.e., they are robust with respect
to ¢, and can be obtained with O(N% N2 ) spatial degrees of freedom.

mac mic

(40)

IN

5 Proof of the main results

In thlS section, we prove Theorems 4.2, 4.4, 4.5 and 4.6. We split the total error according to ||u® —ufl| <
lu® — U2 + HL[f — ul?|| where U is an approximation of the exact solution u° in S§ (9, Tz ). For the
general convergence result of Theorem 4.2 we choose U to be close to u” using the density of smooth
functions in the space F given in (2). To derive explicit convergence rates in the case of p =2 and o = 1,
B =2in (A;_3), choosing U as the nodal interpolant of u° yields optimal L2(H") estimates, whereas a
new elliptic projection of u" for nonlinear monotone problems is needed for the optimal C°(L?) estimates.

5.1 Error propagation formula

Let U € E with U € C°([0,T], Wy (€)) and U € C°([0,T], L2()). Further, let U (-,t) € SH(Q, Ti)
be an approximation of (-, t) for t € [0,7] and define U1 = (-,t,) for 0 <n < N. The fundamental
tool to derive a priori error estimates using the energy method is the error propagation formula for the
error O =y — 0 <n <N, given by

At/ﬂétﬁwa dx + At [BH(uf+17 ) BH(L{,L_H; H)]
tn+1 B
_ /t /waHda: ds — At/ﬂ@tuf whdz — At BEUE | w™)

trn41 B trnt1
:/ <6tu0(~,s),wH>ds—At/8tl/{wadx—|—/ BO(u°(+, s);w)ds — At BE (U, s wH)
t Q t

n n

_ /t 0O, 5) = OU( ), wYds (41a)

n

+ /t"“ B0 (-, s);w0™) — BOU(- trr); w')ds (41b)

+ At/ [OU(z, tns1) — OU (z,t,)] wH da (41c)
Q

+ At / [0 (z,t,) — QU w da (41d)
Q

AL [BUC b)) — BOUE 0] (41c)

0B ") B )| (416)

+ At [ B w™) = B U0 (415)

where wfl € S}(Q,Ty) is arbitrary, u° is the exact solution to the homogenized problem (4) and the
forms B®, B® and BY are given by (14) (15) and (8), respectively.
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In the error propagation formula (41) we already decomposed the overall error into its different
components. The terms (41a) and (41b) arise from the difference between the weak and the strong
formulation in time of (4). In particular, they vanish if we set & = u" (with u" sufficiently smooth), see the
proof of Theorem 4.4 for details. The error terms (41c) — (41g) are due to the numerical discretization used
for the multiscale method (7). While the term (41c) accounts for the error due to the time discretization
scheme, the terms (41d) and (41e) consist of the finite element error at the discrete time levels ¢,, and (41f)
captures the influence of quadrature formula (6). The components (41c) — (41f) are independent of the
multiscale nature of the method (7), whereas the last term (41g) is solely due to the upscaling strategy
consisting of micro simulations and averaging techniques. Thus we call term (41g) the HMM upscaling
error.

In our subsequent analysis we first estimate the different error terms from (41), see Section 5.1.1,
5.1.2 and 5.1.3 for estimates of the difference between the weak and strong formulation in time of (4),
the temporal and macro spatial error and the HMM upscaling error, respectively. Those bounds at hand
we then prove Theorem 4.2 in Section 5.2. Finally, for p =2 and @ = 1, 8 = 2 in (A;_»), the proofs of
Theorems 4.4 and 4.5 given in Section 5.3 follow from the improved bounds for the macro spatial error
(using a linear elliptic projection) derived in Section 5.3.1 and the explicit estimates for the HMM error
consisting of micro and modeling error shown in Section 5.3.2.

5.1.1 Estimates for the difference between weak and strong formulation in time

In this section, we estimate the terms (41a) and (41b).

Lemma 5.1. Let u®,U € E with U,0,U,0?U € C°([0,T], L*(Q)). Then, for w € S§(Q, Tu)

ds

tn41
< / Hatuo(’vs) _ atu(.vs)H(Wol,p(Q)), |Vw

m

tnt1
/ <3tu0(-,s) fatl/l(~,tn+1),wH>ds
t

n

il P
+ CAtQHatQMHCO([O,T],L2(Q)) HwHHLz(Q)’
for 0 <n < N —1 and where C is independent of At and H.

Proof. Let w € S}(, 7). We decompose the term into the two parts

tni1 tnt1
/ (0u° (-, 8) — OU(-, 5), w )ds — / / [0 (2, tpi1) — O (2, 8)| wH dx ds,
t tn Q

n

where the first part is bounded straightforwardly. Next, for the inner integral of the second term we have

tni1
/ [OU (2, tpy1) — Oh (2, 8)] wldz = / / 3t2U(x,T)dex dr, Vs € [tn, tnt], (42)
Q s Q

as OU, 02U € C°([0,T], L*(Q)). The claimed result is then directly obtained. O

The second term (41b) is bounded using the Holder continuity of the homogenized map .A°.

Lemma 5.2. Let u’,U € E with U,8U € C°([0,T),W"?(Q)). Assume that A° satisfies (A1) with
exponent v = /(B — a) and constants L > 0, &1 > 0. Then, for w™ € S}(Q,Tg) and0<n < N —1

tnt1
’ / Bo(uo(-,s);wH) - BO(L{(-,th);wH)ds
t
tn+

<L 4 9 oy + VU )T ) = TU8) [ [0 1y

n

Iy (¢ —1 H
+ CALT (F + VUl eo o1y, o (62)) + 10 VU oo, 1,000 IV || Loy
where C' is independent At and H.
Proof. Let w € S}(, Tgr). We then use the decomposition of the error term into

/ " BO(u¥(-, 8);w™) — BYU(-, s); w)ds — / " BOU(, tpyr);w™) — BOU(-, 8);w)ds,

n n
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where the first integral is estimated using the Hélder continuity of A° and (16). To bound the second
term we first note that since U, o, € C°([0, T], WLP(2)) it holds for ¢, < s < t,,41, similarly to (42),

tnt1
VU tasr) = VUC, )| Loy = H/ OVU(-,T)dT

< A0 VUl oo, L0y (43)
Lr(Q)

which combined with the Holder continuity of A® and (16) yields the final bound. O

5.1.2 Temporal and macro spatial error

In this section, we provide explicit error bounds for the terms (41c) — (41f).
Time discretization error. We start by estimating the error due to the implicit Euler method, i.e.,
term (41c).

Lemma 5.3. Let U,0U,02U € C°([0,T], L?(2)). For wf € S}(Q,Ty) and 0 <n < N — 1, we have

/Q [atU(x,th) - ‘iu(xvtn)} wfdz| < CAtHat2u||c0([o,T1,L2(Q))HwHHm(Q)’

where C is independent of At and H.

Proof. Let wf € S}(Q, Tw). AsU,0,U € C°([0,T], L?(£2)) results similar to (42) hold if U and O is sub-
stitute to 94 and OU, respectively, in particular, [, dU(z,t,)wde = At~ t”“ Jo 0 (z, s)wH dx ds.
Combining that with the result from (42) yields

_ 1 tni1 tnit
/ [OU (z, tg1) — O (2, ty,) ] whdzr = —/ / / OMU(x, T)w dx dr ds,
Q At Jy, s Q

from where the result of Lemma 5.3 follows. O

Macro finite element error. Next, we estimate the spatial macro error terms (41d) and (41le) in
Lemma 5.5 and Lemma 5.7, respectively. We therefore first introduce the nodal interpolant.

Nodal interpolant. Let Zp: C°(Q) — S*(Q, Tx) be the usual nodal interpolant where S*(€2, Tz) is the
FE-space defined as S}(Q, Tx) in (5), but without zero boundary conditions. Then, for k € {1,2} and ¢,
q* with 1 < ¢ < ¢* and ¢* > d/2, we have the bounds, see [16, Theorem 3.1.6],

IZrzlwso@) < Cllzlwea @ 10z = 2llwa-rog@) < CH |2l ), Y2 €W (Q),  (44a)
HIH'ZHWLOQ(Q) < CHzHWl,w(szy VzeWhe(Q). (44b)
We note that for z € CO(Q) N WoP(€) it holds that Zrz € SL(Q, T).

Remark 5.4. Let ¢, ¢* be as in (44a). If U, d,U € CO([0,T], W7 (2)), then the interpolation operator
Ty and the differentiation d; with respect to the time variable can be interchanged, i.e., 0;(Zyl(x,t)) =
Ty (0 (z,t)) on Q x [0, 7] and thus [[0U(-,t) — O (Zul(:,1))wra@) < CH|OU(, 1) lwz.a* (-

Lemma 5.5. Let either p = 2 (if p > 2) orp < p < 2 withp > d/2 (if p < 2). Let U,0U €
CO([0,T), W2P(Q)) and UZ = Tyld(-,t,) be its nodal interpolant for 0 <n < N — 1. Then, it holds

/ [0z, 1) — U] w! de
Q

for any wf € S{(Q, Tu) and with a constant C' independent of At and H.

< CH|0Ul|eo o, 1,2 10 || 20y

Proof. As U, ;U € C°([0,T), W?P(Q)) and ZyU, 0, ZrU € C°([0,T], S (2, Tr)), see Remark 5.4, equa-
tion (42) holds analogously if 9,/ is substituted by U or Y. Thus, for w € S}(, Tx), we obtain

I
= E/ |0 () = U™ (w5 HL?(Q)H“’ HL2(Q)d (45)

/ B (1) — G| whde
Q

tni1
<0At/ |0 (. ) = 0™ (@, 5) |y ey 107 [ 2

and the estimate from Remark 5.4 concludes the proof. O
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Remark 5.6. If p = 2 a convergence of order O(H?) can be shown in Lemma 5.5 by applying the
interpolation estimate (44a) directly to (45), i.e., without first using the embedding W1?(Q) < L?(Q).

Lemma 5.7. Assume that A° satisfies (A1) with v = /(8 — ) and constants L > 0, &y > 0. Let
U e ([0, T], WP (Q)) for some p* with p < p* and p* > d/2 and let U = Tyl(-,t,) be its nodal
interpolant. Then, for 0 <n < N —1

|B(U(-s tngr);w™) = BYUL s w™)| < CHY (R + [Ullgo 0.0y, w20 )| V0! HLP(Q)’

for any wf € S}(Q, Tu) and with C independent of At and H.
Proof. Let w € S}(, 7). The Holder continuity (A;) of A° and (16) yield
|BOUC, tasr);w™) = BU ;0] < LEs + VU tasd) | oy + (VU | o)
X || VU tpg1) = VU +1HLP(Q)HVU)HHLP(Q)’

which is estimated using the bounds (44a). O

Quadrature error for Holder continuous A°. Estimating the effect of the barycentric quadrature (6)
used in the method (7) is achieved by comparing the maps B® and B° given by (14) and (15), respectively.

Lemma 5.8. Assume that A° satisfies the hypothesis (36) for some 0 <7 < 1. Let B° and B be given
by (14) and (15), respectively. Then, the error due to the quadrature (6) is bounded by

‘BO(UH;U}H) - BO(UHWUH)‘ < CH (Lo + ||V’UH||LP(Q))p71||vaHLP(Q)’

for any v wH € S§(Q, Ty) and where C is independent of H.
In particular, if U € C°([0,T], WP () for some p* such that p* > d/2 and U = Tul(-,t,) where
Ty denotes the nodal interpolant, then we have for 0 <n < N —1

‘BO n+17 ) Bo(un+17 )’ S CH;Y(LO + ||UHC0([0,T],W247* (Q)))p_luvaHLp(Q)v

for any wf € S}(Q, Tr) and where C is independent of H.
Proof. Let v wH € S§(Q, Ty). As Vol and Vw# are piecewise constant, we get from (14) and (15)
B (v w!y — BO(v!; wH) Z / (A (2, Vo (z)) — Ak, Vo (2))] - VT (2 )da.
KeTu

The Hélder continuity (36) of A°(x,€) in @, (16) and the bound (44a) then yield the results. O

5.1.3 Abstract estimates for the HMM upscaling error

The last term (41g) in the error propagation formula (41) quantifies the upscaling error. Using rpgasas
introduced in (34), we obtain

B(vf;wf) — BE (v w)| < rgarar(Vol Ve q) A wh e SH, Th). (46)
Recall that 7 (Vo) < 7ic (Vo) + 10a(VoH) with 7 and 7,04 from (35). While structural
assumptions about the spatial heterogeneities of A are necessary to estimate the modeling error r,,,q4,
an abstract error estimate for the micro error r,,;. holds for general maps A°. Explicit bounds for r,,,q
and 7, in the case of p =2, « = 1, § = 2 will be derived in Section 5.3.2.

Lemma 5.9. Let A® satisfy (Ao_2). For both periodic coupling W (Ks) = WP(Kjs) or Dirichlet coupling

per

W(Ks) = Wy P(Ks) in the micro problems (10), the micro error (Vo) from (35a) is bounded by

LP(K6)>

for any v € S§(Q, T ), where )Z% solves (12) and C is independent of H, h, § and «.

e (V") < € [Lo 4 m1 o [ V0]

|K‘ : H 7Vv (k)
X VX -V
(K; |K6| ZhESl(Ks Th)

ol
P
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Proof. For given ¢ € R? and K € Ty, let )‘(% and X%h be the solution of (12) and (11), respectively.
Using a% defined in (17) we get from (21) and the micro problems (18) that for 2" € S*(Ks,Tr)

B
MV =9 e,y < RE KT (e (s e — 2" = ol 06" e~ 2"),
8

with R(E, K) = (k2 + 2/E])| Ks|"/? + [V Lo x5y + VX | 2o (565)- Analogously to (30) we get

B-a—1 1
|V = v <O [(Lo+ma+ra+ENIKSIP] T ||k - 72 )
K Fllexs) ~ K Lr(K5)
Combining this estimate with (A;) and (16) we obtain for A% and A(I);h given in (13)
B~ A1) < Cllo+m +ma 416 (v v ) )
K K = 0 1 2 |K6| K Lo (Ks) )
where v = a/(8 — ). Setting £ = Vol (xk) for K € Ty and using (48) and (16), we obtain the result
by noting that z can be chosen arbitrarily in S*(Ks, Tr). O

5.2 Proof of the general convergence result

In this section, we prove Theorem 4.2. We start by proving the convergence of the micro error.

Lemma 5.10. Assume that A° satisfies (Ao—2). Let the time step size At > 0, the macro mesh size
H > 0, the sampling domain size § > 0 and the coupling conditions for (10) be given. Then, for any set
{UEY < C SE(Q, T ) with 25;01 At||VL{f+1||I£p(Q) bounded independently of the micro mesh size h,
the micro error Ty, from (3ba) satisfies

.
7

N—1
. . H p' -
}111% (7?:0 At rmw(VZ/lnH) > 0.

Proof. Let 0 < n < 1 be given. Let ¢ € RY, K € Ty and )‘(i € W(Kjs) solving (12). First, we observe
that for sufficiently small h we have inf rcg1(x; 75, ||)’(§( —2"|lw(x,) < n. Indeed, as C>(K5) "W (Ks) is
dense in W (K5) (for both periodic and Dirichlet coupling), there exists z, € C*°(K;s) N W (Ks) such that
HX% — Zyllw(xs) < m/2. Setting 2" = Tz, and applying the interpolation estimate (44a) to the nodal
interpolant 7, on K (for some p* satisfying p < p* and p* > d/2) we get

&

_ h h n
HX%_Z H XK—Z"H R HW(Ks) < §+Ch”’z’7”W2’P*(K5)’

<|
W(Ks) W (Ks)

i.e., in particular, there exists ho(n) > 0 such that ||)’<§( — 2Mlw x5y < m for all h < ho(n).
Using this result for £ = VU | (zx) and any K € Ty, 0 <n < N —1, i.e, a finite set of parameters
independent of h, we obtain with Lemma 5.9 and (16) that

N-1 > N-1 et ,
: H / H p -
fllg% (ZO At Tiic(VU )P ) <C | Lo+ k1 + Ko+ <§:0 AtHvunJrlHLp(Q)> RO
and thus, as 0 < 1 < 1 can be chosen arbitrarily small, the micro error vanishes. O

Proof of Theorem 4.2. Step 1: General error bound. Let U € E with U € CO([0,T], W??"(Q)), dU €
CO([0, 7], Whtr(Q)) N C°([0,T], W2P(Q)) and d?U € C°([0,T], L*(Q2)) where p = min{p*,2} and some
p* with p < p* and p* > d/2. We then set 0 = v — Uy with U = TxU(-,t,) for 0 < n < N.
Summing (25) from n =0,...,N — 1, using (16) and the error propagation formula (41) yields

N—1 N-—1 B
z p(B—p)
N A0 g < R 00 (z AMBH (02, ) BH(UE+1;05+1>>>

n=0 n=0
(B—p) N-1 B N-1 B
= Ru? U~ < Z At/ 00N, dr + Z Bﬁf’t> , (49)
n=0 Q n=0
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where Bl°" denotes the sum of the terms (41a)—(41g) with test function 6/, and R(uf,UH) is given by

1
P

N—-1 1
R(uy! \UiT) = (Lo + k1 + r2)(TIQU) 7 + (Z AtHvunHHm(m) <Z At||vu +1||LP(Q ) - (50)

n=0

Using the bound (33) analogously for 2, estimating the terms (41a) — (41g) by Lemmas 5.1, 5.2, 5.3,
5.5, 5.7, 5.8 and inequality (46) and using (16) we obtain

N-1

> p(B—p 1 1
NS AV 0 < R U | = 108 agy + 5110 e (51a)
n=0
*C{Huo — U+ [+ 0+ ] a0 — ) (51b)
+ {H8tu||C0([O,T],W2)15(Q)) + HatQuHCO([(LT],LQ(Q))} (At + H) (51C)

p -
+ [LO SR ] [prA————— |\atU||CO([OyT]’W1,p(Q))] (A +HY + HY)  (51d)

1_p
N—-1 p| B
+ (Z At ’I“HA{M(VU > }(Z AtHVGnHHLP(Q)> ‘| s (516)
n=0

For the rest of the proof, the term —3 ||0H||Lz(Q < 0 in (5la) can be omitted.

Step 2: Density in E. Let 0 < n < 1 be given. To show the convergence of (51) we choose U €
C>(Q x [0,T)) such that U(-,t) € CO (Q) for any ¢ € [0, 7] and ||[u® —U|| g < n/2. This is possible as the
polynomials >, t*v; with v; € W,P(Q) are dense in E, see |52, Proposition 23.23], and C5°(€2) is dense
in W,*(€2). Note that such U further satisfies | U]z < ||u®]z + 1/2.

We then set UM = ZyU(-,t,) as above in (51). Using the interpolation estimate (44a) in space and a
bound analogous to (43) in time we get that for s € [t,,tp+1] and 0 <n < N —1

VU, 8) = VU o) < COAE+ H) (Ul coo,71,w2.00 ) + 10V U co 0.7, Lo (s2)))-

Hence, combining that with the properties of U, there exists Dg(n) > 0 such that for all At, H < Dy(n)

N-1 i, ¥ 1/p
(Z /1t [Vl (1) — +1||Lp dt) <, (Z At|| VY, +1||Lp(Q ) < |||, +1. (52)
n=0 n

Further, by possibly taking a smaller value for Dy(n) we simultaneously get that for H < Dg(n)

2035 [[4Cotn) =8 |y = Collu® =l + CHIU oo gy e oy < Crg + 50 (59)

where we used the embeddings E < C°([0, 7], L?(€2)) (with operator norm Cg), WP(Q) — L?(Q) and
the interpolation estimate (44a).

Step 3. Bound for R. Next, we bound R(ull,U/) from (50). From Theorem 3.8 and the convergence
lg — uf!||L2(q) — 0 for H — 0 we have that there exists Ho > 0 such that for all H < Hy it holds

N-1 P 5
(Z At||Vuf+1H’;(m> < C((Lo + 4+ ) + IF15,7 ‘@ gl 72y + 1),
n=0

i.e., independent of the initial approximation uf. Combining that with (52) we get that R(uf,UH) is
bounded independently of U, n, At and H for all At, H < min{Dq(n), Ho}. Additionally, the same bound
is valid for the last term in (5le) as (Zn o AtHV&nHHLP Q))1/17 < R(ufut).

Step 4. Convergence of HMM error. By decomposing rgarp in (5le) into micro error ry,;. and
modeling error 7,,,q, see (35), we obtain from Lemma 5.10 and the convergence of the modeling error
assumed in Theorem 4.2 that lim,. . limp_ (Z At THMM(VU )P /)1/”/ = 0 for given At and H.

Step 5. Convergence in LP(WP) norm. First usmg the embedding E = C([0,T7], L*()) (again with
operator norm Cg) and the interpolation estimate (44a) the initial error §{! in (51a) can be bounded by

166" (| oy < 19 = ut" [l 2y + Crllu” = Ul| s + CHIU oo, 11,020 - (54)
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Combining then (51) with (54) and using the properties of U derived in Step 2 and 3, there exists
0 < D1(n) < min{Dy(n), Ho} such that for At, H < Dq(n)

1
P

lim lim (Z At||V9n+1||Lp(Q)> <Cn+n), (55)

Tmod—0 h—0

where C is independent of 7, U as well as H, At, § and h. The convergence in the discrete LP(W1P)
norm then follows from (55) and (52) as 7 is arbitrarily small.
Step 6. Convergence in C°(L?) norm. Let 1 < K < N. Summing the error formula (41) with

wi =0H | forn=0,...,K — 1, using (33) and the monotonicity of B from Lemma 3.5 we get
1 2 1 2 =
SO ) = 5108 1 L2y < D A { /Q 00y 08 dw + B (ufl 501 0) — BY UYL 0010) |
n=0

which can be bounded by ZK ' Biot with Bt used in (49). Then, analogously to Step 5, estimating Bt
like in (51) and combining that with (53) proves the convergence of maxi<p<n [|[u’(-, ) —wl | L2(). O

5.3 Proof of the explicit convergence rates for strongly monotone and Lips-
chitz maps

In this section, the fully discrete a priori error estimates for p =2 and « =1, § = 2 in (A;_2) are shown.
The estimates of the temporal and macro spatial error from Theorem 4.4 are proved in two steps: the
L?(H') estimate is proved below using the results of Sections 5.1.2 and 5.2 and then, in Section 5.3.1,
the C°(L?) bound is derived using an elliptic projection. Finally, we show the estimates of micro and
modeling error from Theorem 4.5 and 4.6 in Section 5.3.2.

Proof of L?(H!) estimate from Theorem 4.4. Recall that 07 = uf — Uy for 0 < n < N. To
derive the L?(H!) estimate we set U = Zyu®(-,t,). Note, that when derlvmg the error propagation
formula (41) for U = u® with the regularity of u° assumed in Theorem 4.4 (with y = 1), one can use

/atu (z,t) wdx 4+ B°(u® /fwdx Yw e WyP(Q),Vt e (0,77,

instead of the weak formulation in ¢time. Hence, the error terms (41a) and (41b) vanish. Then, analogously
o0 (51), we estimate (41c) — (41g) using Lemmas 5.3, 5.5, 5.7, 5.8 and (46). Observing that v = a/(f—a) =
1, p/B =1 and that (37b) for u = 1 yields the Holder continuity (36) with 4 = 1, we get

N—-1

1
0% a0 + 2 D2 AIVE L [1a 0
n=0

2

1
< 00 g+ 0 27 s 24 ( X Atr|venﬂum)

1 Ac
5He{;fy|L2(Q)+C(A1t+H+ glaerHMM(qu = ZAtHVHnHHLz(Q), (56)

which combined with (44a) concludes the proof for p = 1. O

5.3.1 Optimal bounds of macro error in spatial L? norm

To obtain quadratic convergence of the macro spatial error in the C°(L?) norm we introduce an elliptic

projection of the homogenized solution u°. We derive its approximation properties and improve the

bounds of (41d), (41e) and (41f) to get the sharp bounds of Theorem 4.4.

Remark 5.11. Let A: Q x R — R? with A(z,-) € C(R%;RY) for a.e. © € Q. Then, the map A satisfies
hypotheses (A1_2) with p =2, a =1, § =2 if and only if D¢ A(x, &) is uniformly elliptic and bounded

DeA(,&)n-n= A, |[DeA@.Onl < Lnl, VEeER?, ae zeQ.
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Further, for £,7 € R? and a.e. = € §, we have the identity
1
Alw, € +) = A2, + DeA(w. &)+ | DeA(w.&+ a) ~ DeAw, drn. (57)
0

If additionally D¢.A(z, ) is Lipschitz continuous (e.g., A(x,-) € W2>°(R%;R?)), we obtain from (57)

/Q [A(z, Vv + Vw) — Az, Vv) — D¢ A(z, Vo) - V) - Vzd

< LalwlivraollZlm@, — (58)

for v,w € W*(Q), z € H*(Q) and where L4 = esssup,cq L, with Lipschitz constant L, of A(z,").

Elliptic projection. Let u°(z,t) € E be the exact solution of the homogenized problem (4). The elliptic
projection @f1:0(-,t) of u°(-,t) is given by the variational problem: find @1:°(-,¢) € S}(Q2, Ty) such that
B (t; a0, 1), w) = Br(t;u°(-, 1), w™), vuwl e S3Q, Tw), (59)

where, for a.e. t € (0,7, the bilinear form B, is defined as, for v,w € H}(Q),
Br(t;v,w) = / (2, t)Vv - Vwdz, with &7°(z,t) = D¢ A%z, Vul (2,1)), (60)
Q

for a.e. (z,t) € 2% (0,T). The existence and uniqueness of the elliptic projection @:(-, ) defined in (59)
is studied in Lemma 5.12. Note that for a linear problem we recover the tensor «7°(x,t) = a°(z,t) and
07 %(z,t) = 0;a®(w,t) as considered in [49, 43, 9].

Lemma 5.12. Let p = 2 and assume that A° satisfies (A1_o) witha =1, B =2 and A%(z,-) € C*(R%; RY)
for a.e. x € Q. If the homogenized solution u® satisfies u® € L?(0,T; H}(Q)), then, for a.e. t € (0,T),
the bilinear form B, given by (60) is uniformly elliptic and bounded and there exists a unique solution
afl0(- t) to (59). Further, we have

N L
Va2 )| o) < SNV GO 2y a6 tE(0T), (61)

Proof. Due to Remark 5.11 and the regularity of u® the tensor «7* satisfies <7 € L>(0,T; L>=(Q2)), for 1 <
i,j < d. Using again Remark 5.11 we have for v,w € Hj(Q) that | B (t;v,w)| < L||V| r2(0)[[Vwl| 220,
)‘HVUH%Q(Q) < Br(t;v,v) for a.e. t € (0,T). Thus, the Lax-Milgram theorem concludes the proof.

Lemma 5.13. Let p = 2 and assume that A° satisfies (Ay_2) witha =1, 8 = 2 and A°(x,-) € C' (R RY)
for a.e. x € Q. Let the homogenized solution u® and <7° defined in (60) satisfy

u®, 9,u® € C°([0, T, HY (), A0, 0,9 € CO([0,T],L®(Q)),  for1<i,j<d. (62)

YR
Then, the map t — a0(-,t) € S§(Q, Tw), where W0 is the elliptic projection (59), is of class C!.

Proof. As (59) defines a linear elliptic projection, the proof is based on similar arguments as given in [9,
Eq. (5.3)]. A full proof is available in [36, Lemma 6.5.4]. O

Lemma 5.14. Let p = 2 and assume that A° satisfies (Ay_2) witha =1, 8 = 2 and A°(x,-) € C (R RY)
for a.e. z € Q. Let u® be the solution of the homogenized problem (4), a0 its elliptic projection (59)
and </° the tensor given by (60). Let k € {1,2} and assume

u®, 9u’ ECO([O,T],HQ(Q)), 0

K

Oty € CO[0, T], W 12(Q)),  for1<ij<d.
Then, for any t € [0,T], we have the error estimates

(¢) [0, t) *UO('at)HHl(Q)

(i) [0, ) —u’(t

< CH, (i) (0@ —u®) () g q
<cnt, () [lon(@™® —u)( ¢

y < CH,

)||L2(Q) S CHk7

M 22
where C' is independent of H.

Proof. Due to the linearity of the variational problem (59), the proof follows along the lines of the proof
of [9, Lemma 5.1]. For a detailed proof we refer to [36, Lemma 6.5]. O
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To prove the optimal convergence in the C°(L?) norm, we further need an estimate for ||a1:0(-,¢) —
0
u ('7t)||W1,oo(Q).

Lemma 5.15. Let p = 2, assume that A° satisfies (A1_2) with a =1, B =2 and A%(z,-) € C}(R%;RY)
for a.e. x € Q. Let u’ be the solution of the homogenized problem (4), a0 its elliptic projec-
tion (59), &°(z,t) be given by (60) and u®*(-,t) € H*(Q) be solving the dual problem By (t;w,u®*(-,t)) =
B (t;u®(-,t),w) for allw € HE(Q). Assume

u? € CO([0,T], W>=(Q)), o €CO(0,T),Wh=(Q)), 1<i,j<d,
and the 7elliptic reqularity”, for t € [0,T] and 1 < ¢ < o with some o > d,
Ot 0% (. ¢ < O|div(«2(-, ) Vul (-, 63
[u"C, )HWM(Q) +{Ju”(, )sz)q(Q) < Cl|div(«°(, ) V' (, ))HLq(Q)' (63)

If {Tu}u>o is a family of quasi-uniform meshes, e.g., see [16, Condition (3.2.28)], then there exists an
Hy > 0 such that for every t € [0,T] and H < Hy

HﬁHﬁ("t)HWl,oo(Q) < Ol )l G 8) = ﬁHp('?t)HWl,w(Q) < CH[[u"C 1) yy2. (0
where C' is independent of H.

Proof. Recall that the elliptic projection % is the finite element solution to a linear elliptic problem,

see (59). The maximum norm error estimates provided by [14, Theorem 8.1.11 and Corollary 8.1.12| thus
apply. O

Optimal estimates of macro spatial error using elliptic projection. By adapting Lemma 5.5
and 5.7 for U = u® and U¥ given by the elliptic projection @0 from (59) we get the improved bounds
(with respect to the macro mesh size H) given below in Lemma 5.16 and 5.17.

Lemma 5.16. Let p = 2, assume that A° satisfies (Ag—2) witha =1, B =2 and A%(z,-) € C*(R%;RY) for
a.e. © € Q. Letu® be the solution of the homogenized problem (1) and @0 be its elliptic projection (59).
If u®, 0,u® € CO([0,T), H%(Q)) and «/° from (60) satisfies (38b), then for UH = a0 we get

[0,T],H2(Q)) + HatuoHCO([O,T],HZ(Q)))HwHHL2(Q)’

/ [0ru° (2, tn) — DU wde| < CHZ(HUOHCO(
Q

for0<n <N —1 and every wf € S§(Q, Tir) with a constant C independent of At and H.

Proof. As @10 9,at10 € C°([0,T], S§(Q, Tw)), see Lemma 5.13, the bound (45) holds analogously for
U (x,s) given by the elliptic projection (59) and using Lemma 5.14 concludes the proof. O

While in term 41d optimal quadratic convergence H? for p = 2 can be obtained even for U =
Tyu®(z,t,), see Remark 5.6, the optimal convergence rate for term (41e) is only obtained for U = 4.0
(due to its particular definition (59)).

Lemma 5.17. Let p = 2 and assume that A° satisfies (A1_2) with a =1, B =2. Let u® be the solution
of the homogenized problem (4), a5 its elliptic projection (59) and B° be given by (14). Assume
hypotheses (38a) for u® and A°, quasi-uniformity and elliptic reqularity (38c) as well as reqularity 42719 €
Co([0, T), Wh>(Q)) (for 1 < i,j < d) with &/° given in (60). Then, for UL, | = ﬂfjrol, wf € S§(Q, Tw)

n

and 0 <n < N — 1, there exists an Hy > 0 such that for all H < Hy we have

‘BO(UO('7tn+1);wH) - BO(U,{IH;wH)‘ < CLaH?||u

))vaHHLz(

2
OHCO([O,T],W2»°°(Q Q)

where L g0 = esssup,cq [|De A (2, ) w100 (ra,ray and C' is independent of At and H.
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Proof. Using the Taylor formula (57) and the definition of the elliptic projection (59) we derive
B (u® (-, tpp1);wth) — BO (@l wt) = / [Ao(x, Vul (2, t,41)) — A%z, Varl) | - Vol de
Q

_ - / DeA (2, Vi (2, ts1))(VAS, — Vi (, b)) - Vo'l da
Q

B (tn 131,55 —u0 (- tpg1),wH)=0

+ /Q /01 {DE‘AO (x, Vuo(;c,tnﬂ) + 7 [Vﬁfjrol - Vuo(x,th)D

— D¢ A° (z, Vul (z, tnt1)) }dT [Vﬂffl — Vil (z, tn_,_l)} -Vl dz

< Lot — a5
>~ LA s bn+4-1 n+1 W) L2(Q)’
where we used the estimate (58). The maximum norm bounds of Lemma 5.15 conclude the proof. O

Quadrature error for smooth A°. Finally, a quadratic convergence H? can as well be obtained for
the quadrature error (41f) when higher regularity of A° is available.

Lemma 5.18. Let p = 2. Assume that A° satisfies the hypothesis (37b) for u = 2. Let B° and BO be
given by (14) and (15), respectively. Then, the error due to the quadrature (6) is bounded by

)BO(UH;wH) — BO(UH;wH)’ < CH2(L0 + ||VUHHL2 )HVw

H
Q) HLQ(Q)’

for any v wH € SH(Q, Ty) and where C is independent of H.

Proof. An application of [17, Theorem 6] yields

‘BO(UH;wH) - BO(vH;wH)‘ < C’HQH.AO(m,VUH)HW(Q)HVwHHLQ(Q),

where || - H%{Z,(Q) =Y ker, I H%IQ(K) denotes a broken Sobolev norm. Let the k-th coordinate function
of A° be denoted by A?k), for 1 <k <d. Then, for 1 <4,j,k < d and a.e. x € Q, the (weak) derivatives
of A%(z, Vo) are given by

Ba, A‘gk)(x,va(x))} = 0, A0 (2, V0 (2)), O, [A?k)(x,VvH(x))] = D0y A (2, Vo (),

as Vol is piecewise constant. We conclude the proof by observing that for any K € Ty we have
A% (2, Vol (z )| 2(r) < C(Lo + [Vo (xx)]) /K] due to (37b). O

Remark. For a linear problem A°(xz,¢) = a®(x)¢, with a® € (L>(2))?*?, the regularity assumption
of (37b) with 1 = 2 becomes a® € W?2°°(Q), which is used for FEM based on numerical integration for
linear problems, see [43]. Then, the bounds of (37b) are valid for Ly = 0.

With the Lemma 5.18 at hand, the term (41f) can be estimated immediately.

Corollary 5.19. Let p = 2, assume that A° satisfies (Ao_2) with a =1, 8 =2 and A°(x,-) € C (R RY)
for a.e. x € Q. Let u® be the solution of the homogenized problem (4), W0 its elliptic projection (59)
and consider the maps B° and B° given by (14) and (15). If A° satisfies the hypothesis (37b) for pu = 2
and u® € C°([0,T], H()), then we have for U | = ﬂf_ﬂ

B Ul ;) — BOWUY ;w™)| < CH? (Lo + H“OHCO(

)||Vw

H
[0,T],H'(2)) ||L2(Q)’

for 0 <n < N —1 and every w € S}(Q, Tu) with a constant C' independent of At and H.

Proof of C°(L?) estimate from Theorem 4.4. Recall that 0 = uf —UYH for 0 < n < N. For
p =2, we set U = a0, By estimating the terms (41d), (41e) and (41e) using Lemmas 5.16, 5.17 and
Corollary 5.19 (instead of Lemmas 5.5, 5.7, 5.8), we obtain the estimate (56) with a term of order H?
instead of H. Then the result is obtained by combining that with Lemma 5.14. O
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5.3.2 Explicit estimates for the HMM upscaling error

In this section, for p =2 and a =1, f =2 in (A;_2), we prove explicit estimates for the upscaling error
decomposed into micro and modeling error, which are studied in separate paragraphs.

Micro error. In a first part, we bound the micro error r,,;. defined in (35a) which is due to the
finite element approximation of the micro problems (10). Under classical regularity assumptions on
)2% solving (12), see (H1), we derive a robust linear convergence rate, see Lemma 5.20. Introducing
an auxiliary adjoint problem (65) and assuming regularity (H1*) of its solution, a robust quadratic
convergence can be shown in Lemma 5.21.

We start by deriving a first estimate for the micro error r,,;..

Lemma 5.20. Let p = 2, assume that A® satisfies (Ag—2) witha = 1, 8 = 2 and that (H1) holds. For any
v € S§(Q, Ty) and either periodic coupling W (Ks) = Wy:2(Ks) or Dirichlet coupling W (Ks) = Hg (Ks)
for the micro problems (10), the micro error rm;.(Vvll), see (35a), can be estimated by

h
’I”mic(VUH) < Cg (LO + valq||Lz(Q)>7

where C' is independent of H,h,d and .

Proof. Let ¢ € RY, K € Ty and )Z% € W(Ks) and X%h € SY(Ks,Tr) be the solution of (12) and (11),
respectively, with the same coupling condition. Observing that f — a = 1, choosing 2" = Ihf(i (the
nodal interpolant on Kj) and using the interpolation estimate (44a) and (H1) we get from (47) that

< " (Lo + 1) VTR, (64)

Uil _ Urh
H XK XK L2(Ks) — €

Choosing then 2" = X%h with ¢ = Vol (zgk) in Lemma 5.9 on every K € Ty and observing that
v=a/(8 —a) =1, we conclude the proof by applying (64). O

In [1, 2, 10] a convergence of the order (h/e)? has been shown for linear micro problems (10), i.e.,
for data A°(z,€) = a®(x)§. Thus, the estimate of Lemma 5.20 is in general non-optimal. We note that
an adjoint micro problem was used to prove the quadratic convergence for non-symmetric tensors a®(x),
see [10, Lemma 4.6] for a short proof. In this view, we introduce the following linear auxiliary micro
problems: for ¢ € R%, 1< j < dand K € Ty, find X%/ € W(Kj5) such that

T ..
/ (DeA®(2.6+ VX)) (65 + VX)) - Vzde =0, Vze W(Ky), (65)
Ks

where K is the sampling domain associated to K and )Z% solves the cell problem (12). We note that
problem (65) admits a unique solution if A satisfies (Ag_2) and A%(z,-) € C'(R%RY), as then the
Jacobian D¢ A® is uniformly bounded and elliptic, see Remark 5.11.

Remark. We note, that for a linear map A°(z,§) = a®(x)§ the derivative D¢ A° is simply given by
D¢ A% (2,€) = a®(x). Thus, the auxiliary micro problem (65) reduces to

/ af(x) (e; + VX)) - Vzdr = 0, Vz e W(Ks), (66)
Ks

which is independent of £ and the corrector )’(gK. Indeed, we recover the adjoint micro problem used to
analyze linear homogenization problems, e.g., see [10].

Lemma 5.21. Let p = 2, assume that A° satisfies (Ao—2) with a = 1, = 2, A%(z,-) € W2> (R4 RY)
and (H1), (H1*) hold. For any v € S}(Q,Tu) and either periodic coupling W(Ks) = WL2(K;s) or

per
Dirichlet coupling W (Ks) = H}(Ks) for the micro problems (10), the micro error rpm.(Vof), see (35a),
can be estimated by

h\? 2
Tmic(Vo'T) < C<€> (LO + L% + HVUHHLZ(Q) + HV,UHHL‘*(Q))’

where C is independent of H,h,é and €.
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Proof. Like in Lemma 5.9, we estimate the difference A%"(¢) — A% (¢) for € € R? and K € Ty (with
associated sampling domain Kj), where A% (¢) and A(};’L(g) are given by (13). They are based on the

solutions x5 and X%h to the micro problems (12) and (11), respectively, solved with the same coupling
condition. Let 1 < j < d, then

A 1
A (€) 05 = A ey = 1 [ [AT(@ 6+ VR = A (@ €+ VA e da
| Ks) Ks
. o
= o1 [ A V) - A O] - (¢ + VILXE ) de,
K] /e,

where the Galerkin orthogonality for monotone FEM is used and Ih)_(f(’j € SY(K;s,Ty) is the nodal
interpolant of Xf(’j on K. Further, we apply the Taylor formula (57) and use that Xfé] solves (65)

_ 1 o
[AR" (€) = AR (€)] - e5 = %] Jx DeA*(2,€ + VX5 (VXK' = Vi) - (e + VI X5 )do
S5
T |K5| p /DgAE 2,6+ VX5 + 7(VXE = Vi) — De A% (2, € + VX5 )dr

X (VXS = V) - (ej + VI X8 )dx
1
|Ks| Sk,

1 1
TR / / DeA* (2,6 + Vit + T(VXE" — VX)) — Dedl (2,6 + VX )dr
sl JKs Jo

< (VX3 = V%) - (ej + VIR X )da.

DeA*(2,§ + Vi) (Vi = Vi) - (VI X = VX )da

Then, the uniform boundedness and the Lipschitz continuity of D¢A®(z,-) yield

7 L . e
0 (&) er — A%P(E) - es] < H Eh _ gt ' T, X6 _ X&u‘
A (§) -e; — AR (§) GJ‘ = 1K, ‘ Vxx — Vi L2(Ky) VI Xy — VX L2(Ky)
‘vx 1+ B X
|K | 2(Ks) Whee(Ks)

h\> ) iy
<o) (Lo+12 1 ‘IX“‘ :
<0(2) o+ 23+l 16D (1+[BIL|, o

where we applied estimate (64) (using assumption (H1)) and the standard H' interpolation error esti-
mate (44a) for the nodal interpolation operator Z, on K (using assumption (i) from (H1*)). Further,
the bound (44b) for Z;, and hypothesis (ii) from (H1*) yield |Ih)_(§<’j
follows from the definition (35a) of rne. O

Proof of Theorem 4.5. We combine the results of Theorem 4.4 with the estimates of Lemma 5.20 and
Lemma 5.21, with v =UH for 1 < n < N, for linear and quadratic micro convergence, respectively. We
note that ||VU ||12(q) and |[VUZ | 1a(q) are bounded for both U = Zyu®(-,,) the nodal interpolant
of the homogenized solution u° and U = a0 the elliptic projection (59). In particular, we have
IVZau® (- tn)l2a) < Cllul(,tn)llm2(), from classical interpolation results, see [16, Theorem 3.1.6],
and Lemma 5.15 yields ||[VaZ 0| paq) < Cllu’(-, )|l wi.(0)- O

Modeling error. In the second part, for locally periodic maps A%, we prove explicit bounds for the
modeling error 7,4 defined in (35b) including the influence of the boundary conditions chosen for W (Ky)
in (9), the sampling domain size § and the absence of collocation of A(x,z/e, ) in the slow variable x.
Periodic homogenization. As we are considering locally periodic maps A° independent of the time
variable ¢, we can use the representation of A° derived in the case of monotone elliptic problems
—div(A®(z, Vu®)) = f in Q, see [44, Theorem 8.1|. Assume that A®(z,&) = A(z, /e, €) where A(z,y,§)
is Y-periodic in y, i.e., A% is locally periodic. Then, see [33, Section 3], the homogenized map A° is
explicitly given by

Az, ) = /Y A, 9,6+ VxE () dy, (67)
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where z € Q, £ € R? and x*(z,-) € W2 (Y) solves the cell problem: find x*(x,-) € WL2(Y) such that

[ A e+ V@) Vady =0, ¥z e WEW). (68)
Y

Collocation in the slow variable. If the decomposition A(x,x /e, §) between macro and micro scale is
explicitly known, we can collocate the map A° in the slow variable x at the quadrature nodes x . Then,
for ¢ € R and K € Ty, the collocated micro problem reads as: find )Zﬁ( € W(Kjs) such that

Az, 2,6+ VX) - Vzdr =0,  Vze W(Ks), (69)
Ks

and, analogously to (13), the homogenized map fl(}( can be defined

1

= — [ Alrg,2,€+ Vii)da. (70)
|Ks| Jx,

AR (€)

If a locally periodic map .A° is not collocated in the slow variable, a modeling error of order O(4) is
introduced. In particular, if A®(x) satisfies (H2), one can show that

[ A5(6) = A%(6)] < Ca(Lo +[¢]), (71)

where the homogenized maps A}, and fl(}( are given in (13) and (70), respectively. To obtain estimate (71),
we first prove (similar to the upper bound of Lemma 3.4) the bound HV)Z%HLz(Ké) + HVX%HH(KJ) <
C(Lo + |€])\/]Ks] for the solution x5 and )’(ﬁ( to (69) and (12), respectively, and we then show (using
the Lipschitz continuity assumed in (H2)) that ||Vx5 — VX%HLQ(IQ) < C6(Lo + &)V I Ks5)-
Periodic boundary conditions. We next show that periodic coupling with a sampling domain size §
taken as an integer multiple of € is optimal for locally periodic data.

Let ¢ € R? and K € Ty and let x¢(7g, ) and )Z% be the solution to (68) and (69), respectively. We
observe that x¢(zx,z/e) = Vf(%(:ﬂ) on Ks (if § > ¢, x¢ (v, ) is periodically extended) and thus

A (zg, &) = A% (€), ¢eRY K e Ty, (72)

for the maps A°(zf,-) and A% defined in (67) and (70), respectively.
Dirichlet boundary conditions. In contrast to the optimal periodic coupling with §/e € N, using
Dirichlet coupling with § > € leads to resonance errors due to the artificial boundary conditions.

Lemma 5.22. Let p = 2 and assume that A° satisfies (Ag_2) with a =1, B =2 and (H2). Let £ € RY,
K € Ty and the maps ./Zl?( and A°(xx,-) be given by (70) and (67), respectively. Further, assume that the
ezact corrector x*(xx, ) solving the cell problem (68) satisfies X (wr,-) € WH(Y). Then, for Dirichlet
coupling W (Ks) = H} (Ks) and a sampling domain size § > ¢ it holds

€

- 1/2
A, &) = A%(©)] < 0(5) 7 (Lo + 16+ X @rs ) s )
where C' is independent of £, § and €.

Proof. We use the techniques used to analyze the resonance error for linear homogenization problems,
see [24, Theorem 1.2]. Let n € N be given by n = [§/e| (if 6/e ¢ N), or n = /e — 1 (if 6/ € N\{0}).
Further, we define Kp = K5\ K, and we observe that | Kp| < Ce§?~!. Then we decompose the difference
A% — A%(zx, €) into two terms according to

A% () — Ay, 6) =

K|

1
Az, 2,6+ VXS (2K, 2))dz — W/ Ak, 2,€+ Vx*(zk, 2))da,
ne K

ne

_l’_ -
|Ks| J s
where x¢(zg,y) is extended periodically to R? and the first and second line is denoted by I; and Iy,
respectively. First, we estimate Iy similarly as for the linear case

1 1
K5 S ]

1
ne Kpe

|Kr| | K| )
<C + K, Lo + + Ix¢(z , 1,00
(IKal R ] el ) (Lo 1814 I e, y)lw )

£
< Cg(Lo + €]+ X* (@, ) lwre(v))s (73)
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using the estimate (19) for A(z,¢) and the assumption x&(zx,-) € WH>(Y). To estimate the term I,
we define the function 6%(x) = 5(%(:6) —ex®(zx,r/e) on K; (using the periodic extension of x¢(xx,)).
As )2%|3K5 =0 (in the sense of traces), we decompose #* into

0% () = 05(x) — ex*(ox, £)(1 = pe(2), @ € K, (74)

where 08 € H}(Ks) and p.: Ks — R is a smooth cut-off function satisfying p. = 1 in K., pelox; = 0
and |Vp.| < Ce™! in Kr (where C is independent of § and ). Using the strong monotonicity (Az) of A
and the decomposition (74) of #¢ we obtain

2
)‘HVX%(:E)_vxg(xK’g) L2(Ks)

= /K (A, 2,6+ Vi§c(@) = Alek, 2,6 + Vi (ax, 9)] - (Vi (@) - Vxé(ax, 2) ) da

= [ Alwk, 2+ Vi(x) VO5de — | Alwk, 2,6+ Vi (ak, 2)) - VO5de
Ks Ks
b [ [Ar 26+ V@) - Al 2,64 Vo, )] - Tlex e, 21 pela)do
Ks
=y — Jy+ Js. (75)

First, as )2% solves the cell problem (69) in the space W(Ks) = H}(Ks) we have J; = 0. To show that
the second term J vanishes as well we define 65, € WL.2(K(,11)c) by

per per

05, (x) = 05(z) — ¢, (fweKs), 65,(x)=—c5 (freKuine\Ks),

per

with cg = m fKJ 93 (z)dx. Thus, we observe that V65,, = V¢ on K; and V65

per per

=0on K(n—i—l)e\K&-
Hence, when scaling and periodically extending (68) we get

A :/ Az, .6+ V(g 2)) - V65, (2)dx = 0.
K(n+1)5

Further, using the Lipschitz continuity (A;) of A, we estimate the term J; as

[l < L|| V(@) = Vi (e, 2)

L%K,;)Hvxg(xl(’ ﬁ)(l - ps(x)) - 5vﬂs(x)X€(xK, %)HL2(K1~)

< OVIEr]|[Vik (@) - V(. 2)

v @R D ey (76)

where we used the properties of p., in particular, 1 — p.(x) = 0 on K,. and Vp. < Ce~!. Combining
that Ji = Jo = 0 and the estimate (76) of J3 with the inequality (75) leads to

< C\/ |KF|HXE($K7y)||W1,oo(y)-

3 _ '3 z
o) - o ), <

Thus, I; can be estimated by the previous estimate and the Lipschitz continuity (A;)

L ey 1/2
I <7Hv~5 — Vol (ax, & <0(7) Sara)llor o 77
|| < m Xk (%) X (K, %) L2(Ky) 5 ||X (Tx y)HW o (Y) (77)
Combining the estimates (77) and (73) for I; and I, respectively, concludes the proof. O

Proof of Theorem 4.6. The Theorem 4.6 is proved by combining the estimates from (71) (collocation
error), (72) (periodic coupling) and Lemma 5.22 (Dirichlet coupling). O
6 Implementation and numerical results

In this section, we comment on the implementation of the multiscale method (7), illustrate the appli-

cability to a test problem from material sciences and, for p = 2 and @« = 1, § = 2 in (A;_2), we give
numerical studies of the convergence rates as well as the modeling error.
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6.1 Implementation

In this section, we briefly discuss an implementation of the multiscale method (7). As the macroscopic
equation (7) and the micro problems (10) are both nonlinear and coupled together, some care is needed.
We thus describe how ufl, | € S}(Q, Ty) solving (7) is obtained for given uf € S{(Q,Ty) and n € N.

At the macro level, the unknown u’f 1 is approximated by a sequence {ufbﬂ_(f )}jeN obtained by a

Newton iteration for the macro equation (7) with the initial guess unH_;_(f ) = ufl. As the macro equation

involves the nonlinear map B given in (8), a set of constrained micro problems (10) has to be solved (at
each macro iteration) and the Fréchet derivative of B (v; wf) with respect to v has to be computed.
We follow the ideas from [31].

Newton’s method for micro problems. Let v € S}(Q,7y) be a macro function and K € Ty
with associated sampling domain Ks. The solution v’ to the micro problem (10) is then computed by

a Newton’s method at microscopic level. In particular, for a given initial guess vk(o), the micro solution

v is approximated by the sequence {v/2Y)}; ey with o2 — vH € SY(Kj, T) solving

N[}}(v?g(j);v?(’(jﬂ) — v?(’(j),wh) = —B}Q(v?{’(j);wh), Vuw' € SY K5, Th),j €N, (78)

where the linear map B} (21 + ¢";-) and the bilinear map N2 (2% + ¢"; -, ) are given by

Bl (M + ¢ uh) = A (2, V2 4 V") - Vwhde, (79)
Ks

NEGH + ¢ o wh) = De A% (2, V22 + Vg" Vo' - Vwhdz, (80)
Ks

for 25 € S}(Q, Ty) and ¢", v, wh € S (K5, Th).
Further, the local contribution to the Fréchet derivative of B¥ is computed via an auxiliary micro
problem, see [31]. For 2/ € S}(Q, Ty) and 2% its associated micro solution to (10), the auxiliary micro

¢ . h,2H . h,zH H 1
unction vy~ solves: find v® —v" € S'(Kj,Tp,) such that
NE(sol?™ why =0, Vo' e S'(Ks, Th), (81)

where N is defined in (80). As the auxiliary micro problem (81) is linear it only leads to additional
computational cost comparable to one iteration of the micro Newton’s method (78).
Newton’s method for macro scheme. For j € N| the (j+1)-th iterate uer(f ™1 of the macro Newton’s

method to approximate ull 11 solves

H,(j+1)
/ n+f _“5 dem—f—NH(uH’(j)' H,(j+1) H,(j) H)
Q

At n+1 7un+1 _un+1 , W

= /wade — BH(unH_;_(f);wH), Vuw € S§HQ, Tw),
where B is given by (8) and N'H is defined for v, w211 € S}(Q, Tu) by

K
NEEH 0wy = Z ||K5| . D¢ A® (x, Vz?()Vv?(’szx -Vl (zg),
KeTu s

H
where 2% is the micro solution to (10) associated to 2z and v?gz is the solution to the auxiliary micro
problem (81) constrained by v*.

Remark 6.1. In practice, convergence up to machine precision is not needed for the micro Newton
iterations. Instead, the stopping criterion for the micro Newton cycles should be adapted to the accuracy
which is expected for the next macro iterate.

Further, if p=2 and a =1, 8 = 2 in (Ap—2), it holds that D¢.A® is uniformly bounded and elliptic,
see Remark 5.11. Thus, the problems (78) and (81) on the micro scale as well as the macro Newton
iteration (82) admit a unique solution.
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6.2 Simulation of a laminated iron core

In this section, we use the multiscale method (7) for a problem inspired by laminated iron cores. We refer
to [40, 41] for multiscale simulations of the magnetostatics and magnetodynamics of such iron cores.
Setting. Let Q = (0,0.2)? and T = 2. We consider a layered material modeled by the locally periodic

map A°(z, ) = pf(z, )¢ = p(z, x/e, )€, where for x = (21, 22)", y = (y1,92)"

3e(@)(1+ €)@,y € [0, 9],

, with c(z) = 100004 (1.03 — cos(%Fx1)),  (83)
22 Y2 € (%7 1)7 4

w(z,y, &) = {

p =103, o = 47 - 1077, p, = 0.05 and take ¢ = 1/5- (50 + 3/4)~! ~ 0.0039, see Figure 1.(a). Thus,
the magnetic law is linear in the 50 insulation layers and nonlinear in the 51 lamination layers. The
map A° is discontinuous in space and satisfies (Ag_2) for p = 1.03, o = 0.03, § = 2, see [12, Remark
2.1]. We then solve (1) with — instead of zero Dirichlet conditions — Dirichlet data up(z1,22,t) on
I'p =[0,0.2] x {z32 = 0, 0.2}, zero Neumann conditions on I'y = 9Q\I'p and initial data g(z1,x2), where

up(x1,0.2,t) = 55(cos(5t) — 1), up(x1,0,t) = —up(21,0.2,t),  g(z1,22) = 155 (522 — 3).

Reference solution. We compare the results obtained by the multiscale method (7) to a reference
solution u"¢f calculated by standard FEM (on a mesh resolving the small scale €) combined with the
implicit Euler integrator (at 160 equidistant time steps), see Figure 1.(b) for "¢/ at final time T = 2.

1073
0.2 2
0.15 s
g 01
1
0.05
05
0
0 0.05 0.1 0.15 0.2 .
P T2 0.2 0.2
(a) p®(z,§) for & = (1/5,1/5). Insulation layers de- (b) Finescale solution at T = 2. 10° spatial degrees
picted as white areas. of freedom, 160 time steps.

Figure 1: Test problem with layered material of Section 6.2. Finescale solution obtained by standard
FEM combined with implicit Euler method.

Numerical results. We use the multiscale method (7) on macro and micro meshes with Ny,q. = 32
and Np,;. € N\ {0} elements, respectively, in each spatial dimension and N = 160 equidistant time
steps. For the upscaling, we collocate the data (83) in the slow variable x and employ Dirichlet coupling
W(Ks) = H}(Ks). As we use different values for § > ¢, we adapt N,,;. such that h ~ §/N,,;. is constant.
In Table 1 we compare the FE-HMM solutions for § = 2%, 0 < k < 5, to u™*f by calculating the error

in the spatial L% norm (using eco(r2y defined in (88a)) and comparing the energy norms using €cpergy via
-1
9

cenergn = (o [0S o t)]  — [[uf]| o ]) maxosnens [0/ (b)) ™" with

||u”f(',t)H2 S %||uref(~,t)”ig(ﬂ) + fg fQ As(z, Vuel (z, 7)) - Vu'e! (z, 7)dzdr, (84)

2 1 2 ! 0,h
Jur! ([ = 3llun |2 ) + o At X e, KR (Vuil (2x)) - Vil (wx),
where Z/ indicates the trapezoidal rule in time. Note that for linear homogenization problems eco (2 is
known to be of order O(e) and that the energy of u® converges to the energy of u°, while the error in the

spatial H! norm is at least of order O(1). We observe that eco(r2) and €epergy decrease monotonically
when 4 is increased (ecpergy decays as O(671)), i.e., a sufficiently large d is needed for reliable results.
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| 6=¢c | 0=2e|d=4c | §=8c| =16 | § =32
€co(L?) 0.4832 | 0.3224 | 0.1971 | 0.1150 | 0.0682 0.0435
Eenergy 0.2411 | 0.1274 | 0.0657 | 0.0334 | 0.0169 0.0083

Table 1: Comparison of the FE-HMM solutions to the standard FEM finescale solution u"¢/ for the test
problem of Section 6.2. Study of the influence of the size § of the sampling domains Ky for Dirichlet
coupling. Error measured by eco(r2) and ecpergy, see (88a) and (84), respectively.

Finally, we compare Dirichlet coupling with § = 32¢ to periodic coupling with parameter § = ¢, see
Figure 2. While both solutions accurately capture the effective behavior of u"¢f, the computation with
periodic coupling and § = € needs much less micro degrees of freedom as the sampling domain is smaller.

15 15
T2 0.2 0.2 Z2 0.2 0.2

(a) FE-HMM with Dirichlet coupling, 6 = 32¢ and (b) FE-HMM with periodic coupling, § = ¢ and
Npic = 1024. Npic = 32.

Figure 2: Test problem with layered material of Section 6.2. FE-HMM solutions at final time T" = 2
computed with multiscale method (7) using Dirichlet or periodic coupling. Simulations with N = 160
time steps, Njqc = 32 macro elements per spatial dimension and constant micro error.

Setting with non-periodic, random data. Let us next illustrate that the method (7) is applicable
beyond the setting of (locally) periodic maps A®. Therefore, we replace ¢(z) in (83) by the realization
of a log-normal stochastic field (based on a normal distribution with zero mean and variance o2 = 0.5)
with local correlation lengths €, = 0.002 and €., = 0.004 obtained by averaging via a moving ellipse,
e.g., see [8, Section 4.2]. Such data can be used, e.g., to model impurities in the ferromagnetic material.

First, analogously to Figure 1.(b), we compute a finescale reference solution u"¢f plotted in Fig-
ure 3.(a). Second, we apply the multiscale method (7) with parameters N = 160, Npae = 32, Nppic = 256
and Dirichlet coupling with 6 = 8 =~ 0.0315, see Figure 3.(b). Comparing Figures 3.(a) and 3.(b), we
observe that the FE-HMM solution indeed reliably predicts the effective behavior of u"f.

6.3 Convergence rates

We next validate the convergence rates (for p =2 and a =1, § =2 in (A;_3)) stated in Section 4.2.
Setting. For = (0,1)? and T = 2, we consider (1) with maps .A° and source f chosen such that

ul(z,t) = ®(t)(2? — 1) (23 — x2), ®(t) =21 (10cos(Zt) + 11)7 1, (85)

is the homogenized solution u". Similar to Hoang [33], we construct a locally periodic map .A° using the
ansatz A°(t;x,€) = Ap(z/e,€) + c(t; x, x/e) where Ay(+,€) and c(t; x, ) are Y-periodic. We then take

Ap(y,€) = [L+sin(2n(ys +2)) + (2 +sin(2rys + )2 + cos@my))(1+[€P)2] &, (86)

which satisfies assumptions (Ap_2), and derive (using Maple) that

fla,t) = @' (t)(a] — z1)(2] —z2), cltsz,y) = —Ap(y, [er(ta,y), e2(t; 2, 9)]7), (87)
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5 15
z2 0.2 0.2 Za 0.2 0.2

(a) Finescale solution w108 spatial degrees of (b) FE-HMM solution. Nmae = 32, Nmie = 256,

freedom, 160 time steps. N = 160 and Dirichlet coupling with § = 8e¢.

Figure 3: Test problem with layered random material of Section 6.2. Reference solution (left) and FE-
HMM solution computed with multiscale method (7) (right) at final time 7' = 2.

where ®'(t) is the derivative of ®(t) from (85) and e;(t; z,y), for i = 1,2, is given by
ei(t;z,y) = ®()[(22; — 1) (22, — x3_4) + (z1 + z2) cos(2my;) sin(2myz_;)].
Note that div(c(t;x,z/¢)) cannot be integrated into the source f, as it oscillates and grows as O(e7!).

Further, the results of Section 4.2 can be extended to data A°, f (like (86-87)) smoothly varying in time.

Error measure. To measure the difference u® — ufl, we use the relative error measures

2 1/2 1
feo(r?) = (I (ZKGTH (- tn) — UEHLQ(K)) ||“0Hc°([o,T],L2(Q))’ (88a)
‘N 5 1/2 1
eL2(Hy) = (ano AtY geq, IVuO(itn) — VUSIHH(K)) ||“0HL2(0,T;H3(Q))’ (88b)
where 3" indicates the trapezoidal rule in time and a high-order quadrature rule is used for || - || L2(K)-

Numerical results. We use (7) on uniform triangular meshes on Q and Kjs with Nyae and Nye
elements in each direction, respectively. Further, we choose periodic coupling with § = ¢ = 10~* and
collocate A(t; z,z/e,€) in . Thus, the modeling error vanishes and we expect the convergence rates (40).

To confirm the spatial convergence rates of Theorem 4.5, we plot in Figure 4.(a) the measures eco(r2)
and ep2 g1y versus Nyqc ~ 1/H for a small At = 1073, Indeed, for fixed N,,;. = 4,8,16,32, we get
quadratic and linear convergence of eco(r2) and epz(p1), respectively, for small Ny,q. and saturation levels
for large Nyqc, which decrease by a factor around 4 when doubling N,,;. (quadratic micro convergence).

In Figure 4.(b) we plot the measures eco(z2y and ep2(g1) versus the number of time steps N ~ 1/At
for fine spatial meshes with Np,qec = Npie = 128. While e2(g1) already saturates for N > 16 (due to a
large spatial macro error), we observe that eco(2) converges linearly in At as predicted by Theorem 4.5.

6.4 Influence of the sampling domain size ¢

Forp=2,a=1,8=2in (A;_2), we next study the modeling error for Dirichlet and periodic coupling.
As in practice, the value of ¢ is often not known, a common strategy is to use Dirichlet coupling (with

d larger than some available upper bound of ) combined with oversampling techniques, e.g., see [30].

Interestingly, experimental studies however show that periodic coupling still performs well for general

d > ¢ (usually better than Dirichlet coupling), see [51, 8, 5].

Setting. We modify the data of Section 6.3 by replacing ®(¢) and A, in (85) and (86), respectively, by

(w,t) = cos(Ftas),  Ap(w,y,) = L+ 2+ sin@r(ys +v2)) (1 + ) 7] ¢

and compute then c(t;z,y) and f(x,t) in (87) like in Section 6.3. This modification of the data allows a
qualitatively better illustration of the effects.
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space discretization with constant meshes Njoc =
Npmic = 128. Number of time steps N =
4,6,8,11,16,23,32,45,64.

Figure 4: Test problem of Section 6.3. Relative error measures eco(z2) (solid line) and epz2(g1) (dashed
line), see (88), as a function of Ny, (in part (a)) and N (in part (b)), respectively.

Numerical results. We take N = 40 time steps, N,,qc = 32 macro elements in each direction in €2,
collocate A(z, /¢, &) in x and choose ¢ = 10~%. To keep the micro error constant for different § we adapt
the micro meshes such that A ~ §/N,,;. is constant (starting with Ny,qc = Nypje for 6 = €).

For Dirichlet coupling, we plot eco(z2y and er2(g1) from (88) in Figure 5.(a) versus 0/ for 6; =
(104+4)/10-¢,i=1,...,40. We get an overall decrease with local peaks at d/¢ € N (resonance values).
The envelopes for ecoz2) suggest a decay of O(¢/d) (like for linear problems, see [24]) rather than

O(/e/0) as predicted in Theorem 4.6. The test problem however is a quasi 1D homogenization problem.

0.2 T T 0.2 T T
—%— €00(12) —%— €00(12)
x % €12(pH1) s €12 (g1
g" % - - - envelopes of O(5~ 1) X - - - envelope of O(671)
R %
015 7 % R 0151 4 = .
% P
o x H [ : *
o} s o 2 .
= N L 2 H
> . P = :
5} N % 4 % M
= "x-x*"x-x_x,x“ o XXX = ! 4'* 'x)‘. X,
4 ™ ot 00 303X N K g % woxx X % 04 20 10X %00 50 36X XKt 30
0.05 |- - N
0 I I I I I I I I
1 1.5 2 2.5 3 3.5 4 4.5 5

(a) Dirichlet coupling W (Ks) = Hg(Ks) and 1.1 <
0/e <5.

(b) Periodic coupling W (Ks) = WhA(Ks) and 1 <
d/e < 5.

Figure 5: Test problem of Section 6.4. Relative error measures eco(z2y (solid line) and ez2(g1y (dotted
line), see (88), as a function of the sampling domain size §. Constant number of time steps N = 40 and
Niae = 32 macro elements per spatial dimension. Microscopic mesh size h chosen such that h/e = H,
i.e., remains constant for different sampling domain sizes 9.

For periodic coupling and é; = (10 +¢)/10 - ¢, i = 0,...,40, we discover in Figure 5.(b) a similar
oscillating behavior coupled to a global decrease (again O(5~1) for eco(r2)). Optimal accuracy is obtained
for 6/¢ € N (see Theorem 4.6) and the local maxima at 6 = (k + 1/2)e for k € N.

Finally, a fair comparison of Dirichlet and periodic coupling only makes sense if the overall error is
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essentially dictated by the modeling error (this can be checked using periodic coupling and d/¢ € N, as
then r,,,0 = 0). While this is the case for eco(z2), the temporal and spatial errors, which are identical in
all experiments, dominate for ez g1). Comparing then the measure eco(r2) reveals that periodic coupling
is more accurate for all §;. Similar results are known for linear homogenization problems, see [51].

7 Conclusion

We have proposed a multiscale method to solve nonlinear monotone parabolic homogenization problems
by combining the implicit Euler integrator (in time) with a numerical homogenization procedure (based
on the heterogeneous multiscale method) coupling macro and micro finite element simulations (in space).

First, we have proved in the general LP(WP) setting, that the multiscale approximations converge
towards the exact homogenized solution, for which only minimal regularity is assumed, if the effective
model is well-approximated by the upscaling strategy and the mesh sizes of the macro and micro spatial
discretizations as well the time step size tend to zero. Second, in the L?(H') setting, we derived optimal
a priori error estimates for the contributions of time and space discretization on macro and micro scale
without any structural assumptions on the microscopic heterogeneities. Further, if we assume local
periodicity of the data A%, the modeling error has been explicitly estimated as well. We note that the
error analysis can be generalized without any difficulties to different boundary conditions in (1) as well
as maps A° and source terms f smoothly varying in time.

Finally, we have shown that the computational cost of the multiscale method is independent of the
small characteristic size of the micro structure. Thus, the method is well-suited for practical engineering
problems if the quantity of interest involves the homogenized solution. However, the implementation
of the proposed multiscale method still involves systems of nonlinear equations, see Section 6.1. As a
remedy, a linearized variant of the FE-HMM is available in [7], see Section 1 for discussion.
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