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Introduction / Motivation

Non-linear |AW simulations with

kinetic ions and adiabatic electron model

» Simulating lon Acoustic Waves (IAWs) with fully kinetic ion and electron dynamics is very costly:

electron/ion time scale separation ~ wpe/wiaw ~ (me/mj)1/2 <« 1. Normalized system of equations for IAWs
. . . . . . _ > Normallzatlons
» Electrons therefore usually approximated assuming an isothermal Boltzmann fluid response. in 1-wavelength long periodic system: %= x/\ P = it
» Fully kinetic electron simulations may however significantly differ from corresponding ones with P 0 0¢ 0 5y CDe’ u/[\);
Boltzmann electrons: Vlasov Eq. for ions: [81‘ V(‘)_ — (‘)_8_ f=0, o /Cs: ~ Y/ Vthes
1. The Boltzmann model cannot account for electron kinetic trapping contributions to the nonlinear frequency shift. X XaoVv 5 W = W/ Te, ¢= e¢/ Te,
In fact, for ZT,/T; 2 10, the positive contribution from trapped electrons dominates over the negative one from with initial Maxwellian:  f(t = 0) =  /—— ex (_T 74 ) Ape = (Toco/Ne€?)1/2 = electron Debye length,
trapped ions [Berger 2013]. ' B 27‘(‘ P 2 7 wpi = [Ni(Ze)?/mieo)'/? = ion plasma frequency,
2. The two electron models lead to different non-linear evolutions of driven IAWSs in presence of sideband o Cs — (ZT./m)"/? = ion sound speed
instabilities [Riconda 2005]. i i . @ ext e Peee. .
| | | | | | Non-linear Poisson Eq.: avi—N(®=¢+ o), Vine = (To/me)"/2 = electron thermal velocity.
> _G.OA_L. Derive a rec_luced electron mode_l which enables time :s,tepplng IAW simulations at with either (linear Boltzmann) N(®) =g =1+ 06 . Single effective parameter:  — ZTo/T:.
ion time scales while correctly accounting for electron trapping effects. exp(0) . External driver for generating propagating
or (non-lin. Boltzmann) = N(¢) = ng = 1/)\ fA dx ex (¢)’ waves (models ponderomotive force on
: : : 0 P electrons in LPI):
Adiabatic electron model (1-dim) . AW t " t
or (Adiabatic, fy = fy) = Ny = —exp u=/2), o (X, ) = ¢ () cos(kx — w™t),
» Non-linear IAW simulations with fully kinetic electron response show that the energy distribution U= [2(W + gb)]1/2 o _/ ox U H(W + ) VAVIZ:[h d”;/ﬁ; ?;nrgllggcejg\?vr:?%fzf\{er time
f(W) of electrons is very close to the so-called adiabatic distribution [Dewar 1972]. ’ A Jo ' ramp P drive:
» Boltzmann distribution:
W)= Ne exp(-W/Te) Properties of the adiabatic electron model
0.402— ‘ ‘ (27T Te/me)1/2 <eXp(e¢/ Te)>
trapped electrons :‘;‘L"y ‘;‘:e;';j'srgl 3 _ - ] ] ] ]
oal e, srusore o » Sudden distribution (valid if wy, . < dlog ¢g/dt): ~ Conservation of mass: > Non-linear kinetic frequency shift
O sudden, numerical ¢ ’ +oo W ) contribution from particle trapping
2 byt S \- <fo[vph+au(x,W)]H( W+e¢)> / olx / 223 o) [Dewar 1972]:
5 F oo B o u(x, W) X ep et T SoKIn — 5wkm 4 &ukm (epg/ Te)1/2, with
S 50 Z (W o) = H(W+eg¢) ’ ki 1/2 3/2
: Catewy ), = | duitw) = const kit oy (e0g)"RZT\I2 0 e
A - Conservation of total energy: KCs ver \ Te Ti i
» Adiabatic distribution (valid if wy, . > dlog ¢g/dt): - y ) gy o i S 12 /
0-392— 05 0 0.5 1 | _ - Ve o Crad €99
energy W/e @ Z fad( W7 O') — Z fO(Vph -+ O'U) thtOt dt (P + K T Ke) — O kCS o @\/ﬂ ( Te ) Y
Fig. Energy distribution of trapped electrons o==1 o==1 with and a: — a4 OF & depending on wave
from fully kinetic, non-linear IAW simulation _ TR 219 e — part - ~ad sud:
using the SAPRISTI code [Berger 2013]. u = veloolty, o = sign(u) and W = meu"/2~ e = particle energy dx generation. ayq = 0.544, agyq = 0.823.
Similar agreement for passing particles in wave frame. w.. = bounce frequency
' ¢ = electrostatic field and v,, = (lab frame) phase velocity.
i(v) = initial (lab frame) velocity distribution. K = m / ax dv V2fia
(x = (1/N) foA dx-: spatial average over one wavelength \. 2 Jo \ ;gg
L L - Me 2
» Relation for f,4 based on the adiabatic invariance of the phase space action & (H = Heaviside): Ke =—- /o dx dU UTad
_ A
(W) = (u(x, W) H(W + e5) )x /dxux W) H(W + e) -2 qu Z o
emax

» For IAWs one may consider limit of zero electron/ion mass ratio = v,/ Vip e ~ ~ (me/m)1/2 = 0. . Deviation from Boltzmann model: fy — £l | . .
» Electron density is a non-linear functional of ¢(x): NV (¢) = ne(x, t) f du f,g. is maximum for resonant particles 5 10 15 20 25 30

ZT |T
» The adiabatic electron model for improved |IAW simulations had already been suggested by . . P .
. : . o o oAres o N 3/2 Fig. Estimated ratio of ion to electron frequency shift
Dewar and Valeo in 1972 [Dewar & Valeo 1973], but combined with a cold fluid ion response. ng” = / du(fg — fag) ~ (edo/Te) (Borger 2013], assUming oo — o).

A fully kinetic ion response is considered here.

Numerical approach Non-linear frequency shifts of IAWs

. Vlasov Eq. for ions: Semi-Lagrangian scheme based on ~ Waves with kApe = 0.3 driven up to difierent amplitudes eo/ Te. ~ Non-linear fluid-like effezcts lead to harmonic generation:
cubic-spline interpolation with time splitting of x- and v-advection ~ After driver is turned off, non-linear frequency wy.(¢g) computed ok =2) = Ay ¢(k = 1)° = wave steepening.
[Cheng 1976]. Time step size at ion scale: Atwp; ~ 107" with Hiloert transform analysis. » Associated contribution to frequency shift (k = KApe):
. . _ B s . . . . 5
- Adiabatic density A/ (¢) = ny: Frequency shift estimate:  dw(¢g) = wNL(P0) — qj(:T)o wNL(%0) opMiid 4 4 45k + 93k? + 81k® + 24k8 (egb)
1. u(W) = (u)x computed for different energy levels W,. ZTe/T; =30 0.06 & ket 7o | S KCs 48k2(1 + k2) Te
x-integral carried out for passing orbits [W, > —e min(¢)] with trapezoidal rule, 1o oorl * et csare | A W e
and for trapped[ emax(¢) < W, < —emin(¢)], after identify turning pts., with > AS Cs/vini = (£Te/ Ti) 1 > 1 = g ¥ * e | v ‘ —
X 5 kin ~_ 0 0.06 _603; , theory L e 102l| ™ non-lin. Boltzmann 'x, | 14 —- fully klnetIC_ _
I+1 dX\/ 2/3 f + \/ ff,+1 + f/+1 XI+1 — X, (\/7, + 4/ f,'_H) . Wi =Y. . . . g -3 8 ey 7 A iin. Bolzmann | )p’*:z | < _f_f;eiz:lzjsc:;g;dlabatlc
_ > At low amplitude, freq. shift dominated ' A . o X sl [
2. Adlabatlc dlstrlbutlon compu_ted on grid (x;, u;): fa(Xi, yj) = folu(Wy)], by positive electron trapping effect T F e ,,pQ;,:f"/' .
with Wy = uf/2 — ¢(x;) and t(W,;) interpolated from G(W)). 50k ~ (8 To) V2. 7 o - : 5 cpk\il oy g i
3. n(x) = [ du fu(x, u) integrated with trapezoidal rule. Absent in Boltzmann simulations. 0.02: sy agand ,,,3",:,;:{ i oo
: : . . . » At high amplitude, positive contribution oot g AN o ZT T =30
» Non-linear Poisson Eq. solved iteratively using Concus and fromg(swﬂuid?v (e, /pTe)z_ D o m;\w B o 21,1 ot 26 N
GOIUb,S scheme [COhen 1997] Theoretical estimate: _0.01OZT’T 3(:)1 . - . 10° 2&?;1) 10° 0 5 Xl/OADe 15 20
({92 K Kk Kk 5wﬂmd/(kcs) = 1.882(6¢0/Te)2. (2ecpn./Tn)1’2 | | 10" e T —
(=52 T 1¢ == N(@5) + 6, o0 ¢ e A e
. X . . 0.041 : : gl BI It ri - /g:\‘\/\ 1 107} 1423 /*',,4" e (pkzj\,*"'/_,/ -
obtained after subtracting the linearized electron response on ~ ¢ ZTe/T;j =10 oogf—aw e e =AY A
. . . . _ . e+ o 8", theory et L S a3 1 S ' A& R
from both sides. §°/9x? discretized with finite differences. o - ot o8 T 1o PO ) P B
» lon and electron kinetic contributions _ 002 50 6% K 4 | 5 -
<u> (W) error on numerical estimate of <u> such that ‘5wikin| ™~ |5wgin‘ and thus % 0.01r o 368({1\ -O* N @il 4/?
. x LN Znergy distribution (W) nearly compensate each other. g B ] RN |
. . S — 3~ . - . . _ . s P % ]
g B @ = s £ (b) = ’g (c) » Only kinetic contribution reproduced by ool *'"‘\1 “Losr10g s 06 o ZTT=10 ) ZT T =6
o, ‘IEU E i ! Y * Boltzmann simulations is negative one ' ‘A*_A: o 0
= ! = i -0.02/ ]
T = —— adiabatic from ions. ZT T =10 ~1.0707" ¢*2 +2.73
S g — - - - Boltzmann % o4 02 03 od » Only the simulations with neither electron nor ion trapping effects,
. S, | —Fnumerica ’ "% e ; - I
| eat | __ l.e. Boltzmann runs in case ZT¢/ T; = 30, reproduce the scaling
N R : ZTe/Ti =6 R — s(k = 2) ~ ¢(k = 1)2 predicted by fluid theory.
trapped and pasesmg orbits > |(5wikin| > |5wé{in‘ and total frequency shift oot \ //////// :réi?kucf%z?gxonj)mm%yd
for energy levels W labatic distribution f_, adiabatic and Boltzmann density IS negative. ' **o - Bwk ol o e C I -
8 ' . \ * . e ‘:‘-‘lterated
ﬁ(c& » Minor differences on dwni, between the > 0, *\:;\\ 91*\ | onciusions
——— fully kinetic and reduced electron 2 T
- simulations may result from ™ AN | » Simulations of non-linear IAWs have been carried out considering
= non-identical driver parameters leading s /s . L. ) ,
——————— . . . . . . oo —2.24m07 2 + 4.09
— eri— 7 to an ion distribution which is more or 0% .. /% j kinetic ions and a reduced electron model based on the invariance
A } . . L. W . . . - .
= - - - - Boltzmann less in the sudden or adiabatic limit 21T =6 of the action ¢ u dx, enabling time stepping at the ion scale.
S i n ) ~0.05-—— ‘ - ‘ ‘ . . . .
0 o 1 0 O 1 % 8 1 = Qj = Qsud OF Qag- ’ Y eemim o » Excellent agreement has been shown with fully kinetic ion &
X T[ (] ] (] ] (] (]
| S oy e fiold ) ~ Very good agreement between fully kinetic and reduced adiabatic electron simulations both wrt. non-linear frequency shifts (kinetic
Fig. Comp Ulzt'/oﬂ © zagabanc i’jgs'ty 1;? Z n;‘d or g’gef e 7(X) - 7_¢° cos(kx). simulations for all values of ZTg/ T;. and fluid effects) as well as wrt. harmonic generation.
e 0 — . JnX: X = s u Vthe: . ;Umax Vthe: .
| | Outlook / Future Work
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