Nonlinear Differ. Equ. Appl. 20 (2013), 1597-1629
(© 2013 Springer Basel

1021-9722/13/051597-33 : : . :
published online March 19, 2013 Nonlinear Differential Equations

DOI 10.1007/s00030-013-0223-4 and Applications NoDEA

On the stability of travelling waves
with vorticity obtained by minimization

B. Buffoni and G. R. Burton

Abstract. We modify the approach of Burton and Toland Comm. Pure
Appl. Math. LXIV. 975-1007 (2011) to show the existence of periodic
surface water waves with vorticity in order that it becomes suited to a
stability analysis. This is achieved by enlarging the function space to a
class of stream functions that do not correspond necessarily to travelling
profiles. In particular, for smooth profiles and smooth stream functions,
the normal component of the velocity field at the free boundary is not
required a priori to vanish in some Galilean coordinate system. Travel-
ling periodic waves are obtained by a direct minimization of a functional
that corresponds to the total energy and that is therefore preserved by
the time-dependent evolutionary problem (this minimization appears in
Comm. Pure Appl. Math. LXIV. 975-1007 (2011) after a first maximi-
zation). In addition, we not only use the circulation along the upper
boundary as a constraint, but also the total horizontal impulse (the veloc-
ity becoming a Lagrange multiplier). This allows us to preclude parallel
flows by choosing appropriately the values of these two constraints and
the sign of the vorticity. By stability, we mean conditional energetic sta-
bility of the set of minimizers as a whole, the perturbations being spatially
periodic of given period. Our proofs depend on the assumption that the
surface offers some resistance to stretching and bending.
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1. Introduction

For a fixed Holder exponent v € (0,1), period P > 0 and average height
Q > 0, we shall consider domains 2 C R? and curves .# such that there exists
a C'-map F : R? — R? satisfying the following properties:
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F restricted to R x [0, Q)] is a diffeomorphism from R x [0, Q] onto {2,
meas(£2N((0, P) x R)) = PQ,

F(x1,0) = (21,0) for all z; € R,

. CR x (0,00) and F restricted to R x {Q} is a homeomorphism from
R x {Q} onto .7,

F(xl + P,IZ’Q) = (Fl(xl + P,x2)7F2(x1 -+ P,l’g)) = (Fl(lfl,.’tg) +
P, Fy(z1,22)) for all z = (z1,22) € R x [0,Q].

As a consequence the curve .# is of class C*" in the open upper half
plane, P-periodic and is a connected component of the boundary of the region
Q. Let S and 2 denote one period of . and 2. We denote by O the set of all
domains  defined in this way, and we write Q € O or 2 € 9. Thus . must
be a simple curve (without self-intersection or self-touching) but it need not
be the graph of a function. While this is fairly general, it excludes some cases
of physical interest. For example, a row of rolling beads of mercury constitutes
a travelling wave with a disconnected free surface whose components are not
graphs of functions, and beads of mercury can touch without coalescing.

If R? is identified with the complex plane C, the point (x1,23) corre-
sponding to the complex number z; + izs , it can be shown (see e.g. the
appendix A of the paper by Constantin and Varvaruca [10]) that there exists
a holomorphic map

b+it: Q—Rx(0,1) (1.1)

such that

. qS + zw can be extended into a diffeomorphism from 2 onto R x [0, 1],

° z/J (b are real-valued functions of class C'*7 on £2 and their gradients never
vanish on ,

o’(/1|{x2 0}—0and1/)|y—1 ~
o ¢(m—|—P) ip(z+ P) = qﬁ( )—Hz/)( )+ P for all 2 = 21 +ize € R x [0, 1],
where

P :/O 61(]5(.1’1,0)615(51 :/0 82’(/J(£L‘1,0)d.’171 = /SV’L/)TLCZS (1.2)

and n is the outward normal to 2 at a point of S.

We shall write £ € H;e/f(S) or £ € H;éf(Y) if € is the trace on . of
some ¢ € H] () that is P-periodic in 7.

Analogously, we shall write ¢ € L?
in x7.

(2) if ¢ € L} () is P-periodic

per

Given 2, .7, € € Hyl7(#) and ¢ € L2,,.(2), let ¥ € HL (2) be the
weak solution of the boundary value problem

—AY=( on (1.3a)

¥(x1,0) =0, (1.3b)

Y=¢& on.Z, (1.3¢)

¢ is P-periodic in z1, written ¢ € H},,.(Q) or ¢ € H} .(£2). (1.3d)
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On one period, the circulation C' and the total horizontal impulse I are
given by

C=C(Q&¢() = /va~nds,

I=1(Q,60) ::/Qazwdxz/ﬂvxg-wdx.

By C(9,£,¢) = [4 VY - ndS, we mean
Q - Vi dr — 0
CQ,6,0) /Qw Vi de /Qéwdaa

where 1 is any function in H}..(Q) such that 1Z|{I2:0} — 0 and t|s = 1. For
example we can choose zZ = 1. When v is regular enough, these two ways of
defining C(€, ¢, () agree, but the latter one requires less regularity. We can

also write, if there is enough regularity available,

1(Q,¢,¢) = / @Viﬁ-ndS’—i—/ xo( dx.
s Q
Let us fix g and v in R. Then (Q,&,¢) defines a travelling water wave
with stream function v, circulation u, total horizontal impulse v and vorticity
¢, if, in addition,

C(Q,80)=pn, I(&()=v, (1.3e)
6 = )\1172 + )\2|y for some )\17 )\2 € R, (13f)
¢ = Mo (1 — A\x2) almost everywhere for some function A (1.3g)
and
1
§|V1/1 — (0, \1)|? + g x2 = constant on .7, (1.3h)

where ¢ is gravity. The travelling wave is moving with speed A; to the right
and Eq. (1.3g) reflects the fact that vorticity in steady flows is constant on
streamlines. The constants A1, A2 in (1.3f) and the function A in (1.3g) are not
prescribed.

If the surface reacts to stretching and bending, the Bernoulli condition
(1.3h) is replaced by

1 _
5IVe = (O M) +g2s — TB(S) - P)* o
+E (20” + 03) = constant on .7, (1.30)

where ’ denotes differentiation with respect to arc length along the surface,
o(x) is the curvature of the surface at x € ., £(S) is the length of S, E >0
is a coefficient of bending resistance and 3 > 1. See [15]. The case E = 0 and
B =1 corresponds to simple surface tension with coefficient 7.
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The total energy £(€2, &, () of a solution of (1.3)(a—d) in one period is the
sum of the kinetic energy, the gravitational potential energy and the surface
energy:

L(Q,6,¢) = %/Q|V1/J|2dx+g/9wg dz + £(S), (1.4)

where 1 is the solution to the corresponding boundary value problem (1.3)
(a—d),

«S)
£(S) = T(U(S) — P)? + E/O lo[2ds, (1.5)

and s is the arc length.! Hence we are lead to the minimization problem
min{£(Q,£,¢): Qe O, £ € HY3(S),( € R(Q),C = p, I = v},

per

where © is the class of domains 2 described above and R(£2) C L?(€) is the
set of rearrangements supported in Q of a given function (g € L?*(q), where
Qg = (0,P) x (0,Q). Note that Q # Qg is allowed and (g does not depend
on . However, in general, R({) is not weakly closed in L?(2) and we shall

work instead with its weak closure R(Q)w in L2(Q), which is a convex subset
of L%(9); see the discussion in [6, p. 979, 3rd parag.]. Hence, as in [6], we shall
rather consider

mln{E(QvfaC) 1R e, fGH;éf(S),CG (Q)w,C:;J,’I:l/} (16)

Observe that 25 := R x (0,Q) € O. We write 2 € O or 2 € O, and
we assume that £(,&,() = +oo is allowed, for example if the surface energy
is infinite because the boundary is not regular enough. We assume 7" > 0,
B8 >1and FE > 0 in order to obtain compactness for the above minimization
problem.

In (1.6), the boundary condition (1.3f) is not prescribed, but we will
show that it holds for minimizers. Hence, in (1.6), any stream function ¢ that
is compatible with the vorticity function ( is allowed (by choosing £ = v¥|.&).
This feature will be crucial in the stability analysis of Sect. 5.

A way of avoiding parallel flows. When € = Q¢, by taking 12 =x9/Q we
get

19,60 =Q /Q V(02/Q) - Vibdr = QC(Q,6,C) + /Q 22 de.

Hence, if (¢ is essentially one-signed and not trivial, then I(Qq,§,¢) —
QC(Qg,&,¢) # 0 has the same sign as (g. Thus, to avoid parallel flows, it
seems natural to choose u, v so that (v — Qu)lg < 0 a.e. (or v — Qu # 0 if (g
vanishes a.e.).

2

dz.

Mf p is a parametrisation of .7 such that |$p| is constant and p(xz + P) = p(z) + (P, 0),
d2
?p(f)

then
o) 3 P
f e ()
0 4§(S) o |d

In [6], the power 3 is wrongly omitted in several places, without invalidating the main
results.
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In [6], parallel flows were precluded by choosing u large enough. They
were proved to be saddle points of the energy, and thus different from any
minimizer (there, the energy functional was obtained after a first maximiza-
tion). For related works on global minimization in hydrodynamical problems
and stability, see [3,5,7-9]. In particular, the paper [8] by Constantin, Sattin-
ger and Strauss contains two variational formulations for gravity water waves
with vorticity. In their first formulation, instead of considering the constraint
¢ e R(Q)w for a given (o € L?(Qg) (among other constraints), they subtract
from the energy functional a term of the form fQ F(¢)dx, where F : R — R

is a given C2-function such that F” never vanishes. As a result, for any crit-
ical point, (F’)~! turns out to be the so-called vorticity function. They do
not apply their approach to existence results, but it leads to an elegant linear
stability analysis in [9].

Overview of the paper. Section 2 discusses the solution by minimization
of the elliptic equation —Avy = ( for fixed Q, ¢, p and v and establishes
the unknown boundary data &. In Sect. 3 it is shown that that the Bernoulli
boundary condition is satisfied by constrained minimizers when Q is allowed
to vary. Sect. 4 proves compactness of minimizing sequences and establishes
the existence of constrained minimizers. The main stability result is Theorem
5.2 which is proved using compactness of minimizing sequences together with
some theory of transport equations summarised in the Appendix.

Some open questions.

— Is there a criterion that ensures uniqueness of the constrained minimizer
(up to translational invariance)? In such a case, the present notion of
stability would be related to “orbital” stability.

— If (g is smooth, what can be said about the regularity of the minimizers?

— Is there an explicit (g for which the free boundaries of the minimizers
are not graphs?

— For an initial profile near the one of a minimizer, is the solution to the
evolutionary problem defined for small enough positive times? A stabil-
ity result like Theorem 5.2 stated under this assumption is qualified as
“conditional” (see [14] and, for well-posedness issues for related settings,
see e.g. [11]). We therefore raise the question whether such a solution to
the evolutionary problem is defined for all positive times.

2. Minimization on fixed domain
We begin with a useful lemma.

Lemma 2.1. Suppose that Q € O\{Qq} and ¢ € L*(2). Then
c(@.1,0) = [ [Vifdz > P/Q
Q

(see (1.1) for the definition of @Z) and, for all p,v € R, there exist A1 = A\ a,¢
and Ay = Ay q,¢ such that
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C(Q, 122 + X2, C) = p, T(Q, Ao + Ao, () = .
Moreover A\, Ay € R are unique.
Proof. We require
= C(Q, M2 + A2, ) = X22C(Q,1,0) + M C(Q, 22,0) + C(2,0,)
=XC(Q,1,0)+ M P+ C(Q,0,¢),
v=1I(Q, \Mxa+ A2,() = Al (Q,1,0) + \I(Q,22,0) + 1(Q,0,()
= AP + M\ PQ,

because

C(9, 22,0 /Vmg ndS = [ div(Vas)dx
Q

/ 82$2 d.’bl / 821’2 diCl

1(9,22,0) = / Oyradz = PQ.
Q

I(Q,LO):/Qvu-vidx:/gzdz‘v(&vzg)dz:/

Q

div (({Z;— I)Vzg)dx

P
:/ (¢—1)V£62-ndS=/ Ooxodry = P
o0 0
and
I1(©,0,¢) = / Vg - Vipdr = / div(YVay)dr = / Vs -ndS =0,
Q Q 90

where 1 is the solution to the system (1.3a) to (1.3d) with £ = 0.
Let ¥ be, as in (1.1), the harmonic function on {2 that vanishes on {ze =
0}, is 1 on . and is P-periodic in @1. Then, by (1.2), P = C(2,1,0) =
Jo IV¥[?dz. Let us check that
C(Q,1,0) > P/Q with equality exactly when Q = Q. (2.1)

In order to do this, consider as in (1.1) the harmonic conjugate ¢ of 1/), that
is, ng is obtained from V’L/J by a clockwise rotation through 7 /2. Then qb(x +
P)—¢(z) is a constant equal to P = C(£,1,0) (see above) and the map (¢, 1))
is a diffeomorphism from {2 to R x (0, 1).

We denote by (u, v) the Euclidean coordinates in Rx (0, 1) and by (u,v) —
xo(u,v) the map that associates with (u,v) the x5 coordinate of the corre-
sponding point in {2. Observe that

6u,u§'32 = (8u$2a 31@2) = 8901,9621'2 (3(1‘1, $2)/a(ua ”))
(Jacobian matrix),

au,vv = azl,mzz/; (a(xla LUQ)/a(’LL, ’U)),

(O(w1,22)/0(u, v))(O(w1, 22)/O(u, v)) " = {det(d(w1, x2)/O(u,v))H (2.2)
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(multiple of the identity matrix; this is a consequence of the Cauchy-Riemann
equations) and thus

Oupw®2 - OypTa = Ogy 2,T2 - Oy 0o T2 det(9(x1, x2)/0(u, v))
= det(9(x1,x2)/0(u,v))
and
Do Oy 0 = Oy 4y To - Oy 2y det (D21, 29) /0w, v))

As a consequence, we get that

Pl
/ / | Vg (u,v)|2dudv = / dx = PQ
u=0 Jv=0 Q

and
P Ganss P 1
/ Oawa(u, 1)du a:uss/ / div(vVza(u,v))dudv
0 o Jo

P 1
= / / Vo (u,v) - Vodudv = / Oy 222 Opy g dx =1(Q,1,0) = P.
o Jo Q

Hence

P 1 _
PQ > min {/0 /0 Vy(u,v)[*dudv : y € Hy,,((0, P) x (0,1)),y(-,0) = 0,

P
/ Ooy(u, 1)du = P} .
0

The minimum depends on P and therefore it depends on the shape of
the domain €, because P = C (€,1,0). The minimum is reached exactly at
the function y(u,v) = (P/P)v, which shows that the value of the minimum is
(P/P)*P = P%/C(,1,0). Hence PQ > P?/C(Q,1,0) and C(Q,1,0) > P/Q
with equality exactly when Q = Qg. Since Q # Qg we now have QC(,1,0) —
P > 0, so the equations for A\; and Ay can be solved uniquely. (]

Proposition 2.2. Given Q € O\{Qp}, ¢ € L?(Q) and p,v € R, the minimizer
&a,c for the kinetic energy over {€ € H;Q/E(S) :C(0,6,¢0) = p, I(,€,() = v}
exists and is unique, and there exist \1 and Ao in R such that

E=¢Cac= (Mz2+ N2)ls. (2.3)

Proof. We consider the minimum of the functional ¢ — % [, [Ve[?da over
¢ € Hj},,.(Q) such that

_A¢:< on Q7 w(?0)207
/QV1/)~V¢dx—/QC@/Jd;v:u and /va~Vx2dx:u,

where 1) is defined in (1.1) (such a 1 exists, by Lemma 2.1). A standard con-
vexity argument gives a minimizer ¢ and it suffices to set £ = 1|s.
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Consider any h € H},_, (Q) such that

per
Ah =0, hl(z,—0) =0, / Vh-Vayde =0 and / Vh- Vi dz = 0.
Q Q

For all ¢ # 0, we get

E/ |Vep|2da < 1/ |V (¢ + th)|*da
2 Ja 2 Ja

1 1

= 7/ |V1/}|2dm+t/ Vw-Vhdx—kftQ/ |Vh|?dx

2 Ja Q 2 Ja

and thus [, Vi) - Vhde = 0. More generally, if h € H}_,.(2) only satisfies
Ah =0 and h|{z,—0y = 0, we consider instead of h the function

L Pl Vh- Vi dz - [, \vJPizfo Vh-Vasds
P2 — PQ [, |V|? da
P [,Vh-Vaydz — PQ [, Vh-Vids ~
- P?— PQ [, |V dz

2

Y

which satisfies the two additional constraints, in view of the relations
/ Vg - V?de =P; / |Vao|2de = PQ.
Q Q
Instead of 0 = [, Vi) - Vhdz, we get
P [, Vh-Vida — [, |V|>da [, Vh- Vi de
P2~ PQ [,,|VY|? dz
P [, Vh-Vzydz — PQ [, Vh- Vi dz
P2~ PQ [, |V|? da
[ |V9[?da [, Vo - Vipdz — P [, Vb - Vipdz
P2~ PQ [, |Vy|? dz
PQ [,V -Vipde — P [, Vs - Vipd
w [ Vs hdp P@Ia VY Vde = P o Ve Vo do
Q P2 — PQ [, |VY|? dx Q
_ / vlos Jo IV da [ Ve -V de — P [, V- Vi
o P2 — PQ [, |Vi[? da

+PQfQV{/;.V1/1dx—Pfgvx2.v¢dx{E o
P2 = PQ [ IVY| de

o:/w-wdx—
Q

X/QnyVi/def /szl-w;dx

=/w-Vhdx+
Q

V¢ - Vhdzx

2

for all h € H!, (Q) such that Ah = 0 and h|{z,—0y = 0. Hence, as we explain

per

below, there exist A\; and A9 in R satisfying (2.3), namely

A= Aac= Jo IVU? dw [ Vg - Vipda = P [, Vi) - Vi dov
o P2 = PQ [o|VO[2da
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and
PQ [,V -Vpda — P [, Vs - Vipda
P2 — PQ [, |VY[2 dz '

Observe that these values must be equal to those obtained in Lemma 2.1,
but here they are expressed with the help of the minimal stream function .
Hence the uniqueness statement in Lemma 2.1 gives the desired uniqueness of
the minimizer &. N

Let us briefly explain why ¢ — A\jzo — Aoy =0 on & if

/ V(¢ — Aag — Agth) - Vhda =0
Q
forallh € H!

per(§2) such that Ah = 0 and h|(,,—¢} = 0. Consider the holomor-
phic map %Jruz in (1.1) and write ¢ = 1/)00($+i{bv) and h = hoo($+i$). We also

use the notation (u, v) for the coordinates in (0, P)x (0,1) and (u, v) — z2(u, v)
for the map that associates with (u,v) the x5 coordinate of the corresponding

point in Q. We get

A2 =Xaqc=—

P 1
/ / V(o (u,v) — Mo (u,v) — Av) - Vho(u,v) dudv = 0
o Jo

for all hg € HY,,((0, P) x (0,1)) such that Ahg = 0 and hol|fv=0y = 0, changing

per
variables with the aid of (2.2). The upper boundary {vy, = 1} being regular,
we can deduce that ¢g(u,1) — Ajza(u, 1) — Ay = 0 for almost all u. O

If ¢ denotes the corresponding stream function then equation (2.3) is
a weak formulation of the condition that the modified velocity field (921 —
A1, —011) be tangent to the upper boundary and correspond to a stationary
wave that travels with speed A to the right. This tangency condition would
hold classically if the free surface were of class C?. However our existence the-
orem in Sect. 4 below does not yield enough regularity for this to be asserted
at present.

Proposition 2.3. Let Q € O\{Qqg} be given and let (2,¢,() be a minimizer
of L over all (,€,C) such that L(Q,€,() < oo, € € HY2(S), ¢ € R(Q)",
C(Q,E0) = and I(R,E,0) = .

Then there exist A\ and Ao in R such that £ = (Mxzo + A\o)|s and a
decreasing function X such that

C=MXo(¢p—Axa) a.e on

where ¥ is the stream function related to (2,€, ().
If (g is essentially one-signed then ( € R(Q).

Remark. Proposition 2.3 contains no assertion concerning existence of mini-
mizers. Sufficient conditions for their existence will be given later.

Proof. Only the last statement need be proved. For h € L?(Q) define v, €
H,y,,.(2) by

per

_Awh = h>
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Y =0 on {xy =0},

¥p|s is a linear combination of 1 and x5,

uz/ Viby, - ndsS, V:/agwhdx.
s Q

Because Q # Qg it follows that v, is well defined and 3]s = A\ 0,22 +
A2,0,n in terms of the unique constants given by Lemma 2.1. In particular we
take A1 = A\1,0,¢c, A2 = A0 ¢ and observe that ¢¢|s is equal to the optimal £q ¢
of Proposition 2.2. Then £ = {q ¢ and, for fixed €2, ¢ minimizes the function

1
h — 7/ |V, [2dz
2 Ja
over all h € L?(2) such that h is in R(Q)w As in [6], for such a h and all

t €[0,1], weset hy = (1—t)(+th € R(Q)w and get that ¥, = (1 —t)¢¢ + 1ty
and that

1 1
0< §/Q|V1pht|2dm— §/Q|V¢4|2d$=t/ﬂv(1/)h_¢4)'Vwcd$+0(t)
—t [ V=) Vi~ M2 = i) da
Q
+tha [ Vi 00) Vhdz+ thr [ V(6n ) Vaada + oft)
Q Q
:t/(h—()(w< — M2 — Aot)) dx+tA2/(h—g)de+o(t)
Q Q
:t/(h—g)(¢< ~ Awa)da + oft)
Q

because
(e = Mo — Xo)|ag =0,

/vah ) - Vi da— /Q<h — Odde = C(Q, dals, h) — C( s, €) =0,

/QV(’(/)}L — 1/14) . sz dJU = I(Qﬂ/)th,h) — I(Q,1/)<|5,C) = 0.

Hence [,(h —¢)(¢¢ — Aizz)dx > 0 and the map
h — / h(wg — )\1£C2)d1’
Q

reaches its minimum at ¢, where h € R(2) . As moreover —A(¢c —A1z2) = (,
the same argument as in [6, Lemma 2.3] ensures that there exists a decreasing
function A such that

¢=MXo (¢ — Aia,cx2) ae. on Q.

If (o is one-signed except on a set of zero measure then it follows as in
[6, Lemma 2.3] that ¢ € R(£). O
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3. The Bernoulli boundary condition

In what follows, we consider some fixed minimizer (,¢,¢) and outline how
to adapt the method in [6] to show that the Bernoulli condition (1.3h) or
(1.3h') holds in some weak sense. Let A1 g.¢, A2,0,¢c and A be the constants and
decreasing function given by Proposition 2.3.

Theorem 3.1. Suppose that the upper boundary . of 2 is given by an H?
regular curve and

Q # Qq.
We set g = ¢ — A1 g cxa and we let p: R — R? such that [p'(s)] =1 on R be

an H?-parametrisation of <. Then, for all solenoidal smooth vector fields w
defined in a neighbourhood of 2, vanishing on {x2 = 0} and P-periodic in x1,
any minimizer (2, &, ¢) satisfies

0= / Vg - DwVpodx + g/ V- (zow)dx
Q Q
2(S)

LAT(U(S) — P)° / (wop)(s)- o(s)ds

0
«s)
+E/ (2wop)” - p" =3p"F(wop) -p)ds.
0

If p and 1y are regular enough, this can be written

0= [ (51700 + 800)) (o) +g S/ raw - m)dS

—BT((S) - P)°! /

S

o(w-n)dS + E/(o3 +26")(w - n)dS
S
where A is a primitive of A\ and o is the curvature, and thus
1
5| Vtol* + g22 = BT(US) = P)*~'o + E(0” + 20)

18 constant on 7.

Proof. We only explain how to get the term
/ Vg - DwVippdx
2

by following the method of [6, Subsection 2.3], since the other terms do not
involve 1)y so the calculations are the same as in [6]. For small ¢ > 0 let the
diffeomorphims 7 be defined on Q by 7(t)(z) = X (t), where

X(t) = w(X(1), X(0) =z,

and
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where r(t) denotes the inverse of 7(t). We denote by () the solution of (1.3a)
to (1.3f) corresponding to €(t) and ((¢), and we set

£(t) = ¥(t)].#( t)
Po(t) = P(t) = M aca
&o(t) = Po(t)| 1)

Wo(t) = o (t) o 7(t)

L(t) = [Dr(t) o T(t)]" = [(D7(t))~']"
(T'(t) at x is the transpose of the spatial derivative of x evaluated at 7(t)(z)).
Note that 1/(0) = v and 1,(0) = 9. Moreover the dependence of v (¢) o
7(t) € H},,.(Q) with respect to ¢ is smooth, because C(Q(t),1,0), A )¢
and g q(1),¢(¢) are smooth in ¢, as can be checked with the help of the formulae
following (2.3) and by arguing in the fixed domain © (via the map 7(¢)) as
in [6, after (1.14)]. Then the map ¢t — L(Q(t),£(t),¢(¢)) reaches its minimum
at t = 0 and therefore its derivative vanishes at ¢ = 0. Let us compute the
derivative of the term corresponding to the kinetic energy.
First note that

C(Q<t)7£0(t)7 C(t)) =M= Al,ﬂ,gpa I(Q(t)’&)(t)y C(t)) =V-= )\I,Q,QPQv
det D7(t) =1, det Dk(t) =1

and

Vipo(t) - V(tho o k(t))dz = C(Q(t), &o(t), (1) Az,0¢ + C(t) (v 0 K(t))d

Q(t) = Jaw

because 10 o K(t)|{z,—0y = 0, Yo 0 K(t)| ) = A2.0.¢ and Aiy(t) = —((t).
Hence

| T@ve) - T Vinds = [ T(Wa(t) o n(0) - Vi o r(t)de

Q(t)

= Viho(t) - V(tho o k(t))dz = C(Q(t), &(t), C(1) Az,

Q(t)

+ [ ct) (oo m®)dz = (1~ Mo.cP)hanc + / C o de.

Q)

By differentiating with respect to ¢t at t = 0 in the equation

/QF(t)V\Ilo(t) D(t)Vipo do = (p — A1,0,cP)A2 szc+/<1/)0dx

we get

/ V\Ifo(()) . vwo dl‘ldl‘Q + 2/ V’(/)o . F(O)V’(/JO dr = 0. (31)
Q Q

_ 1 _ 1
K(t) = 7/ |V (t)|? do = 7/ IVo(t) P do + v g + sA% 0. PQ.
Q) 2 Jaw =2
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Then
. d (1 -
ko) =% (2 i ) |wo<t)|2dx> -
:% <;/Q|I‘(t)v\llo(t)|2d:c> 3
:/QWO.F(O)VWZH vao-wo(O)dw
_ f/Qv%.f(O)v@zjo dz
by (3.1). Now

L(t) (w1, 2) = (D7(t)[w1, 22)7) ™' =T — tDwlzy, 22" + o(t) as t — 0,
I'(0) = —Dw” and

K(0) = /Q Vibg - DwVg de.

The end of the proof is as in [6]. O

4. Minimization

In what follows, the Holder exponent v is equal to 1/4, so that in particular
H (R) € C1(R).

Let P be the set of all injective H? -functions p : R — R x (0,00) such
that p(z + P) = p(x) + (P,0) for all =, p1(0) = 0 and [p’| is constant. The
length ¢, of p([0,P]) is equal to ¢, = fOP |p/(x)| dx and thus |p'(x)| = ¢,/P
everywhere. We shall use the notation

Zp=p[R) and S, = p((0, P)).

For p € P, we shall write p € Pg if there exists 2 € O such that the corre-
sponding upper boundary .# satisfies . = .#,. We shall then write

2,=0 and Q,=((0,P)xR)nNL.
We supplement the definition of £ (see (1.4) and (1.5)) by setting
L2, &,() =400 forp & Pg.

In particular £(€), &, () = 400 if p € P is such that the area of ), is different
from PQ.
Also, if Pg 2 pi — p € Pg in HE . (R,R?), then

loc
P P
l, = lim ¢,, and / lp"|?ds < lim inf/ Ip!! |2ds.
11— 00 0 11— 00 0

The next lemma leads to an explicit criterion for the free surface to remain
away from the bottom.
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Lemma 4.1. For any p € Pq,
. P 2T
Q < minpy(R) + 20 <P£p> , (4.1)
where 2ma(€) (when € > 2w) is the area enclosed between a circular arc of
length ¢ and a chord of length 27, and thus

P2 271-6
7w\ P

1s the area enclosed between a circular arc of length ¢ and a chord of length P.
Moreover

/ zodridry > PQ? /2. (4.2)
Q

P

Proof. See [6]. O

As a consequence, if T+ E > 0, then £ > gPQ?/2 with equality exactly
when Q, = Q¢ and the fluid is at rest (see (1.4) and (1.5)).

The following lemma, taken from [6], provides an explicit way of ensuring
that the free surface is without double points, namely, it is sufficient to check
that inequality (4.3) below does not hold.

2 (R, R?) is not injective and satisfies p(x +
P) =p(z)+ (P,0) for all x. Then p(R) contains a closed loop with arc length
no greater than ¢, — P (see [13]). Let

p'(z) = |p'(x)|(cos I(s),sind(s)) = P~ 4, (cosI(s),sinV(s)),

where s = xl,/P denotes arc length. Then, on the loop, the range of ¥ must
exceed m and thus, for some 0 < sg —s1 < €, — P,

Lemma 4.2. Suppose that p € H?

Szp/ép
™ < [0(s2) = O(s1)| < PL,? " (x)|dz
s1P/e,

. - P 3/2
< PL PG sz = sillp"ll20.) < Vi — P <€p) 17”1220,

hence
P

3/2
r< VP (1) Wl (@3)
p

Let
W ={(¢CQ): pePq, =0, €90, £ HI2(H), (€ LX)},

V= {(Q>£a<) eEW: C € R(Q)w7 C(Q7£7<) = M I(Qagvc) = V}'
By (1.4), (1.5) and (4.2), if T' > 0 there is a bounded subset of (0, P) x (0, c0)
that contains all domains Q such that, for some & and ¢, (92,£,{) € W and
L(2,¢,¢) < infy £+ 1; hence

IR > 0V(Q,6,() eW (c(ﬂ,g,g) <inf£+1=8c[0,P]x [o,R)) L (44)
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Let
R ={¢ € L*(0,P) x (0,R)) : C is a rearrangement of (g}

and R" be its weak closure in L2((0, P) x (0, R)).

Hypothesis (M2) in the following existence result is related to the various

inequalities arising in the two previous lemmata.

Theorem 4.3. Assume that

(M1) V does not contain any (2,&, () with Q= Qq,
(M2) there exist Lo > infy L, T >0, > 1 and E > 0 such that

P (o (Lo—2PQ2\ "’
7.9 (;{OTQQ} +27 | <Q, (4.5)
and
Lo — 2PO2 1/8
(ﬁo—gPQz){OTQQ} < En? (4.6)

(see (1.5) for the meaning of T, 3 and E).

Then infy L is attained.

Remarks. (1) If we allow £y = infy £ in (M2) or require £y = infy £, we

(2)

do not change the meaning of (M2); however Ly > infy £ will be used in
the proof of Theorem 4.4. Note that, by Lemma 2.1, V' # ().
Assumption (M1) holds if (¢ is essentially one-signed and not trivial, and
(r—Qu)lo < 0a.e. (or v—Qu # 0 if (g vanishes a.e.). See the paragraph
“A way of avoiding parallel flows” in the Introduction.

To see that all assumptions can be fulfilled, choose any T" > 0, § > 1
and E > 0, and then choose £y > $PQ? near enough to £PQ? so that
(4.5) and (4.6) hold (this is possible because a(s) — 0 as s — 27 from
the right). Choose p € P near enough to (0,Q) in H? . and such that
Q, # Qg. We know that

1(92,,1,0) — QC(2,,1,0) = P — QC(2,,1,0) <0

(see (2.1)). Choose (g essentially non-negative and small enough in
L*(Qgq), and ¢ € R(Q,) such that I(,,1,() — QC(Qp,1,{) < 0.
For ¢ > 0, we have I(Q,¢,¢() — QC(p,¢,e0) < 0. We then set
pe = C(Qp,€,eC) and ve = I(Qy,€,€C). For V, corresponding e(q, pe
and v, we get that (Q,,¢,€eC) € V. and, if p— (0,Q) € HE, and € are
small enough, that infy. £ < Lg.

For the above choice of V, the minimizer turns out to be near Qg (as
p— (0,Q) and € > 0 above are chosen small enough). However in order
to check (M2) for general T >0, 8> 1, E > 0 (g, p and v, it is enough
to exhibit explicitly an appropriate (2,£,{) € V. The observation that
the free surface of Q need not be a graph (but must not touch or inter-
sect itself) was intended to help addressing this question, for example by
numerical simulations.
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The previous theorem is an immediate consequence of the following one.
For convenience write v (p, ¢, /i, 7) for the solution to (1.3a)—(1.3f) correspond-
ing to the domain Q, # Qg (with p € Pg), the vorticity function ¢, circulation
7 and horizontal impulse 7, and write &(p, ¢, 11, 7) = ¥ (p, ¢, fi, v)|.,. Moreover
we write A\ (p, (, i, ) and \o(p, ¢, i, ) for the corresponding A\; and Ay given
by Lemma 2.1 applied to €2, # Qq, ¢, @ and v.

Theorem 4.4. As in Theorem 4.3, assume (M1) and (M2). For each k € N, let
pr € Po with Q,, # Qq, ¢ € L*(Qy,) C L*((0,P) x (0,00)) and pg, vx € R.
Suppose that

diStLZ((O,P)X(OaOO)) (Ckvﬁw> — 07
1. — 1' e
hoo e T ISR T
and

limsup £(Qy, , €, Ces b Vi) Cr)

k—oo
1 _
= limsup f/ [V (pr, Ciy ik, uk)|2 dx + g/ zodr + T (L, — P)ﬂ
k— o0 2 ka ka
pA\3 P
+E () / pi(x)|?dx p <inf L. (4.7)
gpk 0 v

In particular these hypotheses hold true if {(Qp,, &Pk iy i Vi), Ck) bren 08 @
minimizing sequence in'V of L (and thus pr = p and v, = v for all k).

Then there is a sequence {k;} C N such that {py,} converges weakly in
HZ,,. to some p € Pq and {Cx;} seen in L*((0, P) x (0,00)) converges weakly
to some ¢ € L*(Q,). Moreover L%((0, P) x (0,00)) can be seen as a subspace
of the dual space (H((0, P) x (O,oo)))l of H*((0, P) x (0,00)) and

Cr, — € strongly in (H'((0, P) x (0,00)))/. (4.8)

Since Q, € O, there exists a C'-map F : R? — R? satisfying the fol-
lowing properties:

F restricted to R x [0, Q)] is a diffeomorphism from R x [0,Q] onto 02,
F(z1,0) = (21,0) for all 1 € R,

F restricted to R x {Q} is a homeomorphism from R x {Q} onto .7,
F(z1 + P,a2) = (Fi(x1,22) + P, Fa(x1,22)) for all = (x1,22) € R x
[0,Q].

In the same way as for F, we introduce F; : R* — R2 such that, restricted to
R x [0,Q], it is a diffeomorphism from R x [0, Q] onto ij.

Then this can be done in such a way that

|Fj = Fllciwy — 0 for some open set U containing 12q, (4.9)

Xl(pkjﬂck)j7/"ckj7ykj) - Xl(paCa,u7V)a XQ(pkjvgkja,ukjaij) HXQ(]?,C,/J;,V)
(4.10)



Vol. 20 (2013) On the stability of travelling waves 1613

and

(D, > Cy o bty s ie,) — (0, 11 )12 (0,P) % (0,)) — 0 (4.11)

where R is large enough so that the closures of €, and all 2, are subsets
of [0, P] x [0, R) (see (4.4)) and where ¥ (p,C,p,v) and all VY(pr, Cr, i, Vi)
have been extended in (0, P) x (0, R) by A (p, ¢, p,v)xe + Aa(p, ¢, pyv) and
A1 (Prs Crs ke, Vi) T2 + A2 (P, Chey ks Vi) -

Finally (2, &(p, C,11,0),C) € V, £ E(p,C,11,v),C) = infy £, the lim-
sup in (4.7) is a limit:

Jm L(Qp, s €Dy Chs s Vi), Ck) = inf v L (4.12)
and
Pk, — D strongly in Hier . (4.13)

Proof. Let py € Pg, Cx € L*(Qp,) and g, vk € R be such that
distz2((0,P)x (0,00)) (Ck,ﬁw) — 0,
Jim o= Jim v = v

and

k—o0 ka D

P 3 P
+E() | wapary <ty
gpk 0

For simplicity, we set

. 1 —
hmsup{2/ |Vw(pk,ck,uk,uk)\2dz+g/ zodx + T (¢p, fP)ﬁ

Ek = @(pkv Ck» Mk, Vk)7 Ek = E(pkv Ckv Mk, Vk)
ALk = APk, Chs e, Vi) and Aok = Ao (pr, Qo fkes Vi)
(remember that we write Ay (pr, G, pix, v&) and Aa(pg, Ck, i, Vi) for the corre-

sponding A1 and A given by Lemma 2.1 applied to ©,, # Qqg).
We get, for all £ € N large enough,

1 _
7/ Vi, |2 dz + £ PQ?
2 Jo,, 2
PN\? [P (4.2) _
26 - PP+ () [ iar 'S £, 60.0) < o
Pk 0
(4.14)
@14) (Lo — 2pQ2\*
0, —P < {OIZ‘Q} , (4.15)

P 2 (4.5) . (4.1)
7.0 (Pépk) < Q, minpgo(R) >0, (4.16)
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3
P /112
PN\* ) (4.15),(4.6) 2E (ﬁ) Ip%l72(0,py (4.10) )
(o =P) (=) Wil 4" e D O
(4.17)
uniformly in % large enough. Observe that {p,} is bounded in H},, because

L(Qp,, &g, Ce) is bounded and T, E > 0. So there is a strictly increasing
sequence {k;} C N such that {py,} converges weakly in HZ,,. to some p and
{C, } seen in L?((0, P) x (0,00)) converges weakly to some ¢ € L?(£,,).

Remember the constant R > 0 introduced in (4.4). As in fact {Cx,} C
L?((0, P)x (0, R)) and as the inclusion map L?((0, P)x (0, R)) C (H*((0, P) x
(O,R)))/ is compact, we get (4.8).

By lemma 4.2 and (4.17), p is injective and, by (4.16), p(R) C R x (0, c0).
Hence p € Pg (see [6]).

Let F be as in the statement. Then F' restricted to some open neighbour-
hood U of R x [0, Q] is still a diffeomorphism onto the open set F'(I/) contain-
ing 2,. As a consequence, for large enough j, kaj C F(U) and F’l(ypkj)
is the graph of a map 1 — Hj(z;) that is C'-close to the constant map
r1 — 2 = Q. Define

Gj(l‘l,l‘g) = (.Tl,xz H]($1)/Q) and Fj = (Fjl,FjQ) =Fo Gj for all j

Then (4.9) holds. Extend ¢, on (0, P) x (0,R), as in the statement.
Observe that

SupjeN/ |V¥kj |*dx < oo
Pk

because [,(kaj ,Ekj,gkj) is finite. Hence we get successively
SupjeN/ A% (@kj o Fj> |2dz < oo,
Q0

sup |1y, 0 Fjl|miag) < 00
jeN

by Poincaré’s inequality,

P 2
SupjeN/ ’wkj OFJ’}M:Q‘ dry < o0,
0

or, equivalently,

P
SupjeN/ AL, Fia(z1, Q) + Ao i, [Pdwy < oc.
0

Suppose first that {lekj} is unbounded. Taking a subsequence if neces-
sary, Fja(-, Q) + (A2k,/A1,k,) would converge to 0 in L?(0, P), and there-
fore Fy(z1,Q) = Q for all 1 € (0,P) (this follows from (4.9)). Hence
Q, =Qg.

Let @ € (Q/2,Q). From the Poincaré inequality, it follows that the
sequence {Ek]} seen in H_((0,P) x (0,Q)) is bounded too and therefore,

per
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up to a subsequence, it converges weakly to some 15 € H}..((0,P) x (0, Q)).
Moreover this can be achieved in such a way that there exists ¢ € H,.,.(Qq)
independent of é such that w@ and 1 are equal on (0, P) x (0, @) Also, up to
a subsequence, the sequence {(x, } seen in L?((0, P) x (0, R)) converges weakly
to some ¢ that belongs in fact to L?(£2,) = L*(Qg), that is, ¢ vanishes almost
everywhere outside Q. Moreover ¢ € R" because

distz2((0,P)x (0,00)) (ij,ﬁw) — 0.

In fact ¢ even belongs to the convex set R(flg) , as it can be seen

from the characterisation of Ww for any open bounded set €2 of measure
m > 0 in terms of decreasing rearrangements on [0,m]. See e.g. Lemma 2.2
in [4].2
| ]Let § = vV|0,p)x {0} Then, in a weak sense, —Aw) = ¢ on Qq, ¥(-,0) =0
and Y(-, Q) =€ )
By choosing ¢ € H},,.((0, P) x (0, R)) such that ¢ restricted to {zy = 0}
vanishes and such that 1]}\ =1on (0,P) x (Q/3,R), we get that

= jlim P, = jlim C(Qy,, €1y Chy) = jhm / {Viy,, - Vi — Ck; d}de
— 00 — 00 — 00 ka

= lim Vi, - Vibdr — lim Cr, bda
770 J(0,P)x(0,Q/2) ! 70 .J(0,P)x(0,R)
- /Q (V- Vi — ¢}z = C(0,£,¢) (4.18)
Q
and
v = lim vy, = lim V. - Vagdz
Jj—00 j—o00 ka‘ J
= lim lim Vi, - Vg dr = Vi - Vo dr = 1(Qg, &, Q).
Q—Q= 77 J(0,P)x(0,Q) ’ Q0

(4.19)

Hence (Q¢,&,¢) € V, which contradicts (M1). As a consequence {A1x, }
is bounded. We now apply some of the above arguments again. -
From the Poincaré inequality, it follows that the sequence {z/ka} seen

now in H!,, ((0,P) x (0,R)) is bounded and therefore, up to a subsequence,

per

2 Indeed let g1 : (0, PQ) — R be the right-continuous and decreasing rearrangement of
¢ € L?(Qgq). If ¢ is seen in L2((0, P) x (0, R)) instead, we can also consider its right-contin-
uous and decreasing rearrangement g : (0, PR) — R.

Note that g2 vanishes on an interval Z; of length at least PR — PQ. Moreover the
graph of g1 is obtained from the one of g2 by deleting from Z an interval of length PR— PQ
and shifting to the left the part of the graph of g that is to the right of Z.

We note by G1 and G2 the rearrangements corresponding to (q.

With the partial ordering < of Burton-McLeod (see their lemma 2.2), we get succes-
sively ¢ € RY, g < G2, g1 < G1 and therefore ¢ € 'R(QQ)w
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it converges weakly to some ¢ € H},.((0, P) x (0, R)). In particular it follows
that {)\g,kj} is bounded. Again, up to a subsequence, the sequence {(,} seen
in L2((0, P) x (0, R)) converges weakly to some ¢ that belongs to W

per((O P) x (0,R)) such that ¥ restricted to

{x2 = 0} vanishes and such that w = 1 on some open set containing .#p and
all ., , we get that

By choosing again 1/) €

H= Jhm O(kajagkjaocj) = Jhm / {vikj : V’(Z - Ck?j ’L//}\}dl‘
—00 —00 kaj

and

lim V@k -Vzydr = lim Vwk -V dx
j—o00 Qij j—o0 Q

N
I

By convexity, for all Q > Q and ¢ € Pg such that ©, C Qg C (0, P) x
(0,R) and .7, N.#), = 0, we have
/ V|2 de < liminf/ Vi, [Pdx
J—0 Qq

Qq

< liminf / |V, |>dx + Const meas(Q,\Qp, )
J—00 ij J J

(because the sequence {lekj} is bounded) and therefore
/ |Vep|2dz < lim / |V [Pda.
Qp J—oeo ka. !

It follows that L(Sp,7]s,,¢) < infy £ and (Q,,¢|s,,() € V so

L(Qy,¥]5,,¢) = infy £ and 1 = ¥ (p, (, p, v). Hence (4.10) holds and
/ |Vy|?dr = lim / [V, |2 da. (4.20)
Qp J—00 Qij

By (4.10), for all Q > Q and g € Pg such that €, C Q, C (0, P) x (0, R)
and .7, N ., = (), we have

/ |Vy|?dz = lim Vi, [P da.
((0,P)x (0,R))\Qq 720 J((0,P) % (0,R))\Qq
Hence
/ |Vep|2dz = lim |V, |*dx
(0,P)x (0,R) 7= J(0,P)x(0,R) !

and (4.11) holds too.
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Together with (4.20), the fact that
‘C’(kaj agkj ’ Ck)j) - ‘c(va ¢|5’p7 C)

P P
| i fae— [ e
0 0

Hence pi, — p strongly in H? O

per*

implies that

5. On stability

In this section, we assume that hypotheses (M1) and (M2) in Theorem 4.3
hold true. Moreover the Holder exponent v is still equal to 1/4.
For smooth flows, the evolutionary problem reads as follows (see e.g. [9]).

Let ¥(t,-,-) € Cp,.(£2(t)) be the stream function at time ¢ on the domain
£2(t) € O, that is, the velocity field is given by u = (uy,u2) = (Ox,¥, —0u,¥)
on (2(t). The Euler equation for an inviscid flow becomes

Orur + uq Oz, U1 + Uz Og,uy = —0,, Pr

on £2(t),
Orug + w1 Oy, Ug + Ug Ogyug = —0,Pr — g

where Pr(t, z1,22) is the pressure. The kinematic boundary conditions are
¢(t7 Ty, 0) =0

on the bottom and

875]7 - (awzwv _8z1w) S Span{&sp}
on the upper boundary . (¢) of £2(t) that we assume of the form
Z(t) = {p(t,s) e R x (0,00) : s € R}

with p smooth such that p(t,-) € Pg for all ¢ € R. The kinematic boundary
condition on the top can also be written

V1) - Osp = det p’

where V is the gradient with respect to (x1,x2) and p’ is the matrix of the
first order partial derivatives with respect to ¢ and s. The dynamic boundary
condition on the top reads (compare with (1.3h'))

Pr=-TB(((S(t) — P)Bfla + E<2U” + 03) + function of ¢ only

on . (t), where ' denotes differentiation with respect to arc length along the
surface .7 (t), o(t, z) is the curvature of the surface at = € .7 (t) and ¢(S(t)) is
the length of S(t).

It is a standard result of classical hydrodynamics that the vorticity func-
tion ( = Oy uz — Op,u1 = —A is convected by the flow, where A is the
Laplacian with respect to (z1,z2). Similarly the circulation along the bottom
is preserved, thanks to the equation dsuy + (1/2)0, (u3) = —0,, Pr available
at the bottom (because us = 0 there). Hence the circulation C' along one
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period of the free boundary is preserved too. These considerations have been
the motivation for the variational problems studied in this paper.
Let us begin our study of stability by defining a distance disty between

(Ql,fl,cl) and (92752,(:2) in the set
W*={(,¢,0): pePg, Q=Q, € O\{Qo},
¢ € Hyl2 (), ¢ € L*(Q) C L*((0, P) x (0,00))}

per
(in the definition of W*, Q = Qg is forbidden). Let R > 0 be given by (4.4).
For i € {1,2}, we write 1o, ¢, ¢, for the solution to (1.3a)-(1.3d) correspond-
ing to the domain £2;, & and the vorticity function (;. Moreover we write
»(Q4, G, pi, vi) for the solution to (1.3a)—(1.3f) corresponding to Q;, ¢ pi =
C(9Q;,&,¢) and v; = I1(Q;,&,¢) (see Lemma 2.1 for the existence of such a
solution), and then extended on {(0, P) x (0,00)}\§2; in a way that is indepen-
dent of x1 and affine in 5 (see Eq. (1.3f) on the free boundary, £ in (1.3a)—(1.3f)
being now not given a priori).
If Q1 = Qy and ¥(Q1, 1, p1, 1) = P(Qa2, (2, pi2, v2), We set
disto((21,81,C1), (22,62, (2)) =[G — Callzr((0.P) xr))
IV, 6.6 = Vi, e cllrz @),
(when actually ¢; = (3) and in all other cases write

disto((Q1,&1,¢1), (Q2,82,¢2)) = inf ¢0,p1l[p1(5 + -) — 2| B2

¢ = Gl o.pyxmy + (Va6 — VE(Qu, G, )220y

+||V1/)Q27$27C2 - V'(/)(QQa C27 M2, V2)||L2(92)

+[Vp(Q1, C1, pa,v1) — VO (Qa, Gy pi2; v2) || L2((0,P) x (0, R))
for some parameterisations p; and po of the free boundaries (that is, p1,p2 €
Po, Q1 = Q,, and Qs = Q,,). Observe that p1,p2 : R — R? are uniquely
defined only up to translations in s.

Theorem 4.4 implies that the set D(u,v,(g) of minimizers of L|y
endowed with the distance distg is compact (see (4.8)—(4.13)).

Lemma 5.1. Let ((2,,&0,Cn) :n € N) C W be such that

disth((O,P)x(O,oo)) (C"’ﬁw) -0
(s Co) — 1y T( Qs Co) — v, limsup £(Qn, &, o) < inf o L.

n—oo

Then Q,, # Qg for all n sufficiently large, the distance disty of (2, &n, Cn) to
the set D(u,v,(q) of minimizers converges to 0 and lim, .o L(Qn,&n, (n) =
ian L.
Proof. Let us first suppose that €2, # Qg for all n € N. For each n, let
tn = C(Q,&n, C), Vn =1y, &n, ) and p, € Pg be such that Q, =, .
We write 1),, for the solution to (1.3a)—(1.3f) corresponding to the domain
Q,, # Qgq, the vorticity function (,, circulation p, and horizontal impulse v,,,
and write £, for the trace of 1,, to the upper boundary of €,,. In particular

C(angfnmg’ﬂ) = M’ﬂ and I(Qnagn7<—’ﬂ) = Un. (51)
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Moreover we write A1, and Ao, for the corresponding A\; and Ay given by
Lemma 2.1 applied to Q,, (,, prn and v,.
As

‘C(Qnagn? C’Vl) S ‘C(Qnagna C’n)v

(see Proposition 2.2), we can apply Theorem 4.4 to the sequence {(Q,,¢&,,
Cn) }n>1: the distance disty of (Q4,,&,,¢n) to the set D(p, v, (o) of minimizers
converges to 0 (see (4.8)—(4.13)). We also have proved that there is at least
one minimizer.

This implies that the distance distg of (2, &n, (n) to the set D(p,v,(q)
of minimizers converges to 0. To see it, we write 1q ¢ ¢ for the solution to
(1.3a)—(1.3d) corresponding to the domain €2 # g, £ and the vorticity func-

tion ¢ (however ¢ is not assumed to satisfy (1.3f)). We let 1, be, as in (1.1),
the harmonic function on 2, that vanishes on {z3 = 0}, is 1 on .}, and is
P-periodic in z7.

Looking for a contradiction, assume that some subsequence, still denoted
by {(Qn,&n.Cn)}, is such that its distance distg to D(p, v, (o) remains away
from 0. Taking a further subsequence if needed, we may also assume that

(Qn, &,,, Cn) tends to some (2,&,¢) € D(u,v, (). We get

2dx — / |V, |2 dx

n

/Q IV (ba 60 ¢ — T Pdi = / Vo 0

—2/ V(, — AMnta — Aantn) - V(Y0 0o — ) da
Qnp

—2/ V(A1nw2 +X2,n{ﬁn) -V(Wa, encn — ¥p) dx
Qnp

& / Ve, e, ¢ [2da —/ IV, [2dz — 20
Qp [97%
_2A1,n{I(Qn7§n7Cn> - ,U/n} - 2)\2,n{C(Qn7§na Cn) - Vn}
= / Va, ¢, [da — / Vi), [*da
Qp Qp

because limsup,, . £(Qn,&n, Cn) < infy £, limy, oo £(2,€,,,C) = infy £ by
(4.12), and ¥, — A1 2 — XQJLJ,L has zero boundary data so it may be treated
as a test function. As a further consequence, lim,, o, £(Qy, &5, () = infy L.
Hence the distance distg of {(Q2y,,&n,(n)} to D(p, v, (g) tends to 0, which is a
contradiction.

We have assumed Q, # Qg for all n € N. If Q,, # Qg for all n € N
sufficiently large, the argument is the same. On the other hand if €2,, = Q¢ for
infinitely many n, we can assume by extracting a subsequence that Q, = g
for all n € N. This case leads to a contradiction as follows, and therefore can-
not occur. Taking a further subsequence if needed, we can assume that ¢, — ¢
weakly in L?(Qq) and va, ¢, c. — ¥ in H'(Qg) for some ¢ and ¢. We get
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¢ eR()" (see the footnote 2), C(Qg, &,¢) = wand I(Qg, £, ¢) = v, where £
is the trace of 9. Hence (2, &, () € V, which is in contradiction with (M1). O

We now let ¢ denote time and prove the following stability result, after
first giving a definition.

Definition: regular flow Given t € (0, 00], we call {Q(t),£(t),((t) }ieqo.n
a regular flow if, for all ¢, Q(¢t) € O, &(t) € H,}é,?(S(t)) with S(¢) = 09Q(t) \
((0, P) x {0}), ¢(t) € L*(Q(t)) C L*((0, P) x (0,00)) and there exists a stream
function ¢ € L>((0,7), H2,,.((0, P) x (0,00)))? such that ¢(t) = ¥(t,-)ow
is a solution to (1.3)(a-d) for almost all ¢ € [0,%). Let 1 give rise to the
velocity field u = (9p,1, —0z,%) on (0,t) x (0, P) x (0,00). Concerning the
dependence of the domain §2(t) on t, we suppose that [, (o 7 €2(t) is bounded,
we let Y (t) be the characteristic function of (t), and we assume that the
mapping t — X(t) € L?((0, P) x (0,00)) is continuous on [0,7) and that X €
L>((0,%) x (0, P) x (0,00)) satisfies the linear transport equation

OeX + div(xu) =0 on (0,7) x R x (0,00)

(in the sense of distributions, where X and u are extended periodically in 21). In
addition the mapping t — ((t) € L?((0, P)x (0,00)) is supposed continuous on
[0,7) and u satisfies the time-dependent hydrodynamic problem (Euler equa-
tion or vorticity equation), which takes the form of convection of { = —YA
by u according to

8¢ + div(Cu) = 0

(in the same sense as above). Finally £,I and C are all assumed to be con-
served, that is, at all ¢ € (0,%) they have the same values as at t = 0.

For smooth functions these conditions are weaker than those of the full
evolutionary problem, for we do not need to be more precise in the statement
of the following theorem.

Our main stability result now follows. Whilst this is formulated in terms
of distg, the subsequent Remarks will discuss alternatives to disty which some
readers may consider to be more natural.

Theorem 5.2. For all € > 0, there exists § > 0 such that if
(QO7 507 CO) € VV, ﬁ(Qo, 507 CO) <d+ mvin ‘Ca

distr2((0,P)x (0,00)) (CO, R(£0) ) <0, |C(Q0,80,C0) — | <6,
|I(QOa€07<0) - V| < 53
and if
t— (Qt),£(0),¢(1) e W
3 By definition of this space, ¥ € Li,.((0,%) x (0, P) x (0,00)) and, for almost all ¢, 1(t,) €

HZ,.((0,P) x (0,00)). Moreover all the derivatives up to order 2 with respect to 1 and z2
are in L} _((0,7) x (0, P) x (0,00)) and the function ¢t — |[1(t, M E2((0,P)x(0,00)) 18 In L.
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is a regular flow on the time interval [0,t) such that (2(0),£(0),¢(0)) =
(Q0,&0,C0) (for some t € (0,00] that is not prescribed), then

Ot) £ Qg and dz’st()((Q(t),f(t), ¢(t)), D(p, v, gQ)) <e
for allt € ]0,%),

Proof. Tf not, there exist € > 0 and, for each n, a regular flow {Q,(¢),
&n(t), Cn(t)}te[o,fn) such that
1

1 . . —w
£(20(0), £(0), 6 (0)) < ~+min £, dist2(0,p)x (0,000 (6n(0), R(W) ") < -,

1 1
and t,, € [0,%,) such that either ,(t,) = Qg or

disto ((2n(tn): &nltn), Cu(tn))s D(1, v, (Q)) = €
Therefore

We get

. —w 1
distr.2((0,P)x (0,00)) (Cn(tn)aRu) <=

to see this, we introduce as in [5] a “follower” Y, (t) € R for (,(t) as fol-
lows. For each n € N choose x,(0) € R(Q,(0)) < R" with [[xn(0) —
¢ (0)|L2(0, (0)) < 1/n and let t — x,(t) € L*((0,P) x (0,00)) be the unique
solution of the linear transport equation 9;xy, + dive(xnun) = 0 that is con-
tinuous in t € [0,%,) (with periodicity condition in 1), where the velocity
un(t), as envisaged in the definition of regular flow, is assumed to lie in
L5((0, ), Hl,, (0, P)  (0,00))).

The results of DiPerna and Lions [12] and of Bouchut [2] guarantee that,
for all ¢t € (0,%,), xn(t) and (,(t) are convected by the incompressible flow
and thus are rearrangements of x,,(0) and (,(0) respectively vanishing outside
0, (t). See the Appendix for a brief account of the theory in [2,12] that is
needed on transport equations, and in particular for the existence and unique-
ness of xy,.

As in [5] we have x,(t) € R and x,, — (, is a solution of the transport
equation, so

[Xn(tn) = Cu(tn)ll 22 (0. (1)) = [[Xn(0) = Cu(0)]| L2 (0, 0)) < 1/7.

If Q,(tn) = Qg for infinitely many n, we would get a contradiction with
the previous lemma. If Q,,(¢,) = Q¢ for finitely many n, the fact that, for
large n, (2 (tn);&n(tn), Cn(tn)) stays away from D(u,v,(q) (with respect to
distg) would again lead to a contradiction with the previous lemma. O
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Remarks. 1. In the statement, the hypotheses
['(907507 CO) < ) + H%/in£7 ‘C(QO’§0; CO) - /j/| < 6a |I(QOa§Oa CO) - Z/| < 0

can be replaced by
QQ 75 QQ and diSto <(Qo7 fo, CO), D(M, v, CQ)) <9

because

‘C(QOaE()?CO) - mvi,n‘c7 C(QO7£O7CO) - M, I(QO7£O7<O) — VvV

as diSto((Qo, fo, Co), D(M, v, CQ)) — 0.

2. Solutions to the evolutionary problem that are considered are supposed
regular enough, but nothing is claimed about their existence. This is why
the stability result is said to be “conditional”. The choice of the dis-
tance in the statement is crucial for its meaning. Conditional stability is
here with respect to the distance distg, that is, the distance disty to the
set of minimizers is controlled for subsequent times if it is well enough
controlled initially. However nothing is said about other distances and
it could be that some other significant distance blows up whereas distg
remains under control; as a consequence the solution would nevertheless
cease to exist in the considered functional space. On the other hand, a
control on distg could be the starting point of a well-posedness analysis
(well-posedness of the Cauchy problem for related settings is discussed in
many papers, see e.g. [11]).

3. In the statement of the theorem, distg can be replaced by the simpler
distance

disty ((21,&1,C1), (22, €2, ¢2)) = inf se[o,P]le(S + ) — p2llm2

per
+HG = Gl (0.pyxr)y + VY0, 6.6 — V¥, 65,0112 ((0,P)x (0,R))

where Vi), ¢, ¢, has been trivially extended on ((0, P) x (0, R))\£; (thus
dist; is defined in terms of vorticity and velocity). Indeed, for all ¢; > 0,
there exists €y > 0 such that, for all (Q,¢,() € W*,

disto ((2,€,€) Dl,v,Cq)) < 0 = dists ((2€,0), Dl 1,GQ)) < er.

Otherwise there would exist ¢ > 0 and two sequences {(Q1 ,,&1n,
Cin)} € W* and {(Q2n,82,n,C2n)} C D(,v,(q) such that
nh~>nolo diStO((Qlﬂmfl,nvCl,n)a (QQ,nv§2,n7<2,n)> =0

and
ilégdiStl ((Ql,mfl,n,Cl,n), (92,n7£2,nac2,n))
> Tilrellf\]dis‘ﬁl((Ql,rugl,naCl,n)7 D(p, v, CQ)) > €1
Taking subsequences if necessary, we can assume that

hrn diStO ((9277“ 62,717 CZ,n) ) (Q7 Ea C)) = 0

n—oo
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for some (2,€,¢) € D(y1,v, ¢g) and thus
nh—>H;o diSt0 ((Ql,nv gl,na Cl,n) 9 (9757 C)) = 0
If Q. =Q and

VE(Ql,nv Cl,na C(Ql,nv fl,na Cl,n)a I(Ql,n; gl,na Cl,n))
= Vi(Q,¢,C(2,6,0), 1(2,€,0))
then

diStl ((Ql,nvgl,na Cl,n)v (9757 g)) = diStO ((Ql,nagl,na Cl,n)’ (QagaC)) 3

whereas otherwise,

IVYa, . .e1m.ci = V¥a.ecllzzo,p)x (0,R)

< IVYa, 6.6, — Vaeclliiza,,) + 1IVYe.eclliizone,.,)

S NVYa, . rmicin — V(2105 Cn, C(Q10,€1m,C1n), T(Q1,m5 €105 €1 ) L2(0s )
HIVY(Q1,n,C1,m, C(Q1,m5 €105 C1n )5 1(Q1m, E10m5 C1im)
—V(Q,¢,C(2,6,0), (2,6 Oz,

HIVH(Q2, ¢ C( 6,0, 1(2,€,¢)) — Viaeclliza,,) + IVYaeclizone, )
<IVYa, erncin — VP10, C1ny C(Q,m5€1,m5 C1in ) T n5 €1ims Cin)) 22004 )

VY (Qn, 1, C( Q1,5 €105 C1in )y 1(Q1m, E10m5 C1im)

—VP(2,¢,C(2,6,¢), 1(2,€,O)) 20, Py x (0, R))

HIV(Q,¢,C(2,£,0), 1(2,€,0) = VaecllLz o

HIVEH(R2, ¢, CQE Q) 12,6 O lLzco, o) + [V¥a.ecllrze, )

and hence

dist1 (21,0581, C1n) 5 (2,6,C)) < disto (21,0, 81,05 C1n) 5 (2,6,0))
HIVE(Q, ¢, C(92,6,0), 1(Q, & Oz ) + I Viaeclliz@n.)-

Thus in either case we get the contradiction

0= nlirrgo dist ((Q1,n,&1,m,C1n) 5 (,6,0)) > €.
4. In the statement of the theorem, the hypotheses
L(20,80,C0) <5+ min £, |C (20, €0, G0) — pl < 3, (€0, 80, Go) =] <&
can also be replaced by

dlStl ((QOa§0a<0)7D(M7V7 CQ)) <0

(compare with the first remark). Indeed, for all 6 > 0, there exists §; > 0
such that all (©,¢,¢) € W satisfying dist1 ((©2,€,¢), D(p,v,{q)) < &
also satisfy

£<Q7§7<) < 6+mvl,n£a |C(Qa£aC) _M‘ < 67 |I(Q’§,C) _V| < 0.
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Otherwise there would exist 6 > 0 and two sequences {(1,n, 1,1, C1,n)} C
W and {(Q2,n,&2,n,C2,n)} € D(1,v, (o) such that
nh—>ngo d15t1 ((Ql,na gl,nv Cl,n) ) (QQ,’ru 52,717 CQ,n)) =0

and such that one of the following inequalities holds:
infnGNE(Ql,ru fl,nv gl,n) 2 o + m‘;n ‘Ca
infn|C(Ql,n7 fl,ru Cl,n) - M| Z 67 inntI(Ql,n; fl,na Clm) - V| Z 0.

Taking subsequences if necessary, we can assume that

lim diStO ((92,717 52,717 <2,n) 9 (Qv ga C)) =0

n—oo

for some (,§,¢) € D(u,v,({q). Arguing as above, we get

HH;O diStl ((92,11’ 52,n7 CQ,n) 9 (Qv ga C)) =0

n—

and thus

Jim_dist, ((Ql,n,&,m Cin) s (97570) = 0.
We then get the contradiction

L0, €10 ) — min L, C(Quns &1y Ciin)

— M, I(Ql,n,glm, <1,n) — VvV
(see (4.18) and (4.19) for similar computations).

6. Appendix: transport equation theory needed to construct the
follower

During the proof of Theorem 5.2 we introduce a “follower”, in R", of a regu-
lar flow, by convecting a suitable element of rY using the velocity field of the
flow. Here we present the theory of transport equations needed to justify this
construction.

Let us consider a regular flow (see the above definition). As (J,¢(o 7 ©2(2)
is bounded, we can suppose that, for some R > 0, U, (o 7 ©2(¢) C (0, P) x (0, R)
and the divergence-free velocity u € L*((0,1), H,.,.((0, P) x (0,00))) vanishes
for z5 > R. We extend u to all of R x R? by setting u(t, z1,z2) = 0 for t & [0, ),
u(t, 1, 22) = (ur(t, 1, —x2), —us(t, 21, —x2)) for x5 < 0 and by P-periodicity
in 1. We use the notation u = (uy,us) and u(t) = u(t,-). As, for almost all ¢,
the trace of ug(t) on the set xo = 0 is trivial (see (1.3b)), u is now well defined
in L>°(R, H!_,(R?)) and still divergence free.

per

Existence. Consider initial data x(0) € L*(Q(0)) C L*((0, P) x (0,00)) and
extend it periodically in z so that we can see it in L2 (Rx (0,00)) C L2.,.(R?)

(and x(0) vanishes when x5 < 0). Mollify x(0) in « to get x-(0) and mollify
win z and t to get u. ,(t) bounded in H}, (R?). This can be done in such a

per
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way that the second component of u. ,(t) vanishes on xo = 0. Since, for fixed
e and 7, u. » € L%°(R x R?), the solution of

X + div(xue ) =0 in [0,00) x R?

with initial data x.(0) exists for all positive time by using the flow of wu ;;
denote it xc(t) € L2, (R?). Notice that u. -(t) is still divergence-free and
therefore the flow is rearrangement-preserving, hence

Ixe,r (D)2 = lIxXe,r ()l z2((0,P)xR) = IXe(0)]l2 < [IX(0)]]2-
Then, for any 1 < s < 2, we have

1Xe,r (e E)lls = lIxe,r()ue,r(t)]
< IxO)[2flw(®) )|z

so we have xc r(t)ue () bounded in L* and thus div(x. - (t)ue ) bounded in
W L4 Hence, as in Lemma 10 in [5], for 0 < t1 < ta,

|‘X€,T(t2) - Xe,T(tl)HfLs < M||Ix(0)][2[t2 — ti]

where M is a bound on ||u(t)|| g: for almost all t € [t1, o]

Let 1/r+1/s =1 (so 2 < r < 00). Then WH"((0, P) x (—2R,2R)) —
L?((0, P) x (2R, 2R)) compactly and, taking the adjoints, L? < W1 com-
pactly. Since the . (¢) all lie in a ball in L*((0,P) x (—2R,2R)) (for €,
small enough) and hence lie in a strongly compact set in W1, we can apply
the Arzela-Ascoli theorem to let ¢, 7 — 0 (along any particular sequences) and
obtain a sequence converging in L>((0,%), W,.1*(R x (—2R,2R))) and weakly
in L? on any bounded open subset of (0,%) x R? to a limit

X € C([0,8), Wy (R?)) N L, ((0,7) x R*) 0 L¥((0,7), Ly, (R?)),

loc per

where L2, (R?) is endowed with the norm of L*((0, P) x R). Moreover y solves
the linear transport equation on (0,%) x R? with initial condition x(0), x(¢) is
also weakly continuous in L? with respect to ¢ € [0,%), x(¢) vanishes for 2o < 0
and for z3 > R and x(t) > 0 if x(0) > 0 (because of the way x(-) has been
obtained as a limit; remember that x(0) vanishes for x5 ¢ [0, R], and since u(t)
vanishes for zo > R and the second component of u(t) is odd in x5 it follows
that the trajectories of the approximating flows do not cross the lines o = 0

and 29 = R+¢).

L=((0,P)xR) < [[Xe,r (B)[l2llue,~ (t)ll2s/(2—s)

Rearrangement and uniqueness. Let t — x(¢) € L2, (R x (0,00)) be such that

per

x € C([0,%), W,.L5(R x (0,00))) N L. ((0,7) x R x (0,00))

per loc
NL75((0,8), Lyer (R x (0,00))),

the support of x is uniformly bounded in the x5 direction and y satisfies the
linear transport equation on (0,%) x R x (0, 00), that is,

/ (Orp+ V- u)xdtde =0 (6.1)
(0,8) xRx (0,00)

for all ¢ € 2((0,t) x R x (0,00)). Here x is not necessarily restricted to be
the solution obtained just above and, provided that y € L? ((0,7) x R x

loc
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(0,00)) N1 LS, ((0, ), L2, (R x (0, 50))), the hypothesis y € C([0,7), Wyel*(R x
(0,00))) above is equivalent in this context to the requirement that t — x(¢) €
L2, (R x (0,00)) is continuous in ¢ > 0 with respect to the weak topology on

L2, (R x (0,00)).

Let us check that (6.1) still holds for all ¢ € 2((0,7) x R?), so that x is
also a solution to the linear transport equation on (0,7) x R? (where x vanishes
if x5 < 0). Given such a ¢, we introduce f € C*°(R) such that f(z2) = 0 for
29 <0, f(x2) =1 for x5 > 1 and f is increasing. We set fs(z2) = f(z2/9) and

observe that
/ (f5(2)0p + fo(@2)Vip - u+ fy{ws)pus)x dtdz = 0,
(0,5) xRx(0,00)

where u = (u1,u2). As x € L>((0,%), L2,,.(R x (0,00))), we get

/ (fs(22)dhp+ fis(2) Vo - w)y dbde — (Brp+ Vo - w)y dida
(0,8) xR (0,00) (0,7)xR?

as & — 0, by Lebesgue’s theorem. Moreover, if ¢ is supported in (0,7) x
(—A, A)? with 0 < T < ¢, then

/ f5(z2)pusx dtdx
(0,5) xR x(0,00)

< 6~ 'const lexllz2(0,1)x (—a,4)x (0,60 U2 oo (0,7),22((— A, 4) x (0.,6)))
Poincaré
< const |[ox|lL2(0.1)x (—a,4)x (0,6) I VU2l Lo (0,7, L2 ((— 4,4) % (0.5)))

— 0

as § — 0, because x € L2 ((0,7) x R x (0,00)) (Poincaré’s inequality is avail-

able thanks to the fact that the trace of us(t) on xo = 0 vanishes for almost
all t; see e.g. [1], sect. 6.26 in the 1st edition or 6.30 in the 2nd). Thus (6.1)
holds for the more general ¢ as desired.

Now that we know that

X € C([0,8), Wpep* (R?)) N Lo ((0,7) x R?) N Lig,((0,), Ly, (R?))

per
is a solution to the linear transport equation on (0,%) x R?, we mollify in x to
get x. € C([0,7), L2, (R?)). We also assume that y vanishes if x5 & [0, R].

per

Choose any T' € (0,%). Then, for bounded g € C'(R), by Bouchut [2],
proof of Thm 3.2(ii) (especially Lemma 3.1(ii) applied to eq. (3.23)), we have

9rg(xe) + div(g(xe)u) = re — 0 in L1((0,T), Lj,.(R?)) as € — 0.

Integrating against a smooth test function of the form h(t)f(x) we have

h’fg(xg)dtdx+/ hV f - ug(x.)dtdr
R3 R3

< rell o,y x (- P2P)x (—2R,2R))

hfredtdz
R3

(6.2)

provided sup,cp |h(t)| < 1, sup,egre |f(x)] < 1, h is compactly supported in
(0,T) and f is compactly supported in (—P,2P) x (—2R, 2R).



Vol. 20 (2013) On the stability of travelling waves 1627

Choose f = f5s € Z(R?) of the form fs(x1,22) = f1(x1)f2(x2) where f;
vanishes outside [0, P + §] and is identically equal to 1 on [§, P], while f5 is
compactly supported in (—R—4, R+6) and is identically equal to 1 on [-R, R].
We assume 0 < § < min{P/2, R}. By approximations, the class of allowed f;
can be enlarged to continuous functions that are piecewise C', and therefore
we can choose fi such that fi(z1) = x1/0 on [0,0] and f1(z1) =1—(z1—P)/d
on [P, P + 4]. Then

/ o(xe)V fs - udz = / 9(xe) FL (1) (o) un d,
Rz Rz

because u = (uj,us) vanishes if o € [—R, R] and thus f}(z2)us vanishes
almost everywhere on R?, where ¢ is fixed in a set of full measure in (0,7).
The contributions to the integral of the regions [0, ] x [-2R,2R] and [P, P +
0] x [-2R,2R] are equal and opposite (because y. and u are P-periodic in
x1, and f'(x1) = +1/6 there), while g(x.)f1(z1)f2(z2)u; vanishes everywhere
else. Hence

/11@2 9(xe(t, )V f5(x) - u(t,z)dz = 0. (6.3)

For 0 < t; <ty < T, now take h = hs in (6.2) to be any test function on
(0,7T) with 0 < hs < 1, vanishing outside (¢1,?2), equal to 1 on [t + J,t2 — 4],
with 0 < A <2/0 on (t1,t1 +0) and 0 < —hjy < 2/6 on (t2 — 0,t2) (0 <6 <
(ta —t1)/2). Applying (6.3) and letting § — 0, we obtain

/ o(xe (t2))dz — / g(xe(tr))dx
(0,P)x(—R,R) (0,P)x(—R,R)

< rell o,y x (- P2P)x (—2R,2R))
because g(x:) € C([0,7), L2, (R?)). Letting ¢ — 0 yields

per

/ g(x(t2))dz = / g(x(t))dz
(0,P)x(—R,R) (0,P)x(—R,R)

and we deduce that x(t2) is a rearrangement of x(t1) in L?((0, P) x (—R, R)).
As a consequence x(t2) is a rearrangement of x(t1) in L%((0, P) x (0, R)) and
hence [|x(t, )|/ 22((0,P)x (0,00)) 1 constant in time. As T' € (0,) is arbitrary, this
proves any solution

X € C([0,8), Wpe* (R x (0,00))) N Lige((0,7) x R x (0, 00))

leoc(( ) L?)er(R X ( 700)))

of the linear transport equation on (0,%) X R x (0, 00) such that x vanishes for
all x5 & (0, R) is strongly continuous with respect to L2,,.(R x (0,00)) (because
it is weakly continuous and the L?-norm is preserved). In addition x(t) is a
rearrangement of x(0) for all ¢ € (0,%) and therefore if x(0) = 0 then x(¢) =0
for all t € (0,¢). If x(0) is not necessarily trivial, this implies by linearity that
t — x(t) is unique given x(0) (more precisely, unique in this class).

Let Q(t) for t € (0,7) and X be as in the definition of a regular flow in the
previous section, and assume moreover that x(0) vanishes outside Q(0). Then
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x2/(1+x?) € [0,1) is a solution to the linear transport equation on (0,#) x R?
(see Thm 3. () in [2]) and so is X — x2/(1 + x?) (by linearity). As x(O) -
x(0)2/(1 + x(0)?) > 0 almost everywhere, we get Y(t) — x(t)?/(1 + x(t)?) > 0

for all ¢ € [0,¢) and thus x(¢) is supported by Q(¢) for all ¢ € [0, 7).
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