
IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 61, NO. 3, MARCH 2014 1345

Improvement of Dynamic Modeling
of Supercapacitor by Residual Charge

Effect Estimation
Dimitri Torregrossa, Maryam Bahramipanah, Emil Namor, Rachid Cherkaoui, Senior Member, IEEE, and

Mario Paolone, Senior Member, IEEE

Abstract—This paper presents a set of experimental investiga-
tions related to the dynamic behavior of supercapacitors (SCs).
The experimentally observed results are then used as inputs for the
development of an improved version of one of the most common
SC RC-equivalent circuit models. The key improvement concerns
the accurate modeling of the diffusion phenomenon of the SC
residual charge during charging/discharging and rest phases. The
experimental procedure needed for evaluating the parameters of
the proposed model is also given. The accuracy of the obtained
model is then experimentally validated for different cycles charac-
terized by different dynamics.

Index Terms—Charge redistribution phenomenon, dynamic
supercapacitor (SC) behavior, residual charge, SC modeling.

I. INTRODUCTION

A S known, supercapacitors [(SCs), also called ultracapac-
itors], are characterized by high power density, short

charging time, and long life duration. These peculiar character-
istics make these devices of particular interest in energy-storage
applications like fast charging of electric vehicles, medical
devices, universal power supply applications, elevators, pulsed
laser, etc.

Different representations of the SC behavior in both steady
state and dynamic state have been proposed [1]–[11]. They can
be grouped in three main categories:

1) time-domain identification leading to interleaved RC-
equivalent circuit model [1]–[5];

2) frequency-domain identification by impedance spec-
troscopy model [6]–[9];

3) electrochemical thermal principle identification [10], [11].
The first category allows for inferring in a type of model whose
parameters can be easily determined by experimental measure-
ments. However, the physical interpretation of such a category
of SC models is not straightforward. As a matter of fact, models
[1]–[5] cannot accurately describe the SC voltage behavior
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during high-dynamic current profiles where the redistribution
of residual charge stored in the SC can play a key role.

The second category allows for obtaining a frequency-
domain model of SCs by specific experimental investigations
based on the use of network analyzers or high-bandwidth
(6 kHz) impedance measurement systems (electrochemical
impedance spectroscopy) [5], [6].

The third category of models is the more general as it can
be applied to general electrochemical storage systems like SCs
and batteries. In particular, as discussed in [10], this method
defines large-signal time-dependent model of general electro-
chemical storage systems by using the Poisson–Nernst–Planck
electrodiffusion theory suitably combined with the analysis of
physical attributes of the system (e.g., nonlinear polarization
of bulk electrolyte reactions, changes of transport coefficients,
etc.).

With reference to SC modeling, the common drawback
among the aforementioned models is that they do not focus
on some elementary phenomena that take place during the SC
normal operation such as the redistribution of the so-called
“residual charge” during the following: 1) the SC charging and
2) the SC relaxation phase. In Section II, the aforementioned
phenomena are illustrated in order to provide the added value
of the model proposed in this paper.

As is known, the complete extraction of the SC charges
requires very long times (i.e., on the order of several days).
As a consequence, there is always an amount of charges that
remains stored inside the SC. Even after partial SC discharges,
the amount of the SC-stored charges plays a key role in the
subsequent SC behavior. This specific drawback has, indeed,
motivated this study in order to develop a new SC model. In
what follows, the term “residual charge”—QR—defines the
amount of the remaining SC charge stored into the device after
a discharge that has resulted into a specific value of the SC
voltage (VSC) achieved at the end of the discharge. An SC dur-
ing its normal operation is charged and discharged at different
voltages with different values of current. These phases can have
long or short durations and have nonnegligible effects on the
SC dynamic. For different SCs sizes, it could be experimentally
observed that each cycle changes its dynamic behavior. Two
main effects due to the SC cycling can be observed: the first
concerns the duration of the charging phase, and the other
refers to the redistribution phase. In particular, after the first
SC charging–discharging cycle, there is a remaining QR stored
into the SC that cannot be easily extracted.
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Fig. 1. Time evolution of the supercap voltage for different charge–discharge
cycles.

As expected, the presence of QR reduces considerably the
charging time needed to reach a certain voltage value in com-
parison with the time needed when the targeted SC was without
any residual charge. Within this context, this paper focuses on
the electrical SC modeling during dynamic cycles by properly
taking into account the influence of QR on the SC dynamic
behavior.

This paper is structured as follows. Section II focuses on
the experimental evidences related to the QR effects on the
SC behavior. Then, in Section III, a brief state of the art of
the different SC models is presented along with a discussion
of their advantages versus drawbacks. Section IV presents the
proposed SC model along with the procedures for evaluating
its parameters. Section V presents the experimental validation
of the proposed model by making reference to dynamic cycles
including both short and long time durations of charging and
redistribution phases. Conclusions and final remarks concern-
ing the contribution of the proposed model are given in the last
section.

II. EXPERIMENTAL EVIDENCES OF

SC CHARGE REDISTRIBUTION

Fig. 1 shows the time evolution of the voltages across a
325-F SC to reach its nominal voltage (2.7 V) when charged
with 2 A.1 Each curve refers to a charge, subsequent to a
discharge that has lasted to reach an SC voltage VSC = 50 mV.
This figure shows that, even with identical SC final discharge
voltage (i.e., 50 mV), the subsequent SC charging curves ex-
hibit different behaviors (i.e., differences on the order of several
tens of seconds) indicating, therefore, different values of QR

(i.e., remaining SC charges in correspondence of an SC voltage
of 50 mV). This indicates a progressive increase of the QR that
reaches, for the targeted 360-F SC, its maximum value after
seven cycles. The time needed to reach 2.7 V is of 550 s (t1
in Fig. 1) when the SC has no residual charge. When the SC
has been cycled seven times, this time is equal to 470 s (tF in
Fig. 1).

1All the experimental tests on the SC have been carried out into a dedicated
climatic chamber at a constant temperature of 25 ◦C.

Fig. 2. Time evolution of the SC voltage during rest phase for different values
of residual charge.

Fig. 3. Time evolution of the SC voltage during rest phase for different final
voltage values.

The physical explanation of this behavior is based on the
fact that, during each charging phase, the amount of QR stored
inside the SC macropores available at the electrode–electrolyte
interface (i.e., those more easily accessible by charges) in-
creases, and consequently, it participates actively to the sub-
sequent charging phase. Once the availability of macropores is
saturated (for the targeted SC, this happens after seven complete
cycles), the QR reaches its maximum value.

Fig. 2 shows the second main effect of QR. The time to
reach the SC open-circuit voltage (VOC), after the complete
redistribution phenomenon, as well as the value VOC itself,
depends strongly on the QR. The higher the QR, the higher
the VOC and the lower the time needed to reach it. As shown
in Fig. 3, a different time evolution of the so-called decay
voltage across the SC can be observed for different final
voltage values (VF in Fig. 2). In order to highlight the SC
decay-voltage dynamic, Fig. 3 shows the difference between
the SC voltage and the VF .

As is known, the SC redistribution phenomenon is the
process of homogenization of the charges on the whole SC
electrode surfaces during the relaxation phase. It takes a long
time to be completed (typical time constants are on the order of
700–800 s). It is well known that the redistribution phenomenon
is caused by the irregularity of the SC electrode porous car-
bon structure involving a gradient of ion concentration within
the SC electrolyte. This gradient depends on the different
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time constants of the macro-, meso-, and micropores of the
electrode–electrolyte interface [12]. This means that, during the
charging phase, the early-time charges migrate easily toward
the macropore and then, during the relaxation phase, toward the
other smaller pores.

The voltage drop process of an SC in rest phase is described
in detail in [15] where the physical mechanisms governing
this phenomenon are given. In summary, in [15], it is found
that, after the SC is disconnected from the charging circuit,
the excess ionic concentration near the carbon-to-electrolyte
surface will follow a diffusion mechanism. Part of these ions
will diffuse into the electrolyte, while some others will diffuse
toward the carbon surface. The last involve a reduction of the
number of excess charges in the carbon itself and, therefore,
will produce a decrease of the SC open-circuit voltage.

As it will be clarified in Sections IV-C and V-A (Figs. 7 and
10), the quantity of residual charges redistributing during the
charging and relaxation phases depends on the VOC. In this
respect, along with the explanations already given for Fig. 1,
it is possible to physically sustain what is shown by Figs. 2
and 3. Concerning Fig. 2, it is clear that, after each charging
phase, the amount of QR increases. This means a higher amount
of charges stored in the aforementioned macropores and a
consequent larger gradient of charges. Such a behavior involves
a faster and more important redistribution phenomena during
the relaxation phase with a mitigation of the SC voltage decay
(after each cycle, a little quantity of charges is stored in the
medium and micropores as well).

Fig. 3 concerns the SC voltage time evolution during a rest
phase for different final voltage values once the targeted SC has
been already cycled in order to saturate the macropores.

Additionally, it should be underlined that the charges partici-
pating to the redistribution phenomena are those already stored
inside the targeted SC, namely, QR, plus some other charges
injected by the power source to the SC during the charging
phase. If the charging phase is stopped before reaching the
nominal voltage value, the total quantity of charges is less than
the one at nominal voltage. The gradient charge will be lower
and the voltage decay as well. Otherwise, if the SC reaches its
nominal voltage value, the charge gradient will have a higher
value and, as a consequence, will involve longer relaxation
phase along with higher voltage decay. It is worth noting that
these considerations are true if the targeted SC has been already
cycled.

From this standpoint, it is important to evaluate the SC
initial condition in order to estimate the amount of the QR and
properly include it into a suitable SC model.

Table I summarizes the values of VOC subsequent to different
values of voltage reached during the charging phase.

As it will be illustrated next, if the two aforementioned
effects are not considered, the final voltage VF , as well as the
whole SC voltage profile during a dynamic cycle evaluated by
available models, can largely differ from measured values. In
this respect, in [9], the importance of the charge movement
within the SCs has been already observed.

It should be noticed that the different voltage dynamic be-
haviors, shown in both Figs. 2 and 3, start to be nonnegligible
from 150 s after the turnoff of the SC supply.

TABLE I
RELATION BETWEEN REACHED FINAL VOLTAGE VF AND VOC

To the best of the authors’ knowledge, few papers have
focused on the estimation of the SC QR (e.g., [13] and [14]).
However, none of them have used this information to infer an
updated SC model.

III. COMPARATIVE ANALYSIS AND LIMITS

OF EXISTING SC MODELS

The majority of the SC models based on interleaved RC-
equivalent circuits are presented in [1] and [2]. These models
are composed by three main lumped-parameter branches. As
clearly explained in the literature (e.g., [1] and [2]), the first
branch aims at representing the SC behavior when it is con-
nected to an external source or load; the second and the third
branches represent the medium and long time duration of the
redistribution phenomenon, respectively. As already stated, the
main limitation of [1] and [2] is that they do not take into
account the QR. Such a limitation has an influence on the
assessment of the SC model parameters as well as on the SC
model applicability. Additionally, the experimental validation
proposed in [1] and [2] is carried out without providing an
accuracy assessment of the obtained model versus the SC real
dynamic behavior. Furthermore, as clearly stated in [2], their
model is not accurate for low voltages (i.e., below 1 V) and for
long time estimation of the SC VOC. Similar considerations can
be done for the work presented in [8].

Concerning the model presented in [3], it has been validated
by experimental results for two different current profiles and not
for the whole nominal voltage range (0–2.7 V). In this respect,
any performance of the proposed model during a dynamic cycle
is presented. Similar considerations can be done for [5]–[7].
In particular, in [5], the authors analyzed the impact of the
increasing number of RC branches on the accuracy of the
whole model, and they concluded that the six-branch model is
the most accurate for modeling the self-discharge. However, the
accuracy of the proposed model for dynamic cycle with long
charging/discharging and redistribution phases has not been
illustrated.

Concerning [9], the different redistribution behaviors of the
SC have been modeled by considering a parameter variation of
the model itself. However, [5]–[9] did not show the accuracy of
the model during slow charge and discharge phases as well as
during long redistribution phases and dynamic cycles.
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Fig. 4. Proposed SC model.

The most thorough investigation of the behavior of an SC
during long time observation has been done in [4]. In this paper,
experimental investigations have driven the conclusion about
the false assumption, done in several works, for example, in [5],
that the voltage drop observed in SCs after their disconnection
to a dc source is due to their self-discharge originated by
a charge-leakage phenomenon. We have also experimentally
observed the findings of [4], namely, if the SC is charged for
a longer time (i.e., we reach the same VF with lower supply
currents), higher QR values are obtained.

The only work showing some results about the impact of the
charge history on SCs behavior is [12]. In this paper, the authors
observed a different relative decay depending on the value of
final voltage reached during the charging phase. However, they
did not give a physical explanation of this behavior, and it is not
clear how their model can take it into account.

IV. PROPOSED SC MODEL

The model proposed in this paper is an improved version of
the model presented in [1] and [2].

The main goal of the proposed model is to accurately predict
the SC behavior when it is cycled with long time dynamics.
Fig. 4 illustrates the new proposed model, where R1 is the SC
input electrode resistance, RL and CV are the resistance and
the nonlinear capacitance of the so-called “SC network system
model” (see [1] and [2]), R2 and C2 are the resistance and the
nonlinear capacitance of the SC second branch, and R3 and C3

are the resistance and the nonlinear capacitance of the third SC
branch.

As it can be observed in the proposed model shown by
Fig. 4, two current sources, ICH and IRED, are included.
These two devices allow for improving the SC dynamics by
taking into account the diffusion of the residual charge during
charge/discharge phases and redistribution one, respectively.
The determination of the parameters of these two current
sources, as well as the demonstration of their neutrality about
the SC charge preservation, will be discussed next.

A. Optimal Assessment of Standard SC Branch Parameters

The first parameter, namely, the SC input electrode resistance
R1, is evaluated by measuring the voltage drop across the SC
terminals when a step current is applied.2

2The estimation of this parameter can be done with arbitrary current ampli-
tudes; however, we have adopted the SC rated value.

The current generators ICH and IRED account for the dif-
fusion of the QR; they are inherently inactive when the SC
is charged for the first time. In such a specific condition, by
making reference to the model shown in Fig. 4, the SC terminal
voltage vSC(t) can be represented only as a function of the SC
current and the relevant parameters, as follows:

vSC(t)=f1[i(t), RL, CV i]+F2[i(t), R2, C2i]+F3[i(t), R3, C3i]
(1)

where
fi (i = 1, 2, 3) circuit equations of the SC model and repre-

sent the contribution of each branch of the SC
model to vSC(t);

CV i, C2i, C3i ith element of the piecewise approximation
related to the nonlinear capacitances of the
SC network system model, second, and third
branches, respectively (see Fig. 4).

The evaluation of the parameters of (1) has been performed
by following a modified procedure proposed in [1] and [2]. In
particular, the variation of the SC voltage has been divided into
a certain number of intervals (in our case, ten) between zero and
the SC rated voltage (i.e., 0–2.7 V). For each of these intervals,
a first set of the SC parameters has been evaluated by using the
procedure given in [1] and [2]. Then, in order to improve the
values of these parameters, a least square fitting procedure has
been used. This last procedure makes use of the measured SC
voltage vSC,M (t), during a charging and a redistribution phases.
Indeed, for each of these phases, we can assume that vSC(t)
essentially depends on the SC network system model and on
the second/third branch, respectively. In other words

vchargeSC (t) =F1[i(t), R2, C2V i]

vRED
SC (t) =F2[i(t), R2, C2i] + F3[i(t), R3C3i]. (2)

It is therefore possible to define the following optimal problems
for inferring the model parameters:

arg min
RL,CV i

{
vchargeSC,M (t)− f1[i(t), RL, CV i]

}2

(3)

arg min
R2,C2i,C3i

{
vRED
SC,M (t)− f2[i(t), R2, C2i+
−F3[i(t), R3, C3i]

}2

. (4)

It is worth noting that the optimal problem formulated in (4)
makes use of the parameters that have been obtained by the
solution of (3).

The aforementioned optimal assessment of the SC parame-
ters has a nonnegligible influence on the vSC(t). Indeed, Fig. 5
illustrates the comparison between the measurement and the
simulation results coming from the model where the parameters
have been assessed with the aforementioned optimal procedure
versus the approach proposed in [1] and [2]. The mean-square
errors between the measurements and the vSC(t) provided by
the SC model with the parameters assessed by using the two
procedures are as follows: 0.0044 for Zubieta’s model [2] and
near null for the model proposed here.

It should be underlined that the parameters of the model
presented in this section allow for an accurate prediction of the
SC voltage if the targeted SC has not been charged before (or if
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Fig. 5. Experimental validation of the SC model without any residual charge.

TABLE II
RESISTANCE, TIME CONSTANT, AND CHARGE RATIO VALUES

OF THE TARGETED 325 F SC MODEL

TABLE III
FIRST NONLINEAR CAPACITANCE VALUES (F)

TABLE IV
SECOND NONLINEAR CAPACITANCE VALUES (F)

it has been completely discharged before the test). As discussed
in Section III, if the SC has a residual charge, its behavior is
totally different. Tables II–V illustrate the value of the model
parameters.

TABLE V
THIRD NONLINEAR CAPACITANCE VALUES (F)

Fig. 6. Example of the difference of residual charge.

B. Current Sources for the Representation of QR Diffusion

Let us consider an SC that is charged to reach a predefined
VF and, subsequently, disconnected from the source in order
to reach its equilibrium. For t → ∞, we have that vSC(t) →
VOC. After the SC equilibrium, the device is discharged to
a null value of SC voltage, and therefore, we can associate
to the VOC a relevant value of charge that, in view of what
is illustrated earlier, is the QR. The phenomenon that can
be observed (Fig. 6) is that, during the SC charging, we can
associate an amount of charge QCH (at time t1) given to the SC
in correspondence of the SC voltage equal to VOC (see Fig. 6).
The difference between QR and QCH, henceforth called ΔQ,
represents an amount of charge that will be used in what follows
to define ICH and IRED. The nonlinear link between VOC and
ΔQ is illustrated in Fig. 10.

A possible physical explanation of ΔQ is the following: It
represents the amount of charge that the SC stores, during the
charging phase, with the need of higher potential differences.
With larger times, the diffusion phenomenon of this charge
takes place with a specific time constant together with the
displacement of preavailable SC charges. Therefore, it is pos-
sible to represent this phenomenon by using a specific current
generator ICH that is active only when the SC is connected to a
source, or a load, in order to deliver the ΔQ amount

iCH(t) = ±ΔQ

τ
e−

t
τ (5)

where τ is the time constant of the redistribution of ΔQ.
The value of this time constant depends on the size of the
targeted SC (it depends on the macro–meso–microstructure
of the electrode–electrolyte interface) and, therefore, has been
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Fig. 7. Residual charge and open-circuit voltage.

experimentally determined and equals 1000 s. The current will
be positive if we are considering a charging phase and will
be negative vice versa. It is worth noting that this generator
does not violate the charge balance of the SC since it is not
injecting an external current but it models the movement of the
charges already stored in the macropores. The time integral of
this current has been verified not to be higher than ΔQ.

The generator IRED, which is active only during the redistri-
bution phases, should deliver a current following this equation:

iRED(t) = ±
(
η2

ΔQRED

τ2
+ η3

ΔQRED

τ3
e−

t

τ3

)
(6)

where ΔQRED is the amount of the residual charge available
for the redistribution phase. This value can be analytically
calculated as

ΔQRED = ΔQ−
tch∫
a

iCH(t)dt (7)

where tch is the duration of the charging phase.
The ΔQRED should be delivered by following the two

time constants associated to the dynamics of the redistribution
phenomena. The time constant τ2 is related to the diffusion of
the charges through the medium sizes of the electrolyte pores,
and τ3 is related to the micropores. Parameters η2 and η3 are
the quota of ΔQRED to be redistributed with the time constant
τ2 and τ3, respectively. The current will be positive if we are
considering a redistribution phase just after a charging phase,
and it will be negative if we are considering a redistribution
phase just after a discharging phase.

It is worth noting that the input of the proposed model are
only as follows: 1) the value of the open-circuit voltage before
any utilization of the targeted SC and 2) the input current pro-
vided by a voltage or current source. Therefore, the proposed
model is valid irrespective of the type of adopted source/load
applied to the SC.

C. Determination of ΔQ

First, the relationship between VOC and QR has been as-
sessed (see Fig. 7).

Fig. 8. Comparison between the extrapolated residual charge and the three-
day measurement.

The evaluation of the VOC and QR has been performed by
using the following procedure.

1) From a zero-voltage condition, after a complete SC dis-
charge (VOC = 0), the SC has been charged until the
required voltage (the charge delivered by the generator
has been measured).

2) The supply generator has been turned off, and the vSC(t)
has been recorded during 1 h; the final value of vSC(t)
measured after 1 h provides a first estimation of the VOC.

3) Then, the SC has been discharged for 1 h with a simple
variable resistor and then short-circuited for 24 h.

4) The time evolution of the charge extracted from the phase
described in (c) has been recorded and named as qREC(t).
The final value of qREC(t), measured after 1 h, provides
a first estimation of QR for the measured VOC.

5) The real VOC and QR have been calculated by an expo-
nential fitting provided by

qrec(t) =Aeλ1t +Beλ2t (8)

voc(t) =Ceλ3t +Deλ4t. (9)

The constants A, B, C, D, λ1, λ2, λ3, and λ4 have been
determined after the exponential fitting, and from this
standpoint, (8) and (9) allow for evaluating the charge
and the open-circuit voltage for long time estimation. The
constant A equals 0.3, and B equals 0.7. These two values
are used to evaluate the parameters η2 = A and η3 = B.

These extrapolations have been done for evaluating the VOC

after 5 h and the QR after three days. In order to validate the
robustness of this extrapolation, Fig. 8 illustrates the compari-
son of the extrapolated value of the residual charge (by using
the data coming from the first 24 h) and the measurement
performed during three days.

Then, the targeted SC has been cycled seven times with
complete charging phase and discharging phase (until vSC(t)
reaches 50 mV). After that, the SC has been charged until
its nominal voltage value (2.7 V) and completely discharged
through several redistribution phases as shown in Fig. 9. For
this figure, the same considerations as those of Fig. 6 can be
done. For each value of VOC, the residual charge has been
measured. The difference between this value and that one at
the same value of voltage during the charging phase has been
recorded (as already illustrated in Fig. 6). Fig. 10 illustrates the
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Fig. 9. Time evolution of the (a) QR and (b) vSC for the determination of the
difference of residual charge.

Fig. 10. Difference of residual charge for different values of VOC.

relationship between this difference in the residual charge for
each possible value of VOC. It should be underlined that, for
each point of Fig. 10, the difference between QR and QCH, the
residual charge QR corresponding to the initial voltage equal to
50 mV (the SC is not complete discharged) has been added.

V. EXPERIMENTAL VALIDATION

In this section, the experimental assessments of the proposed
parameters model are detailed. Such an assessment has also
allowed the validation of the proposed model. The experimental
investigations have been carried out by using a specific test
bench where SC charging/discharging can be automatically
controlled. The SC voltage and current have been directly mea-
sured without any signal conditioning by using the following
National Instruments A/D conversion cards: 1) C-series 9215
±10 V, 16-b voltage digitizer operating at the maximum sam-
pling frequency of 100 kHz and 2) C-series 9227 ±5 A, 24-b
current digitizer operating at the maximum sampling frequency
of 50 kHz.

Fig. 11. Comparison between experimental results and simulation results
(2-A constant charging current).

A. Experimental Validation of Model During
Dynamic Cycles

In this paragraph, we will make reference to an SC cycle
composed by the following parts: 1) Starting from a steady-state
condition of the SC with a VOC = 0.77 V, the SC is charged at
a constant current of 2 A up to the maximum SC voltage (i.e.,
2.7 V) for 360 s; 2) SC long resting phase of 600 s in order to
let the redistribution phase taking place; 3) SC discharge with
a constant resistance for 370 s; 4) SC short resting phase of
170 s in order to avoid the presence of important redistribution
phase; 5) SC charging at constant current up to the maximum
SC voltage (i.e., 2.7 V), and, finally, 6) SC long resting phase of
400 s. The combination of the aforementioned phases has been
chosen in order to evaluate the SC behavior with a large number
of operating conditions able to make visible the redistribution
phenomenon.

Fig. 11 illustrates a first comparison among the measurement
and SC model results with reference to the dynamic cycle
described earlier. The simulation results refer to the optimized
Zubieta’s model [parameters calculated by (3) and (4)], the
Zubieta’s model [1], [2], and those obtained by using the model
presented here (Fig. 4).

In what follows, we describe the assessment of the SC model
parameters implemented into an automatic process. For the sake
of clarity, the calculation of the parameters of the proposed SC
model is detailed for each phase. In particular, the first one to
be determined is ΔQ (associated to the current generator ICH).
This parameter is inferred by using Fig. 6 for a VOC = 0.77 V;
the corresponding value is ΔQ = 172 C.

During this charging phase (i), a certain amount of ΔQ is
used because the generator ICH remains active only if the SC
supply is connected. In our case, such an amount is ΔQ1 =
51.2 C. At the beginning of phase (ii), the supply is turned off,
and correspondingly, the SC redistribution phase takes place
with a time constant on the order of 800 s (see Fig. 3).

By using the data of Table I, it is possible to infer the value of
VOC that the SC will reach for an infinite time (in our case, this
value is of 2.56 V). With such a VOC value, we can infer, from
Fig. 10, the amount of the residual charge that the SC will have
in case it will rest in open-circuit conditions. Such an amount
ΔQ2 is equal to 38 C. During this phase, charges are naturally
migrating from the different macropores toward the medium
and micropores. This amount of charges has to be increased in
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comparison to the amount that would have been if the SC was
totally discharged. At the beginning of this redistribution phase,
the ΔQRED is

ΔQRED = ΔQ−Δ = (172− 51.2) C = 120.8 C. (10)

The quota of ΔQRED contributing to the redistribution phase
due to diffusion phenomena is, in view of the aforementioned
consideration, given by

ΔQ∗
RED = ΔQRED −ΔQ2 = (120.8− 38) C = 82.8 C.

(11)
This charge has to be redistributed by following (6).

The relevant time constants τ2 and τ3 are as follows: τ2 =
R2C2 and τ3 = R3C3, where C2 and C3 are the values of the
nonlinear capacitances of the SC second and third branches,
respectively (depending on VF , see Tables IV and V).

This phase goes on for 600 s that is not enough for redis-
tributing the whole ΔQ∗

RED. The effective redistributed quan-
tity ΔQ3 = 53 C is calculated as follows:

ΔQ3 =

∫
η2

ΔQ∗
RED

τ2
e−

t
τ2 +

∫
η3

ΔQ∗
RED

τ3
e−

t
τ3 . (12)

The charges available for the following discharging phase are
equal to:

ΔQDISCH = Δ∗
RED −ΔQ3 +ΔQ2 = 82.853 + 38 = 67.8 C.

(13)

This charge has to be redistributed with a time constant equal
to 1000 s (this value depend on the reached voltage value,
and it has been experimentally assessed). During this phase, a
quota of ΔQDISCH, named ΔQ4, is used (charges coming from
micro- and medium pores migrate toward the macropores),
and it is still available inside the SC: It increases the quantity
of the available charge for the next phase. At the beginning
of the following redistribution phase, the available charge
ΔQRED,2 is

ΔQRED,2 = ΔQDISCH +ΔQ4 = 67.8 + 55.2 = 123 C.
(14)

The whole redistribution phase always takes a long time, al-
ready detailed on the order of 3000 s, and after this time, the
ΔQEND,2 will be equal to 161.1 C (value taken from Fig. 10).
In this respect, the charge gradient equals

ΔQ∗
RED,2=ΔQRED,2−ΔQEND,2=123− 161.1 +−38.1 C.

(15)

The negative value means that these charges are not migrated
from micro–medium pores toward large pores but in the oppo-
site way. For this reason, the sign of IRED should be negative;
this current increases the total amount of charges stored in the
micro–medium pores. If this phase takes enough time (3000 s)
at its end, the available charge should be ΔQEND,2. Since,
in our dynamic cycle, this phase lasted for 170 s, the quota

of redistributed ΔQ∗
RED,2, named ΔQ5, can be calculated as

follows:

ΔQ5 =

∫
η2

ΔQRED

τ2
e−

t
τ −

∫
η3

ΔQ∗
RED

τ3
e

t
t3 = 14.1 C.

(16)

The available charge ΔQ6 for the next charge phase will be

ΔQ6 =ΔQEND,2 +ΔQ∗
RED,2 +ΔQ5

=161.138.1 + 14.1 = 137.1 C. (17)

At the beginning of the last charging phase, the generator ICH

should be turned on and the following additional virtual current
should be delivered:

ΔQ6

τ
e−

t
τ =

137.1

1000
e−

t
τ A = 0.137 e−

t
τ A. (18)

During this charging phase, a quota of ΔQ6, named ΔQ7 and
equal to 33 C, is used and stored inside the SC.

The available charge at the beginning of the last redistribu-
tion phase is ΔQRED,3

ΔQRED,3 = ΔQSTART,2 −ΔQ7 = 137− 33 = 104 C.
(19)

The quota of ΔQRED,3 contributing to the last redistribution
phase due to diffusion phenomena of the charges equals

ΔQRED,3 = ΔQRED,3 −ΔQ2 = 104− 38 C = 66.1 C.
(20)

Since the reached voltage after the charging phase is the same,
the two time constants for this redistribution phase are the same
of those calculated in (12).

It should be underlined that the error between the SC-
measured voltage and the predicted one is extremely low. In
particular, a mean-squared error of 6.85 · 10−4 has been esti-
mated for the model proposed here and a corresponding value
of 0.124 has been evaluated for the Zubieta’s one.

In the comparison shown in Fig. 11, the current has the same
value as the one used to infer the SC parameters (see Fig. 5).

Then, in order to better underline the improvement provided
by the proposed model, in what follows, we present further
comparisons between measurements and model predictions
with reference to these conditions: 1) charging current different
from the one used to asses the SC parameters; 2) short and long
redistribution phases; and 3) different values of open-circuit
starting voltages. To the best of the authors’ knowledge, the
validation of an SC model with respect to all these extensive
analyses has not been performed by available SC models.

In this respect, Fig. 12 shows the results for an SC cycle
with a lower value of the charging current equal to 1.5 A.
We can notice the same accuracy obtained for the previ-
ous case. Fig. 13 refers to a cycle with repetitive charging/
discharging/redistribution phases. This specific cycle has been
chosen since SCs are often subjected to this type of stresses.
The value of the charging current is equal to 2.3 A. Fig. 14
shows the comparison for a cycle characterized by a deep
discharging phase (from the nominal value until 0.5 V) that
represents a challenge for all the previous SC models. The dif-
ference between the measurement and voltage value predicted
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Fig. 12. Comparison between experimental results and simulation results
(1.5-A constant charging current).

Fig. 13. Comparison between experimental results and simulation results
(2.3-A constant charging current).

Fig. 14. Comparison between experimental results and simulation results
(2-A constant charging current and deep discharging phase).

by the Zubieta’s model is around 15% instead of the 0.2%
reached with the model proposed here.

Finally, Fig. 15 illustrates the comparison for an SC cycle
with two short charging phases and two short discharging
phases followed by a long rest phase. We can observed that
the model presented here is able to follow the right value with
higher precision even if the redistribution of charges does not
take place.

VI. CONCLUSION

This paper has first discussed the experimental evidences
related to charge-redistribution phenomenon that takes place in
SCs. As known, this phenomenon is associated to the diffusion

Fig. 15. Comparison between experimental results and simulation results
(only one long rest phase).

of the SC residual charges during charging/discharging and rest
phases. As it has a large influence on the SC dynamic behavior,
it deserves a specific modeling in order properly predict the SC
voltage dynamic. In this respect, a first discussion about the
improvement of the most common SC model has been included
in this paper. The proposed improvement consists in the optimal
assessment of the SC model parameters by means of a least
square technique. Then, this paper has proposed a new SC
model where specific current sources, specifically dealing with
the representation of the SC diffusion of residual charges, have
been included.

The experimental procedure to evaluate these current source
parameters has been also presented and discussed. The exper-
imental validation of the proposed SC model with reference
to different dynamic cycles has been finally included and dis-
cussed to show the robustness of the proposed model.

It is finally worth observing that, compared to the existing SC
models, the one proposed here allows for reducing the mean-
square errors between measurements and simulation results of
three orders of magnitude.
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