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13 SUMMARY
14 This document contains details on the computation of thvaridte density for the Brown—
15 Resnick process and supporting simulations and figurefiéopaper.
16
17
18 1. COMPUTATION OF THE TRIVARIATE DENSITY FOR THEBROWN-RESNICK PROCESS
;g In three dimensions, the exponent measure may be writteiias zo, z3) = I1 /21 + I2/22 +
21 I3/ z3, where I, = ®o{xk (21, 29, 23), yr (21, 22, 23); R} for some differentiable functionsy
- andy; of z1, 20, 23 (k = 1,2, 3); see equation (2) of the paper. Therefore, since the iziear
23 distribution iSF(z1, 22, 23) = exp{—V (21, 22, 23) }, the densityf (21, z2, 23) IS
24 d3 -
o5 f(z1, 20, 23) = WGXP{— (21,22, 23)}
gs = (—Vigz + ViVag + VaVig + VaVip — ViV Vs) exp(—V),
28 where the derivative®; = dV'(z1, 29, 23)/dz1, €etc., are given by expressions such as
29

dl dlr. dl.
30 Vi = —272] -127r  —-1272 18438
31 1 21 1+ Z1 le + 29 le + 23 d21
32 _dh |y &L odly |y &L o Al
33 Vie = =2 T s 2 de T2 dmde P dede
- Voo 2 @0y Ly B By &y
gg 123 1 dZQng 1 ledZQdZ3 2 dZ1 dZ3 2 ledZQdZ3 3 dzlsz 3 dzleQdZ;g '
37 By the chain rule, and writing:;, = (21, 22, 23), yxr = yx(21, 22, 23) for simplicity, we have
38 fork,s,t,u =1,2,3 that
39
40 Iy =@ (g, yis Rr),
41 d d d.%'k d dyk
— I, =—® ‘Rp) — + —® ‘R
42 k=g (7r, yr; Ri) . + a2 (T, y; Ri) iz
43 d? d? dzy, dxy, d? dzy dy,  dxy, dyg,
L, =——® . i el T S . 29k | Ok
3451’ dzsdzy k da? 2(xk’yk’Rk)dzs dz + dzdyy, 2(x, ks Iik) <dzs dz + dz dzs>
d? dy dyp. d d?zy, d >y,

46 —P 'R — 4+ — 'R —d iR
pi + i 2(Tk, Yr; k)dzs i + . 2(Tk, Yr; k)dzsdzt + e 2(Th Yi; k)dzsdzt’
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d3 d3 dmk dmk dmk
— L =—=® R
dzsdzidzy, k dx} 2, Y ) 5 dzs dz; dz,
dmk dmk dyk dmk dmk dyk d.%'k d.%'k dyk
I, ‘R htd\ -\ it il
+dxzdyk 2(k, Ui Bk (dzs dz dzy  dzs dzy dzg  dze dzy dzs
¥ dog dyr, dyx | day dyg dyy. | dog dyy dyg
B, ‘R 29k Ik | 2k et atedd Ik
+dxkdyl% 2(k, Ui Bk (dzs dz dzy + dz dzs dzy, + dz, dzs dzt>
d3 dyy. dyy dyg
—® R —= =
d 3 2($k,yk7 k)dzs dZt dZu
dmi % dmi % dmi dzy,
dzsdzy dz, — dzedz, dzy  dzidz, dzs
dxz % dmi % dxz dy
dzedzi dz,  dzgdz, dzy  dzidz, dzg
dxp, dy,% dxy dy,% dxy dy,%
dzs dzidz,  dzp dzsdz, — dz, dzsdz

3

2

d
—O R
+d$z Q(xk:ayk;a k‘) (

2

- drydyy,

Po (s Yrs Rk)<

d2 dy? dyg dyp dyr | dyp dy
2 R b= — 7
d 2 2(k, s i) <dz5dzt dzy  dzsdzy, dzy  dzidzy, dzs>
A3z, d d>yy

d
+—Do (g, yi; Ri)

70 o (2, yi: Ri)
Tk

dzsdzidz, + dyi dzedzidz,

The derivatives of the bivariate normal cumulative disttibn function are easily derived as

J _
T 22(a,y30) = ()2 {%} ;
d2

o) = —o(oye { L~ (o).

2

Do(z,y; 0) = d2(z,y; p),

dxdy
P o y—po T=py
] Oo(x,y;p) = (w—l)¢(w)®{m}+p¢2(ﬂ:,y;p) <_;,;2+:U+ =2 )
d3 T —py

m%(:ﬂ,y,p) —¢2(, y; )1_7/)2,

with the others defined by symmetry, and the non-zero derestof x(z1,22,23) and
yk (21, 22, z3) With respect toxq, 29, 23 are given fom = 1,2,... by

d*z - d"x ey -
L = (- Dl =2) M, L — (= D —22) M
1 2
d"y, —n,—1/2 d"y —n, —1/2
o — (1 D) oy~ = D)
d"zo o —1/2 d"zo . —1/2
o~ = D) o — (= D)
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116 Fig. 1. Boxplots of the300 independent estimates of the log-range
117 parameter (top) and smooth parameter (bottom), as the nushbe
118 temporal replicates increases. Green and blue boxes correspond
119 respectively tod> and6s. The horizontal red lines correspond to
12 the true valuedog(p) ~ 3.3, i.e.,p = 28, anda = 1. The relative
122 efficienciesRE, andRE,, are also reported.
122
123
124
125 dr n
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136
137
138 2. SUPPORTING FIGURES
139 Figure 1 below suggests that in a typical situation, with 28 anda = 1, 6, andds estimate
140 0 consistently as — oo, and that their relative efficiency is quite stable withAs Table 1 of
141 the paper indicates, this is also true for other valugsaida, except fora = 2. Figure 2 below
142 illustrates the super-efficiency 6§ whena = 2. Figure 3 suggests that the correlation matrices
143 Ry, in expression (2) of the paper may be numerically singulagmwh=~ 2, especially for large

144 p. In fact, they are exactly singular when= 2 andp > d + 1.
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Estimation of the log range parameter log(p) = 3.3
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Fig. 2. Boxplots of the300 independent estimates of the log-range
parameter (top) and smooth parameter (bottom), as the muwhbe
temporal replicates increases. Green and blue boxes correspond

respectively tod, andds. The horizontal red lines correspond to
the true valuedog(p) = 3.3, i.e.,p = 28, anda = 2. The relative

efficienciesRE, andRE,, are also reported.

3. EFFICIENCIES WITH INCREASING NUMBER OF LOCATIONS

Table 1 below suggests that when< 2, the efficiency of triplewise likelihood estimators is
rather stable with the number of locatiofisbut whenn = 2, corresponding to the Smith model,
the efficiency decreases rapidly with presumably this is also the case whenr: 2.

ACKNOWLEDGEMENT

This research was funded by the Swiss National Science ftiongdand partly performed in
the context of the ETH Competence Center Environment anthiBability (CCES).

[Received Januarg011. Revised Jung011]



193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240

Supplementary Material

—
?
(0]
-

—_

T

= o

O N

[a] =
)
-
N~
o
O’IJ_
)
-

Fig. 3. Determinant of the correlation matrix; in expression (2) of the paper against the

smoothness parametere (0, 2] when the range parameterequals100, for d = 2 andp =

10 (black), 20 (red), 30 (blue), 50 (green) andl00 (purple). The colored areas correspond

to 95% confidence regions, while the white lines denote the mediassed orb0 simulated
locations in[0, 100)>.

Table 1. Efficiency (%) of maximum pairwise likelihood es-

timators relative to maximum triplewise likelihood estima

tors for n =20, based on300 simulations of the Brown-—

Resnick process with semi-variografi|| /p)* observed ab =

10, 20, 30, 50 random sites irf0, 100]2. The numbers are respec-
tively RE,/RE,/REy.

S =10 S =20
al\p 14 28 42 14 28 42

0.5  97/96/96 93/92/92  94/97/95 95/94/93  93/96/95 93/96/94
1.0 94/85/90 95/84/89  96/86/91 94/85/90 95/89/93  95/90/93
1.5 88/83/88 92/64/74 91/64/74 92/78/85  91/68/76  89/69/77
2.0 75/75/75 42/37/36 26/14/15 55/62/56  24/19/21  11/0/2

S =30 S =50
al\p 14 28 42 14 28 42

0.5  91/93/92 90/92/92 89/95/92 89/93/91 88/93/91  89/94/92
1.0 98/86/92 95/84/90 92/87/92 96/84/90  94/87/93  93/90/93
15 94/81/86 92/70/78 89/72/79 96/77/84 90/69/81  88/67/79
2.0 54/50/50  24/9/12  9/0/2 47/39/41  15/4)7 5/0/1



