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A drift-reduced Braginskii fluid model is used to carry out a linear and non-linear study of ideal

ballooning modes in the tokamak scrape-off layer. First, it is shown that the scrape-off layer finite

connection length and boundary conditions modify the ideal stability limit with respect to the

closed flux-surface result. Then, in a two-fluid description, it is found that magnetic induction

effects can destabilize long wavelength resistive ballooning modes below marginal ideal stability.

Non-linear simulations confirm a gradual transition from small scale quasi-electrostatic

interchange turbulence to longer wavelength modes as the plasma beta is increased. The transition

to global ideal ballooning modes occurs, roughly, at the linearly obtained stability threshold. The

transport levels and the pressure gradient as a function of plasma beta obtained in non-linear

simulations can be predicted using the non-linear flattening of the pressure profile from the linear

modes as a turbulent saturation mechanism. [http://dx.doi.org/10.1063/1.4807333]

I. INTRODUCTION

Ideal magnetohydrodynamic (MHD) phenomena have

been known to limit the maximum achievable b in tokamak

plasmas since the 1980s1 (b ¼ 2l0p=B2 is the ratio of plasma

kinetic to magnetic pressure). Ideal ballooning instabilities,

in particular, can limit the maximum achievable pressure

gradient at any plasma magnetic surface.

The main features of ideal ballooning modes were

described in the late 1970s and early 1980s.2–4 They are flute-

like modes that become unstable when pressure perturbations

driven by bad curvature cannot be compensated by parallel

spreading due to the shear Alfv�en wave. A simple stability

criterion for this instability can be derived by balancing the

pressure drive �rp against the field line bending term

�rjjjjj. The result is that ideal ballooning modes become

unstable when the ideal ballooning stability parameter a
exceeds a critical pressure gradient, a ¼ q2beR=Lp � acrit � 1

(the tokamak safety factor is approximated as q ¼ rB/=ðRBhÞ
in the cylindrical limit; be ¼ 2l0pe=B2 is the electron beta;

and Lp ¼ �p=rp is the pressure gradient length). The effects

of good and bad curvature, magnetic shear, shaping, and

diamagnetic flows can significantly modify the stability

threshold.2–6

While electromagnetic effects and the onset of the ideal

ballooning mode have been addressed with numerical simu-

lations using core (see, e.g., Refs. 1 and 7) and edge (see,

e.g., Refs. 8 and 9) relevant geometry and parameters, such

study has not been carried out for the scrape-off layer. The

objective of this work is to specifically address the properties

of ideal ballooning modes in this region. In particular, we

would like to address the following questions: what are the

stability threshold, the growth rate, and the non-linear turbu-

lent dynamics of ideal ballooning modes in the tokamak

scrape-off layer?

These issues are particularly important since the phase

space of tokamak operation shows an inaccessible regime

that can be reached as b is increased in the scrape-off layer

at high collisionality.10,11 This inaccessible parameter space

region has been interpreted as the “density limit” and, up to

now, it has been studied using simulations based on edge-

relevant configurations. By using three-dimensional electro-

magnetic edge turbulence simulations, Rogers and Drake

proposed that the density limit results from enhanced trans-

port due to electromagnetic effects:8,12 electromagnetic flut-

ter inhibits the growth of the sheared flows responsible for

saturation of resistive ballooning modes and, in turn, this

leads to the onset of catastrophic transport. A b scaling in

edge transport, due to a modification of electron parallel dy-

namics through magnetic induction, was found by Scott

using a gyrofluid model13 and later by Naulin14 using a fluid

model. In more recent gyrofluid simulations of edge

turbulence,9 heat and particle transport are significantly

enhanced above a critical pressure gradient acrit � 0:2� 0:6
with ŝ ¼ 1, which is significantly lower than the classical

result acrit � 0:8. (Here ŝ ¼ rq0=q is the magnetic shear.) In

Ref. 9, it is argued that ideal ballooning modes become

unstable below their linear threshold because of the existence

of a non-linear drive.

Scrape-off layer plasmas are cold and collisionality

plays an important role. The dominant turbulent modes have

low frequency and small perpendicular wave number.

Therefore, a fluid or gyrofluid treatment is typically used. As

a matter of fact, the key characteristics of the scrape-off layer

turbulent phase space appear to be captured by the electro-

magnetic fluid drift turbulence theory (see, for example,

Refs. 8, 15–21).

In order to address the stability and turbulent dynamics

of ideal ballooning modes in the scrape-off layer, we use a

global, drift-reduced Braginskii fluid model22 in combination

with a proper set of boundary conditions at the magnetic

pre-sheath entrance.23 We carry out flux-driven, global 3Da)Electronic mail: federico.halpern@epfl.ch
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simulations in ŝ � a geometry with a toroidal limiter on the

equatorial plane at the high-field side. This configuration can

capture the principal elements of scrape-off layer turbulence:

flute-like fluctuations with amplitude comparable to the back-

ground quantities; lack of scale-length separation between

fluctuations and background; and parallel losses to the limiter

that are determined by sheath physics. Moreover, thanks to

the relative simplicity of the setup, we develop a better

understanding of the underlying phenomena by using the ana-

lytical theory and linear calculations whenever possible.

Our main findings can be summarized as follows. First,

linear ideal MHD calculations indicate that the scrape-off

layer finite connection length and boundary conditions mod-

ify the ideal stability limit. In particular, the vanishing of the

electrostatic potential perturbation at the limiter must be cap-

tured correctly; otherwise, the linear threshold of the ideal

ballooning mode can be underestimated. Second, using a lin-

ear drift-reduced Braginskii model, it is found that magnetic

induction effects can destabilize long wavelength resistive

ballooning modes well below the marginal ideal stability

limit. Third, the aforementioned effects found from the linear

theory have been recovered in fully 3D non-linear simula-

tions using the drift-reduced Braginskii model. In particular,

the non-linear simulations confirm a gradual transition from

quasi-electrostatic interchange turbulence to global ideal bal-

looning modes. The appearance of the global modes roughly

takes place at the linear ideal ballooning stability limit. In

the ideal unstable regime, we observe global modes with the

longest poloidal and toroidal wavelengths allowed by the

system. Finally, we have used the linear theory together with

a non-linear turbulent saturation rule24,25 to predict the scal-

ing of the pressure profile length as a function of b; the

results of the calculation are in good agreement with the

non-linear dynamics observed in the simulations.

This paper is organized as follows. After introducing our

model (Sec. II), we address the linear stability of ideal bal-

looning modes in open field lines within the ideal (Sec. IV)

and two-fluid (Sec. IV) models. Then, non-linear two-fluid

simulation results demonstrating the ideal ballooning stability

limit are described in Sec. V. The results can be interpreted

by combining our linear understanding of scrape-off layer

stability with a non-linear turbulent saturation rule (Sec. VI).

The findings of the study are summarized in Sec. VII.

II. DRIFT REDUCED BRAGINSKII EQUATIONS AND
BOUNDARY CONDITIONS

Here, we briefly recall the two-fluid model that is used

to study scrape-off layer stability and transport. The model is

described fully in Ref. 22. The use of a fluid model is justi-

fied by that fact that, in the tokamak scrape-off layer, colli-

sions play an important role and kinetic effects, such as

trapping, are less important. The fluctuations and the back-

ground profiles have comparable amplitude and characteris-

tic lengths, leading to meso-scale structures. Consequently,

turbulence simulations addressing the scrape-off layer must

be global and source driven. Finally, since scrape-off layer

turbulence is dominated by ballooning modes driven by

unfavorable curvature,18,21,26,27 most of the relevant physics

can be captured with a cold ion fluid model. It is noted that

adding an ion temperature equation (a) would increase the

strength of the curvature drive term and (b) gives rise to the

ion temperature gradient mode, which we expect to be stable

at the parameter regime studied. These effects have been

described in Ref. 28 in flux-tube geometry.

Starting from the Braginskii fluid equations,29 we adopt

the orderings d=dt� xci ðxci ¼ eB=mi is the ion gyrofre-

quency), k? � kjj, and Ti � Te, which lead, in normalized

units, to the following drift-reduced equations:

@tn ¼� R½/; n� � rjjðnvjjeÞ þ 2½ĈðpeÞ � nĈð/Þ�
þ Sn þ Dnr2

?n; (1)

@tx ¼� R½/;x� � vjjirjjxþ
2

n
ĈðpeÞ þ

1

n
rjjjjj

þ 1

3n
ĈðGiÞ þ Dxr2

?x; (2)

@t vjjeþ
mi

me

be0

2

� �
¼�R½/;vjje��vjjerjjvjjeþDvjjer2

?vjje

þmi

me
�

jjj
n
þrjj/�

1

n
rjjpe

�

�0:71nrjjTe�
2

3n
rjjGe

�
; (3)

@tvjji ¼ �R½/; vjji� � vjjirjjvjji �
1

n
rjjpe �

2

3n
rjjGi

þ Dvjjir2
?vjji; (4)

@tTe ¼ � R½/; Te� � vjjerjjTe þ
4

3
Te

7

2
ĈðTeÞ

�

þ Te

n
ĈðnÞ � Ĉð/Þ

�
þ STe

þ 2

3
Te

h
0:71rjjvjji � 1:71rjjvjje

þ 0:71
vjji � vjje

n

� 	
rjjn

i
þ DTe

r2
?Te; (5)

where x ¼ r2
?/ is the vorticity, jjj ¼ nðvjji � vjjeÞ is the par-

allel current, and � is the resistivity. The vorticity equation

has been simplified using the Boussinesq approximation

r � ðndtr?/Þ � ndtr2
?/. It is noted that, in recent 2D

scrape-off layer simulations, it was found that the

Boussinesq approximation does not change the turbulent dy-

namics significantly.30 On the other hand, seeded blobs are

faster and more stable when the Boussinesq approximation is

relaxed.31,32

Plasma outflow from the closed flux surface region is

mimicked using density and temperature sources, respec-

tively, Sn and STe
. The Ge and Gi terms represent the gyrovis-

cous part of the pressure tensor (see Ref. 22). Small

perpendicular diffusion terms of the form Dar2
?a are added

for numerical reasons. In addition, ½a; b� ¼ b̂0 � ½ra	rb� is
the Poisson bracket, while ĈðaÞ ¼ ðB=2Þ r 	 ðb̂0=BÞ


 �
� ra

is the curvature operator.

The Ohm’s law (Eq. (3)) evolves the scalar function

vjje þ mibe0w=ð2meÞ, which represents a combination of ideal
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induction and electron inertial effects. The scalar potential

function be0w=2 ¼ �b̂0 � A1 is the parallel component of a

vector potential function such that r	 A1 ¼ B1, and it is

equal to the poloidal flux up to a constant. It can be shown

that B1 ¼ �r	 be0wb̂0=2 is the perturbed perpendicular

magnetic field, and that the perturbed and equilibrium mag-

netic field components are perpendicular to each other,

B1?B0. The parallel current and the poloidal flux function

are related through Ampère’s equation r2
?w ¼ jjj. Finally, the

parallel gradient rjja ¼ b̂0 � raþ be0R½w; a�=2 takes into

account the variation of scalar quantities along B ¼ B0 þ B1.

The normalizations are (tilde denotes physical quantity

in SI units): t¼~t=ðR=cs0Þ;r?¼ ~r?qs0;rjj ¼ ~rjjR; v¼~v=cs0;

n¼ ~n=n0;Te¼ ~Te=Te0;/¼e~/=Te0; w¼ ~w=½2cs0mi=ðebe0Þ�;
�¼~�=ðcs0=RÞ, with cs0¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Te0=mi

p
and qs0¼cs0=xci, while

Te0 and n0 are the reference temperature and density and R is

the tokamak major radius.

In the following, we concentrate on a scrape-off layer

model with finite connection length and where the Shafranov

shift is neglected. We leave the study of the second stability

regime,4 which appears when the Shafranov shift is included,

for future studies. We adopt the ŝ � a circular geometry with

a toroidal limiter set at the high field side equatorial mid-

plane. Under these assumptions, the curvature operator

reduces to ĈðaÞ ¼ sin h@xaþ ðcos hþ ŝh sin hÞ@ya and the

Poisson bracket is defined as ½a; b� ¼ @ya@xb� @xa@yb. The

coordinate system ðy; x; zÞ is right handed; y is the poloidal

angle multiplied by the minor radius, x is the radial coordi-

nate, and z is the toroidal angle.

A set of boundary conditions appropriate for fluid simu-

lations of the scrape-off layer was derived in Ref. 23 and is

used in the non-linear simulations. They describe the inter-

face between the scrape-off layer and the magnetic pre-

sheath where the ion drift approximation d=dt� xci breaks

down. The boundary conditions used are as follows:

vjji ¼ 6cs; (6)

vjje ¼ 6cs expðK� /=TeÞ; (7)

w ¼ 0; (8)

x ¼ �cos2 r

qR

@vjji
@y

� �2

þ cs

@2vjji
@y2

" #
(9)

@n

@y
¼ 6

n

cs

@vjji
@y

; (10)

@/
@y
¼ 6cs

@vjji
@y

; (11)

@Te

@y
¼ 0; (12)

where K � 3. These quantities are evaluated at the top and

bottom ends of the vertical domain. With respect to Ref. 23,

corrections of order �qs0=Lp have been neglected and we

have introduced the boundary condition for the poloidal flux.

Equations (1)–(5), together with the boundary condi-

tions (Eqs. (6)–(12)), constitute the model that we use

throughout the paper to study electromagnetic scrape-off

layer turbulence.

III. LINEAR IDEAL STABILITY IN THE SCRAPE-OFF
LAYER

Herein, we address ideal ballooning mode stability in a

limited scrape-off layer configuration. The drift-reduced

Braginskii model (Eqs. (1)–(5)) is a superset of the reduced

MHD model, and therefore, it is appropriate to study ideal

ballooning stability. The simplest model describing ideal bal-

looning stability can be obtained, starting from Eqs. (1)–(5),

by ignoring collisions, gyroviscosities, ion parallel velocity,

electron inertia, and Braginskii’s thermal frictional force.

Furthermore, compressibilities in the density and tempera-

ture equations, as well as parallel gradients of density and

temperature in the Ohm’s law are neglected. The diamag-

netic terms in the Ohm’s law are stabilizing. These and other

two-fluid effects, which can affect the marginal stability

threshold, are discussed in Ref. 5.

After taking these approximations, the density and tem-

perature equations can be added to obtain an equation for

pressure, and using the curvature operator Ĉ described in the

Sec. II, we obtain the reduced MHD equations

@p

@t
¼ �R½/; p�; (13)

@

@t
r2
?/ ¼ 2ĈðpÞ þ rjjjjj; (14)

be

2

@w
@t
¼ rjj/: (15)

Linearizing Eqs. (13)–(15), using Ampère’s equation

r2
?w ¼ jjj, and solving for the perturbed electrostatic poten-

tial /1, the following Sturm-Liouville problem is

obtained:2,3

@

@h
½1þ ðŝhÞ2� @/1

@h

� �
�afĉ2½1þ ðŝhÞ2� � ðcos hþ ŝh sin hÞg/1 ¼ 0: (16)

Here, ĉ ¼ c=cI is the growth rate normalized to the reference

interchange growth rate cI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2R=Lp

p
. The poloidal angle h

(equivalent to the standard ballooning angle) is a field line

following coordinate that starts on one limiter plate, winds

around the torus q times, and ends on the other limiter plate.

The equatorial mid-plane of the low-field side of the torus is

set to h ¼ 0, and therefore �p 
 h 
 p.

It is remarked that the finite length of the magnetic field

lines in the scrape-off layer must be taken into account by

restricting the domain to one connection length Lh ¼ 2p and

by imposing appropriate boundary conditions at the field line

ends. Linear boundary conditions can play an important role

in the linear stability of an open field line region.33–36

Our linearized boundary conditions are motivated by the

properties of the non-linear stage turbulence in the non-

linear simulations. In the high b regime, where ideal balloon-

ing modes are unstable, we have found that the potential
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fluctuations are (a) strongly peaked in the bad curvature

region and (b) small and roughly constant near the limiter in

the good curvature region. In addition, it appears that the

fluctuations decay strongly near the edge of the domain, with

a characteristic decay length of roughly 5� 10qs0. The small

amplitude of the fluctuations at the domain edges is consist-

ent with the typical case of a tokamak geometry where the

limiter or divertor is far from the bad curvature region. We

have chosen the simplest set of boundary conditions that cap-

ture these properties, i.e., /1ðh ¼ 6pÞ ¼ 0. The method for

numerical solution of Eq. (16) and a comparison with well

known results are detailed in Appendix.

The linear stability of the system can be assessed by

obtaining the largest real eigenvalue of Eq. (16). The results

of our linear stability analysis are shown in Fig. 1, where we

plot ideal ballooning mode growth rates ĉ as a function of

the magnetic shear ŝ and the ideal stability parameter a. A fi-

nite threshold acrit � 0:5, which increases with jŝj, can be

observed. On the other hand, if the connection length is

increased or if Von Neumann boundaries are used, ideal bal-

looning modes can be unstable essentially at b ¼ 0, and the

stabilization with magnetic shear is not as pronounced (see

Appendix). In essence, the short connection length Lh ¼ 2p
and the Dirichlet boundary conditions are stabilizing because

they impose a sharp decay length on the perturbation as it

approaches the wall, limiting its growth over time.

IV. IDEAL BALLOONING MODES IN THE DRIFT-
REDUCED BRAGINSKII MODEL

We now consider the onset of ideal ballooning modes in

the full reduced Braginskii model. Braginskii’s Ohm’s law

introduces resistivity, electron inertia, and diamagnetic

flows. As a result, ballooning modes due to resistivity or in-

ertial effects can become unstable.37 The reduced Braginskii

model also contains drift waves, which become the dominant

linear electrostatic instability at low collisionality or large

pressure gradient.38 Interchange-like modes are dominant at

high collisionality and weak pressure gradient where the

inaccessible operating regime10,11 is observed. Therefore,

the appearance of ideal ballooning modes is of particular in-

terest in this regime, and our work concentrates on the transi-

tion between resistive and ideal ballooning modes.

A linear study has been carried out using the flux tube

linear code described in Ref. 38, which implements a linear-

ized version of Eqs. (1)–(5). The code solves for the per-

turbed quantities ½n1;/1;w1; vjji;1; Te1�, which are discretized

as a function of the standard ballooning angle h in a finite do-

main of length Lh ¼ 2p. The system of equations is advanced

in time semi-implicitly and the growth rate is obtained from

the ratio of the norm of the perturbed density over a long

time period Dt� c�1.

We have chosen a simple set of linearized boundary

conditions that is an extension of the conditions used in Sec.

IV. The boundary conditions are /1ðh ¼ 6pÞ ¼ n1ðh ¼ 6pÞ
¼ Te1ðh ¼ 6pÞ ¼ 0, while @hvjji1 ¼ @hw1 ¼ 0. It is noted

that the boundary conditions chosen satisfy the structure of

the linear equations automatically.

Using fixed q ¼ 6; ŝ ¼ 0; � ¼ 0:01; mi=me ¼ 200;
Ly ¼ 800; R ¼ 500; Lp ¼ 70; 40, we scan over a by varying

be and we consider the poloidal wave numbers ky �
0:05� 0:95 (toroidal mode numbers n ¼ 1� 20). The ideal

MHD threshold is expected to be acrit � 0:5, as seen in

Fig. 1. These parameters are representative of the non-linear

steady-state simulations discussed in Sec. V. The linear

growth rates are shown in Fig. 2. Similar trends are observed

for both values of Lp. In the electrostatic regime a� 1 resis-

tive ballooning modes are the dominant unstable modes,

damped at lower ky by k?=kjj effects.38 This effect can be

obtained, for instance, by considering a reduced model such

as Eqs. (13) and (14) together with the Ohm’s law rjj/ ¼
�jjj and taking ĈðpÞ � @yp in the vorticity equation. The lin-

ear dispersion relation is, then, c2 ¼ c2
I � ck2

jj=ðk2
?�Þ, mean-

ing that, to be unstable, the mode must overcome a critical

pressure gradient that increases with kjj. It is observed, how-

ever, that this damping effect becomes weaker with increas-

ing a, allowing longer wavelength modes to grow below the

ideal ballooning threshold.

The destabilization of long wavelength resistive balloon-

ing modes can be explained as follows. Consider Eqs. (13) and

(14) together with the Ohm’s law ðbe=2Þ@tw ¼ �jjj þ rjj/.

Neglecting again the poloidal variation of the interchange drive

term in the vorticity equation, it can be shown that the disper-

sion relation obtained from this system is

�c2 � þ be

2

c

k2
?

� �
¼ �2

R

Lp
� þ be

2

c

k2
?

� �
þ

k2
jj

k2
?

c; (17)

where the factor ðbe=2Þðc=k2
?Þ arises from the ideal induc-

tion term in the Ohm’s law, and we have approximated

ky ¼ k?. The cubic term �bec
3 on the left hand side of Eq.

(17) represents the ideal ballooning branch; in the limit

where a < acrit and c� 1 it can be neglected. The induction

term on the right hand side of the equation counteracts the

parallel damping term, leading to the following dispersion

relation for the resistive branch at marginal stability:

c2 � c2
I � cð1� aÞ

k2
jj

k2
?�
: (18)

FIG. 1. Ideal ballooning mode growth rate ĉ ¼ c=cI is plotted as a function

of ŝ and a ¼ q2beR=Lp. The growth rate is obtained from the largest real

eigenvalue of Eq. (16) using Dirichlet boundary conditions, Lh ¼ 2p.
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It is concluded that finite b effects can allow the resistive

ballooning branch to become unstable at lower perpendicular

wavelengths than in the purely electrostatic case (a ¼ 0) as

observed in Fig. 2 and also in Fig. 3.

Since ideal ballooning modes are expected to assume

the smallest possible wavelength in the system, we have cho-

sen to describe their onset as a function of a for ky ¼ 0:05, as

shown in Fig. 3. The linear growth rates arising from several

models are included for comparison: (a) complete reduced

Braginskii model, (b) reduced Braginskii, without magnetic

flutter terms in Ohm’s law, (c) reduced Braginskii without

induction term on the left hand side of Ohm’s law, (d) ideal

MHD, and (e) ideal MHD with magnetic flutter. The mag-

netic flutter terms in Eq. (3), which arise due to the parallel

variation of density and temperature, are stabilizing for both

the resistive and ideal branches (compare (a) with (b) and (e)

with (d), respectively). The induction term is destabilizing

for the resistive branch (compare (a) with (c) below the ideal

threshold). In addition, it has been verified that the parallel

convection and thermal force terms in the density and tem-

perature equations are stabilizing. Finally, we note the induc-

tive coupling between resistive and ideal ballooning modes

by comparing (a) with (e). We therefore confirm that global

modes can become unstable at a � acrit due to the inductive

destabilization effect. These modes become stronger at the

onset of the ideal ballooning mode a � acrit � 0:5.

V. NON-LINEAR SIMULATIONS AND IDEAL
BALLOONING THRESHOLD

In this section, we describe non-linear 3D electromag-

netic simulations of scrape-off layer turbulence carried out

with GBS,22 an initial value, global 3D non-linear code which

advances in time the five scalar fields in Eqs. (1)–(5). GBS

simulation results have been fully validated against experi-

mental measurements from the TORPEX device.39–41 The

method of solution involves approximating the right hand

side of the equations (i.e., the spatial derivatives) using stand-

ard second order accurate finite differences in space and the

Arakawa scheme42 for the Poisson brackets, while the time

advance is carried out using fourth order Runge-Kutta inte-

gration. The boundary conditions, which control the plasma

outflow into the limiter plates, are treated following the

model presented in Ref. 23 and summarized in Eqs. (6)–(12).

The simulations are initialized using smooth profiles

upon which a small perturbation is superimposed. The simu-

lated scrape-off layer plasma undergoes first a transient

phase, in which interchange modes become linearly unstable,

driving turbulence that causes perpendicular transport. Over

a longer time period, the turbulence saturates and a non-

linear steady-state is achieved as a balance between the n
and Te sources mimicking the outflow from the core, turbu-

lent transport, and parallel losses at the toroidal limiter. The

pressure gradient length Lp, rather than being preset as in the

linear calculations, is obtained self-consistently from the bal-

ance between plasma sources, turbulent transport, and paral-

lel losses.

The following numerical parameters were used for the

simulations: nx ¼ 128; ny ¼ 768; nz ¼ 64 ðnx; ny, and nz are

the number of radial, poloidal, and toroidal grid points,

respectively). This grid results in a maximum poloidal wave

number ky;max ¼ 3, while the largest unaliased toroidal

mode number, applying the two-thirds rule, is nmax ¼ 21.

The physical parameters considered for the simulations are

q ¼ 6; ŝ ¼ 0; Lx ¼ 100; Ly ¼ 800; R ¼ 500; � ¼ 0:01cs0=R;
mi=me ¼ 200. The source terms Sn and STe

in Eqs. (1) and

(5) have the form S ¼ S0exp½�ðx� xSÞ2=r2
S�, with S0 ¼ 1;

xS ¼ 30, and a characteristic width rs ¼ 5. These source

terms mimic the outflow of plasma from the closed flux sur-

face region, and, therefore, the simulations are physically

meaningful for x > xS. For simplicity, they are taken to be

constant in y and independent of n and Te. In previous

work,25 the source strength was varied by a factor of four

FIG. 3. Growth rate obtained from Eqs. (1)–(5) linearized in the following

limits: (a) complete model, (b) complete model without magnetic flutter

terms, (c) complete model without induction term, (d) ideal MHD model,

and (e) ideal MHD with magnetic flutter terms.

FIG. 2. Linear growth rates obtained

from Eqs. (1)–(5) for ky ¼ 0:05–0.95 (to-

roidal mode numbers n < 20). Low n
modes become unstable as a increases.
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without significant changes in the dynamics. In the absence

of turbulence, the source terms would reach a balance with

the parallel losses.

As the strength of the electromagnetic terms scales with

the reference be0 value, we carry out a scan with be0

¼ 10�4; 2	 10�4; 5	 10�4; 7	 10�4; 10�3; 3	 10�3. In

the Tokamak �a Configuration Variable,43 for example,

b � 10�5 is typical in the scrape-off layer.26 It is remarked

that electromagnetic effects enter the equations through the

left hand side of the Ohm’s law (Eq. (3)) and through the

magnetic flutter terms in the parallel gradients, while only

the magnetic flutter terms in the Ohm’s law and in the ion

parallel velocity equations enter the equations linearly.

Low frequency, collisional, interchange-like turbulent

modes are recovered in the non-linear regime. Our analysis

concentrates on the normalized pressure gradient Lp, the to-

roidal mode number n, the vertical wave number ky, and the

radial length of the turbulent structures. Principally, three

changes in the character of the turbulence are observed as

be0 is increased: (a) Lp increases, (b) n and ky decrease, and

(c) the turbulent eddy radial extension increases.

As an example, poloidal cross sections of the plasma

pressure are shown in Fig. 4 for simulations with be0 ¼ 10�4

(left, similar to a purely electrostatic case), be0 ¼ 10�3 (cen-

ter, near the linear ideal threshold), and be0 ¼ 3	 10�3

(right, ideal unstable). The characteristic lengths of the

pressure profiles are superimposed as dashed lines, which

represent Lp on the bad curvature side.

As a matter of fact, the obtained plasma profiles decay

exponentially as a function of radius with a characteristic

length Lp � �rp=p, such that p � expð�x=LpÞ with Lp

increasing as a function of be0. For the cases with be0 ¼ 10�4;
10�3; 3	 10�3 we have found, respectively, Lp � 40; 53; 70

and, consequently, a ¼ 0:06; 0:35; 0:89. The case with be0

¼ 3	 10�3 resides above acrit—it is dominated by ideal bal-

looning modes that assume the lowest possible ky available in

the system. As expected, transport increases and the pressure

gradient decreases significantly as the ideal threshold is

approached and surpassed. This transition to globality is also

illustrated in Fig. 5, which shows a radial cross section of the

non-linear turbulent states; the dominant toroidal mode num-

ber decreases while the pressure length increases. As an aside,

we note that poloidal asymmetry around h ¼ 0 is sometimes

observed in the plasma equilibrium profiles. This asymmetry

is caused by the mean E	 B bulk poloidal flow.

The non-linear turbulent spectrum is dominated by fluc-

tuations with n � 10 and ky � 0:1. The dominant ky and the

dominant toroidal number n visibly decrease as be0

increases. This effect is shown in Fig. 6, where the power

spectrum of the pressure fluctuations is plotted as a function

of the poloidal wave number ky (left) and toroidal mode

number n (right). It is observed that the fluctuations gradu-

ally shift to a lower ky and to a lower n as be0 is increased.

In the quasi-electrostatic regime the fluctuation spectrum is

broad at low frequency, peaking roughly at ky � 0:15 and

then decaying rapidly. Local maxima occur at about every

six wave numbers, and they correspond to field aligned

modes with m¼ nq. At the highest value of be0, the domi-

nant mode has ky � 0:05, which corresponds to the n¼ 1

field aligned mode. Modes with n > 1 have a significantly

lower amplitude, as observed directly from the right panels

of Figs. 4 and 5. We note that in the low be0 quasi-

electrostatic regime, the fastest growing linear mode has

ky � 0:5, while in the high be0 regime ideal ballooning

modes grow at the shortest wavelength allowed by the

system.

The shift in n and ky takes place incrementally with be0,

rather than abruptly, and it is accompanied by an increase in

the radial length of the eddies, rx. As a way of quantifying the

radial extent of the typical turbulent structure, we have eval-

uated the eddy radial extension of the perturbed density, per-

turbed electrostatic potential, and perturbed E	 B turbulent

particle flux Cn ¼ Rhn1@y/1i as follows. First, we compute

the self-correlation function, which for a quantity a is defined

as Cðx0;dx;dtÞ¼ haðx0þdx; tþdtÞaðx0; tÞit=haðx0; tÞaðx0; tÞit.
The eddy length rx is the x-width of the C¼ 0:5 contour in

the ðdx;dtÞ plane. It has been verified that the rx obtained are

robust with respect to the choice of x0, for xS �x0 �xSþLp.

The results are shown in Fig. 7, where the rx is plotted as a

function of be0. The correlation lengths of the electrostatic

potential and Cn are doubled from the lowest to the highest

be0, while the increase is less marked for the density. The den-

sity correlation length appears to be roughly constant below

be0� 10�3. Similar trends were observed in Ref. 44.

From these results, it can be inferred that scrape-off

layer turbulence is moderately affected by finite beta effects

until a pressure threshold is reached. Predictably, longer

wavelengths and larger correlation lengths lead to flatter pro-

files near the ideal threshold. In Sec. VI, we analyze these

FIG. 4. Poloidal cross-sections of plasma pressure during the non-linear

stage of GBS simulations are plotted for simulations with (left to right) be ¼
10�4; 10�3; 3	 10�3 while the ideal stability parameter for each case is

a ¼ 0:06; 0:35; 0:89. The dashed lines mark the profile length Lp.
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phenomena in the framework of the saturation mechanism

described in Refs. 24 and 25.

VI. TURBULENT SPECTRUM, SATURATION, AND
ELECTROMAGNETIC EFFECTS

Some characteristics of the non-linear turbulent regime

appear to be well-described by the gradient removal

mechanism.24,25 The main features of this model are sum-

marized as follows. We hypothesize that in the scrape-off

layer instabilities can grow until they exhaust the linear drive

provided by background profiles, which leads to the satura-

tion condition p1=p0 � rx=Lp (p0 is the background pres-

sure). This behavior, for example, was observed in non-

linear turbulence simulations of interchange modes in a sim-

ple magnetized torus configuration,24,45 resistive ballooning

modes in the tokamak scrape-off layer,25 and also ideal bal-

looning modes in the tokamak edge.9 We remark that the GBS

code is ideally suited to study the gradient removal mecha-

nism because there is no separation between fluctuations and

background, and therefore the saturation level is attained

self-consistently.

The radial turbulent E	 B flux C ¼ Rhp1@y/1i can now

be estimated if the characteristic radial length of the mode,

rx, and the radial E	 B velocity are known. An analysis car-

ried out using a linear non-local theory24,45,46 yields

rx �
ffiffiffiffiffiffiffiffiffiffiffi
Lp=ky

p
, while the perturbed E	 B velocity is esti-

mated from the leading order terms of @tp ¼ �R½/; p�, which

yields @y/1R=Lp � cp1=p0. The radial flux driven by the

turbulent modes can, therefore, be approximated as

C � p0

c
ky

� �
max

; (19)

FIG. 5. Radial cross-sections of plasma pressure during the non-linear stage of GBS simulations are plotted for simulations with (left to right) be ¼
10�4; 10�3; 3	 10�3 while the ideal stability parameter for each case is a ¼ 0:06; 0:35; 0:89. The radial cut is carried out at the equatorial midplane.

FIG. 6. Power spectrum of pressure fluctuations during the non-linear stage of GBS simulations are plotted as a function of poloidal wave number ky (left) and

toroidal mode number n (right). The simulations have be0 ¼ 10�4; 10�3; 3	 10�3 (diamonds, circles, and squares, respectively).

FIG. 7. Radial correlation lengths of n (*), / (	), and electrostatic E	 B

particle flux Cn (þ) are plotted as a function of be0. Radial length of electro-

static potential eddies rx ¼
ffiffiffiffiffiffiffiffiffiffiffi
Lp=ky

p
(8), estimated from a non-local linear

theory, is shown for comparison.
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where ðc=kyÞmax represents one single poloidal mode that

maximizes the turbulent flux. As a consequence, transport

should increase with increasing linear drive and with small

ky. In the non-linear steady-state, the divergence of the radial

turbulent flux, C=Lp, should be approximately balanced by

the parallel losses rjjp0vjje � p0cs=q, which leads to a scal-

ing for the pressure profile radial decay length

Lp

q
� c

ky

� �
max

: (20)

In order to illustrate the expected level of transport as be is

increased, the gradient removal mechanism is applied to the

linear growth rates shown in Fig. 2. The flux predicted using

Eq. (19) for that set of parameters is shown in Fig. 8. We

consider Lp ¼ 70 and Lp ¼ 40, which are obtained, respec-

tively, in non-linear simulations with be0 ¼ 3	 10�3 and

be0 ¼ 10�4. In the electrostatic regime, a is very low and we

expect the non-linear steady-state regime to be dominated by

a mode with ky � 0:2. As a is increased, it is found that the

maximum of c=ky shifts to lower ky even below acrit � 0:5. A

global instability with n¼ 1 is found to dominate the flux for

a � 0:5.

In the non-linear simulations, Lp; ky, the perpendicular

flux, and the parallel losses all change self-consistently as b
increases. First, as shown in Fig. 7, the estimate of the radial

scale length of the mode, rx �
ffiffiffiffiffiffiffiffiffiffiffi
Lp=ky

p
, matches reasonably

well the correlation length of the potential fluctuations as a

function of be0, with 15 � rx � 35. Furthermore, the profile

lengths and the flux scaling predicted by Eq. (20) can be

computed with the aid of the linear code used in Sec. IV.

The calculation is carried out by obtaining ðc=kyÞmax as a

function of Lp until ðc=kyÞmax ¼ Lp=q for each desired value

of be0. Note that the Lp and ky from the gradient removal

theory are therefore found self-consistently from Eq. (20).

Figure 9 shows the gradient removal-estimated pressure

scale length obtained from the balance of perpendicular to

parallel losses, compared to the Lp obtained from GBS simula-

tions. The trend recovered is that the pressure gradient is

more or less constant until a critical be0 threshold is reached.

In the non-linear simulations, the parallel loss term rjjðpvjjeÞ
becomes greater at high be0 due to poloidal peaking of the

equilibrium profiles. We have evaluated Eq. (20) estimating

rjjðpvjjeÞ from the non-linear simulations—the results from

Fig. 9 were not significantly altered.

VII. CONCLUSIONS

In the present work, we have investigated electromag-

netic effects in turbulent plasmas in the tokamak scrape-off

layer, concentrating on the transition between resistive and

ideal ballooning modes. Our main findings can be summar-

ized as follows. Linearly, it was found that resistive balloon-

ing modes are enhanced by an induction effect when beta is

increased, while ideal ballooning modes become destabilized

at the threshold expected from the MHD theory. We have

also verified that, in the non-linear stage, the turbulence level

is set by the gradient removal mechanism, the non-linear

local flattening of the pressure profile. It is also remarked

that even the linear stability of long wavelength modes domi-

nant in the scrape-off layer is strongly affected by the bound-

ary conditions. Therefore, the study of turbulent dynamics in

the scrape-off layer requires a full flux surface treatment and

an accurate description of the plasma conditions at the mag-

netic pre-sheath entrance. More details summarizing our

work, step by step, follow below.

First, it was found that the ideal stability boundary is

affected by the boundary conditions imposed at the end of

the field lines. Historically, periodicity played an important

role in the development of ballooning theory, which mani-

fests itself again here through the necessity to fulfill bound-

ary conditions at the plasma wall interface and finite field

line length. We chose to satisfy a “line-tied,” Dirichlet

boundary condition /1ðh ¼ 6pÞ ¼ 0 as suggested by our

non-linear results. This solution to the ballooning equation2

yields a higher marginal stability limit than the standard

FIG. 8. Estimated flux C � c=ky obtained

from linear reduced Braginskii model

together with the gradient removal satura-

tion rule (Eq. (19)). The normalized pres-

sure gradients are R=Lp ¼ 7:15 (left) and

12.5 (right). A shift to lower wave num-

ber ky is observed as a increases.

FIG. 9. Scaling of the pressure profile decay length Lp � qðc=kyÞmax

obtained as a function of be0 from Eq. (20).
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strongly ballooning solution, as first pointed out by Connor.3

Section IV shows linear calculations that were carried out

using a reduced MHD model. They show acrit � 0:5 at ŝ ¼ 0

(see Fig. 1). We have carried out additional stability calcula-

tions, discussed in Appendix. Dirichlet boundary conditions

are strongly stabilizing respect to Von Neumman boundary

conditions (@h/ðh ¼ 6pÞ ¼ 0).

The linear calculations have been extended to include

collisions and two-fluid effects (Figs. 2 and 3). At low a,

well below the ideal limit, we have found linearly unstable

resistive ballooning modes with cmax �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2R=Lp

p
, peaking at

moderate toroidal mode number n but also unstable at much

longer wavelengths. As the plasma beta is increased, modes

with increasingly longer wavelength are driven unstable by

magnetic induction effects. The diamagnetic terms in Ohm’s

law are found to be stabilizing for the ideal branch, but their

effect appears to be negated by the influence of the induction

term on the resistive branch.

Flux-driven, global simulations were carried out in order

to characterize the non-linear dynamics. The interface between

the scrape-off layer plasma and the limiter plates at the vertical

ends of the simulation domain, Eqs. (6)–(12), is consistent

with a magnetic pre-sheath entrance condition.23 The refer-

ence plasma be0 was varied by a factor of 30. The simulations

show profiles that are rather flat, with Lp � 40� 70. In the

low be0 limit, we recover quasi-electrostatic, low-frequency,

resistive ballooning turbulence. As be0 is increased, a transi-

tion towards increased transport is observed, characterized by

an increase of the profile lengths, a decrease of the perpendicu-

lar wavelengths, and an increase of the radial length of the tur-

bulent eddies. Turbulence is gradually enhanced as acrit is

approached, and then strongly driven ideal ballooning modes

are found. The “ideal limit” is interpreted as a transition to a

global mode with n¼ 1.

The b scaling of Lp obtained in the non-linear simula-

tions is in good agreement with the prediction of the gradient

removal theory, Lp ¼ qðc=kyÞmax. Therefore, the transition

towards globality observed in the simulations is interpreted

as a gradual shift toward long wavelength modes excited by

an electromagnetic modification of the parallel dynamics.

Then, a linearly unstable ideal mode can grow if a > acrit,

driving eddies with a radial length comparable to the radial

simulation domain. The scaling of the flux and pressure gra-

dient length, given by the gradient-removal theory and by

the non-linear simulations, suggests a relatively modest and

gradual influence of electromagnetic effects until a pressure

threshold is reached.
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APPENDIX: ANALYSIS OF THE STURM-LIOUVILLE
PROBLEM FOR IDEAL BALLOONING MODES

While typically Eq. (16) is solved using a shooting code,

we have chosen to write it as a standard eigenvalue problem

of the form Að/1Þ ¼ k/1. The left hand side of the equation

is then discretized along a finite domain in h using standard

second order accurate centered finite differences. This proce-

dure results in a tridiagonal system of algebraic equations of

the form Aij/1;j ¼ k/1;j. The eigenvalues ki ¼ aĉ2
i and the

eigenfunctions of this system are obtained directly using a

standard MATLAB routine.

We observe that, if the system is unstable, only one of

the eigenvalues has a positive real part. Additionally, the

eigenmodes are either purely oscillating or purely growing,

as required by the self-adjointness property of the ideal

FIG. 10. Ideal ballooning mode growth rate ĉ ¼ c=cI is plotted as a function of ŝ and a ¼ q2beR=Lp. We show three different cases: Lh ¼ 2p; @y/ðh ¼ 6pÞ
¼ 0 (left); Lh ¼ 32p; /ðh ¼ 6pÞ ¼ 0 (center); and (right, same case as Ref. 2, which includes Shafranov’s shift) Lh ¼ 2p; /ðh ¼ 6pÞ ¼ 0.
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MHD force operator. Finally, it is noted that, within this nu-

merical scheme, it is straightforward to choose between

Dirichlet or Von Neumann boundary conditions.

In order to illustrate the importance of periodicity and

boundary conditions, we have calculated ideal ballooning

mode growth rates for the following cases: using the same

parameters as in Fig. 1 but using Von Neumann boundary

conditions @h/1ðh ¼ 6pÞ ¼ 0 (left panel of Fig. 10) and (b)

the same as in Fig. 1 but with very large connection length

Lh ¼ 32p (center panel of Fig. 10). The result is that, com-

pared to Fig. 1, the marginal stability limit decreases signifi-

cantly in both cases.

We also reproduce a well known result2 to verify our nu-

merical implementation. Here we include Shafranov’s shift,

which gives ĈðaÞ ¼ ky½cos hþ ðŝh� a sin hÞsin h�a. In his

description of the ballooning mode topology, Coppi sug-

gested a trial function / ¼ 1þ cos h in the domain �p <
h < p and / ¼ 0 otherwise. Curiously, this trial function sat-

isfies a Dirichlet boundary condition /ðh ¼ 6pÞ ¼ 0, and it

is therefore adequate for studying scrape-off layer stability.

The growth rates obtained numerically from Eq. (16) are

shown in on the right panel of Fig. 10. An analytical function

for marginal stability can be obtained from the energy princi-

ple using Coppi’s trial eigenfunction,6 and it is shown as a

white curve on the figure. The marginal stability from Refs.

3 and 4 has also been verified.
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