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Let M be a Riemannian manifold, and Ilet
V: M — R be a smooth function (potential). It is well
known (see, e.g., [5]) that if the Hamiltonian system in

T* M determined by the Hamiltonian % |p|* +V is com-

pletely integrable, then the corresponding Liouville

tori A determine the quasiclassical spectral series of
2

the operator H = —%A+ V(x) (here, x € M, (x,p)

denotes the standard coordinates on 7*M, and # > 0).
Namely, the asymptotics as # — 0 of the eigenvalues
of the operator H is calculated from the Bohr—Som-
merfeld—Maslov quantization conditions

1 J’ 1 _
S (p,dx) + 4u(v) meZ,
Y

where y is an arbitrary cycle on A, U is the Maslov
index, and m = O(1/h). The formal asymptotics of the
eigenfunctions (quasi-modes) has the form y = K, (1),
where K, is the Maslov canonical operator on the
torus A satisfying the quantization condition.

Schrodinger operators with point potentials
(known also as zero-radius potentials, or delta-poten-
tials) are used in many mathematical and physical
problems (see, e.g., [1—3]): on the one hand, such
operators have interesting spectral properties, and on
the other hand, thanks to the point support of the
potential, they can be effectively studied in many
cases. The spectral theory of operators with delta-
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potentials has been extensively developed in the past
decade; at the same time, the geometry of the corre-
sponding classical problem has been little studied.

This paper describes Lagrangian manifolds deter-
mining the spectral series of the Schrodinger operator
with delta-potential on a 2-surface of revolution dif-
feomorphic to the sphere. These manifolds are invari-
ant with respect to the geodesic flow, but, unlike the
Liouville tori, noncompact; the asymptotics of the
eigenvalues of the Schrodinger operator is calculated
from nonstandard quantization conditions on them.
This paper is a continuation of paper [10], in which the
case of the standard sphere was considered; in this
case, unlike in the situation described below, the spec-
trum of the Schrodinger operator can be calculated
exactly. The questions of integer-valuedness, which
are related to invariants of geodesics flows, were dis-
cussed earlier in [7, 8].

STATEMENT OF THE PROBLEM

The Schrodinger operator
h2
H =—?A+oc8(x—x0), aelR
on a compact 2-surface of revolution diffeomorphic to
the sphere is determined on the basis of two natural
considerations. First, it is required that this operator
be self-adjoint; secondly, at the functions vanishing at
the point x, € M, this operator must coincide with the
usual Laplacian. These two requirements lead to the
following formal definition. Let A be the Laplace—
Beltrami operator on M; the domain of this operator is

the second Sobolev space H 2(M ). We denote the
restriction of A to the subspace of functions vanishing at
the point x,, by H,; this operator is symmetric on LX(M).

Definition 1. The Schrodinger operator with delta-
potential is a self-adjoint extension A of the symmetric
operator H,,.
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NONCOMPACT LAGRANGIAN MANIFOLDS CORRESPONDING

Remark 1. All extensions are parameterized by one
parameter o, which can be naturally interpreted as the
coefficient of the delta-function (at o = 0, we obtain
the Laplace—Beltrami operator).

Remark 2. The domain of the operator H consists

of functions having singularities at the point x,; to be
more precise, these functions have the form

f(%,xg) = _@m r(x,x0) + BOP) + o(1),
7T

and
a(f) = i—?b(f),

where a(f), b(f)e C and r(x,x,) is the distance
between the points x and x, on M.

In what follows, it is assumed that x, is a pole of the
surface of revolution; our purpose in this paper is to
describe the eigenvalue series of the operator H in the
quasiclassical limit as # — 0; main attention is paid to
constructing the corresponding Lagrangian mani-
folds. The surface M is assumed to be analytic; to be

. . . . 3
more precise, we assume that M is given in R~ by the
parametric equations

x = (f(z)cos o, f(z)sin @, 2),

where f(z) is an analytic function in some neighbor-
hood of the interval ((z;,z,)) in the complex plane of
the variable z. The points x;, = (g, ¢) and x; = (g;, ©)
are poles of the surface of revolution M; in their neigh-
borhoods, the following conditions hold

f(zy) = f(z))=0and,as z = zpand 7 = 7y,

J@) =~z —amz), [f(@) =~z —z2v(2),

where w(z), v(z) are analytic functions near the points
z = 7y and z = z;, respectively.

STATEMENT OF THE RESULT

In the cotangent space T:;M , consider the circle
Aoy x =x0,|pl=2E, E = The 2-manifold
A= U,g’AO’ where g, is the geodesic flow on M, is

diffeomorphic to the torus, and the noncompact
manifold A = A\A, is diffeomorphic to the infinite
cylinder.

It is easy to prove the following assertion.

Statement 1. For any E, on the cylinder A, the
Bohr—Sommerfeld—Maslov  quantization condition
holds, and there exists a Maslov canonical operator
K,: C*(A) = C*(M) with volume form ds A dt, where

s is the natural parameter on the circle A, and t is time
on the orbits of the geodesic flow.

const.
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The main result of this paper is the following
theorem.

Theorem 1. Suppose that there exists a number E =
O(1) satisfying the quantization condition

tan(zihit;(p, dx) + O(h)) - i(ln(@ + %2 + c),(l)

where vy is any orbit of the geodesic flow on the
Lagrangian manifold A and c is the Euler constant.

Then there exists an eigenvalue E, of the operator H
Jor which |E — Ej| = o(h) as n — 0. The corresponding
eigenfunction has the form

v = K, (1) + O(h).

Remark 3. The quantization condition is a condi-
tion on the cohomology class of the cylinder A corre-
sponding to the homology with closed supports (each
homology group is generated by the orbit of the geodesic
flow going “from infinity to infinity” on the cylinder).

2
Remark 4. As mh” +In lj — o0, the quantization
a

condition takes the standard form

§p. ax) = Znh(k + %)

where k € [Rh(k ~ }lz’h —)0).

If the right-hand side in the quantization condition

tends to a constant B as & — 0 (this happens at
2

o= mh +0(1), then), then the equation for the

B+1nh
spectrum takes the form

tan(zi}l§(p, dx)) _ i(ln 2E +2 + B).
Y

Note that the similar distinguished case o = O(h*/1n h)
arises in the study of the convergence of the spectrum
of an operator with smooth delta-like potential to the
spectrum of an operator with delta-potential in the
Euclidean plane [1].

MONODROMY OF AN EQUATION
WITH REGULAR SINGULAR POINTS

The proof of the theorem is based on studying the
monodromy of the equation to which is the spectral
problem for the operator H reduces after the separa-
tion of variables. There are two regular singular points
corresponding to the poles of the surface M in this
equation, and both monodromy operators related to
these points are equivalent to Jordan cells. The eigen-
functions of the operator H correspond special solu-
tions of the equation; namely, for the monodromy
operator related to the point x,;, the solution must
determine an eigenvector, and for the operator corre-
sponding to the point x,, it must determine a fixed
associated vector. The asymptotic for such a solution is
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constructed in several steps. First, by using the com-
plex WKB method developed by Fedoryuk [9], the
monodromy operator corresponding to the point x, is
calculated and the asymptotics of its eigenvector is
determined. Then, by using the Langer—Wasow
method [4], the asymptotics of the required associated
vector of the second monodromy operator is
described. At the last step, the local solutions are glued
together into a global solution; at this step, topological
condition (1) arises.
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