View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Infoscience - Ecole polytechnique fédérale de Lausanne

Active Learning of Multi-Index Function Models

Hemant Tyagi and Volkan Cevher
LIONS - EPFL

Abstract

We consider the problem of actively learning multi-index functions of the form
f(x) = g(Ax) = Zle g:(al'x) from point evaluations of f. We assume that
the function f is defined on an fy-ball in R?, g is twice continuously differen-
tiable almost everywhere, and A € R**d is a rank k matrix, where k < d. We
propose a randomized, active sampling scheme for estimating such functions with
uniform approximation guarantees. Our theoretical developments leverage recent
techniques from low rank matrix recovery, which enables us to derive an estima-
tor of the function f along with sample complexity bounds. We also characterize
the noise robustness of the scheme, and provide empirical evidence that the high-
dimensional scaling of our sample complexity bounds are quite accurate.

1 Introduction

Learning functions f: x — y based on training data (y;,x;)™,: R x R? is a fundamental problem
with many scientific and engineering applications. Often, the function f has a parametric model,
as in linear regression when f(x) = a”x, and hence, learning the function amounts to learning the
model parameters. In this setting, obtaining an approximate model f when d > 1 is challenging due
to the curse-of-dimensionality. Fortunately, low-dimensional parameter models, such as sparsity and
low-rank models, enable successful learning from dimensionality reduced or incomplete data [1,2].

Since any parametric form is at best an approximation, non-parametric models remain as important
alternatives where we also attempt to learn the structure of the mapping f from data [3—15]. Unfortu-
nately, the curse-of-dimensionality problem in non-parametric function learning in high-dimensions
is particularly difficult even with smoothness assumptions on f [16-18]. For instance, learning
functions f € C* (i.e., the derivatives f’, ..., f(¥) exist and are continuous), defined over compact
supports, require m = Q((1/8)%/*) samples for a uniform approximation guarantee of § < 1 (i.e.,
If— J?H L., < 6)[17]. Surprisingly, even infinitely differentiable functions (s = co) are not immune
to this problem (m = Q(2 Ld/2] )) [18]. Therefore, further assumptions on the multivariate functions
beyond smoothness are needed for the tractability of successful learning [13, 14, 16, 19].

To this end, we seek to learn low-dimensional function models f(x) = g(Ax) that decompose as

k k
Model 1: f(x) = Z gi(al'x) | Model 2: f(x) =alx+ Zgi (al'x), (1)
i=1

=2

thereby constraining f to effectively live on k-dimensional subspaces, where k£ < d. The models in
(1) have several important machine learning applications, and are known as the multi-index models
in statistics and econometrics, and multi-ridge functions in signal processing [4—7,20-24].

In stark contrast to the classical regression setting where (y;,x;)?, is given a priori, we posit the
active learning setting where we can query the function to obtain first an explicit approximation of
A and subsequently of f. As a stylized example of the active learning setting, consider numerical
solutions of parametric partial differential equations (PDE). Given PDE(f,x) = 0, where f(x):
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Q — R is the implicit solution, obtaining a function sample typically requires running a computa-
tionally expensive numerical solver. As we have the ability to choose the samples, we can minimize
the number of queries to the PDE solver in order to learn an explicit approximation of f [13].

Background: To set the context for our contributions, it is necessary to review the (rather ex-
tensive) literature that revolve around the models (1). We categorize the earlier works by how the
samples are obtained (regression (passive) vs. active learning), what the underlying low-dimensional
model is (low-rank vs. sparse), and how the smoothness is encoded (kernels vs. C*).

Regression/low-rank [3-7]: We consider the function model f(x) = g(Ax) to be kernel smooth
or C%. Noting the differentiability of f, we observe that the gradients V f(x) = ATVg(Ax) live
within the low-dimensional subspaces of A”. Assuming that Vg has sufficient richness to span k-
dimensional subspaces of the rows of A, we use the given samples to obtain Hessian estimates via
local smoothing techniques, such as kernel estimates, nearest-neighbor, or spline methods. We then
use the k-principal vectors of the estimated Hessian to approximate A. In some cases, we can even
establish asymptotic distribution of A estimates but not finite sample complexity bounds.

Regression/sparse [8—12]: We add sparsity restrictions on the function models: for instance, we
assume only one coordinate is active per additive term in (1). To encode smoothness, we restrict
f to a particular functional space, such as the reproducing kernel Hilbert or Sobolev spaces. We
employ greedy algorithms, back-fitting approaches, or convex regularizers to not only estimate the
active coordinates but also the function itself. We can then establish finite sample complexity rates

with guarantees of the form || f — ]?H L, < d, which grow logarithmically with d as well as match the
minimax bounds for the learning problem. Moreover, the function estimation incurs a linear cost in
k since the problem formulation affords a rotation-free structure between x and g;’s.

Active learning [13—15]: The majority of the (rather limited) literature on active non-parametric
function learning makes sparsity assumptions on A to obtain guarantees of the form || f— f||... < 9,
where f € C® with s > 1.! For instance, we consider the form f(x) = g(Ax), where the rows
of A live in a weak £, ball with ¢ < 2 (i.e., they are approximately sparse).> We then leverage
a prescribed random sampling, and prove that the sample complexity grows logarithmically with
d and is inversely proportional to the k-th singular value of a “Hessian” matrix H7 (for a precise
definition of H/, see (7)). Thus far, the only known characterization for the k-th singular value of
H/ is for radial basis functions, i.e., f(z) = g(||Ax||2). Just recently, we also see a low-rank model
to handle f(x) = g(a’x) for a general a (k = 1) with a sample complexity proportional to d [15].

Our contributions: In this paper, which is a summary of [26], we take the active learning per-
spective via low-rank methods, where we have a general A with only C*® assumptions on g;’s.

Our main contributions are as follows:

1. k-th singular value ofo [14,15]: Based on the random sampling schemes of [14,15], we
rigorously establish the first high-dimensional scaling characterization of the k-th singular
value of H/, which governs the sample complexity in both sparse and general A for the
multi-index models in (1). To achieve this result, we introduce an easy-to-verify, new
analysis tool based on Lipschitz continuous second order partial derivatives.

2. Generalization of [13—15]: We derive the first sample complexity bound for the C* func-
tions in (1) with arbitrary number of linear parameters k& without the compressibility as-
sumptions on the rows of A. Along the way, we leverage the conventional low-rank mod-
els in regression approaches and bridge them with the recent low-rank recovery algorithms.
Our result also lifts the sparse additive models in regression [8—12] to a basis-free setting.

3. Impact of additive noise: We analytically show how additive white Gaussian noise in the
function queries impacts the sample complexity of our low-rank approach.

Not to be confused with the online active learning approaches, which “optimize” a function, such as finding
its maximum [25]. In contrast, we would like to obtain uniform approximation guarantees on f, which might
lead to redundant samples if we truly are only interested in finding a critical point of the function.

2As having one known basis to sparsify all k-dimensions in order to obtain a sparse A is rather restrictive,
this model does not provide a basis-free generalization of the sparse additive models in regression [8—12].



2 A recipe for active learning of low-dimensional non-parametric models

This section provides the preliminaries for our low-rank active learning approach for multi-index
models in (1). We first introduce our sampling scheme (based on [14, 15]), summarize our main
observation model (based on [6,7, 14, 15]), and explain our algorithmic approach (based on [15]).
This discussion sets the stage for our main theoretical contributions, as described in Section 4.

Our sampling scheme: Our sampling approach relies on a specific interaction of two sets: sam-
pling centers and an associated set of directions for each center. We denote the set of sampling
centers as X = {{; € S41 5 =1,...,my}. We form X by sampling points uniformly at random
in S~ (the unit sphere in d-dimensions) according to the uniform measure piga—1. Along with

each ¢; € X, we define a directions vector ®; = [b ;] ... |¢ms.;]" » and construct the sampling
directions operator ® forj =1,... my,i=1,...,mg, andl =1,...,d as

P = {qbi,j S BRd (\/d/?ﬂ@) : [¢i,j]l =4
where Bga (« /d/mcp) is the £o-ball with radius r = \/d/ma.

Our low-rank observation model: We first write the Taylor series approximation of f as follows

Flx+ed) = f(x) + €6, V() + €B(x,,0); E(x,e,0) = 56TV f(((x.0)6, ()

where € < 1, eE(x, €, ¢) is the curvature error, and {(x, ¢) € [x,Xx + €¢] € Bra(1 + er). Substi-
tuting f(x) = g(Ax) into (3), we obtain a perturbed observation model (Vg(-) is a k x 1 vector):

(6, ATVg(A%) = * (f(x +ed) — F(x)) — Blx,e,9). @

1
with probability 1/ 2} , ()
me

We then introduce a matrix X := ATG with G := [Vg(A&)|Vg(AEL)| - |[Va(AE ) kxma-
Based on (4), we then derive the following linear system via the operator ® : RZ*™x — R™e

mx

= (X) +¢; yz—elz (& + edig) — F(E)], 5)

where y € R™* are the perturbed measurements of X with [®(X)]; = trace (®]X), and e =
E(X, ¢, ®) is the curvature perturbations. The formulation (5) motivates us to leverage affine rank-
minimization algorithms [27-29] for low-rank matrix recovery since rank(X) < k < d.

Our active low-rank learning algorithm Algorithm 1 outlines the main steps involved in our
approximation scheme. Step 1 constructs the operator ® and the measurements y, given mg, myx,
and e. Step 2 revolves around the affine-rank minimization algorithms. Step 3 maps the recovered

low-rank matrix to A using the singular value decomposition (SVD) and rank-k approximation.
Given A, step 4 constructs f(x) = g(Ax) as our estimator, where g(y) = f(ATy).

Algorithm 1: Active learner algorithm for the non-parametric model f(x) = g(Ax)

1: Choose mg, my, and € and construct the sets X’ and ®, and the measurements y.

2: Obtain X via a stable low-rank recovery : algorithm (see Section 3 for an example).

3: Compute SVD(X) = UEV7T and set AT = U®), corresponding to k largest singular values.
4: Obtain an approximation f ( ) = (Ax) via quasi interpolants where g(y) := f(A\Ty).

Remark 1. We uniformly approximate the function g by first sampling it on a rectangular grid:
hZF N (—(1 + &), (1 + €))* with uniformly spaced points in each direction (step size h). We then
use quasi-interpolants to interpolate in between the points thereby obtaining the approximation gy,
where the complexity is exponential in k (see the tractability discussion in the introduction). We
refer the reader to Chapter 12 of [17] regarding the construction of these operators.



3 Stable low-rank recovery algorithms within our learning scheme

By stable low-rank recovery in Algorithm 1, we mean any algorithm that returns an X with the

following guarantee: | X — X||p < ¢1]|X — Xy||p +c2 |||, where c1,2 are constants, and X, is the
best rank-k approximation of X. Since there exists a vast set of algorithms with such guarantees, we
use the matrix Dantzig selector [29] as a running example. This discussion is intended to expose the
reader to the key elements necessary to re-derive the sample complexity of our scheme in Section 4
for different algorithms, which might offer additional computational trade-offs.

Stable embedding: We first explain an elementary result stating that our sampling mechanism
satisfies the restricted isometry property (RIP) for all rank-k matrices with overwhelming probabil-

ity. That is, (1 — k) ||Xk||?, < ||<I>(Xk)||§2 < (1+kg) ||XkH§,, where £, is the RIP constant [29]).
This property can be used in establishing stability of virtually all low-rank recovery algorithms.

As ® in (5) is a Bernoulli random measurement ensemble, it follows from standard concentration in-
equalities [30,31] that for any rank-k X € RZ*™~ we have P(| ||<I>(X)||§2 - ||X||§7 | >t ||X||iﬂ) <

2e~ 2" (t2/27t3/3), t € (0,1). By using a standard covering argument, as shown in Theorem 2.3 of
[29], we can verify that our ® satisfies RIP with isometry constant 0 < x; < x < 1 with probability

atleast 1 — 2e~me (R FR(dEmatul®) where (k) = 117 (I’i2 — %3) and u(k) = log (Lf)

Recovery algorithm and its tuning parameters: The Dantzig selector criteria is given by

X ps = argmin [ M|, st [@7 (y — 2(M))[| < A, (6)
where ||-||, and ||-|| are the nuclear and spectral norms, respectively, and A is a tuning parameter. We
require the true X to be feasible, i.e., |[®*(¢)|| < A. Hence, the parameter X can be obtained via
< Cgedm XkQ
- 2 /M

(1 + k)2, with probability at least 1 — 2e~m@a(r)+(d+mx+1)ulx)

Proposition 1. In (5), we have || jme . Moreover, it holds that || ®*(¢)|] < X =

Coedmay k?
2\/m¢>

Proposition 1 is a new result that provides the typical low-rank recovery algorithm tuning parameters
for the random sampling scheme in Section 2. We prove Proposition 1 in [26]. Note that the
dimension d appears in the bound as we do not make any compressibility assumption on A. If the

rows of A are compressible, that is (E?Zl \aij|q)1/‘1 <DiVi=1,...,kforsome 0 < q <
1, D; > 0, we can then remove the explicit d-dependence in the bound here.

Stability of low-rank recovery: We first restate a stability result from [29] for bounded noise in

Theorem 1. We then exploit this result in Corollary 1 along with Proposition 1 in order to obtain the
error bound for the rank-k approximation ng to X in step 4 of our Algorithm 1:

Theorem 1 (Theorem 2.4 in [29]). Let rank(X) < k and let X Ds be the solution to (6). If ka <
K < V2—1and||®*(e)|| < ) then we have with probability at least 1 —2e ="+ a(%)+4k(d+mx+1)u(x)

. 2

|Xps - X|| < Cok2,
F

where Cy depends only on the isometry constant K4y.
Corollary 1. Denoting X Ds to be the solution of (6), if )A(g% is the best rank-k approximation to
pand if kg < K < /2 — 1, then we have
CoC3kPe*d®>m3,

me

X pg in the sense of ||-|

e 2
foxggHF < 4CokN? = (1+ ),

with probability at least 1 — 2e~ "¢ a(r)+4k(d+my+Du(x)

Corollary 1 is the main result of this section, which is proved in [26]. The approximation guarantee
in Corollary 1 can be tightened if other low-rank recovery algorithms are employed in estimation of
X. However, we note again that the Dantzig selector enables us to highlight the key steps that lead
to the sample complexity of our approach in the next section.



4 Main results

Overview: Below, we study mg, my, and € that together achieve and balance three objectives:

my: Sampling centers X are chosen so that the matrix G has rank-k. This is critical in ensuring

that G explores the full k-dimensional subspaces as spanned by A lest X is rank deficient.

mg: Sampling directions ® (2) are designed to satisfy the RIP for rank-%£ matrices (cf., Section
3). This property is typically key in proving low-rank recovery guarantees.

e: The step-size € in (3) manages the impact of the curvature effects E in the linear system

(5). Unfortunately, this leads to a collateral damage of amplifying the impact of noise if the

queries are corrupted. We provide a remedy below based on sampling the same data points.

Assumptions: We explicitly mention our assumptions here. Without loss of generality, we assume
A = [ay,..., ak]T is an arbitrary k£ X d matrix with orthogonal rows so that AAT =1, and the
function f is defined over the unit ball, i.e., f: Bga(1) — R.> For simplicity, we carry out our
analysis by assuming g to be a C? function. By our set up, g also lives over a compact set, hence all
its partial derivatives till the order of two are bounded as a result of the Stone-Weierstrass theorem:

o8l
ooy

for some constant C'y > 0. Finally, the effectiveness of our sampling approach depends on whether
or not the following “Hessian” matrix H/ is well-conditioned:

supjsi<z [ D79l < Cas DPg = Bl = b1+ + Be,

H = V)V f(x)T dpgas (x). (7
Sd*l
That is, for the singular values of HY, we assume o, (Hf) > > crk(Hf) > a > 0 for some a.
This assumption ensures X has full rank-% so that A can be successfully learned.

Restricted singular values of multi-index models: Our first main technical contribution provides
a local condition in Proposition 2 that fully characterizes « for multi-index models in (1) below. We
prove Proposition 2 and the ensuing Proposition 3 in [26].
Proposition 2. Assume that g € C? : Brx — R has Lipschitz continuous second order partial
derivatives in an open neighborhood of the origin, Uy = By (8) for some fixed 6 = O (d_(s+1)),
and for some s > 0:
g
0y;0y;

62
(y1) - Byio”'gyj (y2)

<Lij Vyi,y2€Up,y1 #Yyo, 1,5 =1,...,k.
v —vsla

2
Denote L = maxi<; j<i Li ;. Also assume, 8897(2},) # 0Vi =1,...,k for Model 1 and
- Yi ly=0

Vi =2,...,kfor Model 2 in (1). Then, we have oo = O(1/d) as d — oo.

The proof of Proposition 2 also leads to the following proposition for tractability of learning the
general set f(x) = g(Ax) without the particular modular decomposition as in (1):

Proposition 3. With the same Lipschitz continuous second order partial derivative assumption as
in Proposition 2, if V?g(0) is rank-k, then we have o = ©(1/d) as d — oo

Sampling complexity of active multi-index model learning: The importance of Proposition 2
and Proposition 3 is further made explicit in our second main technical contribution as Theorem 2
below, which characterizes the sample complexity of our low-rank learning recipe in Section 2 for
non-parametric models along with the Dantzig selector algorithm. Its proof can be found in [26].

3Unless further assumptions are made on f or g;’s, we can only identify the subspace spanned by the rows of
A up to arotation. Hence, while we discuss approximation results on A, the reader should keep in mind that our
final guarantees only apply to the function f and not necessarily for A and g individually. Moreover, if f lives
in some other convex body other than Bya (1), say Loo-ball, our analysis can be extended in a straightforward
fashion (cf., the concluding discussion in [14]). We also assume that an enlargement of the unit ball Bya (1) on
the domain of f for a sufficiently small € > 0 is allowed. This is not a restriction, but is a consequence of our
scheme as we work with directional derivatives of f at points on the unit sphere S~ !,



Theorem 2. [Sample complexity of Algorithm 1] Let § € RY, p < 1, and k < V2 — 1 be

2kC3 log(2 4k(d 1
fixed constants. Choose myx > ap22 log(k/p1), me > 08(2/p2) + q((n_)F My + )U(K) and

B 5 ( (1— p)moa

T CukP2d(8 + 2C,V2k) \ (1 + K)Coma
our function estimator fin step 4 of Algorithm 1 obeys Hf — fHL < & with probability at least
1 —p1—pe b

1/2
) . Then, given m = mx(mg + 1) samples,

Theorem 2 characterizes the necessary scaling of the sample complexity for our active learning

scheme in order to obtain uniform approximation guarantees on f with overwhelming probability:

my = O (klgégk)’ me = O(k(d 4+ my)), and € = O(%). Note the important role played

by « in the sample complexity. Finally, we also mention that the sample complexity can be written
differently to trade-off § among my, me, and €. For instance, we can remove ¢ dependence in the
sampling bound for ¢: let § < 1, then we just need to scale mx by 62, and mqg by 6 4.

Remark 2. Note that the sample complexity in [14] for learning compressible A is m =
4—
O(kfg d7 log(k)) with uniform approximation guarantees on f € C2. However, the authors

are able to obtain this result only for a restricted set of radial basis functions. Surprisingly, our
sample complexity for multi-index models (1) not only generalizes this result for general A but fea-
tures a better dimensional dependence for q € (1,2) : m = O(k*d?(log(k))?). Of course, we
require more computation since we use low-rank recovery as opposed to sparse recovery methods.

Impact of noisy queries: Here, we focus on how « impacts € in particular. Our motivation is to
understand how additive noise in function queries, a realistic assumption in many applications, can
impact our learning scheme, which will form the basis of our third main technical contribution.

Let us assume that the evaluation of f at a point x yields: f(x) + Z, where Z ~ N(0,02). Thus

under this noise model, (5) changes toy = ®(X) + € + z, where z € R™® and z; = Z;”:Xl Z%
Assuming independent and identically distributed (iid) noise, we have z;; ~ N(0, 202), and z; ~

ZmX
€2 -

N (0, 2"167’5”2) Therefore, the noise variance gets amplified by a factor of

In our analysis in Section 3, recall that we require the true matrix X to be feasible. Then, from
Lemma 1.1 in [29] and Proposition 1, it follows that the bound below holds with high probability.

2vo Coedmyk?

[@* (e +2)|| < % 2(1+ k)mama + %(1 +8)% (v >2¢/log12).  (®)
Unfortunately, we cannot control the upper bound A on ||®* (e + z)|| by simply choosing smaller e,
due to the appearance of the (1/¢) term. Hence, unless o is O(e) or less, (e.g., o reduces with d), we
can only declare that our learning scheme with the matrix Dantzig selector is sensitive to noise unless
we resample the same data points O(e~1)-times and average. If the noise variance o2 is constant,
this would keep the impact of noise below a constant times the impact of the curvature errors,

which our scheme can handle. The sample complexity then becomes m = 0(\/&/ a) mx(me +
1), since we choose my(me + 1) unique points, and then re-query and average the same points
O(\/& / a) -times. Unfortunately, we cannot qualitatively improve the O(\/& / a) -expansion for

noise robustness by simply changing the low-rank recovery algorithm since it depends on the relative
ratio of the curvature errors ||¢||2 to the norm of the noise vector ||z||. As @ satisfies the RIP
assumption, we can verify that this relative ratio is approximately preserved in (8) for iid Gaussian
noise.

S Numerical Experiments

We present simulation results on toy examples to empirically demonstrate the tightness of the sam-
pling bounds. In the sequel, we assume A to be row orthonormal and concern ourselves only with
the recovery of A upto an orthonormal transformation. Therefore, we seek a guaranteed lower



bound on ‘ AJAXT‘ > (kn)/? for some 0 < i < 1. Then it is possible to show, along the lines of
the proof for Theorem 2 (see [26]), we would need to pick € as follows:

< ! <(1 — p)maa(l —77)>1/2
€ .
T Cok2d(VE( =) +V2) (14 K)Comx

Logistic function (¢ = 1) We first consider f(x) = g(a”x) where g(y) = (1 + e7¥)! is the

logistic function. This case allows us to explicitly calculate all the necessary parameters within
our paper. For instance, we can easily verify that C> = sup|g<, | g(ﬁ)(y)| = 1. Furthermore we

€))

compute the value of « through the approximation: o = [ |g’(aTx)’2 duga—1 ~ |g'(0)]* = (1/16),
which holds for large d. We require |(4, a)| to be greater then 1) = 0.99. We fix values of x < v/2—1,
p € (0,1) and € = 1073, The value of mx (number of points sampled on S?~1) is fixed at 20 and
we vary d over the range 200-3000. For each value of d, we increase mg till |(&,a)| reaches
the specified performance criteria of 1. We remark that for each value of d and mg, we choose €
according to the derived equation (9) for the specified performance criteria given by 7.

Figure 1 depicts the scaling of mg with the dimension d. The results are obtained by selecting a
uniformly at random on S?~! and averaging the value of |(4,a)| over 10 independent trials using
the Danzig selector. We observe that for large values of d, the minimum number of directional
derivatives needed to achieve the performance bound on |(&, a)| scales approximately linearly with
d, with a scaling factor of around 1.45.

4500
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1 2500
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200 600 1000 1400 1800 2200 2600 3000
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Figure 1: Plot of ™% versus d for mx = 20 , with ma chosen to be minimum value needed to achieve
[(a,a)| > 0.99. eis fixed at 10™3. mg scales approximately linearly with d where the constant is 1.45.

Sum of Gaussian functions (¢ > 1) We next consider functions of the form f(x) = g(Ax +
b) = Y | gi(aTx + b;), where gi(y) = (2m02) /2 exp (—(y + b;)%/(202)). We fix d = 100,
€ = 1073, my = 100 and vary k from 8 to 32 in steps of 4. For each value of k we are interested

2
in the minimum value of mg needed to achieve % HAAH > 0.99. In Figure 2(a), we see that
F

mg scales approximately linearly with the number of Gaussian atoms k. The results are averaged
over 10 trials. In each trial, we select the rows of A over the left Haar measure on S, and the
parameter b uniformly at random on S¥~! scaled by a factor 0.2. Furthermore we generate the
standard deviations of the individual Gaussian functions uniformly over the range [0.1, 0.5].

Impact of Noise (¢ > 1) We now consider quadratic forms, i.e. f(x) = g(Ax) = ||[Ax — b||?
with the point queries corrupted with Gaussian noise. Here, we take « to be 1/d. We fix k = 5,
mxy = 30, e = 10"1 and vary d from 30 to 120 in steps of 15. For each d we perturb the point queries
with Gaussian noise of standard deviation: 0.01/d®/2. This is the same as repeatedly sampling each
random location approximately d3/2 times followed by averaging. We then compute the minimum

12
value of me needed to achieve % HAAH > 0.99. We average the results over 10 trials, and in
F

each trial, we select the rows of A over the left Haar measure on S?~1. The parameter b is chosen
uniformly at random on S¥~!. In Figure 2(b), we see that mq scales approximately linearly with d,
which follows our sample complexity bound for mg in Theorem 2.
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Figure 2: The empirical performance of our oracle-based low-rank learning scheme (circles) agrees
well with the theoretical scaling (dashed). Section 5 has further details.

6 Conclusions

In this work, we consider the problem of learning non-parametric low-dimensional functions
f(x) = g(Ax), which can also have a modular decomposition as in (1), for arbitrary A € Rk*4
where rank(A) = k. The main contributions of the work are three-fold. By introducing a new anal-
ysis tool based on Lipschitz property on the second order derivatives, we provide the first rigorous
characterization of the dimension dependence of the k-restricted singular value of the “Hessian” ma-
trix H7 for general multi-index models. We establish the first sample complexity bound for learning
non-parametric multi-index models with low-rank recovery algorithms and also analyze the impact
of additive noise to the sample complexity of the scheme. Lastly, we provide empirical evidence
on toy examples to show the tightness of the sampling bounds. Finally, while our active learning
scheme ensures the tractability of learning non-parametric multi-index models, it does not establish
a lowerbound on the sample complexity, which is left for future work.
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Supplementary Material for Active Learning of Multi-Index Function Models

Analysis of active learning of low-dimensional non-parametric models

In this supplementary material, we provide a collection of technical proofs. The parameters involved
our derivations are the dimension d of x, the number of linear parameters &, the smoothness constant
C, for the underlying function g, and the conditioning parameter 0 < o < kC? for HY in (7).

A Proof of Proposition 1

Proof. By definition:

2

2 mx
€
lellips = 5 | Doma | D2 65, V21(Gis)éis

i=1 j=1
Then, the following holds true:
|¢T V2 Cz ,J ¢z ]| ‘¢T ATv2g(ACi,j)A¢i,j‘

< | V2g(AGH) - I Adisl <

2 [ms 2 2 4,2 72

9 € maxk-Cod €2 m kJC’d

mey < — - = — X 2
||512‘—4<Z< me )) 4 me
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Therefore,

Let B = ®*(¢). We have ||®*(¢)|| = sup, ,yegma—1 [(v, Bw)|.

(v, Bw) = Tr(v"Bw) = Tr(Bwv")
Tr(@*(e)wo”) = (vw”, ®*(e))
= (2(ww"),e) < lellypa [|[@(vw™)]

mg .
ly

Since ||@(vw”)||7ms < (1 + #1) holds with probability at least 1 — 2¢~m#alm)+(dmattu(r),
2
we arrive at the stated bound on ||®*(g)||. The stated bound is also valid for k > K4 > K. O

B Proof of Corollary 1

Proof. Proposition 1 in conjunction with Theorem 1 gives us the following bound on
N 2
% - %os]
F
CoC3kPe*d*>m3,

o (1+ k). (10)

~ 2
[~ %os] . <
F

In general, we can have rank()A( ps) > k, thus we consider the best rank k approximation to X DS
in the sense of [|-|| . We then obtain the following error bound:

T R e =

Here, )A(%i)g H < HX —Xps H as )A((E}% iss the best rank k approximation to X p in the
F F
sense of ||-|| . Finally using (10) we arrive at the stated bound. O



C Proof of Proposition 2

Before the main proof, we first need to cover some preliminaries.

We define a to be a lower bound on the smallest singular value of H7 in (7). Therefore, « is also
the smallest singular value of the following matrix:

HY = Vg(Ax)Vg(Ax) T duga—1(x).
§d—1
We now note that the uniform measure jga—1 on the sphere S~ is a rotation invariant measure. For
instance, if we were to project the standard rotation invariant Gaussian measure on R¢ onto S¢~!
through: x + x/ ||x|| ;x € R9/{0}, then the resulting measure would also be rotation invariant,
whereby coinciding with ugs-1. We also observe that if we were to project the measure pga—1
through any k x d matrix A with orthonormal rows then the resultant measure p; is also rotation
invariant and does not depend on the choice of A.

It is a well known fact that the push-forward measure of jiga—1 on the unit ball By is given by

F(%) 2 d—k—2
M(l —lIylle)
A proof of the above can be found for example in Section 1.4.4 of (W. Rudin. Function theory in
the unit ball of C". Springer Verlag, New York - Berlin, 1980.), where the case C™ is considered,
which also covers the case R™. Based on this argument, we now arrive at the following equivalent
expression for HY:

P = ck.

F(d) 2 d—k—2
HY = 2) / Va(y) Vo)™ (1 — lyl%) 52 dy.
() J, g

If the dimension d — oo and if k is fixed, the measure i, concentrates around O exponentially fast.
That is, for an open ball Bg, () for a fixed § € (0,1), we have

ur(Bg, (0)) — 1, exponentially fastas d — oco.

This phenomenon is the classical concentration of the measure pga—1 for large dimension d. Infor-
mally stated, the measure pga—1 concentrates around the equator of S~ as d — oco. This in turn
results in the concentration of the measure ju;, around a ball of smaller and smaller radius in R*.
We can therefore intuitively observe that the conditioning of the matrix HY for large d would be
determined predominantly by the behavior of g in a open neighborhood around the origin. We are
now ready to prove the proposition:

39 _ 829 o o s . / /
Proof. Denote D = g; and DYy, g;;- By writing the Taylor’s series of g; and gj around O

we obtain

k
0+ ugi(©
1=
kl
95(y) = g5(0) + > g ()
=1

where ¢ depends on y. Denote H; as the (i, j )" entry of H9. We now obtain the following
expression for H}/ :

sz=h1+h2+h3, (11)
where
by = 51(0)g}(0). (12)
he= — &) _ Ll Z (0 = Il b+
b2 (4E) 9 2951 ‘
lo=1

d—k—2
4.0 Z/ gl Q= Iyl “Fayl, (3

l1=1



and
2 d—k—2
h3 k/QF d k Z / yl1ylzgzl1 )g;/lz (C)(l - Hy||ll2‘) 2 dy (14)
2 11 la=1

We first focus on the term h3. For some 0 < 6 < 1, let Uy = Bgx(6) denote an open neighbor-
hood of the origin. Then due to concentration of measure phenomenon, py(Uy) — 1 as d — oo,
typically exponentially fast. Hence for large d we have the following approximation for hgs, where
the approximation error decays exponentially fast with dimension (see the end of the proof for the
rates):

(4
5 d—k—2
ha~ =) Z | g Qg (00 - Iyl3) " dy
k 2 1 2Jl1 Jl2 L
/ F( 2 11,12 17/ Ue
k
=Bax Y Tuji(d,k) (15)
ll,l2:1
_ 7 7 2 \d=k=2 _ r4)
where i, iz (d: k) = Jyg, 9129197, (Q)970, () (L = lly 7)™ dy and Bay = S7pfre- Now
2
from the Lipschitz continuity of Bg—laggJ—J(y) we have:
955(y) — gi5(0)| <OL; i,j=1,...k Vy€ely (16)
Using (16) it is easy to verify the following for y € Up:
9i1, (0)g5,(0) = C < g, (¥) g5, () < gi1, (0)g,(0) + C, (17)

where C' = L26? + 2C50 L. We now proceed to upper bound h3 by first considering I, 1, (d, k):
1,702

d—k—2

iy n(d.B) = [ iy (9 (O — llyll2) Ty +
Uo:yi, Y1, >0

d—k—2

)
/ g, (g (O — llyll2) = dy
Uoyi, Y1, <0

Using (17) we arrive at the following upper bound:

d—k—2

Ly (d k) < / gl (0), ()1 — [lyl%) 2 dy +
Uy

2 d—k—2
2C e (1= 1lylle) dy
Uoyi, yi, >0
Plugging the above bound on I;;, ji,(d, k) in (15) we get:
2 d—k—2
b < Bax 3 / gl (0)g), (001 — [yl dy +
11,l2 1
d—k—2
2B 3 / i (1= yI%) 52 dy
l1,l2=1 Up: y’1y72>0
2 2 d—k—2
< Bk ZQ )9;1(0 Z/l (1= llyllex) dy +
2 d—k—2
2C By, Z/ W +ui) = lylls) = dy (w8 +9)/2 > yuws)
11,12 1
2 2 d—k—2
Zg )971(0) +4Ck | Bax [ lyll* (1= llyll) = dy (18)
Uo



Proceeding similarly one can obtain the following lower bound:

k
d—k—2
th< 300 46%) Bus [ W70 Iyl ay. a9

We now focus on the term ho. Similar to before, we have the following approximation for Ao, where
the approximation error decays exponentially fast with dimension.

I'(4) d-k-2
e ey (0 Z | w0 = Iyl ay
2=
50y / gl (O — llyll2) 5 ayl, (20)
=1

Now it is easily verifiable that

d—k—2 d—k—2

2 2
[ g - ii) Fay = [ @ - Iyl v+
Ug U94ﬁ2>0

d—k—2

2
[ g0 - Iyl dy
Up:yi, <0

2
<or [ -yl
UQ4”2>0

where (21) follows by making use of (16). Through a similar process on the second summation term
in (20) and by using [g(0)| , |¢}(0)| < C one obtains the following upper bound on .

d—k—2

dy 3y

(g ak2
S oz WRCOL [ 10— i)y )
One can similarly verify the following lower bound on hs.
_F(d) 9 \d—k—2
> 2 —
hy 2 k/QF(d k)[4k029L ” [yl (1 ||YHe§) dy]. (23)

Lastly the integral term in the above bound can be bounded from above as follows.

L 2 k/2 6
[l =yl dy = 3 [k arrgr
Ug 2 F(§) 0
k/2 1
< 2mh/ / rk—1(1 _TQ)(d—k—Q)/er
L(3) Jo
k/2F( )
RO
Using this in (22) and (23) we obtain:
—4kC30L < he < 4kCo0L. 24)

By re-writing (18), (19), (24) and combining with (12) we obtain (11) in matrix form:
C
HY 3 Vg(0)Vg(0)T + 4kCo0L117 + 4CkCy ;117 + %v%q(o)v?g(o)T, (25)

HY = Vg(0)Vg(0)" — 4kC20L117 — 4CKkCy 117 + %Vgg(O)VQg(O)T (26)
(27)

d—k—2

where Cy, := By fue lyll® (1= ||yH§;§)fdy and 1is a k x 1 vector of all ones.



Now, we show that Cy ;, = O(1/d) as d — co. By the change of variables: r = ||y||, we obtain

2r (£) o d—k—2
Cop = —2 / R — )2 dr
F/2T (55) Jo
It can be checked that:
0 1 d—k\T( k42
e . 1 | T(SE)D (5=
/ PR — )2 Zdrg/ AR bl w . (28)
0 0 2 I(5*)

One can also verify that:

1 1 f -
/ rRr(1 — r2)d_§_2 dr < / rE=(1 - r2)d_§_2dr < e (572)0"
0 0

2 d—k k2 d—k—2\p2
- / Tk+1(1 . T2)d_§_2 dr > % lW] _ e_( 520 . 29)
0

From (28) and (29) we get the following bounds for Cg j:

d
v Cak > (k — Me—(W)92> .

Can < d T (k/2)T (5E)

al

In other words, Cyy , = ©(1/d) as d — oo.*

In (25), we have a summation of four terms. Let us first consider Model 1, where the first three
terms are rank-1 matrices with the last two vanishing as d grows. The fourth term is a full rank
diagonal matrix by assumption. In this case, denote V as the summation of the diagonal matrix
D = “4y24(0)V2g(0)7 and the rank-1 matrix E = Vg(0)Vg(0)”: V = D + E. Since both
matrices are symmetric positive semidefinite, we can use the singular value interlacing theorem for
rank-1 perturbations (W. So, Rank one perturbation and its application to the Laplacian spectrum of
a graph, Linear and Multilinear Algebra, 1999), which states

01(V) > 01(D) > 02(V) > 02(D) > ... > 03-1(D) > 01(V) > 01(D). (30)

Therefore, the order of the k-th largest singular value of V is bounded by the (k — 1)-th and the k-th
largest singular values of D, which scale as Cy . In other words, o1 (V) = ©(1/d).

Moreover, using results for eigenvalue bounds for symmetric interval matrices (J. Rohn. A handbook
of results on interval linear problems. Technical Report, Czech Academy of Sciences, Prague, Czech
Republic, 2005), we have the following bounds on the singular values of H9:

0i(V) = 4Ck>Cyp — AC,0LE* < \(HY) < 04(V) 4 4Ck>Cyp + 4C,0LE>. (31)
It is easy to see in (31) that with § = O(d~(**1)) for some s > 0, the k-th singular value of H9
would scale as ©(1/d). This leads to the claimed scaling « = ©(1/d) as d — oc.

The same scaling follows for Model 2 in a straightforward fashion since the only difference is in
the diagonal matrix term whose first entry is now zero. Similar arguments as above establish the
claimed scaling result. O

D Proof of Proposition 3

Proof. The interlacing argument within the proof of Proposition 2 still holds if V2g(0) is rank-k.
The scaling remains the same, which concludes the proof.

O

*In order to obtain the concentration s (Us) — 1, one can verify via a similar integral that characterizes

Ca,, that we need 0 = O <\/%fd). All we have to do is replace k 4+ 1 with k — 1.



E Proof of Theorem 2

To prove the main approximation theorem, we first establish the approximation guarantees of A.
We then leverage this guarantee to obtain the approximation guarantee on f.

E.1 Approximation of A

In Section 3, we derive a rank-k approximation )A(gi)g of the original rank-%k matrix X with a bound

on the approximation error HX%% - X ‘ . Here, we are interested in recovering an approximation
F

A to the matrix A from }A((Dkg Trivially, this can be achieved by setting A to the left singular
vector matrix of ng The purpose of the analysis here is to theoretically characterize the ensuing
approximation error.

Let the SVD of X and X)) be X = ATG = ATUSVE = ATSoVE and XI5 = ATSV,

respectively. Then, ¥ = diag(o1,02,...,0%) and 3= diag(o1, 09, ..., 0}) are diagonal matri-
ces with oy > 09 > ...0p and 07 > T2 > ...0%, respectively. Moreover, Ug is a k x k unitary
matrix. The columns of A7, VL and ;&, V are the singular vectors of X and X%; respectively.
Finally, we have o; = \/\;(GGT) where \; denotes the i*" eigenvalue of

mx

GG" =) " (Vg(A&)Vg(AE)T). (32)

j=1
We now show that if HX - ng H is driven to be smaller than a threshold then it leads to a proba-
F
bilistic lower bound on HAKTH . Lemma 1 precisely states this fact.
F

Lemma 1. For a fixed 0 < p < 1, mx > 1, me < mad if ¢ <

1/2
1 (1 - p)m<1>a . . B Cmrap?|
Cngd(\/E " \/5) <(1 Tr)Comx , then with probability at least 1 — k exp { ShC? }

2exp {—maq(r) + 4k(d +mx + 1)u(k)} we have

1/2
R 2
[adr], = (x- = ,
F (VI = p)mxa—17)?

s CoC3k°Ed*m3
L

where T (1 + K) is the error bound derived in Corollary 1.

Before beginning the proof of Lemma 1 we first recall the following theorem by J. A. Tropp (User
friendly tail bounds for matrix martingales. ArXiv e-prints, 2010.), which provides bounds on
the deviation behavior of the largest and smallest eigenvalues of the sum of independent positive
semidefinite random matrices.

Proposition 4. (Matrix Chernoff) Consider X1, ..., X,, independent positive semidefinite random
matrices of dimensions k x k. Assume that A (X;) < C, where A1(X;) > -+ > A\ (X) represent
the eigenvalues of X;. Denote the eigenvalues of the sum of the expectations as

)\max = )\1 Z]E[X]] and )\min = )\k ZE[X]]

j=1 j=1

Then, we have the following so-called user-friendly bounds

S >\minp2
P A\ ;Xj < (1= p)Amin <kexp<— o )7\7[,6(0,1)7

m —Amax(1+p)

Pl ZXj > (14 p)Amax <k<1—(’;p) ,Vp e ((e—1),00).

Jj=1



We now provide the proof of Lemma 1 below. For the lemma, we need Weyl’ s inequality (H.
Weyl. Das asymptotische verteilungsgesetz der eigenwerte linearer partieller differentialgleichun-
gen. Mathematische Annalen, 71, 1912) and Wedin’s perturbation bound (P. Wedin. Perturbation
bounds in connection with singular value decomposition. BIT, 12, 1972).

Proof. Observe that by Weyl’s inequality we have |5, — 0;| < 7. Assuming 7 < o we have

mlin{al,?il} > (ox — 7).

Thus by applying Wedins perturbation bound we obtain the following bound on HATA - ATKHF

|4 -A7A[ - [ama-ATA| < =[x -X5, < o=
0‘}.C — 7' U;.C — T
We also have the following simplified expression for HATA — KTKH
F
2 P 2
HATA - ATAH = 9k — 2Tr(ATAATA) = 2k — 2 HAATH
F F
This leads to the following lower bound on HAKT HF
<2 4r? " 2r2 \V
2k—2HAATH < 7@”AATH > (-2 ) 33)
F~ (op—7)2 F (o — 7)2

For a non-trivial bound on HAKT H , we require the following to hold true:
F

k
2 R~
k(2i)2>0@\/§>(1)@7<%\/;k. (34)
op —T op —T (1+\/;)

Applying Proposition 4 on (32) and observing that C' = kC3, we have with probability at least
2
1 — kexp ( Mxap > that \j, (Zm ]E[Xj]> > muya or equivalently o, > /(1 — p)mya

2kC5
holds true. Thus conditioning on the above event, we see that (34) is ensured if
(1 —p)myak
T | ————— . (35
( Vk+V2

Also, plugging the above bound on o in (33) we obtain the stated bound on HAATH . Lastly,
F
observe that (35) is ensured if

1 (1—p)moa 1/2
= Cok?d(VE + V?2) ((1 + N)COmX> '

E.2 Approximation of f

We now have the necessary background to state our main approximation result for the function f.

Proof. We first observe that: f(x) = f(ATAx) = g(AATAx).

3 ‘f(x) - f(x)‘ - ‘g(Ax) - g(AKTKx)‘ < CoVk H(A - AKTK)XHW < CoVk HA - AKTXHF 1/l -
2

Now it is easy to verify that:

12 PN PN PN ~ 2
HA - AATAHF — Tr(AT — ATAAT)(A — AATA)) =k — Tr(ATAATA) = k — HAATHF



Using Lemma 1 and the fact that ||x|| ¢ < 1+ € wearrive at

_ V2T
Jr-7],. < cwinra (=),

Finally, to establish the claim in terms of § in Theorem 2, we work our way backwards from the
approximation guarantee and obtain the stated bounds. O




