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NUMERICAL METHODS FOR MULTILATTICES*
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Abstract. Among the efficient numerical methods based on atomistic models, the quasi-
continuum (QC) method has attracted growing interest in recent years. The QC method was first
developed for crystalline materials with Bravais lattice and was later extended to multilattices [Tad-
mor et al., Phys. Rev. B, 59 (1999)]. Another existing numerical approach to modeling multilattices
is homogenization. In the present paper we review the existing numerical methods for multilattices
and propose another concurrent macro-to-micro method in the numerical homogenization framework.
We give a unified mathematical formulation of the new and the existing methods and show their
equivalence. We then consider extensions of the proposed method to time-dependent problems and
to random materials.

Key words. atomistic model, quasi-continuum method, multilattice, homogenization, multi-
scale method

AMS subject classifications. 65N30, 70C20, 74G15, 74G65

DOI. 10.1137/110841163

1. Introduction. In some applications of solid mechanics, such as modeling
cracks, structural defects, or nanoelectromechanical systems, the classical continuum
description is not suitable, and one is required to utilize an atomistic description of
materials. However, full atomistic simulations are prohibitively expensive; hence one
needs to coarse-grain the problem. The quasi-continuum (QC) method [42] is one of
the most efficient methods of coarse-graining the atomistic statics. The idea behind
QC is to introduce piecewise affine constraints for the atoms in regions with smooth
deformation and use the Cauchy—Born rule to define the energy of the corresponding
groups of constrained atoms. To formulate the QC method for multilattice crystals
one must account for relative shifts of Bravais lattices of which the multilattice is
comprised [43].

The QC method is a multiscale method capable of coupling atomistic and con-
tinuum descriptions of materials. It is intended to model an atomistic material in a
continuum manner in the regions where the deformation is smooth, and use the fully
atomistic model only in the small neighborhood of defects, thus effectively reducing
the degrees of freedom of the system. Originally, the QC method was developed
for crystalline materials with a (single) Bravais lattice [42], and the convergence of
a few variants of the method has been analyzed under some practical assumptions
(see, e.g., [18, 29, 30, 31, 32, 36, 37, 38]). The QC method is based on the so-called
Cauchy—Born rule (see, e.g., [11, 20, 23, 25]), which states that the energy of a certain
volume of a material can be approximated through the deformation energy density,
which is computed for a representative atom, assuming that the neighboring atoms

*Received by the editors July 19, 2011; accepted for publication (in revised form) March 5, 2012;
published electronically DATE. The work of the first and third authors has been supported in part
by the Swiss National Science Foundation under grant 200021 134716/1.

http://www.siam.org/journals/mms/x-x/84116.html

TANMC, Section of Mathematics, Swiss Federal Institute of Technology (EPFL), CH-1015, Lau-
sanne, Switzerland (assyr.abdulle@epfl.ch).

IDivision of Mathematics, University of Dundee, 23 Perth Road, Dundee, Scotland DD1 4HN,
UK (plin@maths.dundee.ac.uk).

§Current address: School of Mathematics, 206 Church St. SE, University of Minnesota, Minne-
apolis, MN 55455 (alexander@shapeev.com).


https://core.ac.uk/display/147991845?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

2 ASSYR ABDULLE, PING LIN, AND ALEXANDER V. SHAPEEV

follow a uniform deformation. Later, the QC method was extended to multilattices
[43] (a multilattice is a union of a number of Bravais lattices) based on the improved
Cauchy—Born rule [41], which accounts for relative shifts between the Bravais lattices.
Examples of such materials include diamond cubic Si, HCP metals (stacking two sim-
ple hexagonal lattices with a shift vector) like Zr, ferroelectric materials, salts like
sodium chloride, and intermetallics like NiAl. More recent developments of the QC
method for multilattices also include adaptive choice of representative cells of multi-
lattices [17]. It appears that no rigorous analysis is available so far for the multilattice
QC method except for the authors’ preprint [4].

In the present work we propose a treatment of multilattices within the frame-
work of numerical homogenization. Homogenization techniques for partial differential
equations (PDEs) with multiscale coefficients are known to be successful for obtaining
effective equations with coefficients properly averaged out [10]. Finite element meth-
ods based on homogenization theory have been pioneered by Babiiska [7] and have
attracted growing attention in recent years (see [1, 2, 19, 21, 26] for textbooks or re-
view papers). Following the ideas of [10], we use formal homogenization techniques to
describe the coarse-graining of multilattices and, based on that, propose a macro-to-
micro numerical algorithm which we call the homogenized QC (HQC) method. Here
the term macro-to-micro refers to coupling macroscopic and microscopic scales for
the same physical model, but not coupling models, like in the nonlocal QC. The
macro-to-micro method developed in this paper follows the framework of the finite
element heterogeneous multiscale method (FE-HMM) [1, 2, 19], a numerical method
coupling a macroscopic finite element method (FEM) defined on a macroscopic mesh
with effective data recovered on the fly by microscopic FEM on patches centered at
suitable quadrature points within the macroscopic mesh. This method belongs to the
family of numerical homogenization methods, as it provides a homogenized numerical
solution, but unlike classical methods, the effective data are not precomputed but
supplemented by micro computations when and where needed during the macro com-
putation. The HMM provides an efficient way of coupling micro- and macro solvers
and a suitable framework for a priori and a posteriori analysis, taking into account
numerical approximation at different scales [1, 2.

We give a unified mathematical description and establish equivalence between
the homogenized QC, the multilattice QC (MQC) method of [43], and the FEM ap-
plied to the continuously homogenized equations (see [4, 24] and references therein for
homogenization of atomistic media). Despite the formal equivalence, we find value
in formulating the MQC method within the homogenization framework and, more
generally, in connecting the existing developments in upscaling atomistic models and
classical numerical homogenization. First, this framework allows us to apply the nu-
merical analysis techniques developed for continuum numerical homogenization, such
as the finite element heterogeneous multiscale method [1, 19], to the MQC method
(see our preprint [4] for an example of such application). Second, numerical homog-
enization techniques can be used to upscale the atomistic model in both time and
space, which makes it promising for modeling and especially analyzing motion of at-
omistic materials at macro- and microscale [19, 24, 35]. In this work we demonstrate
such an application of the HQC method to a slow (i.e., with no thermal fluctuation)
dynamics of an atomistic crystal (section 9). Also, numerical techniques based on
the homogenization framework are well suited for materials described on stochastic
lattices at the atomistic level such as polymers [9] and glasses (see, e.g., [6, 12]), or
for materials with properties (such as, e.g., conductivity, stiffness, etc.) described by
random parameters at the continuum level [45]. We give an example of application
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of numerical homogenization to a stochastic material in section 8. We note that the
idea of applying numerical homogenization methods to atomistic media has appeared
in the literature before [9, 13, 15, 16, 24].

The paper is organized as follows. We present the atomistic model in section 2,
and in particular we give a simplified illustrative model in section 2.2. The simplified
model will be useful to better illustrate application of the coarse-graining methods
and to draw analogies between the concepts discussed in this paper and their coun-
terparts in the classical continuum homogenization. We then present the QC method
in section 3. In section 4 we present a formal homogenization technique applied to
the atomistic equations. In section 5 we present the HQC method—a concurrent
macro-to-micro algorithm based on the discrete homogenization. Section 6 is devoted
to showing the equivalence of the following three methods applied to multilattices:
the HQC method, the MQC method, and the FEM applied to continuously homog-
enized equations. In section 7 we illustrate an application of the HQC method to a
multilattice. We emphasize that the HQC method is formulated in such a way that
it allows for a straightforward extension to noncrystalline materials if the microstruc-
ture is known; an example of such extension is given in section 8. In section 9 we
apply the proposed macro-to-micro method to a long-wave unsteady evolution of a
one-dimensional multilattice crystal. Concluding remarks are given in section 10. The
commonly used notations are collected in the appendix.

2. Problem formulation. The focus of the present study is on correct treat-
ment of atomistic materials with spatially oscillating or inhomogeneous local proper-
ties.

2.1. Equations of equilibrium. We describe the formulation of the problem
of finding an equilibrium of an atomistic material in the periodic setting. We consider
the periodic boundary conditions for simplicity, in order to avoid difficulties arising
from presence of the boundary of the atomistic material. Nevertheless, it should be
noted that the numerical method and the algorithm proposed in the present work can
be applied to Dirichlet, Neumann, or other boundary conditions.

2.1.1. Deformation. Consider an atomistic material occupying a region Q) =
[0, 1) in its reference (i.e., undeformed) configuration and extended periodically out-
side of €2. The set of positions of atoms in the reference configurations is

m—1
M=Qn U (eZd—i—epa),

a=0

where p, € [0,1)? is a shift vector of the ath species of atoms in the reference con-
figuration; in total we have m species of atoms. We assume that p, # pg for a # 8
and, for convenience, py = 0.

We collect these shift vectors into the set P := {p, : a« =0,...,m —1}. Thus,
if we denote a Bravais lattice in ) by

L=QnezZ4,

then we can write M = £ + €¢P. This identity means that M consists of €P repeated
periodically with the period e. We will call M a multilattice. The sets £, P, and M
are illustrated in Figure 1.

When the material experiences a deformation, the atom positions become z+u(x),
where u(x) is the displacement. We assume that u(x) is periodic; i.e., u(z+a) = u(z)
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Fia. 1. Lllustration of L (left), P (middle), and M (right); here e = 1/5.

for all a € Z<. The space of all periodic displacements is denoted by Uper(M). Since
we consider only the systems invariant with respect to translation in space, we will
also need the space of displacements with zero average, Uy (M) (see Appendix A.1
for the precise definitions).

2.1.2. Interaction. We assume a general (multibody) finite-range interaction
between atoms. For each atom = € M we introduce its “interaction neighborhood” —
a set of vectors R¢(x) such that {z + er : r € Re(x)} are the atoms that x interacts
with. The energy of an atom x € M is denoted by Vi (Dg_(z)u(x); ), where Dg_ u =
(Dyu)rer, (see Appendix A.3) is a collection of discrete directional derivatives of u
corresponding to the set of neighbors R. (these notations were first introduced in
[28]). The discrete derivative in direction r of u evaluated at € M is defined as
D,u(z) = w The needed properties and definitions of discrete directional
derivatives can be found in Appendix A.2, and more details on discrete directional
derivatives in Appendix A.3.

Thus, the interaction energy of the displacement u is given by the interaction
potential V. as

1
E(u) = ZM r;/l Ve(Dr, (yu(z); ) = (Ve(Dr ) o

where (g)s denotes the average value of a function g defined on a discrete set S.

The subscript € in V. and R. indicates that these objects depend nonsmoothly on
x: indeed, the interaction energy and the interaction neighborhood may depend on
the species of atoms « for © € L+ ¢€p,,. For instance, we can consider a Lennard—Jones
potential with atom-dependent parameters:

(2.1) V.(Druz)= Y sw,w+er(—2 (lrkDeuly =6 (M)*lz)j

ém,m+e7‘ Zz,z#»m“
TERC

where Sg ;1 and £ 4 are, respectively, the strength and the equilibrium distance
of interaction of atoms x and = + er.

We assume that the interaction neighborhood R(z + €p,) and the interaction
potential V; (e, x+€p,,) for 2 € £ depend only on «, the particular species of atoms, but
do not depend on z; we therefore write Re(x+€pa) =: Re o and Ve(o, x+€py) =: Ve o
This assumption states, effectively, an e-periodicity of R. and V. (e, x). Then, we can
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use the following form of the energy:

m—1
1
E(u) < Z ‘/E(DRE($+Epa)u(x + epa); T+ €pa)>
zeLl

m
[

[}

—

m

< Zv;,a<Dne,au(x+epa>>> ,
a=0 €L

where we used a more verbose notation for averaging of a function g defined on a
discrete set S, (¢)s =: {(g(x))zes. This expression for the energy will be used to write
down the energy of the MQC method in a familiar way (see (3.5)).

REMARK 2.1. One can exercise the freedom in choosing P by assuming that
P = {0, %61, e mT_lel}, where e; € R? is the respective unit vector. In this case
M, up to a dilatation, is a simple lattice (although with several species of atoms).
This allows one to choose R¢(x) independent of x (and also R o independent of o)
and leave only interaction potential V; to depend on x.

We will not pursue this in the present work; however, such notations would sig-
nificantly simplify presentation of the MQC (section 3.3) and would allow one to
conveniently write the equilibrium equation in a strong form (in particular, in section
4.1). Our motivation for not pursuing this is to show that the homogenization and
the numerical method can, in principle, be generalized to the case when R. depends
on x. This is important when modeling noncrystalline materials with no underlying
periodic structure.

(2.2)

3=

2.1.3. External force. The potential energy of the external force f = f(x) is

—F(u) = =(f,u)m,

where by (w,v) pm := (w - v) p we denote a scalar product of w,v € Uper(M). (To be
precise, it is an inner product on Uy (M) and a semi-inner product on Uper(M).) The
forces f = f(x) are applied as “dead loads”; i.e., they are independent of actual atom
positions x + u. For the problem to be well-posed, the sum of all forces per period is
assumed to be zero; i.e., (f)m = 0.

2.1.4. Equation of equilibrium. We denote the total potential energy of the
atomistic system by

A displacement u € Uy (M) is a stable equilibrium if it is a local minimizer of II,
which implies that u is a critical point of II:

(2.3) (OTT(w), v) pq = %H(u 1)),y =0 Vo eUy(M).

We assume that the function IT(u) is smooth enough, and hence (6II(u), v) o4 is a linear
functional with respect to v € Uy (M), which justifies identification of éII(u) with an
element of Uy. Alternatively, the problem of finding the equilibrium configuration of
atoms can formally be written as

ol
Ou(x)

=0 Yo e M



6 ASSYR ABDULLE, PING LIN, AND ALEXANDER V. SHAPEEV

kl kz km kl kmfl km

Fic. 2. Illustration of a simplified atomistic model.

if we consider II as a function of finite number of variables u(x), z € M.
A physical potential energy II(u) has to be invariant with respect to a uniform
translation of atoms. Hence, we pose the following additional condition:

(2.4) (uym =0,

which is necessary (but may not be sufficient) for the equations (2.3) to have a locally
unique solution.

The equilibrium equations (2.3) together with the additional condition (2.4) can
be written in variational form: find u € Upe;(M) such that

(2.5a) (0E(u),v)pm = F(v) Y € Uper(M),
(2.5b) (uym =0,

where the functional derivative 0E : Uper(M) — Uper(M) is computed as

(2.6) (0 (u) <Z (Dr.u) Drv>

reR M

and V/,.(Dr, u) denotes, effectively, the gradient of a scalar function V. with respect
to its vector-valued variable D,u. (Note the difference with V. g introduced in (2.2).)
Here and in what follows, with a slight abuse of notations, we keep the sign of sum-
mation over r € R, inside the triangular brackets of the scalar product.

2.2. A simple illustrative example. The following simplified model will be
useful in illustrating the concepts presented in this paper (namely, we will give a
simplified version of the QC method, in section 3.4, and illustrate an application of
the homogenization, in section 4.2). The reader can find more examples involving a
simplified model in our preprint [4].

Assume one space dimension, d = 1, the domain = [0, 1), the shift vectors in
the reference configuration

(2.7) P={o0L,. . =Ly
the multilattice
m—1
M= J(Z+e2)nQ==5ZNQ,
a=0

and the basic lattice £ = eZ N Q. We further assume R = {-1} (nearest neighbor
interaction only) and consider the “linear spring model” with the atomistic potential

(28) VE(DM,L;QJ) ¢e( ) S U) )

with r = % Such a system can be interpreted as a system of masses located at

positions  + u and connected with ideal springs with spring constants k, = 1.(z)/¢
(where « and z are related here through x € GHTO‘ + €Z), as illustrated in Figure 2.
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The equilibrium equation then becomes

(29) <'¢/15Dru7 DTU>M = <f7 U>M'

If we want to find an equilibrium of a very large atomistic system, we need to
coarse-grain these equations. In section 3 we present the QC method, one of the
methods of numerical coarse-graining of such a system.

We can notice that (2.9) closely resembles the continuum equation

(2.10) /A(%)%g—gdxz/fvdx,
Q Q

for which the homogenization theory is well-developed. Here A(%) is an oscillating
coefficient defining the local energy density. The crystal is, by definition, a periodic
arrangement of atoms, which translates into periodicity of A(%) Noncrystalline solid
materials, in contrast, correspond to random arrangements of atoms, which is analo-
gous to random (nonperiodic) A(%) The spring constants varying on the scale of e
are analogous to A(%) varying on the scale of e. It is well known from homogeniza-
tion theory [10] that the solution u of (2.10) converges weakly in the H! norm to a
homogenized solution @, solution to an equation similar to (2.10) but with an effective
(homogenized) tensor A(z). We note that, in general, strong convergence holds only
for the L? norm.

Based on this similarity between the continuum and the discrete energy, we apply
the formal homogenization techniques to the discrete atomistic equations in section
4 and based on that formulate the HQC method—a concurrent macro-to-micro algo-
rithm (similar to FE-HMM) based on the discrete homogenization. The method is
formulated in such a way that it allows for a straightforward extension to noncrystal-
line materials if the microstructure is known; an example of such extension is given
in section 8.

In section 9 we apply the proposed macro-to-micro method to a long-wave un-
steady evolution of a one-dimensional multilattice crystal. The long-wave unsteady
evolution is analogous to a continuum motion corresponding to a Hamiltonian

s @) AR (3

where u = u(t, z) is assumed to have no fast (i.e., on the time scale of 1) oscillations.

3. Quasicontinuum (QC) method. Traditionally, numerical methods such as
the finite element method (FEM) are applied to continuum equations which can then
be solved on a computer. The characteristic feature of the atomistic models we are
discussing in this paper is their discreteness, with a number of degrees of freedom
often too large to keep track of each individual atom. Therefore, similarly to FEM,
the ideas of reducing the number of degrees of freedom are used for atomistic models
as well. The difference is that now the reduction is done from a large but finite number
of degrees of freedom to a smaller number of degrees of freedom. The QC method
is a representative of such methods. We first present its simple-lattice version. The
QC method consists of reducing the number of degrees of freedom of the atomistic
system by choosing a coarse mesh of nodal atoms and assuming that the positions of
the other atoms can be reconstructed by a linear interpolation.

It should be noted that we discuss here only the local version of the QC method,
which is equivalent to applying the FEM to the Cauchy—Born continuum model of
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elasticity. We are not considering coupling the continuum and discrete models in this
paper.

3.1. Notation. Assume a partition 7 of the domain €2 into simplicial elements
T, which we will conveniently refer to as the mesh. Normally, #(7,) < #(L£) (recall
that by #(e) we denote the number of elements in a set). By |T'| we denote the
Lebesgue measure of 7. The QC solution will be denoted by u”".

The space of piecewise linear discrete vector-functions is denoted by
(3.1) U, = {uh e (W) : w|r € PU(T) VT € Th},

per

and the space of piecewise constant vector-functions as

ok, = {¢" € (L) : ¢"|r € P(T) VT € Ti}.

2. QC method for a simple lattice. In this (and only this) subsection we
make the simple lattice assumption. That is, we assume that m = 1 and hence M = L.
In particular, in this subsection we write Ve(Dgru;z) = V(Dgru) and R (z) = R, as
they no longer depend on =x.
The QC method [42] aims at finding a minimizer of

(u") = (V(Dru")) . — F(u")

in Y" . Minimizing TI(u"

per- ) in L{ . indeed reduces the number of degrees of freedom of
the system from O(#(M)) to O( (Tn)) (recall that #(75) < #(M)). However, one
must still spend O(#(M)) operations to compute the effective forces on the reduced
degrees of freedom. In order to have an efficient numerical method (i.e., a method
with O(#(75)) operations) one introduces an approximation to II(u") which is called
the local QC method [42] (hereinafter referred to as the QC method).

The local QC method first approximates D,u" with V,u" within each T. (Hence
the name of the method: the nonlocal finite difference D,u" is approximated with the

“local” directional derivative V,u".) Then for each = € T one has
V(Dru") = V(Vru") = W(Vd"|r),

where W(F) := V(FR) is the Cauchy—Born energy density associated with a displace-
ment gradient F (see (A.4) to obtain the precise definition of FR). Second, the local
QC method changes the sum over x € L effectively to integration over §2; i.e.,

EC(y /W Vuhyde = Y |T|W(Vu|T).
T67-h

The variational formulation of the QC method is thus

(3.2) /Z(WV (Vru ) V,oldz = F'(u") Vvheugcr,

reR

where 6WW denotes the derivative of W, the semicolon denotes the inner product of
matrices, and F'"(v") is some approximation to (f,v") 4.

Error analysis of the local QC method yields a first-order convergence of the
deformation gradient (i.e., roughly speaking, of a quantity [[u" — ullw1s(q)) with
respect to sizes of triangles T' € Ty, (see, e.g., [30, 31, 37]). A more refined analysis
shows that the local QC method can be second-order accurate [18, 20, 33].
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3.3. Multilattice QC (MQC). Approximating the exact minimizer of II(u)
with a piecewise linear u” € Z/{per may be accurate enough for the case when the
interatomic interaction V. (e, z) varies smoothly with = (more precisely, if the mesh 7},
resolves the variations in V. (e, ) well). However, for many materials with multilattice
structure (examples of such materials were given in the introduction) the piecewise
linear approximation of the displacement u is not accurate.

In this subsection we present the MQC method first introduced in [43], which is
designed to handle the multilattice microstructure.

Define the space of QC displacements of the multilattice M as

m—1
(3.3) uh’q:{uMZq’;wa caheul,, ¢ e O, a=1,...,m—1},

a=1

where ¢ are the deformed shift vectors (recall that p, are the undeformed shift
vectors) and wq : M — R are the associated basis functions defined as

(3.4) Waolcteps = 0ap (@, 3=0,...,m—1),

with d,3 denoting the Kronecker delta. It should be noted that the domain of defini-
tion of functions in U7 is M, whereas the functions in " are defined on the entire
R<. For a more detailed introduction of the space of QC deformations, refer to [4]. In
each element T € T, we thus have m — 1 nonzero shift vectors ¢", and we set ¢ := 0.
We denote

h h h h -
q = (ql LA 7qm71) € (Qper)m 1'

Next, form the interaction energy E(u) with u = u” + Y1~ 11 P w, € UM

m—1
E(u) = E(uh + Z qgwa>
a=1

= <Ve <DRe(w) (Uh(x) + z_: (@) wa ($)> ; $>>
a=1 reM

m—1 m—1
1
- <E > Ve (DRe(Hepa) <“h(9” +epg) + ) bl + epg)walz + 61?6)) S+ 61?/3) >
zel

B=0 a=1
1 m—1 m—1
= <E D Ves <Dne,ﬂuh(x +eps)+ > Dr. bz + €p6)wa(€p6)> > ;
B=0 a=1 zeLl

where we used periodicity of V. (see (2.2)) and w, (which follows directly from the
definitions of w, and M). Similarly to the simple-lattice QC method, we perform a
local quasi-continuum approximation which consists of (i) changing the summation
over x € L to the integration over ), (ii) approximating D,u” with V,u", and (iii)
approximating ¢” (z + epg) with ¢”(z):

m—1 m—1
1
/Q p— Z Ve <VRe,ﬁuh + Z QZDRe,ﬁwa(6p5)> dz
B=0 a=1
m—1 m—
> o= ZVEB< (Vu"|7)Res + Z a7 DReﬁwa(6p5)>
moa

TETh
= quc(uh’ qh)7

E(u)

%
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where we used the identity Vg, ,u"|r = (Vu"|r)Reg; of. (A4).

REMARK 3.1. The expression for E™(u" {q"}) can be further simplified by
denoting the species of atoms €8 + R, as Ac (formally Acp = (agr)rer. ,, where
ag,r €1{0,...,m — 1} is defined so that p, . € psg + 7+ Z%). Then the sum in E™3°
can be simplified as the difference between the shift vectors of interacting atoms:

m—1 m
> (gklr) D, ywa(eps) = (Z qalr)D wa(GPﬂ))

a=1 a=1 rERe.5

= ((q |T)(wa epaﬂr) wa(epﬁ)))
= ((dh.. 1r) — (abln))

r€Re, 8

TE€ERe.B

This yields

(3.5) Emcwh gty =Y |1 — Z V”B( Ve, ' +dh, — qg)‘T)'
TeTh

In the next step, the shift vectors g, are eliminated from (3.3) by requiring that
the variation of E™9¢(u" {g,}) with respect to g, in each triangle be zero:

1 m— m—
) m Z Z VZ,[%,T( (Vu"|7)R Z AL DReﬂwa(€P6)> Drw (eps) =0

(v=1,2,...,m—1).

The equations (3.6) form a system of m — 1 equations for m — 1 unknowns (g,)"=}" in

each T'. A solution of this system gives us the shift vectors ¢, depending (as a rule,
nonlinearly) only on the displacement gradient:

o"r = q(Vu|7).

Note that the function q(F) does not depend on T', unless different periodic materials
are considered in different elements 7.

REMARK 3.2. The function q(F) determines the lattice microstructure of a ma-
terial under the macroscopic displacement gradient F. Often there is more than one
lattice microstructure corresponding to a particular F. Well-posedness of equations
(3.6) is studied in [20] under the assumption that the entire atomistic system is H*'-
stable, and in [5] under the assumption of dominance of nearest-neighbor interaction
in one dimension.

In different applications there may be different additional conditions for choosing
the unique q(F) (this can be the condition of a global minimum of the microenergy, or
prozimity to a given microfunction). In this paper we will not focus on such additional
conditions and will therefore not discuss in detail the existence and uniqueness of
solutions of the respective microscopic and macroscopic equations. Thus, at this point,
by q(F) we formally denote one of the solutions of (3.6), or leave q(F) undefined if
(3.6) admits no solutions. In section 6 we will take a slightly more formal account of
eristence and uniqueness.

We now form a QC energy with g, eliminated:

(3.7) Emac(yhy = quc(uh,q(Vuh)).



NUMERICAL METHODS FOR MULTILATTICES 11

The QC equation of equilibrium now reads: find u" € Z/{}’fer such that

(OE™C(u), 0" = F" (") Wl e Ul
where F"(v") is some approximation to (f,v")r4. The function u” gives a macroscopic
displacement of the material, and one needs to compute u" + S 11 qhw, for the
microstructure. We note that since the ¢, were found by letting the variation of
E™ac(yl q,) with respect to ¢, be zero, we have

(3.8) SE™(ul) = 5,0 (uh, q(Vul)).

REMARK 3.3. Instead of eliminating q = q(Vu ), one could also look for a

critical point (or a minimizer) of the energy quc(u ,q") with respect to both u” and
q" (see, e.g., [40]).

3.4. Application of the QC method to the simplified model. We illustrate
an application of the QC method to the simplified one-dimensional (1D) model (2.8)
for two species of atoms (i.e., m = 2), 1 (0) = 11, e (§) = o.

If we approximate the exact solution with a piecewise affine displacement u" €
U",. (i.e., without introducing shift vectors, as done in the simple-lattice QC), then

per
we will find the approximate energy

Z| |_[¢1(VU) +1/)2(vu } Z|T|¢1+¢2(VU)

2
TETh TeTh

Here 150 = w is the wrong effective spring constant, since if the two springs in
series are replaced with two identical springs with the effective spring constant 1y,
then vy = iﬂﬁz (see, e.g., [13]).

If instead we allow for nonzero shift vector ¢;, then the corresponding MQC

energy (3.5) is

~ Vruh + h\2 vruh _ h)2
quC 7q1 Z |T| l: 5 ql) + 1/)2 ( 5 ql)
TeTh

with r = % The strong form of (3.6) in this case can be obtained by differentiating
the above expression with respect to ¢% in each T

D1 ((Vou +gP)lr) = o (Vou" = gf)r) =0
from which we find

P2 —
1 + o
Substituting this back into the MQC energy (cf. (3.7)) yields

@l = (Vru"|r).

29 29 2
Byl = T —(7vrh)+ S (V)
. %' E {wl s ) (G (Vi)
h
_ Z |T| 29192 (Veut|7)?
TeTh Y1+ 2
where the effective spring constant ¢y = 212§ now computed correctly.

P1+1P2
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ky

— T —

ky
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k3
4\/\/\/;

Fic. 3. Illustration of a 2D model problem with heterogeneous interaction.

4. Homogenization of atomistic media. We now present another coarse-
graining strategy based on homogenization. We derive below the homogenized model
of the atomistic material which will be the basis for formulating and analyzing a QC
method for multilattices.

We note that there are existing works applying formal homogenization techniques
to upscaling atomistic equations; see [13, 14, 24] and references therein. In the present
section we derive the upscaled equations for a general model of interaction in many
dimensions as opposed to the pairwise interaction in one dimension assumed in the
upscaled equations [13, 14, 24]. The upscaled equations are derived using a formal
asymptotic expansion. Rigorous error bounds for the homogenized equations can be
found in the preprint [4] for the case of the linear 1D nearest-neighbor interaction,
and in [5] for the case of a 1D finite-range nonlinear interaction.

4.1. Asymptotic expansion. In order to take into account the local variation
of the atomistic interaction we think of the displacement as depending on a fast and
a slow scale u(z) ~ u(z,z/¢). We define x € R?, the macro (“slow”) variable, and
y € Z* + P, the micro (“fast”) variable related to = as y = x/¢, and consider a series
of functions u" : R? x (Z% + P) — R? indexed by n = 0,1,2.... As we consider the
local structure and interaction to be periodic, we assume that the functions u™ are
P-periodic in the fast variable; i.e., they satisfy for all (z,y) € Q x P

u'(w,y +j) = u"(x,y) VjeZl,

while the behavior with respect to x is similar, as considered in the previous sections,
u™(x +i,y) = u(x,y) VieZl

We then consider the asymptotic expansion

(4.1) u(z) ~ (u¥(z) + eu'(z,y) + Eu(z,y) + - - )‘ Vo € M.

y=x/e
Notice that we directly assume that the homogenized solution, u°, does not depend
on y.

We now proceed as in the “classical homogenization” [8, 10, 39] and insert the
ansatz (4.1) into (2.5):

< ( Z ‘/EI,T (DLREUO + eDI,ReT‘%REul + Dy,Reul + - '),
TER

D, T, v+ e_lDymv)

> :<f,11>/\/[,
y=z/el M
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where the test functions v = v(z,y) are continuous and smooth in x €  and dis-
crete in y € P. Here we used the relation (A.3) to expand the full derivative D,
through partial derivatives D, ,, D, ,, and the translation operator Ty ,, and used
the collection-of-derivatives notation Dz (see Appendix A.3 for more details).

We then extend the equation on the entire M x P:

< Z ‘/el,'r (Dm,T\’,euO =+ 6D$7R5T’, 7R5u1 + Dy,'Reul 4. )’

(42) rER

Dz,rTy)r’U + ElDy)r’U> = <f, U>M><7’-
MXP

We now expand this equation in powers of €. For that, we use the approximation
Dy r = Vg, (ie., we essentially use Taylor series to expand D, ), and the notations
Ve(o;2) = V(e;y) and Re(z) = R(y), and change a sum over M to an integral:

<Z V! (Voru’ + eV mTyru' + Dy gru' + -+ ),

(43) reR

Vi Tyrv+ 6_1Dy,rv> = (f;v)axp,
QxXP

where (e)oyp is a shorthand for [, (e)pdz.
We first collect the O(e™!) terms in (4.3):

<Z v (VI’RUO + D%Rul) ) Dy,TU> =0.
reR QxXP

As usual in homogenization we write the solution of this equation (of course, equipped
with the zero-average boundary conditions) as u!(z,y) = x(V.u’(z); y)+u'(x), where
x = x(F;y) : R4 x P — R? solves

Find x(F,e) € Ux(P)

4.4
(44) s.t. < E V!(FR + Dy,Rx(F)),Dy,ra> =0 VYo eUy(P).
reR P

As earlier, x(F,y) can be formally understood as some solution to (4.4), similarly
to the shift vector function q”(F) discussed in Remark 3.2. We will establish the
formal equivalence of x(F,y) and q"(F) in Theorem 6.1; hence the results in the cited
references [5, 20] are applicable to well-posedness of (4.4) also.

To obtain the equation for the homogenized solution u°(z), we collect the O(e®)
terms in (4.3) and use the test function v of = only:

<Z W(Vw,Ru0+Dy,Rul)avw7rU> = <f75>Q><P~
QxP

reR

This leads to the homogenized equation

(4.5) (60°(V,u°), V0o = (f, D),
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or equivalently, in the strong form, —V, - 6®%(V,u®) = f(x), where 60° : R4
R*4 gatisfies

(4.6) 6<I>O(F):< > VI(FR+ Dy rx(F)) F> .
yeP

reR(y)

Thus, we obtained the equation for the homogenized displacement «? with the homog-
enized tensor 6¢°. Equation (4.5) needs to be supplemented with boundary conditions,
for instance by requiring that u° is periodic and has zero average.

As an illustrative example, in the case of a pair interaction potentials, we can
write V(Dr(y)u;y) = 2 er(y) @r(Drusy) (cf. the Lennard-Jones potential in (2.1));
consequently,

5<1>°(F):< > ®.(Fr+ Dy ,x(F)) F> .
yeP

reR(y)

REMARK 4.1. In the above formal arguments we assumed, for simplicity, that
the external force f = f(x) is nonoscillating (i.e., effectively does not depend on y)
and is defined on entire . We emphasize that oscillatory external forces (of the
form f(x,y)|ly=z/e) could also be considered. The homogenized equation would then
depend on a proper average of the external forces. The assumption that f is defined
on entire £ can later be relaxed once the homogenized equations are discretized on a
finite element mesh.

REMARK 4.2. Instead of upscaling the original discrete problem (2.5) to a contin-
uwous problem of nonlinear elasticity (4.5), one can consider an alternative approach
where the upscaled model is discrete.

For instance, one can approzimate (4.2) by taking discrete x € L and approxi-
mating D, .o =~ (De)r, where Dyu(x) € R4 js the discrete gradient of u € Uper (L)
at the point x € L defined as (Dyu(x))er = Dy e u(x), k=1,....d, and ey, is the kth
standard basis vector of R%. Following the procedure described above for asymptotic
expansion, one can derive the following upscaled equation:

(4.7) (5@0(Dzu0), D)y = (f,v)¢ Yo € Uy (L),

where 60° is defined by (4.6), the same equation as for the continuum homogenization.
Equation (4.7) is upscaled in the sense that 60° no longer depends on the fast variable
y, and we can apply the standard QQC method to it. The reader can refer to our preprint
[4] for a similar approach. An advantage of the discrete homogenization is that it is
not required to assume a continuous force f to derive (4.7).

Underlying homogenized energy. We claim that, formally, the function 5CI>O(F)
defined by (4.6) is the derivative of the following function:

(4.8) OO(F) := (V(FR + Dy, rX(F))), cp-

where x = x(F) is some solution to (4.4).
Indeed, assuming enough regularity of V' and x, we can compute the variation of
(4.8) with respect to F:

(4.9) 60°(Fo):G = <Z V! (FR + Dy =x(Fo)) - (Gr + Dy7R5X(F):G)> .
yeP

reER
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Since dx(F):G € Ux(P), the second term in (4.9) drops due to (4.4), and we have
60°(F):G = <Z W(FR+Dy,RX(F))-Gr> = <Z VT’(FR+Dy7Rx(F))rT:G> ,
reR yeP r€R yeP

which is consistent with (4.6).
Hence, (4.5) can be written as

(OE° (u%), v)a = (f,v)q,

where
0 UO = 0 UO Z.
(4.10) EO(u0) /Q B0 (Vu)d

The fact that the homogenized equations have an underlying energy may be impor-
tant in some applications where, for instance, one chooses to use nonlinear conjugate
gradient algorithms or needs to check for stability of numerical solutions.

4.2. Application of homogenization to the simplified model. In order to
make the steps of the above formal homogenization technique more transparent, we
apply it to the simplified model (2.9), written in a strong form as

D (¢e(x) Dru(z)) = f(x) VeeM,

where ¥(y) := thc(ey) and r := L is fixed throughout this subsection. We calculate
the application of the full derivative D, (see Appendix A.2 for the precise definition)
to (4.1),

Dyu(w,y) = (Dyr Ty, + £ Dyr) (u’(2) + et (z,y) + )
= DLTuO(x) + Dy,rul(x, y) + eDLrTy,Tul(x, y)+ -

and hence insert (4.1) into (2.5),
(Dy,—+Ty,—r+1Dy _) (Y (y) (D pu® (2)+ Dy pul (z,y)+ ) = f(z) Yz €M, Yy € P,

and change the discrete derivative with respect to € M to the continuum derivative
with respect to = € R:

(Va,—rTy—r+1Dy ) (¥(y) (Vo u’(2)+ Dy pu' (z,y)+ - +)) = f(z) Yz €R, Vy € P.
Collecting the O(e~!) terms in this equation yields
Dy —(¥(y)(Va,u®(z) + Dy, u' (z,y)) = f(z) VzeR, VyeP,
and we can formally write the solution to this equation as
ut(z,y) = x(Vou' (2)),
where the cell problem (4.4) in the strong form reads

Dy (¢ (Fr+ Dy, x(F))) = 0.
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For our simplified model, the cell problem admits the exact solution

(4.11) Dy, x(F) = % — Fr

with C = Fr{l/¢)p and P given by (2.7). The homogenized energy density is
therefore
(4.12)

B(F) = (V3 (Fr+ Dy)®)p, = (63 (Fr+ S Fr)®) =4 58 = (1/0)51 2,

which yields the homogenized energy

1
EO(u) = / (/)5 T2 g
0

with the correct form of the effective spring constant ¢° = (1 /1/)>7§1, given by the
harmonic average of .

We note that this homogenization procedure, and the result that the effective
energy density coefficient is in the form of a harmonic mean of the original coefficient,
are well known for PDEs [10, Chap. 1]. The expression for ¢° is also in agreement
with that found in section 3.4 for m = 2.

5. Homogenized QC method. We formulate a numerical macro-to-micro
method for treating multilattices, which we call the homogenized quasicontinuum
(HQC) method. We introduce the HQC method in the framework of numerical ho-
mogenization. For the case of materials with known periodic structure (i.e., crystalline
materials) the HQC method will be shown to be equivalent to applying finite elements
to the homogenized equations (see Theorem 6.1).

We emphasize that the HQC method can be generalized to noncrystalline mate-
rials and to time-dependent zero-temperature and, possibly, finite-temperature prob-
lems. Indeed, in section 8 we give an application of the HQC method to a stochastic
material, and in section 9 we present an application of it to a 1D time-dependent
zero-temperature evolution. In addition, the HQC method serves as a convenient
framework for the error analysis [5, 4].

We present the HQC algorithm assuming that the microstructure is a function of
the macroscopic displacement. A reformulation analogous to the concurrent coupling
of [40] is also possible (cf. also Remark 3.3).

5.1. HQC method. The method will be presented using a macro-to-micro
framework as is used in some numerical homogenization procedures [1, 19, 26, 34,
44]. We present the method for the case when the external force f = f. may be
microstructure-dependent.

5.1.1. Macroscopic affine displacement. We again assume a partition 7 of
the domain €2 into simplicial elements T, recall the definition of the space Uk, (3.1),

and introduce its subspace of zero-mean functions Ul C U,

5.1.2. Sampling domains. We choose a representative position z77¥ € £ and
a sampling domain S;7* := z77® + €P associated with each T' € 7;. The sampling
domain is normally chosen inside 7' (the mesh can be highly refined in certain regions,
and therefore some sampling domains S3¥ may be bigger than T).

The sampling domains have the associated operator of averaging over the sampling
domain, (e),cgrer, and the functional space Uy (S ") = Uy (eP) (see (A.1) for the

precise definition).
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5.1.3. Energy and macro nonlinear form. Define the atomistic interaction
energy of the HQC method,

(5.1) EM(u") = ) [TVe(Dr, Rr(u"))), c grev.

TeTh

where Rr(u"), defined by (5.3), is the microfunction constrained by u” in the sampling
domain S3P.

The functlonal derivative of the above energy reads

(5.2) (OB (u"),0")q Z|T|<Z (Dr. Rr(u >>,DraRT<uh>vh> ,
wGSGC

TeTh reR

where SRy (u") is the functional derivative of the reconstruction Ry (u”) defined below.

5.1.4. Microproblem. Given a function u" € U”, ., Rr(u") is a function such

per’
that Rp(u) — ull, € Uy (SyP) and

(5.3) < > V! (Dr. Rr(uh)), Drs> =0 VseUy(SeP),
€SP

r€ERe

where uft is an affine extrapolation of u”|r over the entire R%. If S7P C T', then ult,
can be substituted with u".

REMARK 5.1. When modeling essentially nonlinear phenomena (e.g., martensite-
austenite phase transformation), one should require that the microstructure corre-
sponds to a stable equilibrium. That is, one should require, in addition to (5.3), that
w = Ry(u") —ult € Uy (SFP) is a local minimum of (Ve(Dgr_ (ult, + w)))gesrer [43,
p. 238].

REMARK 5.2. In the case of linear interaction, the reconstruction Ry is a linear
function, and hence SRy (u")v" = Rp(v"), which makes the derivative of the HQC
energy (5.2) take the form

(6EMaC = |T|< > V! .(Dr.Rr(u )),DTRT(Uh)> .
TETh TER. zeSIP

REMARK 5.3. The functional derivative of the HQC energy (5.2) can equivalently
be written as

(5.4)  (SEM°(u"), oM = |T|< > V.u(Dr.Rr(u )),(VrthT)> ;

TETh reR. zESP

by noting that D,6Ry(u")vh = Drvﬁn + (DT(SRT(uh)vh) — Drvﬁn), that

> (V! (Dr.Rr(u")), (DyoRr(u)w" — Dyvft,))yesier =0
TER

in view of (5. ) and that Drvﬁn = V,v" on each T. Here we used the fact that
SRr(ul)vh — ol € Uy (SEP), which follows from taking the functional derivative of
Rr(ul) — uff, € Up(STP).
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5.1.5. Reconstruction. The functions Rr(u”) describe the microstructure of
the solution inside each S”. One can reconstruct the solution describing the micro-
structure, u/¢, from the homogenized solution u” by combining Rz (u") into a single
function defined on the entire atomistic lattice M:

(5.5) uC(z) = Rp(u")(z) (z € TNM).

That is, we effectively extend Rr(u”) periodically on each T'. It should be noted that
(5.5) does not uniquely determine u"¢(x) if x € 9T for some T € Tj,.

5.1.6. Variational problem. We define the homogenized QC approximation
as the solution u” € Z/{q’;ﬁ of

(5.6) (OB (uM), v")q = FP(u) Yol e UL,

where

(5.7) Fre(oh) = N [T (fe,0") pesrer
TeTh

If the external force is smooth, it could instead be evaluated for a single representative
atom.

In the case of linear nearest-neighbor 1D interaction it can be shown that (5.7) is
well-posed and that the HQC solution u" approximates the solution u of the original
equations only in the Ly norm. To get a good approximation in the H' norm, the
reconstructed solution u"¢ should instead be considered. (This is analogous to the
case of continuum homogenization; see the discussion in section 2.2.) We will report
the analysis for the nonlinear case in a separate paper (see the preprint [4, Thms. 4
and 5] for the analysis of a linear model).

5.2. HQC algorithm. The problem (5.6) is nonlinear, and its practical imple-
mentation is usually done by Newton’s method. We briefly sketch below an algorithm
for solving (5.6).

For Newton’s method we need to compute the second derivative of the energy
(5.1):

FEE oo = 3 |T|< S VY (Dr, Re(u) DyoRe (u ',
(5 8) TeTh r,PER ¢
DT5RT(uh)vh>

zeSy®

5.2.1. Newton’s iterations for the macroproblem. The algorithm based
on Newton’s method consists of choosing an initial guess u™(©) ¢ Z/{;; and performing
iterations
(5.9)

hqc J(n n n hqc n c
<52E 4 (uh’( )) (uh’( 1) gy )),vh>Q = <5E q (uh’( )),vh>Q—|—th (") Vol EZ/{;}&,
with n = 0,1,..., until «(+1 becomes close to u(™ in a chosen norm.

To solve the linear system (5.9) for w1 — () ¢ Z/{;L&, we choose a nodal

basis w} (1 <k < K) of U"

per*

One way to satisfy the condition (u”)q = 0 would be
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to perform all the computations with one basis function eliminated (e.g., to consider
wl for 2 < k < K) and postprocess the final solution as u” — (u)q.
The stiffness matrix of the system (5.9) will thus be

Alm _ <52thc( h, (n))wl ,U)h >Q7

and the load vector will be
by, = <5thc (uh’(”)),wﬁl>ﬂ + Fhac(yh ),

As given by the formula (5.8), we need to compute the solution of microproblem
Ry (u™(™) on each sampling domain S5 as well as its derivative dRp(u(™)w}

5.2.2. Solution of the microproblem. The microproblem (5.3) can also be
solved with Newton’s method. For that, in each T one needs to choose an initial guess

RY to Ry(uh™), for instance R\ (z) := u™™ (z), and solve

<Z V. (DR B+ 3 VI (Dr.RY)D,(RY TV — RY), Drs> =0

reR r,pER ¢ zESKP
Vs € U (S1P),

with respect to Ry (v+1) (vr=0,1,...) constralned by R(VH) uﬁn(n) € Uy (SE?), until
the difference between R/, U+ and R is small in a chosen norm.
After that, we can compute 5RTwl = 5RT( ”)) wl by solving

(5.10) < Z v/ (Dr.R V)) »(ORTw]), Drs> =0 VselUx(Sy®)

T,pER zeSEP

constrained by SRrw — (wi)im € Uy (SyP). Notice that the gradients of all but d+ 1
basis functions Dr(wlh)lin inside T are zero, which implies that we essentially need to
solve the problem (5.10) d + 1 times.

Also observe that when computing 5RT( h, ("))w , we need to invert the same
linear operator as in the final Newton iteration, which allows for some additional
optimization.

5.2.3. Possible modifications of the algorithm. First, notice that when
solving for u™("*t1) we could linearize the problem on the previous iteration u™ ().
In that case we would have linear cell problems, and thus we would need only outer
Newton iterations, but it would be required to keep the values of the microsolution
Ry (u™(™) from the previous iteration. We notice, however, that for a practical
implementation of the above algorithm it may also be required to keep the values of
the microsolution: one needs these values to initialize the inner Newton iterations;
depending on the initial guess for the microproblem, the iterations may converge to
a wrong microstructure.

Another modification could be to compute the contribution of the external force
fe in (5.7) for a single atom in the case of no oscillations in f..

In the case of linear interaction, the algorithm becomes simpler: one does not
need to do Newton iterations. Nevertheless, the algorithm in section 5.2 is applicable
to the linear problem, where it converges in just one iteration.
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6. Equivalence of numerical methods for multilattices. In this section
we show the equivalence of three different methods for computing the equilibrium
of multilattice crystals, namely (1) the proposed HQC method, (2) finite element
discretization of continuum homogenization, and (3) the MQC method. We compare
only the interaction energy of the method, since the external forces for these methods
can always be chosen the same.

Below we specify the three methods that we compare. It should be noted that,
given the macroscopic displacement uh, we cannot guarantee uniqueness of the energy,
as there may be several solutions to the microproblems corresponding to different
phases of a multilattice crystal. To rigorously address such nonuniqueness, we allow
for all possible combinations of microfunctions in each element T' € 7}, and compare
the set of the resulting energies on a fixed u € U], for the three methods.

In the following definitions we adopt the convention that for two sets, A and B,
and a number, v, A+ B:={a+b:a€ A, b€ B} and vA :={vya:a € A}.
Method 1 (HQC). For v € U}, we define the energy of the HQC method as a set

Ehac(yh) C R,

(6.1) Bl = Y T e (u

TETh
where e}%qc(uh) C R is defined as
enI(y = {{(Ve(Dgr.Rr(u ))>z€5¥p : Rp(u”) is a solution to (5.3)}.

Method 2 (FEM for homogenized equations). The energy of FEM discretiza-
tion of the homogenized energy is E°(u"), defined by

(6.2) E°(wh) == > T 2°(Vut|r),
TeTh

where ®° is defined as a set
O(F) :== {{V(FR + Dy rX) >yeP : x is a solution to (4.4)}.
Method 3 (MQC). We define

(6.3) EmC(ul) = 3" T e
T€Th

where

[
~EB
0
O
i
——
SR

Z < (Vu"|7)R Z ah|r) DReﬁwa(ﬁpﬁ)>

=0

q" = q(Vu") is a solution to (3.6)}.

THEOREM 6.1. Let Ty, be a triangulation of Q, and U",, be the associated function

per

space defined by (3.1). Then for any u € U, there holds

thc(uh) _ EO(uh) _ E1ch(uh)7
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where BP9 (u), EO(uh), E™(u") are defined by, respectively, (6.1), (6.2), (6.3).
Proof. Part 1, EM°(u) = E°(u"). First, we show that the microfunctions of
Methods 1 and 2, Rr and Y, are related through

(6.4) (Rr(u")) (2) = ufta () + ex(Va"|r; ).
Indeed, denote F = Vu"|r and compute D, Rr(u”):
(65) DT’RT(uh) = Druﬁn + EDTX(F; %) =Fr+ Dy,TX(F; %)

The following calculation shows that the left-hand sides of (5.3) and (4.4) coincide up

to a factor e~ !

reER

<Z V! (DR (@) Rr(u"); ), Drs($)>
zeSP

= <Z W(DR(y)RT(Uh)7 y)a elDy,rs(ey)>
yeP

reER

= 61<Z W(FR"_D%R X(F;y)§y)7Dy,rU(y)> )
reR yeP

where we do the change of the independent variables y = %, and of the test function
o(y) = s(ey). Hence (6.4) indeed relates the set of solutions of (5.3) and (4.4) with
F= Vuh|T.

The following straightforward calculation concludes the proof of ENMc(yh) =
E°(uh):

ent(uh) = <Ve(DReRT(uh))>rES?"

= <Ve((VUh|T)Re + Dy,ReX(v“HT? %)»IGS}”’

= (V((Vu"|r)R + Dy rx(Vu"|159))), cp = (Vi |7),

where we used (6.5) in the first step of this calculation.
Part 2, EMC(yh) = E™9¢(y/). The main component of the proof consists of
fixing T' € T;, and showing that ¢"|r and Ry (u") are related through

(6.6) galr =U(epa) —U(0),  a=0,...,m—1,

where U := Rp(ul) —ult € Uy (SFP).
First, assume that Rr(u”) is a solution to (5.3). Notice that due to the eP-
periodicity of U, we can write

m—1

Uz) =Y Ulepa) wa(@);

a=0

then subtracting the constant U(0) and applying D, yields

m—1
D, U(z)= D, (—U(O) +) U(epa)wa(x)>
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ol

m—1

Z qa|T wa

where we used the identity 27" w,(z) = 1 for all z € M.
We then substitute ¢” |7 = U(eps) — U(0) into (3.6). The argument of V, in (3.6)
can be written as

(6.7)
m— m—1
(vu |T Z qa|T DRe Bwa(epg) - DReB <u11n + Z QQ|T wa(6p5)>
a=1 a=1
= Dr., (Uﬁn + U(ﬁpﬁ))
= DRe(w)RT(uh)(xﬂag:epB’

and therefore, upon noticing that summations over = epg and over z € S;°* coincide
for the eP-periodic functions, we conclude that the left-hand sides of (3.6) and (5.3)
coincide when s(z) is chosen as s(z) = wy(z) — (wy(z))zeep, v =1...,m — 1 (then
D,s = D,w.,). This proves that ¢"|r = U(ep,) — U(0) satisfies (3.6).

To show the converse, assume that q” is a solution to (3.6), and let Ry be defined
through (6.6). We then notice that, due to calculation (6.7), (5.3) holds with the
function s(z) = wy(x), y =1...,m — 1, and, obviously, with the function s(z) = 1.
These functions form a basis of Uper(P) = Uper(S77), and therefore (5.3) holds with
any s € Uy (ST) C Uper(STY); that is, Ry is a solution to (5.3). This concludes the
proof that the set of solutions of (3.6) and (5.3) are related through (6.6).

The stated identity E™9(u") = EMC(y") follows from e29(u?) = ehd(uh),
which follows directly from (6.7). O

REMARK 6.1. One can consider yet another approach to coarse-graining mul-
tilattices, namely consider the discretely homogenized equation (4.7) and apply to it
the standard QC method (see section 3.2). As a result, one will obtain energy of
(®°(VuM))q, which obviously coincides with the energy of the FEM applied to the
continuously homogenized equations.

As a corollary of Theorem 6.1 and Remark 6.1, the solutions corresponding to
the different methods considered, being critical points of the energy, also coincide (of
course, provided that the external force is treated in the same way for these methods).
Theorem 6.1 and Remark 6.1 are graphically summarized in Figure 4.

7. Application of the HQC method to a multilattice. In this section we
briefly report the results of application of the HQC method to the multilattice [4, sect.
8]. Note that due to Theorem 6.1, application of the MQC method to the multilattice
gives the same results.

We apply the HQC method to the 1D linear model problem, which is the same as
the one in section 2.2 but with a larger interaction range R. We compute the HQC
solution, u”, and the reconstructed (corrected) solution, u™¢, and compare them to
the exact solution wu.

We prove (for nearest-neighbor interaction) and observe in numerical experiments
that [|u — u|| g1 (A1) converges with the first order in h, where h = maxre7 diam(T)
and || @ || g1 (rq) denotes the discrete H' norm on the lattice M. Furthermore, we show
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F1c. 4. Equivalence of different methods. In Theorem 6.1 we prove equivalence of the proposed
method (HQC), the multilattice quasicontinuum method [43] (MQC), and FEM applied to the ho-
mogenized equations. Also, in Remark 6.1 we mention that they are equivalent to the QC method
(QC) applied to the discretely homogenized equations.
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F1a. 5. Results of application of the HQC method to a multilattice. A 1D linear nearest-
neighbor interaction model was used. We observe a first-order convergence of ||u’° — “”Hl(M)’ no

convergence of ||ul — ull g1 (amy, and a second-order convergence of [lul — ull L2 aq), which stagnates
at some point as h is refined.

that |Ju” — ullLzomy < C1h? + Cye; that is, the Lo-error converges with the second
order up to some point where it stagnates at the level of Cye as h is further refined.
The H'-error of u” — u, on the other hand, stays essentially constant as h is refined.
The results of our numerical experiments are shown in Figure 5.

The results of application of the HQC method to a nonlinear interaction are
qualitatively same as the presented results for the linear interaction.

8. Application of the HQC method to stochastic materials. The HQC
method can readily be generalized for noncrystalline materials such as glasses or com-
plex metallic alloys. For that, lacking the period of the microstructure P, one needs
only to take S* large enough to accurately represent the material’s microstructure.
In this section we present an example of such computation.

In addition to taking S}-* large enough, one could also average over an ensemble
of samples of different microstructures for a given macroscopic displacement gradient
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Fi1a. 6. Stochastic atomistic model: An illustration of the model (left) and an exact solution
for 32 x 32 atoms (right).

Vu"|7 in each element T'; however, we do not pursue this in the present work. We
refer the reader to [12, 27] and references therein for theoretical studies of stochastic
homogenization of lattice energies.

We take an atomistic system of 2048 x 2048 atoms. That is, we choose € = ﬁ
and M = ¢Z%N[0,1)%. The atomistic bonds are chosen to have quadratic interaction
energy,

E(u) = <Z %¢6,T($)|DTU|2>
reEM

reR

with R = {(1,0),(0,1),(1,1),(—1,1)}, as illustrated in Figure 6(a). The bonds’
strengths 1., are randomly generated with a uniform distribution between 0.5 and
10 for r = (1,0) and r = (0,1) (i.e., vertical and horizontal bonds), and between 0.1
and 5 for r = (1,1) and r = (—1,1) (i.e., diagonal bonds). Such choice of . , leads
to interaction energy F(u) being a convex function of u. Ounly a single realization of
Ve r is used for this test.

The external force is chosen as

_ — COS(7T$1)27COS(7712)2 Sil’l(27‘(’$1) 7
J(@1,2) = 10 < sin(27x2) f;

where f is determined so that the average of f is zero. The equilibrium configuration
for a system with 32 x 32 atoms is illustrated in Figure 6(b). We stress that we no
longer have the period of the microstructure P and the associated representation of
the energy (2.2) which was needed in formulation of the MQC method or applying
the formal homogenization techniques.

We apply the HQC algorithm to the described system. We choose the sampling
domain S7** as a subsystem of Nyep X Nyep atoms. We then compute the HQC solution
and compare it to the exact solution of the problem. A structured triangular uniform
mesh with right-angled triangular elements with the leg size h = %, %, ... is used.

For comparison, we also produce the results of calculation with an affine displace-
ments for computing the effective elasticity tensor in each element 7', i.e., when atoms
are not allowed to relax to equilibrium when an external displacement gradient F is
applied.

The relative errors of the interaction energy of the HQC and affine-displacement
solutions (EM° and E24, respectively), as compared to the energy of the exact solution
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Fic. 7. Dependence of relative error of computing the energy with the HQC method and a
straightforward application of the Cauchy—Born rule. The squares and diamonds correspond to
Niep = 2048 (i.e., when the microproblem coincides with the entire system). A second-order con-
vergence of the HQC method is observed, whereas the Cauchy—Born rule solution does not converge.
The dot-dashed and dotted curves are \thc — E| for Nrep = 128 and Nrep = 16, respectively.

E, are plotted in Figure 7 for different mesh size h and different sampling domain size
Nrep. A second-order convergence of the HQC method and absence of convergence
of the solution computed according to the affine deformation can be observed. One
can also see that with N, = 128 (and even with N,e, = 16) one can get a rather
accurate numerical solution.

9. Application of the HQC method to time-dependent problems. We
apply the proposed HQC method to the 1D evolution of a multilattice, assumed to
be slow (i.e., with no thermal oscillations), described by the following equations:

(9.1a) (M, v)pm = (OE(u),v)pm YU € Uper (M),
(9.1b) ulp=o = u®,
(9.1c) o = 0.

Here u = u(t,x) € C?([0,T];Uper(M)) is the time-dependent displacement of atom
z, u® = u%(z) € Uper(M) is the initial displacement, M¢(z) = M (%) is the mass of
atom x, 1 = %u, and 4 = %u. The energy E(u) of a deformation of the multilattice
M is as defined in section 2.1. The masses M = M (y), as well as the interaction, are
‘P-periodic functions. We assume no external forces.

One can, assuming no fast oscillations in time of the microstructure, perform the
two-scale expansion procedure for the time-dependent case (which closely follows the

continuum case [10]),
(9.2) (MO, v) g = (6E° (u),0) pm1 V0 € Uper(M),

where EY(u) is given by (4.10) and M°? = (M)p, and likewise formulate the macro-
to-micro discretization [3, 22],

<M0ahvvh>/\/[ = <5thc(uh)7vh>M Vv € ugcr'

For the numerical test we take the same lattices as for the simplified model with
m = 2 (see section 2.2). The atoms interact with the Lennard-Jones potential (2.1)
with

18
|

is half-integer, ¢ {1.01, Z is half-integer,
T, xt+er —

0.4,
S =
o {1.6, 2 is integer, 0.99, ¢ is integer,
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FiG. 8. Error of time-dependent solution in (the discrete analogues of) the L ([0,T]; L?(Q))
norm (left) and L?([0,T]; H'(Q)) norm (right).

and the cut-off distance R = 3. The masses of atoms are

Me(z) = {1, 2 is half-integer,

T e
2, 2 is integer.

The atomistic system contains #(M) = 24 atoms.

The initial displacement has to conform with the assumption of absence of fast
vibrations of the microstructure. It is chosen in the following way. First, we compute
an equilibrium displacement wu, i.e., such that (0E(u),v)y = 0 for all v € Uper(M).
Second, we compute an eigenvector of 62E(u), uy, corresponding to the mode oscillat-
ing most slowly. Then, the initial displacement is taken to be u® = u 4 0.01 m.
With such an initial displacement, the solution remains smooth (i.e., most of energy
of the solution is contained in long wavelength modes) for times comparable to the
largest oscillation period, and one can compare a QC approximation of the solution
with the exact solution. Beyond this critical time, the shock waves appear, which
cause fast vibrations of the microstructure past them and hence make the approxi-
mation (9.2) invalid.

We compare the reconstructed solution obtained by the HQC discretization in
space with the reference solution obtained in the full atomistic computation. The
reconstruction of the HQC solution is performed as described in section 5.1.5. The
sampling domains S7°* were chosen to be €P up to a shift in eZ. The HQC discretiza-
tion is performed on a sequence of meshes with A = %, %, .... For the time integration,
we use the Verlet method with the timestep 7 = Zloh for the HQC solution and 7 = %e
for the reference atomistic solution. We run the computation until 7' = 2%, which
corresponds to about a quarter of a period of oscillation of the solution.

The errors in (the discrete analogues of) the L>°([0, T]; L?(£2)) norm and L?([0, T]; H*())
norm are presented in Figure 8. One can clearly observe for relatively large h a second-
order convergence in the L?(£2) norm and a first-order convergence in the H!() norm,
and the convergence seems to stagnate as h is further reduced.

10. Summary and concluding remarks. We have considered the problem of
equilibrium of multilattice crystalline materials and discussed the application of the
(local) QC method [43] for such materials. We then have proposed a homogenization
framework and, based on it, proposed a numerical macro-to-micro method which we
called HQC. We have shown that the three methods, namely the HQC method,
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the QC method applied to the discretely homogenized equations, and the MQC, are
equivalent.

Despite equivalence of the methods for statics of multilattice, we argue that the
homogenization framework developed in this paper has several advantages. First, it
contributes to a better understanding of the MQC method and provides a link to the
existing theory of homogenization of PDEs. In particular, we have generalized and
applied the HQC method to the case of random materials and to the unsteady case,
numerically demonstrating convergence of the proposed numerical method. Second,
the developed homogenization framework allows for application of analytical tech-
niques available in the homogenization theory and thus seems most promising for
convergence analysis of numerical methods for multilattices. We refer to our preprint
[4] and an ongoing work [5] for an example of such analysis. We also note that the ex-
tension of the homogenization technique proposed in this paper to atomistic materials
at finite temperature is of high interest.

Appendix A. Notations. In this appendix we gather the frequently used no-
tations.

A.1. Function spaces. For any finite set S C R?, we define the discrete aver-
aging (integration) operator () by

s = —— 3 u(a),

zeS

and sometimes, more verbosely, as (u(z)),ecs. Here #(S) is the number of elements
in the set S.

We consider discrete periodic functions (e.g., displacements or external forces)
with the periodic cell = [0,1)¢ (d € N), and the lattice (being, actually, the discrete
periodic cell) S C Q (S = L, M) containing a finite number of points: #(S) < oo.
The periodic extension of the lattice is denoted by Sper = S + Z%. Such a space of
periodic functions is denoted by

(A1) Uper(S) = {u: Sper > R+ u(z +a) = u(z) Vo € S, Va € 2},
and the space of periodic functions with zero average by
Uy (S) = {u € Uper(S) : (u)s = O}.

We do not have separate notations for scalar and vector-valued functions and explicitly
state whether the function is scalar- or vector-valued when it may cause ambiguity.
Similarly to the discrete averaging, we also use continuum averaging notation
(u)yo == [, u(z)dz, and for functions of two variables we write (v)s, x5, = ((v)s,)s,,
where each S; (i = 1,2) can be either continuous or discrete.
For vector-valued v = u(z) and v = v(x) we denote the pointwise scalar product
by u-v (i.e., (u-v)(z) = u(x) - v(x)), and the semi-inner product in Uper (L) by

1
(u,v)g = (u-v)g = mﬂ;ﬂu(x) -v(x).

(It is a proper inner product only in Uy (L).) We similarly define the pointwise scalar
product and the (semi-)inner product for functions of continuum variables and for
functions of several continuum or discrete variables.
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A.2. Operators. Foru : S — R? (S = £, M) we introduce the finite difference
Dz,Tuv

u(x + er) — u(x)

(for € S, r € R? such that z 4 er € S).
€

Dy yu(zx) :=
In addition to differentiation operators, we define for u € Uper(£1) the translation
operator Tpu € Uper(L1),

Ty ru(z) = u(x +er) (for z € S, 7 € R? such that 2 + er € S).

The definitions of the discrete derivative and translation generalize to functions of
two variables by considering the partial discrete derivative and translation operators;
ie., Dy, Ty, applied to u(e,y), and Dy ., T, » applied to u(z,e).

In homogenization we consider “traces on diagonal” of functions of two variables,
v = v(x,2). For such functions we introduce full translation and full derivative
operators T, := Ty Ty », Dy := %(TT —I) so that

(A.2) (T)l,_z = To(ul,_2) and  (Du)],_z = Dy (ul,_z ).

€

The following relates the partial and the full derivatives:

D, = Y1,,T,, -1
= t(TopTyr = Tyr) + 2(Tyr = 1)
(A.3) = Dy, Tyr+ 1Dy,

Notice that the variables x and y are not symmetric in the definition of full
derivative. If a function does not depend on y, then the full derivative coincides with
the derivative in z (likewise for the translation). Hence, for functions of = only, we
sometimes omit the subscript  in the operators D, , and T} ,..

For continuous functions we denote by Vu a gradient of u and by V,u = (Vu)-r a
directional derivative. For a vector-valued function u, the directional derivative V,u
is defined componentwise, and the gradient Vu is a matrix such that V,u = (Vu)r.

A.3. Functions of vector-indexed variables. We consider a general form
of interaction, where the energy of each atom depends arbitrarily on relative dis-
placements of all the nearby atoms. Namely, for the “interaction neighborhood”
R ={r1,...,7%} we consider functions

V(Dyyu, Dryu, ..., Dyyu).

Since the interaction neighborhood may be different for different atoms (recall that
we consider multilattices) and contain different numbers of neighbors k, we index
derivatives directly with » € R. That is, we use the following notation for tuples «
indexed with r € R,

(r)rer = (Qryy - oyar,) for R={r1,...,7%},
and define

DRU = (DTU)TERa VR’U, = (VTU)T‘ER'
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Thus, for the functions of R-indexed tuples we write
V(Dru) := V(Dy,u, Dpyu, ..., D).

The common algebraic operations on R-indexed tuples are taken componentwise,
e.g.,

(A4) Dru+ Drv = (Dyu+ Dyv)rer, FR = (Fr),er, etc.,

which is fully analogous to the algebraic operations on k-dimensional vectors.
A partial derivative of V(Dgru) with respect to Dyu (r € R) is denoted by
V!(Dru).

Acknowledgments. We thank the three anonymous referees for many com-
ments that led to significant improvement of this paper.
REFERENCES
[1] A. ABDULLE, The finite element heterogeneous multiscale method: A computational strategy

for multiscale PDEs, in GAKUTO Internat. Ser. Math. Sci. Appl. 31, Gakkotosho, Tokyo,
2009, pp. 135-184.

[2] A. ABDULLE, A priori and a posteriori error analysis for numerical homogenization: A unified
framework, Ser. Contemp. Appl. Math. CAM, 16 (2011), pp. 280-305.

[3] A. ABDULLE AND M. J. GROTE, Finite element heterogeneous multiscale method for the wave
equation, Multiscale Model. Simul., 9 (2011), pp. 766-792.

[4] A. ABDULLE, P. LIN, AND A. V. SHAPEEV, Homogenization-Based Analysis of Quasicontinuum
Method for Complex Crystals, preprint, 2010, arXiv:1006.0378v1.

[5] A. ABDULLE, P. LIN, AND A. V. SHAPEEV, A one-dimensional nonlinear analysis of the mul-
tilattice quasicontinuum method, in preparation.

[6] R. AricANDRO, M. CICALESE, AND A. GLORIA, Integral representation results for energies

defined on stochastic lattices and application to nonlinear elasticity, Arch. Ration. Mech.
Anal., 200 (2011), pp. 881-943.

[7] 1. BABUSKA, Homogenization and its application. Mathematical and computational problems,
in Numerical Solution of Partial Differential Equations, 1976, pp. 89-115.

[8] N. S. BAKHVALOV, Awveraged characteristics of bodies with a periodic structure, Dokl. Akad.
Nauk SSSR, 218 (1974), pp. 1046-1048; English translation: Phys. Dokl., 19 (1974-1975).

[9] P. T. BAUMAN, J. T. ODEN, AND S. PRUDHOMME, Adaptive multiscale modeling of polymeric
materials with Arlequin coupling and Goals algorithms, Comput. Methods Appl. Mech.
Engrg., 198 (2009), pp. 799-818.

[10] A. BENSOUSSAN, J.-L. LioNs, AND G. C. PAPANICOLAOU, Asymptotic Analysis for Periodic
Structure, North—Holland, Amsterdam, 1978.

[11] X. Branc, C. LE Bris, AND P. L. LIONS, Atomistic to continuum limits for computational
materials science, M2AN Math. Model. Numer. Anal., 41 (2007), pp. 391-426.

[12] X. Branc, C. L Bris, AND P. L. LioNs, The energy of some microscopic stochastic lattices,
Arch. Ration. Mech. Anal., 184 (2007), pp. 303-339.

[13] W. CHEN AND J. FisH, A generalized space-time mathematical homogenization theory for
bridging atomistic and continuum scales, Internat. J. Numer. Methods Engrg., 67 (2006),
pp. 253-271.

[14] W. CHEN AND J. FisH, A mathematical homogenization perspective of viral stress, Internat. J.
Numer. Methods Engrg., 67 (2006), pp. 189-207.

[15] P. W. CuuNG, Computational method for atomistic homogenization of nanopatterned point
defect structures, Internat. J. Numer. Methods Engrg., 60 (2004), pp. 833-859.

[16] P. W. CHUNG AND R. R. NAMBURU, On a formulation for a multiscale atomistic-continuum
homogenization method, Internat. J. Solids Structures, 40 (2003), pp. 2563-2588.

[17] M. DoBsoN, R. S. ELLioTT, M. LUSKIN, AND E. B. TADMOR, A multilattice quasicontinuum
for phase transforming materials: Cascading Cauchy Born kinematics, J. Computer-Aided
Materials Design, 14 (2007), pp. 219-237.

[18] M. DoBsoN, M. LuskIN, AND C. ORTNER, Stability, instability, and error of the force-based
quasicontinuum approzimation, Arch. Ration. Mech. Anal., 197 (2010), pp. 179-202.



ASSYR ABDULLE, PING LIN, AND ALEXANDER V. SHAPEEV

W. E, B. EncquisT, X. L1, W. REN, AND E. VANDEN-ELINDEN, Heterogeneous multiscale
methods: A review, Commun. Comput. Phys., 2 (2007), pp. 367—-450.

W. E AND P. MING, Cauchy-Born rule and the stability of crystalline solids: Static problems,
Arch. Ration. Mech. Anal., 183 (2007), pp. 241-297.

Y. EFENDIEV AND T. Y. Hou, Multiscale Finite Element Methods. Theory and Applications,
Surveys Tutorials Appl. Math. Sci. 4, Springer, New York, 2009.

B. EncqQuisT, H. HoLsT, AND O. RUNBORG, Multi-scale methods for wave propagation in het-

erogeneous media, Commun. Math. Sci., 9 (2011), pp. 33-56.

L. ERICKSEN, On the Cauchy-Born rule, Math. Mech. Solids, 13 (2008), pp. 199-220.

FisH, W. CHEN, AND R. L1, Generalized mathematical homogenization of atomistic media
at finite temperatures in three dimensions, Comput. Methods Appl. Mech. Engrg., 196
(2007), pp. 908-922.

G. FRIESECKE AND F. THEIL, Validity and failure of the Cauchy-Born hypothesis in a two-

dimensional mass-spring lattice, J. Nonlinear Sci., 12 (2002), pp. 445-478.

M. G. D. GEERs, V. G. KOUZNETSOVA, AND W. A. M. BREKELMANS, Multi-scale computational
homogenization: Trends and challenges, J. Comput. Appl. Math., (2010), in press.

A. GLORIA AND F. OTTO, An optimal variance estimate in stochastic homogenization of discrete
elliptic equations, Ann. Probab., 39 (2011), pp. 779-856.

T. HupsoN AND C. ORTNER, Linear Stability of Atomistic Energies and Their Cauchy-Born
Approzimations, OxMOS Preprint 31, University of Oxford, Oxford, UK, 2010.

B. VaN KoTeN, X. H. L1, M. LuskIN, AND C. ORTNER, A computational and theoretical inves-
tigation of the accuracy of quasicontinuum methods, in Numerical Analysis of Multiscale
Problems, O. L. I. Graham, T. Hou, and R. Scheichl, eds., Springer, New York, to appear.

P. LIN, The theoretical and numerical analysis of the quasicontinuum approrimation of a
material particle model, Math. Comp., 72 (2003), pp. 657-675.

P. LiN, Convergence analysis of a quasi-continuum approximation for a two-dimensional ma-
terial without defects, STAM J. Numer. Anal., 45 (2007), pp. 313-332.

J. Lu AND P. MING, Convergence of a Force-Based Hybrid Method for Atomistic and Contin-
uum Models in Three Dimension, preprint, arXiv:1102.2523.

C. MAKRIDAKIS AND E. SULI, Finite Element Analysis of Cauchy-Born Approximations to
Atomistic Models, Eprints Archive of the Mathematical Institute, University of Oxford, ID
code: 1451, 2011.

C. MIEHE AND C. G. BAYREUTHER, On multiscale FE analyses of heterogeneous structures:
From homogenization to multigrid solvers, Internat. J. Numer. Methods Engrg., 71 (2007),
pp. 1135-1180.

R. E. MILLER AND E. B. TADMOR, The quasicontinuum method: Overview, applications and
current directions, J. Computer-Aided Materials Design, 9 (2002), pp. 203-239.

P. MING AND J. Z. YANG, Analysis of a one-dimensional nonlocal quasi-continuum method,
Multiscale Model. Simul., 7 (2009), pp. 1838-1875.

C. ORTNER AND A. V. SHAPEEV, Analysis of an Energy-Based Quasicontinuum Approzimation
of a Vacancy in the 2D Hexagonal Lattice, in preparation.

C. ORTNER AND E. SULI, Analysis of a quasicontinuum method in one dimension, M2AN Math.
Model. Numer. Anal., 42 (2008), pp. 57-91.

E. SANCHEZ-PALENCIA, Non-homogeneous Media and Vibration Theory, Springer-Verlag, New

A%

[

York, Berlin, 1980.
. SORKIN, R. S. ELLiOTT, AND E. B. TADMOR, A Local Quasicontinuum for 3D Multilattice

Crystalline Materials: Application to Shape-Memory Alloys, manuscript.

I. STAKGOLD, The Cauchy relations in a molecular theory of elasticity, Quart. Appl. Mech., 8
(1950), pp. 169-186.

E. TADMOR, R. PHILLIPS, AND M. ORTIZ, Quasicontinuum analysis of defects in solids, Philos.
Mag. A, 73 (1996), pp. 1529-1563.

E. B. TAbDMOR, G. S. SMITH, N. BERNSTEIN, AND E. KAXIRAS, Mized finite element and
atomistic formulation for complex crystals, Phys. Rev. B, 59 (1999), pp. 235-245.

K. TErRADA AND N. KIKUCHI, A class of general algorithms for multi-scale analyses of hetero-
geneous media, Comput. Methods Appl. Mech. Engrg., 190 (2001), pp. 5427-5464.

S. TORQUATO, Random Heterogeneous Materials, vol. 16, IAM, Springer, New York, 2005.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


