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Effect of Load Distribution and Variable Depth on Shear 
Resistance of Slender Beams without Stirrups
by Alejandro Pérez Caldentey, Patricio Padilla, Aurelio Muttoni, and Miguel Fernández Ruiz

The shear resistance of elements without stirrups has mainly been 
investigated by test setups involving simply supported beams of 
constant thickness subjected to one- or two-point loading, and most 
of the formulas included in codes have been adjusted using this 
experimental background. It is a fact, however, that most design 
situations involve constant or triangular distributed loading (such 
as retaining walls or footings) on tapered members. Furthermore, 
there seems to be few shear tests involving cantilever structures 
subjected to distributed loading. These structures, which are 
common in everyday practice, fail in shear near the clamped 
end, where the shear forces and bending moments are maximum 
(contrary to simply supported beams of tests, where shear failures 
under distributed loading develop near the support region for large 
shear forces but limited bending moments).

In this paper, a specific testing program undertaken at the Poly-
technic University of Madrid (UPM), Madrid, Spain, in close collab-
oration with Ecole Polytechnique Fédérale de Lausanne (EPFL), 
Lausanne, Switzerland, is presented. It was aimed at investigating 
the influence of load distribution and tapered beam geometrics 
on the shear strength. The experimental program consists of eight 
slender beams without stirrups. Four specimens had a constant 
depth, whereas the others had variable depths (maximum depth 
of 600 mm [23.6 in.]). Each specimen was tested twice: one side 
was tested first under point loading, and then (after repairing) the 
other side was tested under either uniform loading or triangular 
loading. The setup allowed direct comparisons between point and 
distributed loading. The experimental results showed a significant 
influence of the type of loading and of tapered geometries on the 
shear strength. On the basis of these results, and using the funda-
mentals of the critical shear crack theory, a consistent physical 
explanation of the observed failure modes and differences in shear 
strength is provided. Also, comparisons to current design provi-
sions (ACI 318-08 and EC2) are discussed.

Keywords: cantilevers; critical shear crack theory; load distribution; 
reinforced concrete; shear strength; shear tests; stirrups; variable depth.

INTRODUCTION
Most one-way slabs and similar members in practice are 

subjected to distributed loading. These members are usually 
without shear reinforcement and, in many cases, their design 
is governed by shear. This is the case, for instance, for 
retaining walls, footings, earth-covered structures, or silos 
(Fig. 1(a) to (d)), as well as the support regions of some 
tapered slab bridges (Fig. 1(e)) and deck slabs of girder 
bridges (Fig. 1(f)). These members are typically cantilevers 
or continuous slabs and usually have tapered geometries. 
This is contrary to most research performed on shear in 
members without transverse reinforcement, where speci-
mens typically correspond to simply supported beams with 
constant thickness and are subjected to point loading.

Some research has been performed on specimens subjected 
to distributed loading.1-7 However, they mostly focused on 
simply supported beams of constant thickness, where shear 
failures develop close to the supports. Failures thus develop 

with relatively large shear forces but with rather limited 
bending moments, which may not be suitable to reproduce 
failure zones of cantilevers or continuous members8 (with 
the potential failure sections in shear, subjected to maximum 
shear and bending moments simultaneously). With respect 
to research performed on tapered members without shear 
reinforcement, 9-11 it deals mostly with specimens subjected 
to point loading.

This fact raises the question of whether design models not 
based on mechanical models and calibrated on the basis of 
existing tests (such as EC212 or ACI 318-0813) are suitable 
to account for a series of significant effects on shear strength, 
such as:
•	 The strains (or crack widths) limiting shear strength8 and 

actually developing on the shear-critical region of canti-
levers (whose shear and bending moments may differ 
significantly from those of simply supported beams);

•	 The amount of shear that can be carried by the inclina-
tion of the compression chord in tapered members;

•	 The influence of loads applied near supports. As shown 
in Kani et al.14 for concentrated loads applied near 
supports (at a distance smaller than 2.5d to 3d), the shear 
strength of members without transverse reinforcement 
increases significantly (Fig. 2(a)). This is due to the 
fact that, for short-span beams, the critical shear crack 
develops mostly without disturbing the shear-critical 
region (strut carrying shear8). The case of slender beams 
with distributed loads is potentially different, however, 
as the critical shear crack (shape and location) is not 
only influenced by the loads applied near the support 
but also by the rest of the distributed loads.

These effects can significantly influence shear strength. 
Some of them (direct strut action and inclination of compres-
sion chord) may increase shear strength and allow one to 
avoid placing unnecessary shear reinforcement. Others (actual 
crack widths and some cases of inclined tension/compression 
chords) may reduce shear strength with respect to design code 
predictions and potentially lead to unsafe designs.

In a general manner (for members with or without trans-
verse reinforcement), the shear strength can be calculated, 
accounting for these contributions, as

R c s dir chordV V V V V= + + +  (1)
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where VR is the total shear strength; Vc is the shear force 
carried by concrete (due to aggregate interlock or concrete 
tensile strength8,15); Vs is the shear carried by transverse 
reinforcement; Vdir is the fraction of the loads carried by 
direct strut action; and Vchord is the shear carried by the incli-
nation of the chords.

For members with sufficient shear reinforcement, the 
contribution of concrete to the shear strength can be 
neglected15 (Vc ≈ 0) or taken into account indirectly by using 
flatter angles for the struts. The rest of the shear-carrying 
components can be easily assessed in this case on the basis 
of a physical model as, for instance, a stress field (Fig. 2(b)) 
and its corresponding free-body diagram (Fig. 2(c)). For 
uniformly distributed loading, the result is

dir dirV q a= ⋅  (2)

where q is the uniformly distributed load; and adir is the 
length where loads are carried by direct strut action.

1
2tan( )

1 tan( )
2

dir

chord
dir
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− d
 (3a)

where M is the bending moment at the face of the support; 
z is the inner lever arm at this section; and d is the slope of 
the soffit of the member. On the basis of Eq. (3a), Vchord is 
usually approximated for the design of slender members (adir 
<< a, tan(d) << 1) as

tan( )chord
MV
z

= d  (3b)

For members without shear reinforcement (Vs = 0), the 
shear force that can be carried by concrete (Vc) depends 
mostly on the concrete compressive strength and on the 
opening of the cracks in the shear-critical region8 (which can 
be evaluated by means of strain-based models8 or by using 
empirical formulas12,13). With respect to the other contribu-
tions, most design approaches12,13 usually provide a means of 
accounting for Vdir. In many cases, however, the calculation 
of Vchord is not clearly defined (choice of control section), 
or no physical model (allowing a physical understanding as 
the one for members with transverse reinforcement shown in 
Fig. 2(b) and (c)) is provided to do so.

The authors of this paper have previously investigated the 
shear strength of members without transverse reinforcement 
providing a general approach based on the critical shear 
crack theory8 (CSCT). This investigation showed the suit-
ability and consistency of a strain-based model to calculate 
shear strength for members subjected to point or to distrib-
uted loading. Also, the influence of concentrated loads on 
shear failures of tapered cantilever slabs (Fig. 1(f)) was 
investigated on the basis of the same theory with excel-
lent results.16 In this study, the authors present the results 
of a specific experimental program on the shear strength of 

Fig. 1—Examples of one-way slabs and similar members without stirrups: (a) retaining 
wall; (b) foundation; (c) cut-and-cover tunnel; (d) silo; (e) tapered support region of a slab 
frame bridge; and (f) deck slab of box girder bridge.
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slender cantilevers subjected to distributed loading (approxi-
mated by eight concentrated loads). The aim was to provide 
experimental data on a domain where few tests are avail-
able and develop a rational model that accounts for the influ-
ence of strains at the shear-critical region on shear strength, 
the effect of direct strut action on loads near the supports, 
and the contribution of the inclined compression chords to 
shear strength. The experimental results are compared to 
code provisions (EC212 and ACI 318-0813) and the CSCT, 
allowing a better explanation and understanding of the 
behavior of the various shear-transfer actions.

RESEARCH SIGNIFICANCE
Shear is the governing failure mode in many structural 

members without stirrups subjected to distributed loading, 
such as retaining walls, footings, and top slabs of earth-
covered structures. The design formulas of many codes of 
practice, however, are based on tests of simply supported 
beams subjected to point loading. In addition, most avail-
able tests have been performed on constant-thickness speci-
mens, whereas the depth of the members is often variable 
in actual structures. For empirical models based on such an 
experimental background, this may imply that some effects 
significantly influencing shear strength (such as the state of 
strains at the shear-critical region, the direct strut action of 
loads near supports, or the shear carried by the inclination of 
the compression chord) may not be properly accounted for. 
In many cases, this leads to placement of unnecessary shear 
reinforcement or, potentially, to unsafe designs. This study 
presents the results of a test series on reinforced concrete 
(RC) slender cantilevers that allows a direct comparison 
between the shear strength of members subjected to a single 
load or to distributed loading for both constant-thickness or 
tapered beams. The experimental results are consistently 
explained on the basis of the CSCT and compared to various 
shear models.

EXPERIMENTAL INVESTIGATION
Specimens

Eight reinforced concrete specimens were tested under four 
load configurations (each load configuration was tested using 
two specimens). The investigated parameters were: 1) influ-
ence of load distribution (point loading, uniform loading, and 
triangular loading); and 2) influence of variable depth.

Figure 3 shows the geometry of the four different types 
tested. The specimens were named as follows:
•	 CR1/CR2: Constant depth and uniformly distributed 

load (Fig. 3(a));
•	 CT1/CT2: Constant depth and triangular load (Fig. 3(b));
•	 VR1/VR2: Variable depth and uniformly distributed 

load (Fig. 3(c)); and
•	 VT1/VT2: Variable depth and triangular load (Fig. 3(d)).

To avoid bending failure prior to shear failure and to keep 
the reinforcement ratio within reasonable limits for elements 
designed without shear reinforcement, high-strength steel 
bars with a nominal characteristic yield stress of 835 MPa 
(121 ksi) were used as tensile reinforcement. To avoid 
anchorage failures, steel plates were provided at both ends of 
the main reinforcing bars (refer to Fig. 4). The reinforcement 
of all specimens was identical, consisting of two 26.5 mm 
(1.04 in.) bars on the tensile face. On the compression face, 
two 12 mm (0.47 in.) ordinary bars consisting of mild 
reinforcement steel with a nominal characteristic yield 
stress of 500 MPa (72.5 ksi) were placed (refer to Fig. 4). 

Fig. 2—Influence of slenderness and inclination of compres-
sion chord on shear strength: (a) Kani’s valley for members 
without transverse reinforcement; (b) stress field at support 
region of tapered members with shear reinforcement; and 
(c) free-body diagram corresponding to previous stress field.

Concrete cover for all specimens was 25 mm (1 in.) with an 
effective depth d at the clamped section equal to 562 mm 
(22.1 in.) and a reinforcement ratio r (= As/(bwd)) equal to 
0.79% for all specimens.

The geometry of the specimens was selected so that the 
center of gravity of the applied loads remains the same in 
all cases, with a constant ratio between the resultant of the 
applied forces and the effective depth (a/d) equal to 2.75. 
Each specimen was tested on both sides, allowing for a 
direct comparison of the shear strength of concentrated and 
distributed loading. The specimen was loaded on the long 
cantilever side with eight forces simulating a distributed 
load (applied through 160 x 80 mm [6.3 x 3.2 in.] neoprene 
pads) and supported on a steel plate (supporting surface 
equal to 210 x 250 mm [8.3 x 9.8 in.]). As a result, a point 
load reaction developed at the short cantilever (introduced 
through a steel plate of 200 x 250 x 20 mm [7.87 x 7.87 x 
0.78 in.]). For tests under uniform load, the weight of the 
loading arrangement in the long cantilever was 4.0 kN 
(0.9 kips), whereas for tests under triangular load, the weight 
of the loading arrangement in the long cantilever was 5.9 kN 
(1.33 kips). All specimens developed shear failure within the 
short cantilever in the first phase of the test. Thereafter, the 
failure zone was repaired using three sets of two steel plates 
(one placed on the top and the other on the bottom side of the 
beam and tied together by means of four mild steel 12 mm 
[0.47 in.] bars) and the long cantilever was loaded again until 
failure developed within the longer cantilever. The distance 
between the eight loads on the long cantilever as well as their 
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magnitude was chosen to simulate a constantly distributed 
load or a triangular load (refer to Fig. 3).

The load was introduced by means of two 500 kN (112 kip) 
jacks, applied on the long cantilever. Load was increased by 
increments of 25 kN (5.6 kips) until 100 kN (22.5 kips) and 
by increments of 10 kN (2.25 kips) thereafter. After each 

load increment, crack development on the specimen was 
marked and recorded. Each test took approximately 3 hours 
to be performed. Both jacks transferred the same load in 
tests with uniform load (CR1-2/VR1-2), whereas in the 
tests with triangular loading, the jack closest to the central 
support carried 3/4 of the load while the other jack carried 
the remaining fourth. Figure 3 describes the way the load 
was applied for both types of loading.

Concrete properties
All specimens were concreted at the same time with 

concrete coming from the same batch with a target 28-day 
specified strength of 25 MPa (3600 psi). The cement content 
of concrete was 320 kg/m3 (539 lb/yd3) with a water-cement 
ratio (w/c) of 0.54. The maximum aggregate size of concrete 
was 20 mm (0.79 in.). Compression tests were carried out on 
cylinders 150 mm (5.91 in.) in diameter and 300 mm (11.81 in.) 
high the day after each test (a total of 13 concrete tests). 
Figure 5 plots the evolution of the concrete strength with 
time. Also plotted is the EN1992-1-112 prediction of strength 
increase with time for the cement class used (this curve is 
fitted on the basis of the measured compressive strength and 
is used later in the analysis of test results to determine the 
compressive strength of the specimens [Table 1]).

Fig. 3—Tested specimens: (a) test setup for Specimens CR (uniform/point load-constant depth); (b) test setup for Specimens CT 
(triangular/point load-constant depth); (c) forces and dimensions of Specimens VR (uniform/point load-tapered); and (d) forces 
and dimensions for Specimens VT (triangular/point load-tapered). (Note: Dimensions in mm [in.].)

Fig. 4—Reinforcement layout. (Note: Dimensions in mm [in.].)

Fig. 5—Evolution of concrete strength with time.
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Measurements and load introduction
The reactions were measured by means of load cells located 

at each support (two under the central support and two at the 
back stay [short cantilever]). The load applied at the jacks was 
recorded by the central hydraulic pressure and was consis-
tent with the measured reactions (differences remaining less 
than 3% in all cases). The deflections of the cantilever were 
also recorded by means of extensometers located at midspan, 
cantilever tip, and at the back stay cross section.

Test results
The cantilever beams were tested at different ages, as 

shown in Table 2, performing both tests on the same speci-
mens in the same day. All tests failed in a brittle manner 
by shear prior to yielding of the tensile reinforcement. 
Table 2 summarizes the results of the tests in terms of the 
total shear force acting at the face of the support region at 
failure. The total shear force accounts for self-weight of 
the member and of the weight of the loading arrangement 
(Table 2). As can be seen, the test results show a signifi-
cant influence of the type of loading. For constant depth 
members, the shear force is approximately 27.5% higher 
(32% and 23%) for members subjected to uniformly distrib-
uted loading than for members subjected to point loading, 
and 109% higher (107% and 111%) for members subjected 
to triangular loading, also with respect to point load results.

Figure 6 shows the location and shape of the critical shear 
cracks of the various tests. For tests subjected to distributed 
loading, it can be noted that in some cases the critical shear 

crack developed between the first and the second applied 
loads, whereas for others it developed between the second 
and the third or even third and fourth loads (influencing the 
number of loads that could be carried by direct strut action).

DISCUSSION OF TEST RESULTS
Two important effects were investigated with the tests 

performed: the variable depth and the direct strut action of 
loads. Direct strut action of the load occurs near the support 
region, where the struts carrying loads are not intercepted 
by the shear crack, leading to failure, and thus do not concur 
to the shear force that has to be carried through it (refer 
to Fig. 7(a)). Typically this is accounted for in design by 
neglecting or by reducing loads near supports.12

With respect to the effect of variable depth, its influ-
ence can be understood with the help of Fig. 7(a) and (b). 
According to the standard beam theory, and for cantilevers 
with an inclined soffit, the shear force resisted by the web 
can be reduced accounting for the vertical component of the 
compression chord force17 Vchord. This term has been experi-
mentally acknowledged by some researchers.9,11 It should be 
noted that, according to the proposed model, it accounts only 
for the loads applied outside the direct support region. This 
is justified because the force on the compression chord is not 
influenced by directly strutted loads (refer to Fig. 7(a)).

The influence of these two effects (direct strut action and 
inclination of compression chord) on the strength of the 
tested beams can be clearly observed. With respect to direct 
strut action of the loads, it can be noted that for members 
with constant thickness, the failure load significantly 
increased when uniformly distributed or triangular loads 
were applied (refer to the previous section and Table 2). This 
clearly confirms that loads near the support region do not 
concur to the shear that has to be carried by the critical shear 
crack and can thus be reduced or neglected.

Table 1—Concrete age and compressive strength 
at loading of tested specimens (calculated 
according to EN-1992-1-112 fitted on basis of 
experimental values; refer to Fig. 5)

Test Concrete age, days fc, MPa (psi)

CR1 29 31.1 (4500)

CR2 63 33.6 (4870)

VR1 132 35.3 (5110)

VR2 141 35.4 (5130)

VT1 166 35.7 (5170)

VT2 189 35.9 (5200)

CT1 209 36.1 (5230)

CT2 218 36.1 (5240)

Table 2—Shear force at failure (due to external 
forces and self-weight) at face of support

VR, kN (kips)

VR,di/VR,poPoint load VR,po Distributed load VR,di

CR1 132 (29.7) 174 (39.1) 1.32

CR2 154 (34.6) 190 (42.7) 1.23

VR1 148 (33.3) 236 (53.1) 1.59

VR2 144 (31.4) 240 (54.0) 1.67

CT1 114 (25.6) 241 (54.2) 2.11

CT2 149 (33.5) 308 (69.2) 2.07

VT1 118 (26.5) 300 (67.4) 2.54

VT2 141 (31.7) 250 (56.2) 1.77

Fig. 6—Shear-critical cracks for each beam.
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With respect to the inclination of the compression chord, 
specimens subjected to a single concentrated load (at approx-
imately 3d) showed no significant influence for tapered 
geometries. This is explained by the fact that the load was 
rather close to the support and the inclined compression zone 
could only be partly activated (justifying values of parameter 
adir up to 3d). On the contrary, for the cantilevers subjected to 
uniform loading, the increase on the strength with the incli-
nation of the compression chord can be clearly observed (an 
approximately 30% increase with respect to constant thick-
ness members [refer to Table 2]). The members subjected to 
triangular loading, however, are  less influenced by this fact, 
as the largest loads were applied near the supports and the 
direct strut action was mostly governing.

SHEAR STRENGTH OF MEMBERS SUBJECTED TO 
DISTRIBUTED LOADING ACCORDING TO CSCT
The increase in the failure load observed in the tests can 

be understood considering the principles of the CSCT, 
which are thoroughly presented in Muttoni and Fernández 
Ruiz.8 According to this theory, failure in shear develops when 
a crack (originated by flexure) develops through the inclined 
theoretical strut carrying shear, limiting its strength and thus 
not allowing the member to reach its flexural capacity. The 
shear strength therefore depends on the width of the critical 
shear crack (evaluated through the bending moments of the 
member), as well as on the roughness of the crack surface 
(evaluated through the maximum aggregate size)

( , )c
c g

V
f f w d

b d
= ⋅

⋅
 (4)

where b is the width of the member; d is its effective depth; 
fc is the compressive strength of concrete measured in the 
cylinder; w is the opening at the shear-critical region of the 
crack; and dg is the maximum aggregate size. By adopting 
the hypothesis8 that the width of the critical shear crack is 
proportional to the deformation e at a control fiber (located 
at 0.6d from the tension reinforcement and calculated 
assuming a linear-elastic behavior of concrete in compres-
sion and no tensile strength8) times the effective depth of the 
member (w ∝ e · d), the following expression results8
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According to this expression, the shear strength depends 
on the strains (opening of the cracks) of the member. Thus, 
it allows for a consistent account of the different strengths 
between cantilevers and simply supported beams subjected 
to distributed loading, whose bending moments at the shear-
critical sections are rather different for the same level of 
applied shear. Applications of this expression as well as a 
derivation of design formulas on its basis can be found else-
where for members failing prior to yielding of the flexural 
reinforcement8 as well as for members failing after develop-
ment of plastic strains in the flexural reinforcement18 (which 
is pertinent for statically redundant members, such as those 
shown in Fig. 1(c) to (f)).

The approach of the CSCT can also be consistently used 
for tapered members. To do so, the strain of Eq. (5) is to 
be evaluated accounting for the moment at the shear control 
section due to the loads that are not carried by direct strut 
action (only loads contributing to the opening of the crit-
ical shear crack [refer to Fig. 7(c)]). With respect to the 
other shear-carrying contributions (Vdir and Vchord [refer 
to Eq. (1)]), they can also be evaluated on the basis of the 
mechanical model shown in Fig. 7(a).

The shear force carried by direct strut action (thus not 
contributing to the shear that has to be carried by the critical 
shear crack) can be directly calculated by integrating loads 
applied between the support and the distance adir

0

dira

dirV q dx= ⋅∫  (6)

where q refers to the distributed load on the beam.
With respect to the shear carried by the inclination of the 

compression chord, it can also be calculated by evaluating 
Vchord at the same section (a distance adir from the border 
of the support plate [refer to Fig. 7(b)]), where direct strut 
action of the loads starts to

1

1

tan( )chord
M

V
z

= d  (7)

Fig. 7—Shear-transfer actions in slender beam without 
stirrups: (a) load-transfer action and region for calcula-
tion of direct support contribution (Vdir); (b) section for 
calculation of contribution of compression chord (Vchord); 
and (c) section and loads for calculation of Vc.
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Table 3—Comparison between theoretical models and test results

Test Shape Load

ACI 318-0813 EC212 CSCT8

Vdir/VR Vchord/VR Vtest/Vcalc Vdir/VR Vchord/VR Vtest/Vcalc Vdir/VR Vchord/VR Vtest/Vcalc

CR1 Prismatic Point 0.0% 0.0% 0.99 0.0% 0.0% 1.13 0.0% 0.0% 0.99

CR2 Prismatic Point 0.0% 0.0% 1.11 0.0% 0.0% 1.28 0.0% 0.0% 1.13

CT1 Prismatic Point 0.0% 0.0% 0.79 0.0% 0.0% 0.93 0.0% 0.0% 0.81

CT2 Prismatic Point 0.0% 0.0% 1.04 0.0% 0.0% 1.21 0.0% 0.0% 1.06

VR1 Tapered Point 0.0% 25.4% 0.83 0.0% 25.4% 0.96 0.0% 0.0% 1.09

VR2 Tapered Point 0.0% 25.4% 0.81 0.0% 25.4% 0.93 0.0% 0.0% 1.06

VT1 Tapered Point 0.0% 25.4% 0.66 0.0% 25.4% 0.76 0.0% 0.0% 0.87

VT2 Tapered Point 0.0% 25.4% 0.79 0.0% 25.4% 0.91 0.0% 0.0% 1.04

Point load—average (COV) 0.88 (0.17) 1.01 (0.17) 1.01 (0.11)

CR1 Prismatic Uniform 20.3% 0.0% 1.09 19.2% 0.0% 1.25 50.0% 0.0% 0.91

CR2- Prismatic Uniform 20.3% 0.0% 1.14 19.2% 0.0% 1.33 50.0% 0.0% 0.98

VR1- Tapered Uniform 20.3% 24.6% 1.15 19.2% 24.6% 1.33 50.0% 8.5% 1.18

VR2- Tapered Uniform 20.3% 24.6% 1.17 19.2% 24.6% 1.35 50.0% 8.5% 1.20

Uniform load average (COV) 1.14 (0.03) 1.31 (0.04) 1.07 (0.13)

CT1 Prismatic Triangular 25.2% 0.0% 1.34 23.4% 0.0% 1.59 55.6% 0.0% 1.18

CT2 Prismatic Triangular 25.2% 0.0% 1.71 23.4% 0.0% 2.03 55.6% 0.0% 1.51

VT1 Tapered Triangular 25.2% 24.9% 1.40 23.4% 24.9% 1.63 55.6% 10.3% 1.46

VT Tapered Triangular 25.2% 24.9% 1.16 23.4% 24.9% 1.36 55.6% 10.3% 1.21

Triangular load—average (COV) 1.40 (0.16) 1.65 (0.17) 1.34 (0.12)

All tests presented in this paper—average (COV) 1.07 (0.25) 1.25 (0.26) 1.11 (0.17)

3 Prismatic Point 0.0% 0.0% 1.41 0.0% 0.0% 0.97 0.0% 0.0% 0.92

2 Tapered Point 0.0% 35.3% 1.04 0.0% 35.3% 0.71 0.0% 11.8% 0.87

4 Tapered Point 0.0% 42.2% 1.00 0.0% 42.2% 0.76 0.0% 10.9% 0.94

5 Tapered Point 0.0% 56.5% 1.03 0.0% 56.5% 0.70 0.0% 23.2% 0.92

5R Tapered Point 0.0% 56.6% 1.11 0.0% 56.6% 0.75 0.0% 23.3% 1.00

6 Tapered Point 0.0% 77.8% 1.11 0.0% 77.8% 0.75 0.0% 41.5% 1.03

All tests10 1.12 (0.13) 0.77 (0.13) 0.95 (0.06)

All series 1.09 (0.22) 1.12 (0.31) 1.06 (0.17)

Prismatic beams 1.18 (0.23) 1.30 (0.26) 1.06 (0.19)

Tapered beams 1.02 (0.20) 0.99 (0.32) 1.07 (0.15)

where z1 and M1 are the lever arm and acting bending 
moment at the control section where direct strut action starts 
to develop (Fig. 7(b)), respectively. This is justified because 
the loads between the edge of the control section and the 
distance adir do not contribute to increasing the force in the 
compression chord (refer to Fig. 7(a)). It can be noted that 
Eq. (7) (derived on the basis of the mechanical model in 
Fig. 7(a) for members without shear reinforcement) differs 
from Eq. (3a) (derived on the basis of the mechanical model 
of Fig. 2(b) for members with shear reinforcement) in the 
section at which the moment and lever arm are to be evalu-
ated as well as on the influence between the adir-to-a ratio.

SHEAR STRENGTH PREDICTIONS ACCORDING 
TO ACI 318-08, EC2, AND CSCT

Comparisons of tests with design codes (ACI 318-08, 
EC2) and with the critical shear crack theory are given in 

Table 3 for the tests presented in this paper as well as similar 
tests from the literature.10 In this table, the percentage of 
the total shear force carried by direct strut action and by the 
inclination of the compression chord are also given.

All models consider a reduction of the loads applied near 
supports (direct strut action). With respect to EC2, loads 
are reduced between 0 and 2d to account for direct strut 
action according to the load reduction coefficient x shown in 
Fig. 8. The ACI 318-08 approach presents a stepwise func-
tion neglecting (in terms of acting shear) all loads within the 
face of the support and a distance equal to d (refer to 
ACI 318-08, Section R11.1.3.1). With respect to the CSCT, 
and according to its principles, all loads between the support 
and the distance at which the critical shear crack intercepts 
the flexural reinforcement can, in principle, be neglected (x 
= 0) for the calculation of the acting shear force at the critical 
section. From the test results, it has been observed that the 
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value of parameter adir depends on the flexural reinforce-
ment ratio and the angle of the tapered beam. For analysis 
or design purposes, however, adopting a constant value for 
this length (adir = 2.75d) is sufficiently accurate (Fig. 8). It 
should be noted that this approach is valid for slender beams 
(a/d > 2.5 to 3) with only a fraction of the load applied near 
the support.

With respect to the shear carried by the compression 
chord, it can be calculated on the basis of Fig. 7(b). For the 
CSCT, the value adir = 2.75d is again adopted. In addition, 
the force in the compression chord is calculated assuming 
that the concrete behaves linearly in compression and carries 
no stress in tension (in accordance to CSCT hypotheses8). 
For ACI 318-08 and EC2, this contribution has been calcu-
lated (in bending and shear) for the section at the face of the 
support (where the tip of the critical shear crack is located 
over the compression zone [Fig. 6], indicating that the 
compression chord can carry a fraction of the shear force 
due to its inclination).

The results of Table 3 show that all models provide rela-
tively good estimates of the strength for failures under 
point loading of prismatic beams. For tapered beams under 
point load, however, ACI 318-08 and EC2 overestimate the 
strength. This is mostly due to the choice of the calcula-
tion of Vchord at the section at the face of the support (with a 
minimum value of measured-to-calculated strength ratio of 
0.66 for ACI 318-08 and 0.76 for EC2).

For specimens subjected to uniform or triangular loading, 
the predictions are somewhat coarse, especially for EC2 and 
ACI 318-08. Calculations for ACI 318-08 were performed 
using Eq. (11-3) of that code. It should be noted that 
Eq. (11-5) provides very similar results, with differences 
smaller than 4%. The CSCT provides the best results, only 
slightly underestimating the strength of tapered members 
subjected to uniform and triangular loading.

CONCLUSIONS
This study presents the results of an experimental inves-

tigation on the shear strength of reinforced concrete slender 
cantilevers with prismatic and tapered shapes, subjected 
to point loading, uniform loading, and triangular loading. 
Based on the results of this experimental investigation, the 
following conclusions can be drawn:

1. There is a significant effect of the type of loading on 
the shear capacity of slender RC members without shear 
reinforcement.

2. The behavior and shear strength of cantilevers are very 
different from that of simply supported beams subjected 
to distributed loading due to the fact that the strains and 
crack width at the shear critical regions are very different 
(maximum shear and bending moments in cantilevers, 

maximum shear but limited bending moments in simply 
supported beams). This fact, however, is not acknowledged 
by many codes of practice.

3. For the constant-depth cantilevers tested, the same 
elements carried 27% more load for uniformly distributed 
loading than for point loading, and more than 100% for 
triangular loading than for point loading. In the case of vari-
able depth, the increase on the load that can be carried is 
63% for distributed loading and, again, more than 100% for 
triangular loading.

4. Regarding the positive effect of variable-depth members 
(inclination of compression chord carrying shear), this 
phenomenon plays a significant role in members without 
shear reinforcement only for loads applied at a certain 
distance to the support (approximately 2.5 to 3 times the 
effective depth of the member).

5. A comparison of test results to design approaches 
(ACI 318-08, EC2, and the CSCT) shows that best predic-
tions are obtained using the CSCT. This theory consistently 
accounts for the various shear-transfer actions (direct strut 
action and inclination of compression/tension chords) and 
for the strains developing in the shear-critical region.

The significance of this topic in structural concrete 
encourages further investigations that provide more experi-
mental results (completing those of this paper) to improve 
and refine the theoretical and mechanical models discussed 
in this study.
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NOTATION
a 	 = 	�shear span (for distributed load, distance between support, and 

resultant of loads)
adir 	 = 	distance of direct support region
b 	 = 	width of member
d 	 = 	effective depth
d2 	 = 	effective depth at shear-resisting control section
dg 	 = 	maximum aggregate size
fc 	 = 	compressive strength of concrete measured in cylinder
M 	 = 	bending moment at face of support
M1 	 = 	bending moment at section where direct support starts to develop
q 	 = 	distributed load
V 	 = 	�shear force at face of support of specimen (accounting for external 

loads, self-weight, and weight of loading arrangement)
Vc 	 = 	shear force carried by concrete
Vcalc 	 = 	calculated shear strength
Vchord 	= 	shear force carried by inclination of compression chord
Vdir 	 = 	shear force carried by direct strut action
VR 	 = 	shear strength
VR,di 	 = 	shear strength of specimen subjected to distributed loading
VR,po 	 = 	shear strength of specimen subjected to point loading
Vs 	 = 	shear force carried by transverse reinforcement
Vtest 	 = 	measured shear strength
w 	 = 	opening at shear-critical region of crack
x 	 = 	coordinate
z 	 = 	inner lever arm at face of support
z1 	 = 	inner lever arm at section where direct support starts to develop
d 	 = 	inclination of soffit of cantilever
e 	 = 	strain at control depth
r 	 = 	longitudinal reinforcement ratio
x	 = 	load reduction factor accounting for direct strut action

Fig. 8—Load reduction factor x accounting for direct strut 
action according to EC2, ACI 318-08, and proposed law for 
CSCT for slender members.
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