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Suprathermal ion transport in simple magnetized torus configurations
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Inspired by suprathermal ion experiments in the basic plasma experiment TORPEX, the transport of

suprathermal ions in ideal interchange mode turbulence is theoretically examined in the simple

magnetized torus configuration. We follow ion tracer trajectories as specified by ideal interchange

mode turbulence imported from a numerical simulation of drift-reduced Braginskii equations. Using

the variance of displacements, r2ðtÞ � tc, we find that c depends strongly on suprathermal ion

injection energy and the relative magnitude of turbulent fluctuations. The value of c also changes

significantly as a function of time after injection, through three distinguishable phases: ballistic,

interaction, and asymmetric. During the interaction phase, we find the remarkable presence of three

regimes of dispersion: superdiffusive, diffusive, and subdiffusive, depending on the energy of the

suprathermal ions and the amplitude of the turbulent fluctuations. We contrast these results with

those from a “slab” magnetic geometry in which subdiffusion does not occur during the interaction

phase. Initial results from TORPEX are consistent with data from a new synthetic diagnostic used to

interpret our simulation results. The simplicity of the simple magnetized torus makes the present

work of interest to analyses of more complicated contexts ranging from fusion devices to

astrophysics and space plasma physics. [http://dx.doi.org/10.1063/1.4725420]

I. INTRODUCTION

We present a study of suprathermal ion dynamics in the

simple magnetized torus (SMT) configuration,1–3 in which a

vertical magnetic field, Bv, superimposed on a toroidal mag-

netic field, B/, creates helicoidal field lines terminating on the

vessel. In this configuration, turbulence driven by magnetic

curvature and plasma gradients causes the plasma to diffuse

radially, while it is lost to the vessel through parallel flows.

The SMT experimental setup, in which ions are subject to a

non-uniform, curved magnetic field and plasma turbulence, is

an ideal testbed for the study of the interplay of several phe-

nomena affecting suprathermal ion dynamics. Parameter scans

are easier and nonlinear dynamical behavior can be diagnosed

in greater detail when compared to fusion-prototype devices.

Moreover, SMT plasmas are well-understood after being sub-

jected to linear instability analysis4 and global turbulence sim-

ulations,5 making a thorough experimental study possible in

tandem with analytical progress.

Our work is inspired by fast ion experiments in

TORPEX,3 an SMT used for understanding basic plasma tur-

bulence phenomena. Recently, the TORPEX team has been

conducting suprathermal ion experiments6 with an emitter of

energetic lithium ions.7 The ion energy and beam orientation

are tunable. The current from the emitted ion beam is detected

by a double-gridded energy analyzer, which can be moved in

the plane perpendicular to the magnetic field to measure a

spatially resolved profile of the suprathermal ion current

density. This current density profile gives information about

the spreading of suprathermal ions due to the forces applied

by steady-state magnetic fields and fluctuating electric fields.

Expanding on results presented in Ref. 8, the goal of the

present paper is to construct a theoretical framework for

understanding the behavior of suprathermal ions in the SMT,

depending on ion energy and turbulence fluctuation level.

We also present an initial comparison with experimental

data from TORPEX. Due to its relative simplicity, the SMT

successfully disentangles factors that determine suprathermal

ion dispersion. Beyond interpretation of TORPEX mea-

surements, this new framework in the generality of the SMT

configuration is therefore useful to analyses of more compli-

cated configurations, ranging from fusion devices9,10 to

astrophysics11,12 and space plasma physics.13

Our study is based on numerical integration of the

charged-particle equation of motion in the SMT environment

for a range of injection energies and turbulence fluctuation

amplitudes. We consider suprathermal ions as tracer par-

ticles, such that they do not influence background fields.

This is a reasonable approximation in TORPEX because the

density of suprathermal ions is very small compared with the

plasma density. The tracer approach allows more efficient

computations by avoiding the recalculation of Maxwell’s

equations as the tracers propagate. We use SMT turbulence

simulations reported recently14,15 to provide the time-

dependent electric fields required to integrate realistic trajec-

tories with the full Lorentz equation of motion. Our primary

diagnostic tool is the time-dependent variance of suprather-

mal ion displacements, r2ðtÞ � tc, with which we measure

the dispersion of tracer ions.

We focus on fast ion spatial spreading in the direction of

the major radius, eR. We find that a nondiffusive model,

defined by c 6¼ 1, is necessary to describe the dispersion of

ions in our study. Our simulations show that, in fact, supra-

thermal ion dispersion in the SMT begins with a briefa)Electronic mail: kyle.gustafson@epfl.ch.
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ballistic phase, for which cR’ 2. Then, a turbulence interac-

tion phase occurs, with the value of cR depending nontri-

vially on beam energy and turbulence fluctuation amplitude.

In some cases, a third phase is observed for which cR

increases from cR < 1 to cR � 1 but with significant asym-

metry in the radial mean position (dhdRi=dt < 0) of the ion

beam. We provide analytical estimates for the duration of

the ballistic phase and the value of cR in the interaction

phase, as well as details about the asymmetric phase.

While the main focus of the present work is the SMT

configuration, we also consider a “slab” configuration to

reach a better understanding of the dominant influences on

suprathermal ion transport. In this context, a “slab” configu-

ration features a linear, homogeneous magnetic field, which

can be viewed as an SMT in the limit of R0 !1, where R0

is the SMT major radius. A slab field allows separation of

curvature and rB from finite Larmor radius effects. We note

that a suprathermal ion diagnostic similar to the one in

TORPEX is used in the slab-like LAPD device.16 We there-

fore expect our results to provide insights for LAPD as well.

Previous studies of tracer particle dispersion in plasmas

have examined nondiffusive dispersion in stochastic fields,

typically with an E� B approximation for the particle

velocity17 and sometimes with finite Larmor radius effects.18

These approximations to the full Lorentz motion are typi-

cally effective for small Larmor radius and large separation

between the cyclotron frequency and turbulence fluctuation

frequencies, and they allow a calculation that covers large

temporal scales. This is necessary, for example, to describe

the neutral beam slowing down time in tokamaks (see, e.g.,

Ref. 19). For our study, we use the full Lorentz force, which

correctly describes the effects of turbulence on the sup-

rathermal ions across scales, including those comparable to

q and Xi.

This paper continues with a review of the properties of

SMT plasma turbulence in Sec. II. In Sec. III, we consider

the main elements characterizing suprathermal ion motion in

the SMT configuration. We take a detailed tour of test parti-

cle dispersion results at short, medium, and long times as a

function of beam injection energy and turbulence amplitude

in Sec. IV. The first comparison of suprathermal ion theoreti-

cal and experimental results in TORPEX is given in Sec. V,

which includes the use of a new synthetic diagnostic for

suprathermal ion current density measurement. Finally, con-

clusions are given in Sec. VI.

II. PLASMA DYNAMICS IN THE SIMPLE MAGNETIZED
TORUS CONFIGURATION

Plasma behavior in the SMT results from the interplay

of plasma sources, losses at the vessel wall, and turbulence.

In TORPEX, a localized source of plasma on the high-field

side of the torus is created directly with electron-cyclotron

and upper-hybrid microwave resonances. Turbulence, driven

by magnetic field curvature and plasma gradients, causes

bulk plasma transport perpendicular to B. Measurements

show that TORPEX has large amplitude turbulent fluctua-

tions, with dn=n. 1. The dominant modes have k?qs. 1

and kk � k?, with frequencies x� Xci.

In the experimentally relevant limits of Bv � B/,

b� 1, and Ti � Te, the theoretical study of turbulence in

the SMT has recently resulted in significant advances using

the drift-reduced Braginskii two-fluid equations.20 Simula-

tions of these equations have been carried out by evolving

the plasma dynamics, which results from the interaction

between heat and particle sources, losses at the vessel, and

turbulence, without separating equilibrium and fluctuating

quantities.5 These simulations have been subjected to exten-

sive validation against probe data from TORPEX.21,22

A number of modes are present in the SMT including

the ideal interchange, resistive interchange, and drift-wave

modes. In the present discussion, we focus on the ideal inter-

change regime, which is dominant for sufficiently low values

of plasma resistivity and sufficiently high values of Bv.
5 Ideal

interchange turbulence is characterized by kk ¼ 0. Therefore,

the vertical wavelength is constrained by the return of

the field line on the poloidal plane to be a multiple of

kD ¼ 2p=D. Here, we define D ¼ 2pR0Bv=B/ as the return

distance of the field line in the poloidal plane.

Ideal-interchange turbulence can be described through

global two-dimensional simulations in the plane perpendicu-

lar to the magnetic field. It is therefore practical to consider a

field-line following coordinate system ðeR; ek; ezÞ, where the

unit vectors eR, ek, and ez are in the radial, parallel to B, and

perpendicular to both eR and ek directions, respectively. We

note that ek is tilted relative to the lab-frame horizontal by an

angle h � tan�1ðBv=B/Þ � 1. Therefore, ez is slightly tilted

with respect to the vertical direction when Bv > 0, though

we refer to ez as the vertical direction for simplicity. There is

no dependence of the turbulence along the ek direction in the

ideal interchange regime. The simulation equations and spe-

cific parameters are reported in Appendix A.

The simulated two-dimensional electrostatic potential,

Uðr; z; tÞ, from quasi-steady-state ideal interchange turbu-

lence is shown in Fig. 1 for a series of snapshots. One can

reasonably divide this turbulence into two spatial regions.

First, a mode region exists on the low-field side of the

plasma profile, with typical vertical mode number kz � kD.

Second, a region at larger R (Ref. 23) with lower plasma

density and temperature is marked by intermittent structures

termed blobs.24

FIG. 1. Electrostatic potential Uðr; zÞ in the nonlinear phase of ideal inter-

change turbulence in the SMT simulation described in Appendix A. These

snapshots are at sequential times, ti, such that Xðtiþ1 � tiÞ’ 330.
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Motivated by our goal of describing the dependence of

suprathermal ion dynamics on the turbulence amplitude and

by the fact that, as revealed by validation exercises, TORPEX

turbulence tends to have a higher amplitude with respect to

ion saturation current fluctuation in the experiment compared

to the two-dimensional simulations, we modify a posteriori
the turbulence simulation results, in order to vary the relative

amplitude of turbulent fluctuations in which the ion motion is

computed. The turbulent fluctuation amplitude is quantified

by the parameter n ¼ e~U= �Te. Here, �Te denotes the electron

temperature at the ion injection site averaged over both time

and vertical coordinate, and ~U is the root mean square (rms)

fluctuation amplitude of the turbulence. The value of n is be

varied as a parameter having an important effect on cR, by

redefining the electric potential U as: �U þ nðU� �UÞ=n0.

Here, �U is the t- and z-averaged radial electric potential

profile. Note that n decreases from the high-field side to the

low-field side. The value of n at R ¼ R0; n0 � nðR ¼ R0Þ, is

taken as the reference value n0. In the SMT shown in Fig. 1,

n0 � 0:8, and 0:8. n=n0. 1:2, as a function of eR.

For comparison, we also study a slab magnetic field

where ions move in ðex; ey; ezÞ space, such that B ¼ B0ey,

with B0 the same strength as BðR0Þ in the SMT. In the slab

geometry, we use the same ideal interchange turbulence

from simulations of TORPEX as a proxy for modes that

occur in a slab geometry.25 Inserting the interchange-driven

turbulence in the slab allows for a direct comparison between

the slab and SMT magnetic geometries.

III. SUPRATHERMAL ION TRAJECTORIES IN
THE SIMPLE MAGNETIZED TORUS

Injection conditions for suprathermal ions are inspired

by the source used in TORPEX.7 A good estimate is an iso-

tropic injection cone with opening angle ra ¼ 0:1 rad and a

Gaussian injection energy distribution. All of the simulations

in this paper, unless otherwise stated, are performed with a

point source. We denote with E � Mv2
0=ð2 �TeÞ the average

initial particle energy, normalized to the mean electron tem-

perature at the injection site. The Gaussian injection distribu-

tion has a spread in velocity rv0
¼ 0:1v0.

In the present manuscript, we consider an injection at the

position R ¼ R0, a region where turbulence is transitioning

from the mode region to the blob region (see top of Fig. 1).

Thus, the ions enter the coherent mode region if they happen

to move to the high-field side of the SMT. Otherwise, they are

in the intermittent blob region if they happen to move to the

low-field side. The amplitude of the turbulent fluctuations is

larger in the mode region than in the blob region. A discussion

addressing the dependence of ion beam spreading on the

radial injection position is presented in Sec. IV B. Also, we

focus on nearly parallel injection, such that the axis of the

injection cone is directed along a field line. Perpendicular

injection at a given energy tends to increase the Larmor radius

of the particles and decrease the parallel velocity. Several

suprathermal ion trajectories in a schematic of an SMT are

shown in Fig. 2.

These ion trajectories are found by integrating the non-

relativistic equation of motion for charged particles,

dv

dt
¼ q

M
½Eþ v� B�; (1)

for a time dependent SMT electric field EðR; tÞ ¼ �rU
ðR; tÞ and static magnetic field BðRÞ, where M is the mass

and q is the charge of the suprathermal ion. We remark that

suprathermal ions are treated here as tracers, and therefore

they do not influence the fields through Poisson’s equation or

Ampère’s law. This fact, combined with the shorter time-

scales necessary for computing tracer trajectories in an open

field-line configuration, allows us to use the full equation of

motion without great numerical expense. We solve Eq. (1)

with standard fourth-order Runge-Kutta time-stepping. The

electric potential is interpolated using a bicubic algorithm in

the perpendicular directions and a linear interpolation in

time. The code has been checked for convergence with time-

step and interpolation resolution, and a comparison with the

Boris algorithm26 shows very good agreement. We ignore all

collisions.

Our simulations use the full equation of motion, Eq. (1),

but we find it very useful to consider particle drifts as we

interpret the results. In the perpendicular plane, suprathermal

ion trajectories in the SMT can be approximated by a combi-

nation of several elements: gyromotion, with suprathermal

ion Larmor radius q ¼ jv?=Xj and frequency X ¼ qBðRÞ=M,

the rB drift, the E� B drift, and polarization drift. In the

parallel direction, particle velocity is essentially unaffected

since kk ¼ 0.

For SMT devices, drifts related to the curvature and ra-

dial gradient of the magnetic field, denoted as vrB, find a

particularly simple expression,

vrB ¼ ek � v2
kek � rek þ

v2
?

2B
rB

� �
1

X
¼ 1

R

v2
?
2
þ v2

k

� �
ez

X
;

(2)

so that this drift is purely in the vertical direction, ez. It is

dominated by the curvature term (v2
k term) for large parallel

injection energy. We note that the vrB drift determines the

FIG. 2. Suprathermal ions in a schematic of TORPEX, with a section of the

torus and a magnetic field line (dashed black line) indicated. Two suprather-

mal ion trajectories (red and blue solid lines) for a E ¼ 20 injection

are shown. The injection cone is indicated in red, while the black arrows

indicate several ions at tX ¼ 130. A snapshot of the electrostatic potential,

U, obtained from the simulations in Appendix A and used to integrate the

ion trajectories, is shown with vertical periodicity of D at a poloidal cross-

section.

062306-3 Gustafson et al. Phys. Plasmas 19, 062306 (2012)



displacement of the center of the ion beam in the vertical

direction but also leads to a spreading of the beam in this

direction due to the initial variation in particle energy and

angle with respect to the field line. In the absence of a

plasma, this drift causes ballistic spreading since it is exactly

constant in time.

For the E� B drift, one must account for the gyroaver-

aged electric field, so that the gyroaveraged E� B velocity

is27,28

vE�B ¼
1

2p

þ
EðR� v� ek=XÞ � B

B2
du; (3)

where u is the angle swept by the Larmor motion around the

gyrocenter position. In practice, we compute the gyroaverage

with a time average at the Larmor frequency. Consequently,

if the suprathermal ion Larmor radius is significant compared

to the scale of the turbulence, such that k?q � 1, the gyroa-

verage significantly decreases the effective magnitude of the

E� B drift velocity with respect to k?q� 1. The time-

averaged turbulent steady-state electric field has a radial

component causing a vertical E� B drift, while the fluctuat-

ing part of the electric field leads to alternating displace-

ments in the radial and vertical directions. The size of these

displacements is determined by the size and amplitude of the

fluctuating vortex and blob-like structures in the turbulence.

The large fluctuations in the turbulent electric field

cause significant velocity fluctuations in the perpendicular

plane, which cause a polarization drift for the suprathermal

ions. In the Lagrangian frame of the ion, these fluctuations

can occur suddenly, in a fraction of the Larmor period.

Therefore, they are able to break the conservation of the

zeroth-order magnetic moment, l ¼ mv2
?=ð2BÞ.30 In our

simulations, we find that the non-conservation of l is associ-

ated with increases or decreases in the Larmor radii of indi-

vidual ions, such that an average increase in q occurs over

the ensemble, leading to heating of the ions. Our simulations

confirm that larger fluctuation amplitudes cause faster heat-

ing regardless of the magnitude of the injection energy, and

a study of the mass dependence of the heating shows that

higher mass ions have a faster heating rate. As discussed

later in Sec. V, this effect in the TORPEX device should be

relatively minor.

The trajectories of individual ions in an SMT are dis-

played in Fig. 3(a), where we show the projection of two ion

trajectories on the ðR; zÞ plane. These trajectories show the

full particle motion, composed of gyromotion, vertical vrB

drift, and vE�B drift. Notably, the displacement of the gyro-

centers in the radial direction is due only to the vE�B drift

caused by turbulence. Figure 3(a) shows that radial vE�B

displacements are more significant for low energy particles

due to gyro- and drift-averaging, as discussed in Sec. IV. The

SMT trajectories can be qualitatively compared with slab tra-

jectories in Fig. 3(b). In this geometry, vertical vrB drifting

clearly vanishes. One observes that turbulent radial displace-

ments of the suprathermal ions are more frequent. This is

particularly true in the case of particles with low energy.

Additionally, an example of an energization event is shown in

Fig. 3(b), with the increase of q becoming apparent when the

ion enters the mode region. This is due to a sudden, impulsive

acceleration event as the electric field changes rapidly in the

frame of the cyclotronic ion motion.29,30 We emphasize that

numerical convergence of this effect has been checked.

We now examine details of the dispersion of populations

of ions injected nearly parallel to the magnetic field. For this

purpose, we consider the role of single particle drifts in the

dispersion process for both the SMT and slab magnetic

geometries.

IV. SUPRATHERMAL ION BEAM DISPERSION IN
THE SIMPLE MAGNETIZED TORUS

For studying dispersion of suprathermal ions in turbu-

lence, we use the variance

r2
RðtÞ � hdR2i (4)

of their radial displacements, dR � RðtÞ � Rð0Þ, where hi is

an ensemble average over many particle trajectories.

FIG. 3. Trajectories of lithium ions in the perpendicular plane with particle

position and approximate gyrocenter positions (black) for high (red) and low

(blue) energy. Initial suprathermal ion positions are at R ¼ R0 or x ¼ x0 and

z ¼ 0 (black disk marker). In (a), an SMT with E ¼ 20 (blue) and E ¼ 50

(red) is used, while in (b), a slab with E ¼ 50 (blue) and E ¼ 250 (red)

is used. The lower energy slab ion finishes with a larger gyroradius than

its starting value because of the heating effect due to high-amplitude,

fast variation of the electric field in the frame of the ion. The increase in

q occurs as the ion encounters a sharp gradient in the electric field at

ðx’ � 50qs; z’ 25qsÞ.
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Analogously, one can define the variances rz and rk, in the

vertical and parallel directions, respectively. The results

shown in the present paper have been evaluated by following

the trajectories of 104 suprathermal ions. Statistical conver-

gence with particle number has been verified. We emphasize

that the injection of the beam in our simulations is always at

R ¼ R0, in the center of the computational box. The value of

the turbulent fluctuation amplitude, n, on the low-field side

tends to be lower than on the high-field side, so the choice of

radial injection position can be significant. We argue later

that the radial position can be parameterized by E and n.

Examination of r2
R for the SMT at various injection

energies E and turbulence levels n reveals sequential phases

for the cR dispersion exponent for a range of experimentally

relevant values of E. We organize our discussion around the

sequence of these phases, which tend to make a smooth tran-

sition from one into the next, as measured by the dispersion

exponents. These are determined by fitting lines in log-log

plots of r2
RðtÞ. The phases can be categorized as ballistic,

interaction, and asymmetric, as shown in Fig. 4. These

phases are now introduced and a few general comments

given. In the following subsections, we then carefully con-

sider dispersion in the radial direction, which is the main

focus of the present work. Simple expressions to predict the

duration and character of the three phases are deduced and

tested with parameter scans in n and E.

The ballistic phase is a relatively brief period with cR’ 2

before the ions interact significantly with the turbulence and

magnetic field. In the interaction phase that follows, depend-

ing on the injection energy and amplitude of the turbulence,

suprathermal ion transport can be superdiffusive, cR > 1, or

subdiffusive, cR < 1, depending on E and n. In the asymmet-

ric phase, one observes that cR ! 1 and the dispersion is

asymmetric. The late-time asymmetric phase is only relevant

in the case where the interaction phase is subdiffusive.

In contrast, particle dispersion in ek; rk, is determined

by initial spreading in parallel velocity and, since there are

no forces in the parallel direction, it is essentially ballistic at

all times. In r2
z , dispersion is roughly similar to r2

R, except

that larger energies cause the vrB drift to become important

relative to vE�B, which causes cz to become superdiffusive.

On top of gyrocenter dispersion in the different phases,

an oscillation in r2
R and r2

z is apparent for all E and n. This

oscillation has amplitude comparable to q2 and frequency X.

It occurs because the Larmor motions of the ions are

synchronized at the injection point. This synchronization for

point sources causes r2 to grow and shrink, a phenomenon

that persists throughout our simulations. In fact, the relative

phases of the Larmor motion do not decorrelate, since B is

constant except for small differences due to the 1=R depend-

ence of the magnetic field in the SMT. This oscillation

amplitude remains approximately constant, and therefore it

becomes relatively less important as the gyrocenter disper-

sion increases. An illustration of this phenomenon, showing

growth in gyrocenter dispersion combined with a collective

Larmor oscillation, is shown in Fig. 5. The collective oscilla-

tion can be removed by gyroaveraging in order to find the

trend of the gyrocenter dispersion.

A. Ballistic phase

Suprathermal ions in the SMT have an initial ballistic

spreading, analogous to the short ballistic transport phase in

a typical collisional random walk observed recently by

Huang et al.35 in a neutral fluid. During this ballistic phase,

particles move relatively unperturbed with respect to the ini-

tial velocity, unaffected by the turbulence, and therefore

have a uniform motion. Due to the prescribed spread in ini-

tial velocities, uniform motion leads to a spatial dispersion

with cR’ 2.

We now discuss the duration of this initial ballistic

phase for the particles and gyrocenters. Let us first state that

FIG. 4. Variance of displacements of suprathermal ions in the radial (solid

curve), vertical (dashed curve), and parallel (dashed-dotted curve) directions

for E ¼ 50 and n ¼ 0:8 are shown. Dispersion exponents c are fitted with

solid line segments, which have error of 60:1. An initial ballistic phase

occurs (red-shaded region) with cR’ cz’ 2. This is followed by a fast transi-

tion to the turbulence interaction phase when cR remains nearly constant.

Later, a slower transition to the asymmetric phase (blue-shaded region)

shows an increased value of cR. For the parallel direction, since there are no

forces, ck ’ 2 always. The z-directed spreading also shows three phases in

which the superdiffusion is due to vrB.

FIG. 5. Two particle trajectories (red and blue) for E � 35 in the perpendic-

ular plane. The inset shows the radial position as a function of time. Markers

with the same shape (square, asterisk, and circle) mark equal time points.

The separation between particle positions and between their gyrocenters is

shown on the inset (black). Comparing two trajectories shows the tendency

of the variance and mean of the perpendicular particle position to oscillate at

the Larmor frequency, while at the same time, the variance of the gyrocenter

positions grows steadily.

062306-5 Gustafson et al. Phys. Plasmas 19, 062306 (2012)



the ballistic phase can, in principle, contain both a ballistic

particle phase, ending at t ¼ sp
bal and a ballistic gyrocenter

phase following the ballistic particle phase, with a duration

sg
bal. Therefore, the ballistic phase may persist until t¼ sbal

¼maxfsp
bal;s

g
balg.

The ballistic particle phase ends at: sp
bal’min

f2=X;mv?=qjEjg. During this period of time, particle veloc-

ity is not significantly affected by the magnetic field, nor by

other forces, and therefore particles have a uniform linear

motion that results in a ballistic spreading. These estimates

compare very favorably with the simulations (see Figs. 4 and

10) where v? and jEj are measured.

During the ballistic gyrocenter phase, a particle gyro-

center moves at a constant velocity, with cR � 2 superim-

posed on a Larmor oscillation. This phase ends when the

gyrocenter velocities change significantly due to encounters

with structures in the turbulence. In the radial direction, the

gyrocenter motion is given by the vE�B drift. Therefore, in

order to estimate sg
bal one must determine the time for a

change in the gyrocenter speed to be comparable to its initial

speed, such that

DvE�B;R

vE�B;R
� 1: (5)

This corresponds to the time taken for the particle to enter a

region where the electric field changes significantly com-

pared to its initial value.

A test ion can encounter a change in the electric field in

two ways, depending on whether ions move through the field

faster than turbulent field structures move past the ions. First,

if the particle moves through the electric field faster than the

field changes in the lab frame, the time necessary for the

particle to experience a different gyroaveraged electric field

is given by sm ¼ kc=vg, with kc indicating a fraction of the

typical scale length of the electric field, and vg the typical

gyrocenter velocity. Conversely, the electric field may

change in the lab frame more quickly than the ion moves,

and then sg
bal is the Eulerian correlation time of the turbu-

lence, sc. The duration of the ballistic gyrocenter phase cor-

responds to the minimum of the two: sg
bal ¼ minfsm; scg.

Regarding the evaluation of sm for the turbulence we are

considering, the gyrocenter velocity vg can be dominated by

either vE�B or vrB, whichever is larger. Therefore,

sm �
kc=vE�B if vE�B > vrB

kc=vrB if vE�B < vrB
:

�

As for sc, this is the Eulerian correlation time, measured

as the decay time of the exponential fit to the autocorrelation

function for the plasma potential in time. Our value of sc

from the nonlinear simulations is similar to the inverse of

the linear growth rate of the ideal interchange mode,15ffiffiffi
2
p

cs=
ffiffiffiffiffiffiffiffi
RLp

p
. In all of our simulations, we note that the value

of sg
bal taken from this estimate is comparable to sp

bal. Thus,

we do not observe any substantial ballistic gyrocenter phase,

though it may be important in other contexts with weaker

turbulence. Considering the dispersion in the vertical direc-

tion, we note that the ballistic phase for cz has the same

behavior as for cR.

B. Interaction phase

Following the ballistic phase, suprathermal ions interact

strongly with the turbulence. The beam dispersion then

enters a phase where cR remains nearly constant before the

radial boundaries change the dispersion significantly. We

identify this as the interaction phase, since suprathermal ion

interaction with turbulence is most important to their disper-

sion. One cause of the end of the interaction phase is that a

significant number of particles reach the vessel wall at the

high-field side. This is observed after superdiffusive spread-

ing for small E. On the other hand, for the subdiffusive cases,

cR grows as a significant number of ions move into the mode

region, where turbulence properties are different compared

to the injection point. We describe this in Sec. IV C as the

asymmetric phase.

Now, for the interaction phase, we are interested in com-

puting the nondiffusive values of cR as a function of n and E.

There are essentially three mechanisms that determine the

value of cR during the interaction phase, which we analyze in

detail based on drift approximations. First, the turbulence in

U gives vE�B in the radial direction, which is the source of

radial dispersion in our model. In the limit of k?q! 0 and

rB! 0, this turbulent dispersion is superdiffusive because

some structures in the turbulence are relatively static and

have large amplitudes relative to the background profile,

allowing ions to move large distances through the struc-

tures.36 However, if the fluctuations are reduced below a cer-

tain level, cR drops dramatically because the amplitude of

the vortex structures is too small for the structures to form

connected velocity streamlines between the center and edge

of the plasma. This is simply a topological constraint set by

the amplitude of the turbulent fluctuations.

Second, larger values of k?q lead to substantial changes

in the particle dynamics. In fact, a large Larmor radius can

gyroaverage the electric field fluctuations and reduce the

effective radial vE�B drift. As a consequence, gyroaveraging

reduces the number and size of the steps in the radial (and

vertical) direction. We expect, therefore, that for k?q& 1,

radial dispersion of the particles has a smaller cR than for

k?q < 1. We note that q � v?=X, where v? can be estimated

as the sum of the rB drift, the turbulence-induced E� B

drift, and the initial velocity.

Third, the vertical drift velocity vrB has an important

effect on the suprathermal ion dynamics. In fact, if the verti-

cal motion is sufficiently fast, an effective drift-average of

the electric field fluctuations reduces the radial dispersion,

making it subdiffusive. This can occur if the time required

for an ion to traverse a turbulence wavelength vertically is

significantly smaller than the radial traversal time. This ratio

can be estimated as follows. Let sR be the time required to

move radially across the structure, such that

sR � LR=vE�B;R; (6)

where LR is the radial extent of the vortex, which has been

estimated37 as LR �
ffiffiffiffiffiffiffiffiffiffiffiffi
Lp=kD

p
. Similarly, we define

sz � Lz=ðvrB þ vE�B;zÞ (7)
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as the time required to cross a vortex of size Lz � 1=kD due

to the vertical velocity. The curve

LRðvrB þ vE�B;zÞ
LzvE�B;R

’ v (8)

defines a region where the ions are more likely to complete

radial steps before vertical drift-averaging makes radial steps

less likely.

The numerical parameter v’ 5 is the approximate value

for a transition to subdiffusive values of cR for all values of n
tested. We note that in the subdiffusive regime, particles

move while maintaining nearly the same radial positions.

Therefore, because of the /-periodic boundary condition in

the vertical direction, particles move through an electric field

that can be decomposed in Fourier modes, with kz ¼ kD or

multiples thereof. This causes a radial E� B drift, which

averages towards zero amplitude during the trajectory, since

it will produce a leftward displacement followed by a right-

ward displacement with a similar amplitude. This explana-

tion for subdiffusion can be compared with that given in

Sánchez et al.38 for turbulent eddies in a shear flow.

In Fig. 6(a), we plot the values of cR in the interaction

phase as obtained from a large number of simulations in the

SMT. The solid curve in Fig. 6(a) shows the boundary for

kDq ¼ 2. Outside of this boundary, gyroaveraging gradually

reduces cR from superdiffusive to subdiffusive values. The

condition for vrB averaging, given by Eq. (8), is also

displayed in Fig. 6(a) with a dashed curve, confirming

the reduction of the suprathermal ion dispersion rate due to

drift-averaging. Finally, the n ¼ 0:3 boundary, for which

connected streamlines do not form, is indicated by a dashed-

dotted line. The reduction of cR related to this topological

effect occurs more sharply than the other effects described

previously.

For comparison, we also display cR values in the slab

case in Fig. 6(b), for which drift-averaging due to vrB is not

present. As expected, cx values in the slab are generally

larger than in the SMT. Gyroaveraging effects are still

apparent, as shown by the curved boundary at k?q ¼ 2 in

Fig. 6(b). Moving past this boundary reduces superdiffusive

values of cx to diffusive values for kDq > 2. A sharp reduc-

tion of cx for n < 0:3 is also shown, explained by a change in

topology of the streamlines, as discussed for the SMT case.

To summarize the results of the interaction-phase values

of cR and cx as a function of n and E, one must first consider

that, for sufficiently large turbulent fluctuations, large and

persistent E� B drifts cause superdiffusive dispersion.

Gyroaveraging of vE�B drifts, an effect present in both the

slab and the SMT, tends to decrease both cR and cx. For the

SMT, vrB leads to an additional drift-averaging which

reduces cR with respect to the slab cx case.

We now discuss the injection-position dependence of

fast-particle spreading in the interaction phase. Provided that

the parameters n and E are evaluated with the temperature

and fluctuation potential at the injection position, we assert

that cR depends on n and E according to Fig. 6 independently

of radial injection positions. Thus, the value of cR depends

on n and E, while it appears to depend on the injection posi-

tion R only because n and E depend on R. This makes the

results of Fig. 6 of general interest.

We test our assertion by performing two sets of simula-

tions. We consider the fast ions that, for the injection posi-

tion R ¼ R0, are characterized by ðE ’ 46; n’ 0:4Þ and by

ðE ’ 250; n’ 3:2Þ. While keeping v0 constant, we change the

radial injection position. In particular, we consider the

radial injection positions ðR� R0Þ=qs’635. This variation

in R� R0 causes �Te to change by a factor of two in either

direction, while n remains roughly constant. Thus, at the

radial positions ðR� R0Þ=qs’f�35; 0; 35g, the low-energy

ions are injected with E ’f23; 46; 92g and n’ 0:4, while the

high-energy ions are injected with E ’f125; 250; 500g and

n’ 3:2. The simulated values are cR’f1:0; 1:0; 0:5g for the

low-energy ions and cR’f0:6; 0:5; 0:4g for the high-energy

ions, as shown in Fig. 7. These agree well with the interpo-

lated values of cR in Fig. 6, cR’f1:1; 1:0; 0:4g and

cR’f0:6; 0:5; 0:4g, respectively.

Finally, we briefly describe spreading along the z direc-

tion. In the SMT configuration, the effect of the E� B turbu-

lent velocity is superimposed on ballistic spreading in ez due

to the vrB drift. This ballistic spreading is related to the

injection of particles with different energies. As a matter of

fact, the simulations show that 1 < cz 	 2, with cz ! 2 at

high E, i.e., in the regime where the vrB velocity dominates

over the turbulent E� B. On the other hand, in the slab con-

figuration, c values in the x and z direction are approximately

the same.

FIG. 6. Dispersion exponents cR; cx (colored dots) in the interaction phase

are presented in the ðE; nÞ space for the SMT (a) and slab (b). Error on the

value of c is 60:1. For n < 0:3 (dashed-dotted horizontal lines), the turbu-

lent fluctuations are too small for connected radial streamlines to form, there-

fore c!0 abruptly. Above the kDq ¼ 2 (solid black curves) gyroaveraging

reduces c. In the SMT case, drift averaging from Eq. (8), is indicated by the

dashed red curve. To the right of this curve, drift averaging reduces cR.
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C. Asymmetric phase

A third phase for the spreading rate is apparent if, during

the interaction phase, one observes subdiffusive radial

spreading of the particles: cR < 1. This phase typically shows

an increase of the cR exponent with respect to the interaction-

phase value, to the point that cR’ 1. However, this phase is

not precisely diffusive but rather asymmetric, such that the

leftward dispersion into the mode region is superdiffusive,

while the rightward dispersion into the blob region remains

subdiffusive. The mean value of these two behaviors gives

cR’ 1. This asymmetry is most easily seen in the probability

distributions of displacements shown in Fig. 8.

The asymmetric phase appears after the beam has spread

enough to sample a larger radial neighborhood of the simu-

lated turbulence. This sampling has important effects. In

fact, we note that both n and E depend on the radial position,

since �Te ¼ �TeðRÞ. As the beam spreads, therefore, E and n
can change significantly with respect to their values at the

injection position. Our previously mentioned numerical tests

show that this implies a change in cR, in accordance with

Fig. 6. Radial dispersion can therefore be asymmetric due to

asymmetric variation in n and E.

We also remark that in simulations showing cR > 1 or

cx > 1, during the interaction phase, the beam always strikes

the radial boundary before a third phase is apparent. It should

be remembered, however, that this superdiffusion is already

asymmetric, biased towards the mode region where �Te is

higher, as shown in Fig. 8. For large injection energies, cR

remains subdiffusive for very long times, as the ions do not

move into the mode region in significant numbers. On the

other hand, as seen in Fig. 8(b), particle radial displacements

are asymmetric towards the low-field side because of the

dependence of q on B(R).

V. INITIAL COMPARISONS WITH EXPERIMENTAL
DATA

Having compiled a basis of results for understanding

suprathermal ion transport in turbulent plasmas for the SMT

configuration, we discuss how our theory can be applied to the

interpretation of TORPEX experimental data and show an ex-

ploratory comparison between experiments and simulations.

The TORPEX source emits suprathermal ions with ener-

gies in the range 0:1 < E �Te < 1 keV. For �Te’ 5� 15eV,3

this results in suprathermal ion energy ratios 10. E. 200,

which are relevant to fusion-related neutral beam experi-

ments.39 We emphasize that our study has focused on injec-

tion at R ¼ R0. We remark that it is possible to vary �Te by

changing the injection location. Since the parameters of in-

terest, n and E, are dependent on �Te, and therefore on the

injection position, it follows that the radial position of the

injection is an important control parameter for suprathermal

ion dynamics.

In general, we note that a detailed experimental compari-

son with our comprehensive numerical analysis of suprather-

mal ion behavior is fundamentally limited by the SMT for a

number of reasons. The finite vertical size of the SMT limits

the field-line connection length as well as the vertical distance

through which ions drift with the vrB and vE�B velocities

before colliding with the vessel. Similarly, the radial bounda-

ries of the SMT are a limiting factor for the measurement.

The radial dimension of the SMT tends to be the limiting

factor in experimental comparisons of superdiffusive ions at

low injection energies, while the vertical dimension limits

comparisons for larger E. Moreover, the signal-to-noise ratio

of the detector limits the distance at which the detector can be

placed with respect to the source.

Recent measurements have provided suprathermal ion

current profiles at a single toroidal separation between source

and detector.3 As an example, Fig. 9 (left column) shows

experimental profiles of suprathermal ion currents in the

absence (top row) and presence of plasma (bottom row). The

suprathermal ions have energy E ¼ 88 eV, and the detector

is toroidally separated by 40 cm from the source. The meas-

urements show that the beam is spread by the interaction

with the turbulent plasma. The spreading of the suprathermal

ion beam can be compared with our simulations. For this

purpose, we create a synthetic diagnostic for ion current pro-

files that mimics the experimental technique. The synthetic

ion current is composed of the integrated product of the ion

density and velocity in the perpendicular plane at a specified

FIG. 7. Spreading of fast ions in the radial direction for three different val-

ues of ðR� R0Þ=qs’f�35; 0; 35g, shown with solid black curves, dashed

blue curves and dotted red curves, respectively. Values of cR are indicated

with best-fit lines. The low-energy ions are on the left panel, corresponding

to E ’f23; 46; 92g and n’ 0:4, while the high energy ions are on the right

panel, corresponding to E ’f125; 250; 500g and n’ 3:2.

FIG. 8. Probability density (PDF) of suprathermal ion displacements in the

direction of the density gradient for the SMT: (a) E ¼ 50 and (b) E ¼ 250

injection, and slab: (c) E ¼ 50 and (d) E ¼ 250 injection. The color of the

PDF changes from blue-red-black-brown, in evenly spaced time increments

for 0 	 Xt 	 1000.
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toroidal location. The poloidal resolution of the synthetic de-

tector is set to match the resolution of the real detector.

The initial conditions for injection are computed from

the measured current profile without plasma. This allows the

injection angle and spreading in energy to be tuned for

agreement before activating the plasma. The simulated

suprathermal ion source for this experimental comparison is

a Gaussian distribution with width similar to the experimen-

tal beam opening.

As Fig. 9 shows, radial and vertical spreading of the pro-

file increases by a similar amount for both experiment and

simulation for a turbulent, ideal interchange mode plasma.

This experimental comparison corresponds to E � 40 and

n0 � 0:6, with the simulation calibrated to both the fluctua-

tions and the position of the peak values in the floating

potential and the measured temperature profile, respectively.

Figure 10 shows the full width at half maximum (FWHM)

measurement from the synthetic diagnostic as a function of

the toroidal distance between source and detector. This mea-

surement is a proxy for r2ðtÞ for determining the value of c.

The value of c in the FWHM is systematically smaller than

the value from r2ðtÞ, since the FWHM does not see the tails

of the distribution of ion positions. Nevertheless, when the

TORPEX experiment is able to achieve a large number of

toroidal measurements, it should be able to distinguish

between subdiffusive and superdiffusive c.

We note that in the model, we have ignored collisions

with background electrons and ions. Our estimate of the

beam spreading due to Coulomb collisions is at least one

order of magnitude smaller than that due to turbulent

transport.

VI. SUMMARY AND CONCLUSIONS

Our numerical study of suprathermal ion transport

driven by ideal interchange mode turbulence inside a simple

magnetized torus configuration provides a comprehensive

description of the interplay of fundamental aspects influenc-

ing charged-particle motion in electric and magnetic fields.

In this turbulence, suprathermal ion transport is generally

nondiffusive, as characterized by the transport exponent,

cR 6¼ 1. Moreover, the value of cR changes with time after

injection. A short ballistic phase is followed by an interac-

tion phase with either subdiffusive, diffusive or superdiffu-

sive character. Generally, cR is larger towards the high-field

side than on the low-field side. Thus, for subdiffusive cases,

the value of cR tends to increase, with respect to the interac-

tion phase, and transition into an asymmetric phase after a

certain amount of time, i.e., when the suprathermal ions have

spread sufficiently to sample the higher amplitude turbulence

closer to the plasma source.

In the interaction phase, suprathermal ion dynamics

depend on the injection energy and the fluctuation amplitude

of the turbulent electric field, given by the parameters E and n,

respectively. This dependence results essentially from the

competition of three effects. First, the E� B drift motion tends

to cause superdiffusion due to long-distance transport by large-

scale turbulent vortices. However, larger v? tends to increase

the suprathermal ion Larmor radius and slow the spreading by

decreasing the gyrocenter E� B drift velocity. Gyroaveraging

tends to reduce cR to diffusive values. Thirdly, in constrast

to gyroaveraging, vertical drift-averaging forces cR ! 0 and

cz ! 2. This analysis assumes that the fluctuation amplitude is

large enough to create vortices with significant radial extension

relative to the device dimensions. If there are few connected

streamlines, there is very little transport due to turbulence.

Let us confront the important general question of how

well a turbulent diffusion model can represent the spreading

FIG. 9. Experimental (left) and synthetic (right) suprathermal ion current

diagnostic in a poloidal cross section 40 cm from the injection point. The

energy is 88 eV (E ’ 40) and n’ 0:6. The increase in spreading in the pres-

ence of plasma (bottom) compared to no plasma (top) is comparable for

both simulation and experiment. Colors represent ion current magnitude in

arbitrary units.

FIG. 10. Radial (solid blue) and vertical (dashed black) squared full width

at half maximum (in cm2) for E ’ 40 in a TORPEX ideal interchange turbu-

lence simulation, tuned to the experiment with n’ 0:6. At 40 cm separation

between source and detector, the interaction phase has begun. This is where

the experimental ion current profile is taken for Fig. 9. Straight lines show

approximations to the value of cR and cz. The value of c from FWHM is sys-

tematically smaller than that from r2ðtÞ.
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of the ion beam. A diffusive model is often used to describe

suprathermal ion transport in fusion plasmas,31 though non-

diffusive models have been successful in many cases.32,33

Diffusion is sometimes sufficient to describe suprathermal

ion transport over certain time and spatial scales, since a

nondiffusive process may always be linearized as diffusion.

Models with spatial dependence in the diffusion coefficient

have been used in the plasma physics literature34 as an alter-

native to nondiffusive dispersion.

For comparison with the usual diffusive assumption, we

consider whether our effective suprathermal ion diffusivities

are roughly in agreement with measurements of particle dif-

fusivity computed as DI ¼ Cn=@Rn, where Cn is the radial

particle flux. For the ideal interchange mode in the TORPEX

plasma, the diffusivity DI can be found in Ref. 15:

DI ¼ a
1

kD

ffiffiffiffiffiffiffiffiffiffiffiffi
2 �TeLp

miR0

s
1� 10Lp

3R0

� �3=2

(9)

where a � 0:34 and Lp is the pressure gradient scale length.

Using particle tracking one can find r2ðtÞ and make a

linear approximation to a diffusivity (referred to as the effec-

tive diffusivity Dion) such that r2ðtÞ � Diont. At n ¼ n0, for

low energy ions at E < 8 (approaching the plasma ion tem-

perature), Dl
ion’DI when making the linear approximation

for a superdiffusive dispersion. For E � 100, Dh
ion’DI=30

because the dispersion is subdiffusive, with c < 1. Therefore,

the suprathermal ion dispersion in an SMT is significantly

overestimated by the diffusive interchange mode estimate.

When E > 100, the diffusive estimate can be more than two

orders of magnitude too large.

Available data from the TORPEX device indicate that

the magnitude of suprathermal ion dispersion is consistent

with simulations at a single point at the beginning of the

interaction phase. Our work indicates the interest of meas-

uring the different phases of the transport. In particular, an

experiment should be attempted to measure r2 from the bal-

listic to the interaction phase, as was done for fluids recently

by Huang et al.35 For this measurement, resolution in the to-

roidal direction is required, which will soon be possible in

TORPEX with a toroidally moving source. Based on our ear-

lier discussion of the ballistic phase, the toroidal separation

of the source from the detector, Lb, at the end of this phase is

Lb ¼ sbahv0;jji: (10)

On the other hand, measuring a change in cR into the asym-

metric phase is difficult because most of the ion beam tends

to exit the plasma before this transition is well-resolved.

We note that the turbulent heating effect mentioned in

Sec. IV may be observable in experiments. However, our

estimates show that the magnitude of the heating increases

the overall temperature of the suprathermal ions by only

Ti � 1 eV before they reach the parallel distance at which

field lines contact the vacuum vessel. TORPEX is not cur-

rently equipped to measure the ion temperature to this preci-

sion, but the mechanism we observe may be an explanation

for the Ti � 1 eV measurement in TJ-K.41

We believe that the theoretical framework we have

developed here may be relevant to measurements reported

elsewhere for a linear, slab-like, machine. Using a suprather-

mal ion diagnostic similar to the TORPEX diagnostic, Zhou

et al.16 took several measurements along the parallel coordi-

nate for the LAPD device. These LAPD measurements show

ballistic spreading, with cx � 2 at a separation between

source and detector of 150 cm, followed by subdiffusive40

spreading. This is similar to the behavior seen in some of our

simulations, between the ballistic phase and the interaction

phase, as in Fig. 10.

The interplay of fundamental influences from gyromotion

and curvature drift, which determine the transport of supra-

thermal ions in the SMT, is also present in fusion confinement

configurations. Investigations of suprathermal ions in the

fusion context could use these results as a basis. Radial con-

straint of transport due to zonal flows associated with ion-

temperature gradient (ITG) turbulence42 or other velocity

shearing mechanisms may lead to similar subdiffusive tenden-

cies as we find to be caused by curvature drift in the SMT.

We view E� B smoothing due to low- k modes, as demon-

strated for ITG,33 to be analogous to the curvature drift aver-

aging noted here. This qualitative connection could be

pursued in future work. The relevance of suprathermal ions in

astrophysics and space physics phenomena such as cosmic

rays and solar flares11–13,43 is also well-known. The general

rules found here are relevant in those contexts as well.
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APPENDIX A: DRIFT-REDUCED BRAGINSKII MODEL
FOR INTERCHANGE MODE TURBULENCE

Drift-reduced Braginskii equations20,44 are used for

plasma modeling in many contexts (see e.g., Refs. 2, 5, and

45). In the present paper, we consider kk ¼ 0 turbulence,

Ti � Te, and electrostatic fields. We assume Bv � B/ and

constant curvature. Bohm’s boundary conditions are used for

parallel flow at the sheath edge. The Boussinesq approxima-

tion for the polarization drift46 is taken as

r � nmi

eB

drU=B

dt

� �
¼ nmi

eB2

d

dt
r2U: (A1)

With these assumptions, the equations for the line-integrated

density, n(r,z), potential, Uðr; zÞ and electron temperature

Teðr; zÞ are

@n

@t
¼ c

B
½U;n�þ 2c

eR0B0

n
@Te

@z
þTe

@n

@z
�en

@U
@z

� �
þDr2n

�rncs

R0

exp K�eU
Te

� �
þSn (A2)
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@r2U
@t
¼ c
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Here, Sn and ST are particle and heat sources,

r ¼ R=Lc ¼ D=ð2pLvÞ, and ½a; b� is the Poisson bracket.

Experimental values are used for R0 � 240 qs;D � 35 qs,

r ¼ 0:056, and K ¼ 3, with qs measured at the location of

suprathermal ion injection. Diffusion coefficients are similar

to experimental estimates, with ke ¼ 0:064 m2=s and

� ¼ 0:03 m2=s. The sources are chosen to mimic the electron-

cyclotron and upper-hybrid resonance heating in TORPEX.

The code15 used here to solve Eqs. (A2)–(A4) is based

on a previously developed algorithm.47 Simulations are

started with random noise and the constant plasma sources,

producing a steepening of the gradient, which provokes the

interchange instability and radial plasma transport balanced

by losses to the walls. A quasi-steady state is achieved, and

the data from this state are used as the input for the equation

of motion for tracer particles.
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